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Analysis of charge-dependent stopping of swift ions
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Rigorous expressions have been derived for the mean energy loss of ions penetrating through
foils, speciSed into entrance and exit charge states. These expressions allow extraction of partial
stopping cross sections and charge-exchange cross sections in solids &om measured energy losses
versus foil thickness. Particular attention is given to thin penetrated layers and the opposite limit of
charge-state equilibrium which may be easier to deal with experimentally. Sum rules to be obeyed
by measured parameters have been derived. Explicit results have been listed for the two-state case.

PACS numbers: 34.50.Bw, 52.40.Mj, 61.80.Mk

I. INTRODUCTION

It is well known that the stopping of an ion in mat-
ter depends on its charge state [1]. Allison and co-
workers [2] reported systematic measurements on keV
hydrogen and helium beams penetrating through gas tar-
gets thin enough so that at most one charge-changing
event could a8'ect the measurements signi6cantly. The
quantity emerging from such measurements is an n x n
matrix of partial stopping sections, where n is the number
of accessible states. Datz et aL [3] and later Golovchenko
et aL [4] performed similar measurements on heavier ions
traveling through crystals under channeling conditions,
utilizing the observation of &ozen charge states in the
absence of violent collisions. Cowern and co-workers [5]
analyzed the stopping of swift heavy ions in amorphous
foils under conditions where charge-changing events were
more frequent. Ogawa and co-workers [6] reported mea-
surements employing MeV helium on carbon foils under
conditions where only two charge states were involved
and where the number of charge-changing events was
small.

The present paper addresses the problem of a system-
atic analysis of experimental data on entrance- and exit-
state-dependent energy loss, with the aim of determining
atomic parameters that might be difBcult to find exper-
imentally by other means, in particular for penetration
through solid matter. In principle, an n x n matrix of
energy-loss spectra can be measured for a range of inci-
dent energies and target thicknesses. This should provide
direct information on parameters governing the pertinent
events on an atomic scale.

In the absence of charge-changing events, i.e., for very
thin penetrated layers, mainly the collisional stopping
cross section is determined for each incident state. Exper-
iments on thicker targets have commonly been analyzed
by Winterbon's scheme [7,8] or by Monte Carlo simula-
tion. While the former is elegant, it invokes a couple of
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simplifying assumptions that are not necessarily fulfilled:
The loss spectrum in an individual event was taken to be
Coulomb-like and oc qz, q being the ionic charge; more
important, energy loss in charge-changing events was ig-
nored. Monte Carlo simulations allow incorporation of all
pertinent effects, but the choice of physically acceptable
input among a wide variety of conceivable parameters is
a notorious problem in the fitting procedure. The scheme
employed in Ref. [6] is limited to thin penetrated layers
since it does not allow for more than one charge-changing
event.

II. QUALITATIVE CONSIDERATIONS

Figure 1 shows a schematic view of the mean rate of
energy loss of an impinging ion on the penetrated depth.
Transients are observed if the incident charge state devi-
ates from equilibrium. The magnitude of the deviation of
the stopping power from its equilibrium value is governed
by its dependence on charge state, and the.approach to
equilibriu~ is governed by the pertinent cross sections
for electron capture and loss.

In experiments with ion beams penetrating solid foils
at moderate speed, the range of accessible foil thicknesses
may allow only measurements near or at charge-state
equilibrium. Therefore it may be difficult to impossible
to determine cross sections for charge exchange by direct
measurements like those that are standard for gaseous
targets.

Figure 2 shows the dependence of the mean energy
loss of an ion on foil thickness for a situation like that
sketched in Fig. 1. It is seen that the transient behav-
ior manifests itself in an intercept of the asymptotically
linear dependence of energy loss on foil thickness. The
magnitude of such intercepts can be measured even on
thick targets where the charge state has equilibrated. In
other words, the mean energy loss carries a memory of
the transient behavior. The actual number of measur-
able intercepts depends on the number of charge states
involved. Clearly, information on charge-exchange cross
sections as well as the dependence of stopping power on
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with the elements FIg(b,E,z), where the row index de-
notes the entrance and the column index the exit state of
the ion, AE the energy loss, x the target thickness, and Ã
the number density of the material. The matrix n(k) has

the elements re(r lh= Jtterr(T) (t —s ). where

do~~(T) is the difFerential cross section for energy loss
(T, dT) and simultaneous switch from state I to J. The
matrix Q has the elements Qiq = ore .—81q g~ o.I~.
where 01~ is the total cross section (regardless of energy
loss) for a transition from state I to 1, and bi~ is the
Kronecker symbol.

The development of the charge-state population with
layer thickness z is described by a matrix F(z) with the
elements

FIC. 1. Schematic viewer of the depth dependence of the
mean rate of energy loss of a penetrating ion. Fig(z) = (eN*'i)„, (2)

charge state may be gained if a suitable method of anal-
ysis is available. To the author's knowledge, no general
formalism has been provided in the existing literature
that would explicitly link these intercepts to pertinent
atomic parameters.

The dependence on entrance state sketched in Figs. 1

and 2 must have its equivalent on the exit side: Indeed,
an ion emerging in a high charge state must have experi-
enced an exceptionally high rate of energy loss near exit,
and vice versa. Therefore measurements of the mean en-

ergy loss for different exit states must provide a second
set of intercepts containing complementary information
to that found on entrance.

as is easily verified by integration of Eq. (1) over all
exit energies. Equations (1) and (2) hinge on two as-
sumptions: (i) statistical independence of individual col-
lision and/or charge-changing events; (ii) total energy
loss small enough so that all variation of pertinent cross
sections across the layer thickness can be neglected.

The present analysis focuses on the mean energy loss

1
(&E)» = d(~E) ~EF»(~E, z)IJ

N dz'[F(z'). S.F(z z')]„,IJ

III. BASIC EQUATIONS

A general expression for the energy-loss spectrum de-
pendent on entrance and exit state has been found re-
cently [9,10]. In the absence of spontaneous events such
as Auger transitions, the well-known Bothe-Landau inte-

gral turns into a matrix

P (gg ) dk sk&E Ne [Q—K(k)]
2x

ge

where S is a matrix with the elements S~L,
f Tdrrlci, (T) which denote stopping cross sections for in-
dividual collisions involving initial and 6nal state K and
I, respectively. Diagonal elements S~~ represent "colli-
sional energy loss" in state K; oK-diagonal elements re-
Bect the contribution to stopping &om charge-changing
events.

Figure 3 illustrates the origin of the expression in the
last identity of Eq. (3). Consider the mean energy loss of
a projectile to a layer of thickness dx' at depth z'. The
probability for the projectile to occupy some state K at
this depth is Fl~(z'). The mean energy loss in the layer
is Ndz SJhl. for a collision resulting in a switch to state

clx

w charge

Depth

X-X

FIG. 2. Schematic view of the dependence on target thick-
ness of the mean energy loss of a penetrating ion. FIG. 3. Direct derivation of Eq. (3). See text.
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L, the case of L = K being allowed for. The probability
for the ion thereafter to emerge in state J at the foil
thickness z is Fr,r(z —z'). The mean energy loss (6E)rr
is found by s»mmation over all intermediate states K
and L, integration over all layers dx', and division by the
overall probability Fry (z) for emerging in state J.

IV. EXPANSIONS

iting situations will be discussed, a thin target allowing
for only a few charge-changing events, and a thick target
ensuring charge-state equilibrium. Particular attention
will be given to the two-state case.

A. Thin target

Equations (2) and (3) need to be customized to be ap-
plicable in practice. In the following, two important lim-

The case of a thin target is treated by Taylor expansion
of the exponential (2) in powers of Nz with the result

- —1

(&E)u = Nz hu + NzQrr + (Nz) —(Q ) rz +

x SrJ+ Nz(S—C}+C} S)r&+ —(Nz)2 (S $2+ Q S g+ g2 S) + (4)

For the diagonal terms this reduces to
Frr(z) = ) F,',"'"" (7)

(DE)rr = NzSrr + (Nz) (S— cr+ r S)rr, (5)
1 2

2

where the above definition of Qrr has been inserted. For
nondiagonal terms one 6nds

SIJ 1 1
(bE)rr = + Nz 2

[o'—rr (S cr + o S)rr0IJ 2 OIJ
Srr (& ) ]'''

As was to be expected, the slopes in the diagonal terms
in the limit of small target thickness determine the fixed-
charge stopping cross sections Sll. Nondiagonal terms
show a nonzero value in the limit z = 0 which represents
the mean energy loss fTdorr(T)/orr in one charge-
changing event I ~ J.

(~E)rr — ) F(~) . S . F(~)
iFry(z) -

& rr

e —e
q(P, ) q(v) (8)

where q("& is the vth eigenvalue of Q, v = 0, 1, . . . , n —1.
The coefficients Fr(&l can be expressed by eigenvectors,
but their explicit form is not needed here. It has been
shown that one eigenvalue (numbered v = 0) always van-

ishes, and that the real part of all other eigenvalues is

nonpositive. Fr& = Fr(oo) represents the equilibri»m
charge-state fraction of state J. Equations (3) and (7)
yield

B. Thick target

In the opposite case of a thick target, an expansion in
terms of eigenvectors of the matrix Q may be applied

[10]

where the denominator is given by Eq. (7). The s»m
splits into a niImber of terms, several of which decay
exponentially with target thickness z and therefore will
be neglected if charge-state equilibri~~m has been reached
at exit. Remaining terms are either proportional to z or
constant. Then,

(bE)rr Nz F( l. S F(
I +).'

~

F . S F(" +F("l.S.F( ~

+(o) ) IJ —q(v) IJIJ
(9)

where g indicates that the term with the vanishing
eigenvalue has been omitted &om the sum.

A procedure to carry out s»ms over eigenvalues with-
out explicit evaluation of eigenvalues and/or eigenvectors
involving a characteristic function f(s) = s(s1—Q) ~ has
been developed in Ref. [10]. In terms of this function, the
s»m in the brackets of Eq. (9) could be written in the sim-
ple form d[f(s) S f(s)]/ds~, 0. Here it is noted that
the mean energy loss (9) is made up of three parts,

(b,E)rr Nz(S) + AEr"" + &Er'" ',

where (S) = g~ F~ (oo)Sa is the average stopping cross
section in charge-state eq»i&abri»m and S~ = QL Szr.
the stopping cross section involving all transitions &om
state K. The intercepts LEJ"'~ and AEI ' depend on
the exit and entrance charge state, respectively, and are
governed by the Bnal and initial sequences of events.
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This separation is meaningful only when the penetrated
layer is thick enough so that charge-state equilibrium is
reached, as is seen &om Fig. 2.

V. EXAMPLE: THE TAO-STATE CASE

The two-state case may illustrate aspects of more gen-
eral behavior and has practical importance for light ions
in appropriate velocity intervals. The exact expression
for the mean energy loss versus thickness is easily deter-
mined, yet an appealing form illuminating its physical
content has not yet been found. In the limit of small
thickness, Eqs. (5) and (6) yield

(b,E)12 ——Sg2 1
+ —Nz (S11+S22)

1 2+ (Nz) (o12S21 + o21S12)
6
1 2+ (Nz) (o21 o12) (S11 —S22) ' ' '

~ (12)
12

whereas (b,E)21 and (AE)22 can be obtained by inter-
changing indices.

The first term in Eq. (11) refiects the fixed-charge stop-
ping power, and the second term is nonvanishing only if
charge-changing events contribute noticeably to the en-

ergy loss. Whether or not they do can be decided if exper-
imental data allow one to distinguish between a second-
and a third-order dependence on depth.

The first term in Eq. (12) represents the mean energy
transfer in one charge-changing event. It shows up as an
intercept that can be identified directly [6]. The second
term reHects a straight average between the two fixed-
charge stopping powers. Indeed, the location of the one
allowed charge-changing event (in the first order in Nz)
is distributed uniformly across the layer. The third term
is similar but not identical to the second terxn in (11),
and the fourth term hinges on the difference between the
fixed-charge stopping cross sections as well as the capture
and loss cross section.

The theoretical description presented in Ref. [6] allows
for one charge-changing event only and is, therefore, valid
up to the term linear in Nx. It is easily verified that of
the two quadratic terms in (12), the first is ignored in
that description while the second is recovered.

In the thick-layer limit, the terms entering into Eq.
(10) reduce to (S) = (o'21S1+ ox2S2)/o' for the average
stopping cross section, where o = o q2 + o 2~ and

(Sl S2) + (&12S21 o21S12)~0 002'

whereas the terms for I and J = 2 may be obtained by
interchanging indices.

(b E)xx ——NzS11 + —(Nz) (o12S21 + 821Sl2) ' '
) (11)

1 2

2

where terms of third and higher order in Nx have been
omitted, and

VI. SUM RULES

The two relationships Eq. (13) and their counterparts
for 1 m 2 are not independent. Indeed, o 2q AEq +
o.q24E2 ——0 for both entrance and exit. These are special
cases of the sum rules

) Z, (~)~Z;""=0, ) I'&(~)&E;""=0 (14)
I J

Here, the first relation follows from the fact that if the
spectrum is summed over all exit states, the intercept
can only depend on the entrance state [10]. The second
relation represents the fact that no intercept can occur
upon. entrance if the initial beam is already in charge-
state equilibrium. Both relations follow &om Eqs. (9)
and (10). Moreover, sum rules involving the measured
intercepts alp ——AEI" '+ AE&"' emerge directly &om
separability. For the two-state case, E'] y

—6y2 = E2y —E22.

VII- ANALYSIS OF EXPERIMENTAL DATA

In the discussion of strategies for analyzing experimen-
tal data, possible post-foil changes in charge-state pop-
ulation and associated energy-loss processes will be ig-
nored. If necessary, such processes can be incorporated
by convolution of two distributions of the type of Eq. (1),
one for the foil and one for the Bight path between foil
and detector.

Analysis in the low-thickness limit is evidently to be
preferred, because all pertinent cross sections can be ex-
tracted &om the limiting behavior of charge-state pop-
ulations and mean energy losses. Taking into account
quadratic terms in Nx may overdetermine the system of
available equations and thus allow one to optimize ex-
tracted parameters.

The data reported in Ref. [6] cover a wide enough range
of foil thickness to allow data analysis both in the low-

and high-thickness limit. While the importance of both
S&2 and S2q is readily verified &om inspection of the low-

thickness behavior, the same conclusion can also be de-
duced Rom the asymptotic behavior alone.

In the &equent situation where measurements in the
low-thickness limit are impossible for experimental rea-
sons, the present analysis suggests a procedure based on
charge-state equilibrium, as was stipulated on qualitative
grounds in Sec. II.

Consider n significant states.

(a) Experimentally accessible inforxnation includes n
equilibrium charge-state populations, i.e., n —1 indepen-
dent parameters since they must add up to 1; then there
is the equilibrium stopping power; finally, there are n x n
intercepts which reduce to 2n —2 independent parame-
ters. This yields a total of 3n —2 independent measurable
quantities.

(b) Next, consider the nl~mber of atomic parameters
which one would like to determine. In principle, there
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are n stopping cross sections and n —n charge-exchange
cross sections, which exceeds the number of measurable
parameters for all n & 2. This, however, includes a large
number of quantities that are exceedingly small or even
vanishing, such as the cross section for capture of 92 elec-
trons by a U + projectile ion in one collision with a tar-
get atom. A more realistic set of nonvanishing parame-
ters includes the n diagonal elements of the stopping ma-
trix S —implying that all energy loss in charge-changing
collisions is negligible [7,8,11,12] —and the 2(n —1) cap-
ture and loss cross sections for one-electron processes.
This adds up to 3n —2 parameters which is just what
can be measured.

Th s ignores any use of theoretically predicted atomic
parameters. The above extraction scheme may be im-

proved if even only rough data —theoretical or exper-
imental —are available on the energy loss in charge-
changing events or the significance of two-electron pro-
cesses. A consistency check may be gained &om strag-

gling measurements: Charge-exchange straggling is gov-
erned by ore and Sly only [10,11],i e ., t. he same param-
eters that determine transients in stopping power. Thus,
even &om measurements in charge-state equilibri»m it
should be possible to determine charge-exchange cross
sections in solids and to avoid postulating scaling rules
for fixed-charge stopping cross sections (like the coxnmon
q2 relation) that ought to be the result of a measurement
or a theoretical model [12,13].
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