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A comprehensive quantum-mechanical description of resonant and nonresonant radiative transitions

in complex electronic systems is developed, using a density-matrix approach. Specific applications are
made to the unified treatment of radiative and dielectronic recombination of electrons with many-

electron ions in high-temperature plasmas and to the unified treatment of transverse bound-bound and

free-bound radiative transitions of energetic electrons channeled in crystal lattices. Both time-

independent (resolvent-operator) and time-dependent (equation-of-motion) formulations of the density-

matrix approach are presented. Liouville-space projection-operator techniques, which have been

developed in the nonequilibrium quantum-statistical-mechanics description of relaxation phenomena,
are employed. Self-consistent treatments are achieved for the excited-level populations and the spectral-
line shapes. Applications are discussed for the broadening of atomic spectral lines by autoionization
processes, radiative transitions, charged-particle collisions, and the action of the plasma electric
microfields, and also for electron-channeling-radiation broadening by electron-electron, electron-photon,
and electron-phonon interactions in a crystal lattice. The unified treatment of resonant and nonresonant
radiative transitions is accomplished by means of a partition of the "relevant" Liouville space into
separate subspaces corresponding to discrete resonance and nonresonant continuum states of the elec-
tronic system of interest. Although only single-photon processes are considered and only lowest-order
quantum-electrodynamical perturbation theory is explicitly evaluated for the electron interaction with

the radiation field, the general resolvent-operator and propagator formulations that are presented in this
investigation can be applied to the descrption of multiphoton processes and, with the adoption of a suit-

able renormalization program, to the incorporation of radiative corrections to the transition probabili-
ties.

PACS number(s): 32.70.Jz, 03.80.+r, 03.65.Ca, 32.80.Dz

I. IXPRODUCTION

We investigate radiative transitions in an electronic
system that is simultaneously interacting with a much
larger system, through a multitude of collisional and ra-
diative processes. Our primary interests are directed at
two specific problems. The first involves photorecom-
bination of electrons with many-electron ions in a high-
temperature plasma. The analysis of dielectronic recom-
bination satellite lines in the x-ray emission spectra has
become one of the most widely used methods for deter-
mining the basic physical properties of high-temperature
plasmas [l], such as the electron temperature, the elec-
tron density, and the state of ionization. Our central ob-
jective in this application is the incorporation of relaxa-
tion phenomena, within the framework of the unified
treatments of radiative and dielectronic recombination,
which have been reported by Alber, Cooper, and Rau [2],
by Jacobs, Cooper, and Haan [3], and by Haan and

Jacobs [4]. Specifically, we wish to further incorporate a
description of the Stark broadening, resulting from the
charged-particle collisions and the action of the plasma
electric microfields, which would be on an equal footing
with the treatment of the natural broadening, due to the
autoionization and spontaneous radiative decay process-
es. The second problem is concerned with a unified treat-
ment of transverse bound-bound and free-bound radiative
transitions of energetic electrons channeled along an axis
or plane of symmetry in a crystal lattice. We are
motivated by the need to incorporate into the relativistic
quantum-mechanical treatments of these transitions, by
Saenz, Uberall, and Nagl [5] and by Saenz, Nagl, and
Uberall [6], a self-consistent description of the level-
population and line-broadening mechanisms, which are
associated with electron-electron, electron-photon, and
electron-phonon interactions in a crystal lattice. We
shall give particular emphasis to the close analogy be-
tween these two problems, both of which involve reso-
nant and nonresonant radiative transitions.
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A. Relaxation phenomena

The inAuence of relaxation phenomena on radiative
transitions of the microscopic electronic subsystem of in-
terest can be most generally investigated by employing
the methods and techniques of nonequilibrium quantum-
statistical mechanics [7]. A particularly convenient rep-
resentation for the systematic description of relaxation
phenomena in interacting quantum-mechanical systems is
provided by the density-matrix approach [8], in conjunc-
tion with the Liouville-space projection-operator and
resolvent-operator (or equation-of-motion) formalisms
[9,10]. In the Liouville-space representation, in which
tetradic states (occurring in the representation of density
operators) play the role of Hilbert-space state vectors,
one can introduce analogs of the familiar Lippmann-
Schwinger scattering-theory equations [11]which involve
tetradic resolvent or Green's operators [12]. The self-

energy corrections (giving rise to line broadening), which
occur in the expression for the perturbed Liouville-space
resolvent operator, are defined as projections of a
Liouville-space relaxation operator onto the restricted
subspace of degrees of freedom pertaining to the micro-
scopic electronic subsystem of interest, together with the
relevant modes of the quantized radiation field. It has
been emphasized by Girardeau [13] that the application
of Liouville-space resolvent-operator methods is not re-
stricted by the common assumption that the initial state
of the interacting matter and radiation-field system must
correspond to a thermodynamic equilibrium ensemble.
Consequently, these methods can be employed to investi-
gate the dynamical evolution of interacting many-body
systems that are initially in nonequilibriurn states.

B. Radiative transitions involving autoionizing
resonances in many-electron atoms

The radiation emitted or absorbed in collisions between
electrons and many-electron ions has been traditionally
classified in terms of free-free, free-bound, bound-free,
and bound-bound transitions [14]. The free-bound radia-
tive emission process is usually described as involving
predominantly either direct (nonresonant) radiative
recombination, which is the inverse of the ordinary
(bound-free) photoionization process, or two-step (reso-
nant) dielectronic recombination [15],which consists of a
radiationless electron capture (accompanied by excitation
of the initial ion to form a doubly excited autoionizing
state) followed by a spontaneous, radiatively stabilizing
transition to a singly excited bound final state. It has
been pointed out, however, by Alber, Cooper, and Rau
[2] and by Jacobs, Cooper, and Haan [3] that the tradi-
tional treatment of radiative and dielectronic recombina-
tion as two distinct, noninterfering processes is not strict-
ly permissible within the framework of a rigorous
quantum-mechanical collision theory, according to which
the probability for a given free-bound radiative transition
must be expressed as the square of the sum of the non-
resonant and resonant transition amplitudes. The total
cross section for the entire electron-ion photorecombina-
tion process is consequently obtained as the sum of the
cross sections associated with the direct radiative recom-

bination and the two-step dielectronic-recombination
process, together with an additional contributiov.
representing the interference between the transition am-
plitudes corresponding to radiative and dielectronil. .
recombination.

In previous investigations [2—4], a unified description
of radiative and dielectronic recombination has been
developed which also includes an additional interference
phenomenon, arising from a nonperturbative treatment
of the electromagnetic coupling between the unperturbed
autoionization and spontaneous-radiative-decay continua
[16—18]. In particular, the work of Jacobs, Cooper, and
Haan [3] has provided a generalization of the scattering
or 5-matrix theory analysis of Alber, Cooper, and Rau [2]
to explicitly take into account degenerate magnetic sub-
levels of the atomic system and multiple angular-
momentum contributions in the partial-wave expansion
for the electron-continuum eigenstate. This analysis has
been further generalized by Haan and Jacobs [4] for ap-
plication to photorecombination processes involving mul-
tiple electron continua and/ or multiple photon continua.
This generalization has been accomplished by taking full
advantage of the projection-operator and resolvent-
operator techniques that were originally introduced In

the theory of nuclear reactions by Feshbach [19]and also
utilized in the description of decay processes from virtual
or prepared states [11,20]. The result of the unified
description is an expression for the transition operator 7'

describing the entire electron-ion photorecombination
process which separates naturally into the sum of a non.
resonant transition or direct radiative-recombination arn-

plitude, which is represented by a vertex Ior level-shift)
operator, and a resonant transition or dielectronic-
recombination amplitude, which involves both the vertex
operator and the projection of the resolvent operator
onto the subspace of the discrete autoionizing states.

The self-consistent incorporation of relaxation phe-
nomena becomes a necessity in the realistic treatment of
the spectral-line shapes associated with the dielectronic-
recombination satellite transitions in high-density plas-
mas [21], for which collisional processes can substantially
alter the spectral predictions of the conventional low-
density theory of dielectronic recombination. In the ab-
sence of relaxation processes, the unified description
developed previously leads to a precise expression for the
total electron-ion photorecombination cross section,
which naturally separates into a resonant, a nonresonant,
and an interference contribution. The resonant term
represents a modified dielectronic-recombination cross
section, which can be reexpressed in the familiar Breit-
Wigner [22] form by introducing effective autoionization
and spontaneous radiative-decay rates that incorporate
the interference between the autoionization and
radiative-decay continua. Alternatively, the combined
transition probability for the entire e1ectron-ion pho-
torecombination process may be represented in terms of a
modified Fano-type [23] autoionization line-profile func-
tion, which is further shifted and broadened as a result of
the electromagnetic coupling between the unperturbed
autoionization and radiative-decay continua [2,24]. Th~-

incorporation of relaxation phenomena is expected
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lead to spectral distributions which are further modified
from these simple line-profile theories, due to the interac-
tions of the radiating electronic subsystem with the mul-
titude of perturbing charged particles and radiation-field
modes.

C. Radiative transitions
of many-electron ions in plasmas

The broadening of atomic spectral lines by plasmas has
been extensively investigated using the modern
quantum-mechanical approaches developed by Baranger
[25], by Kolb and Griem [26], and by Smith, Cooper, and
Vidal [27]. These approaches were developed primarily
for the treatment of bound-bound atomic radiative transi-
tions in a plasma environment, with particular emphasis
on the need to take into account the shifting and
broadening of numerous overlapping components by the
combined effects of the charged-particle collisions and
the distribution of plasma electric microfields [28]. These
approaches to the treatment of spectral line broadening
area based on an evaluation of the autocorrelation func-
tion of the electric dipole moment operator for the radiat-
ing electronic system [29]. The collisional broadening of
spectral lines in neutral gases has been investigated by
Fano [10],using an alternative procedure that is based on
the concepts and methods of the Liouville-space scatter-
ing theory. The central quantity in this procedure is the
frequency-dependent Liouville-space relaxation operator
that was introduced by Zwanzig [9]. Smith and Hooper
[30] have developed a relaxation theory of spectral-line
broadening by plasmas, which is closely derived from the
procedure adopted by Fano [10]. The advantage of the
Liouville-space relaxation-operator approach is its direct
applicability to other line-broadening mechanisms, in ad-
dition to those associated with collisions, such as autoion-
ization processes and radiative transitions.

The Liouville-space projection-operator and resolvent-
operator methods, which were developed by Zwanzig [9]
and Fano [10]and refined by Ben-Reuven and Rabin [31],
have been applied by Jacobs and Davis [32] to investigate
the spectral-line broadening by autoionization processes,
spontaneous and stimulated radiative transitions, and
electron collisions. From an evaluation of the Liouville-
space expression for the spontaneous electric dipole radi-
ative emission rate, Jacobs and Davis [32] obtained a gen-
eral line-shape formula. This formula has the same form
as the overlapping line-shape formula first derived by
Baranger [25] and independently obtained by Kolb and
Griem [26]. The general line-shape formula of Jacobs
and Davis is, however, applicable to other broadening
mechanisms, in addition to those resulting from a plasma
environment. The lowest-order non vanishing
perturbation-theory contributions to the diagonal tetrad-
ic matrix elements of the Liou ville-space relaxation
operator were explicitly evaluated, and it was demon-
strated that the total line width (occurring in the
isolated-line and impact approximations) can be ex-
pressed as the sum of the rates produced by the individu-
al autoionization, radiative, and inelastic electron-
collisional transitions from the initial and final states

comprising the spectral line, together with a term involv-

ing the square of the difference between the elastic
electron-scattering amplitudes. A similar result has been
obtained for ordinary bound-bound radiative transitions
by Baranger [29]. The primary objective of the present
investigation is the development of a more comprehen-
sive theory, in which higher-order perturbation theory
contributions and interferences between amplitudes for
line and continuum radiative processes can be systemati-
cally and self-consistently taken into account.

D. Radiative transitions of atomic systems
in the presence of intense electromagnetic fields

In highly charged ions, the natural spectral-line
broadening due to spontaneous radiative decay can be
comparable with the collisional and Stark broadening, ex-
cept in very high-density plasmas. The availability of
high-intensity laser sources, covering an ever-increasing
portion of the electromagnetic spectrum, offers numerous
opportunities to observe the effects of intense radiation
fields on spectral-line shapes. Illustrations of the com-
plexity of high-intensity radiation-field phenomena in-
clude the observed persistence of substantial resonant
multiphoton ionization in spite of the existence of appre-
ciable dynamic Stark shifts [33], the ubiquitous
phenomenon of above-threshold ionization, where the
outgoing electrons absorb many quanta from the laser
field, and the observed production of very high ( ~ 30)
harmonics of the laser field [34]. A nonperturbative
(dressed-atom) treatment for an atomic system in the
presence of an intense, coherent (classical) radiation field
has been developed by, e.g., Cohen-Tannoudji and Rey-
naud [35]. The dressed-atom treatment of the dynamic
Stark effect may be viewed as being analogous to the qua-
sistatic approximation for the action of the plasma ions
on a radiating atomic system, which involves the deter-
mination of the eigenstates of the radiating system in the
presence of a static electric field [28]. Both treatments
obviously involve classical or external-field representa-
tions rather than the quantization of the applied fields.
The shapes of spectral lines in the presence of weak col-
lisions and intense radiation fields have been investigated
by Lambropoulos [36], using the Liouville-space
projection-operator and resolvent-operator approaches
[9,10). Although the line-shape formulas were evaluated
by Lambropoulos only in the isolated-line and lowest-
order perturbation-theory approximations, the treatment
of several line-broadening mechanisms on an equal foot-
ing has provided a foundation for a further extension to
include the broadening by autoionization [32]. The efFect
of collisions on autoionization has also been treated by
using a model in which the action of the collisions is de-
scribed by introducing a fluctuating, stochastic electric
field [37].

When the Liouville-space relaxation operator is inves-
tigated beyond the approximation of lowest-order pertur-
bation theory, the widths of spectral lines can no longer
be expressed simply as the sums of the rates that each in-
dividual broadening mechanism would produce if acting
alone. This is physically a consequence of the fact that
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the different collisional and radiative mechanisms, which
are capable of causing transitions between the quantum
states of the radiating electronic system, are acting simul-
taneously and not independently. By considering the
equation of motion for the projection of the density
operator onto the "relevant" subspace of the radiating
electronic system, Ballagh and Cooper [38] have investi-
gated the modifications to the population-rate equations
(governing the diagonal elements of the density matrix)
which result from correlations between collisional and ra-
diative processes. This investigation was based on the
time-dependent density-operator approach developed by
Burnett, Cooper, Ballagh, and Smith [39],who were par-
ticularly concerned with the establishment of precise cri-
teria for the validity of the Markov short-memory-time
approximations in the treatment of radiation damping
and for the validity of the binary-collision approximation
in the description of the collisional redistribution of scat-
tered laser radiation. They obtained general formulas
which reduce to the impact (Markovian) and quasistatic
(non-Markovian) approximation in the appropriate lim-
its. They gave particular emphasis to the fact that the ex-
istence of correlation phenomena prevents the density
operator, for the combined interacting matter plus
radiation-field system, from being expressible, at an arbi-
trary time, in the factorized form involving the direct
product of density operators separately defined within the
subspaces of the radiating system, the perturbing parti-
cles, and the radiation field. The time-dependent
density-operator approach is necessary for the correct
treatment of time-resolved spectra in short-pulsed laser
fields and also for the precise incorporation of kinetic-
theory phenomena, such as the Doppler shifts and
broadening.

The projection-operator and resolvent-operator tech-
niques have also been employed in investigations of
laser-induced autoionization, which may be viewed as the
inverse process corresponding to stimulated dielectronic
recombination, and in descriptions of multiphoton au-
toionization, where discrete autoionizing resonances can
occur as the final states and the intermediate states, in
both resonant and nonresonant multiphoton transitions.
Lambropoulos and Zoller [40] have presented both
equation-of-motion and resolvent-operator formulations
in their investigation of radiative transitions involving
discrete autoionizing states in strong fields, for which the
induced radiative transition rates become comparable
with the autoionization and spontaneous radiative emis-
sion rates. They have demonstrated that such strong
fields can cause significant distortions of the spectral
profiles for photoelectron ejection and photon emission.
When two or more autoionizing states are strongly cou-
pled by the atom-field interaction, the spectral-line shapes
can be appreciably altered by dynamic Stark shifts and
Rabi oscillations. The subject of multiphoton autoioniza-
tion has been reviewed by Lambropoulos and Zoller [41],
and they have pointed out the prominent role that can be
played by intermediate autoionizing states in multiple-
electron ionization processes and the accessibility in mul-
tiphoton transitions of final autoionizing states, particu-
larly with high angular momenta, which cannot be excit-

ed in ordinary single-photon absorption processes. Inter-
mediate autoionizing states can also play an important
role in such nonlinear optical phenomena as harmonic
generation, and the photoexcitation of radiative transi-
tions between autoionizing states has been investigated as
a mechanism for the generation of amplified spontaneous
emission at photon wavelengths approaching the x-ray
region [42—44].

In recent investigations of laser-induced autoioniza-
tion, the spectral profiles describing photoelectron ejec-
tion and spontaneous radiative emission have been shown
to be strongly altered by the effects of various relaxation
processes. Agarwal, Haan, Burnett, and Cooper [45] and
Agarwal, Haan, and Cooper [46] have employed a time-
dependent density-operator (or master-equation) ap-
proach, in conjunction with a sequential diagonalization
of the total atom plus radiation-field Hamiltonian, to in-
vestigate the modification of the Fano line-shape function
[23] resulting from the influence of spontaneous radiative
decay. Using a resolvent-operator approach, in combina-
tion with a simultaneous diagonalization of the total
Hamiltonian within a restricted subspace of discrete
atomic states together with electron and photon con-
tinua, Haan and Agarwal [47] have investigated the
efFects of spontaneous radiative emission and recombina-
tion on the steady-state photoelectron and photoemission
spectra. In an extension of this investigation, Haan and
Agarwal [48] have adopted a projection-operator ap-
proach. In a series of papers by Agarwal, Ravi, and
Cooper [49], the time-dependent density-operator ap-
proach has been employed to treat the efFects of strong
fields on processes involving autoionization phenomena.
The infIuence of collisional dephasing processes on the
spectral profiles following laser-induced autoionization
has been investigated by Deng [50], using Liouville-space
projection-operator and resolvent-operator techniques.
A central objective of the present investigation is the sys-
tematic and self-consistent incorporation of field efFects
and relaxation phenomena, together with the interference
between line and continuum radiation processes.

E. Radiative transitions of energetic electrons
in crystal lattices

The radiative transitions of energetic electrons travers-
ing a crystal lattice are in several respects analogous to
the radiative transitions of atomic systems in a plasma.
As in the case of the atomic field, the fundamental
influence of the crystal field is the modification of the
energy-momentum conservation relationships, which al-
lows the single-photon radiative transition. One may
view a crystal lattice as a limiting case of a strongly cou-
pled plasma, for which the electrostatic-interaction ener-
gies of the charged particles greatly exceed their mean
kinetic energies. In the case of a periodic crystal poten-
tial, an essential new phenomenon is the possibility of
coherent interactions that involve a large number of
atomic centers. These coherent interactions can be de-
scribed by the use of Bloch-type wave functions to
represent the eigenstates of an electron in the periodic
crystal field. The many-body electrostatic, electron-
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phonon, and radiative interactions, which cannot be de-
scribed by the use of a static, local crystal field, can be
treated as relaxation phenomena, by employing the
Liouville-space projection-operator and resolvent-
operator techniques that we are developing for applica-
tion to the nonequilibrium quantum-statistical-mechanics
description of radiation processes involving many-
electron ions in a high-temperature plasma.

In a manner analogous to the description of atomic ra-
diation processes, the radiative interactions of energetic
electrons in a crystal lattice may be classified in terms of
free-free, free-bound, and bound-bound transitions. This
classification can be accomplished by introducing a sepa-
ration of the longitudinal and transverse motions of the
incident electrons, relative to an axis or plane of crystal
symmetry. This separation is motivated by the existence
of axial or planar channels, in which charged particles
can become bound by the transverse electrostatic poten-
tial. In most cases of interest, the direction of the in-
cident electrons is nearly coincident with a symmetry
direction and the distribution of population among the
various bound and continuum states of the transverse po-
tential is sensitively dependent on the angle of incidence.
The bound states have been frequently referred to as
"quasibound" or "transversely bound" states, in order to
indicate that they are unbound with respect to the longi-
tudinal direction. The radiation emitted during transi-
tions between free or continuum states of the transverse
potential corresponds to the coherent bremsstrahlung
process, which was first described by Uberall [51],
without consideration of transverse binding effects. Be-
cause of the longitudinal periodicity of the crystal lattice,
coherent bremsstrahlung exhibits spectral and polariza-
tion characteristics that are quite distinct from those of
ordinary bremsstrahlung from electrons in the field of a
single atomic center, as described by the Bethe-Heitler
theory [52]. The radiation emitted during transitions be-
tween transversely bound states was first described by
Kumakhov [53] and has been referred to as "channeling
radiation. " The intermediate case of free-bound transi-
tions, which is analogous to electron-ion photorecom-
bination, has been treated within the context of channel-
ing radiation by Saenz, Nagl, and Uberall [6].

For energetic electrons traversing a crystal lattice, it is
now recognized that the free-free, free-bound, and
bound-bound transitions can occur simultaneously at a
given electron energy and incident direction, although a
particular transition may be predominant in a specific
photon frequency region and for special ranges of the in-
cident electron energy and angle with respect to the sym-
metry direction. Physically, the simultaneous occurrence
of these transitions is a consequence of the fact that the
propagating electrons always experience both the trans-
verse periodic potential, which gives rise to channeling
radiation, and the longitudinal periodic potential, which
is responsible for coherent bremsstrahlung. Anderson
et al. [54] have pointed out that coherent bremsstrah-
lung, which is associated with the free-free transitions,
and channeling radiation, which involves the bound-
bound transitions, can be considered as two different as-
pects of the same fundamental radiation process. The

distinction between them has been established by the
traditional description, which is based on the separation
of the longitudinal and transverse motions of the incident
electrons with respect to the symmetry direction. Kuriz-
ki and Mclver [55] have emphasized that the equivalence
between the two radiation phenomena arises naturally
from a description that is based on the three-dimensional
Bloch representation for the eigenstates of the electron in
the crystal field. Consequently, the total intensity of the
spontaneously emitted radiation, at a given photon fre-
quency, is most rigorously given by the sum of the contri-
butions from the free-free, free-bound, and bound-bound
transitions, together with terms involving the interfer-
ence among all three types of transition amplitudes.

The bound states of the transverse crystal potential
may be treated as discrete resonances that are embedded
in the continuous spectrum of eigenstates of the full
three-dimensional potential. Accordingly, the free-bound
and bound-bound transitions in the electron channeling
radiation process may be regarded as nonresonant and
resonant radiative transitions, respectively, in close anal-
ogy with the direct radiative and dielectronic recombina-
tion of many-electron ions. In addition to the radiative
transitions among the various eigenstates of the trans-
verse crystal potential, an analog of the autoionization
process can occur as a result of the many-body interac-
tions that cannot be described by the static, local crystal
field. The multitude of nonradiative (electron-electron
and electron-phonon} and radiative (electron-photon} in-
teractions, which can cause transitions among the Bloch-
type eigenstates of the crystal potential, must be sys-
tematically and self-consistently taken into account in the
determination of the spectral-line widths and shifts [56],
together with the population distributions of the trans-
versely bound resonance states. Because the population
distributions or level occupations can undergo a continu-
ous evolution during the penetration of the incident elec-
tron beam into the crystal, it is necessary to employ a
kinetic-theory description [57] in order to treat the trans-
port process. A kinetic-theory description is also neces-
sary for a detailed investigation of the concept of produc-
ing stimulated emission in the x-ray region based on elec-
tron channeling radiation [58] and for a complete
analysis of channeling-radiation observations that are
made for the purpose of determining the crystal potential
experienced by the channeled electrons [59].

F. Organization of this paper

In this paper, we present a general density-matrix for-
malism that will be applied in future communications to
derive explicit expressions for the probabilities or rates of
specific radiative transitions in various electronic sys-
tems, which are simultaneously interacting with a multi-
tude of perturbing particles and radiation-field modes.
For example, the spectra1 distribution for single-photon
emission (or absorption) is proportional to the rate for the
emission (or absorption) of a photon with a specific fre-
quency and polarization. In Sec. II we introduce the
density-matrix description and the Liouville-space opera-
tor formalism. Particular emphasis is given to the
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definition of the transition probabilities for quantum-
mechanical systems that are interacting with other, much
larger, quantum-mechanical systems. The effects of the
collisional and radiative relaxation processes are incor-
porated by introducing the Zwanzig projection-operator
approach, in which the complete Liouville space is parti-
tioned into a reduced ("relevant" ) subspace, correspond-
ing to the uncorrelated electronic subsystem and the
relevant modes of the quantized radiation field, and an
orthogonal subspace, in which the electronic-subsystem
and radiation-field states are dynamically correlated with
the "bath" degrees of freedom. The function of the
Zwanzig projection operator is to perform an average
over the bath degrees of freedom, which leads to reduced
Liouville-space operators that are defined on the subspace
of the "relevant" degrees of freedom. The time-
independent formulation is developed in terms of the
relevant projection of the Liouville-space transition
operator, which is defined in terms of the relevant projec-
tions of the resolvent operator and the interaction opera-
tor by means of a tetradic Lippmann-Schwinger equation„
while the time-dependent formulation is based on the
equation of motion for the relevant part of either the den-
sity operator or the Liouville-space time-evolution opera-
tor. In Sec. III the Liouville-space projection-operator
formalism is adapted to the unified description of reso-
nant and nonresonant radiative transitions of an electron-
ic subsystem in the presence of collisional and radiative
relaxation processes. The goal has been to provide a gen-
eralization of the ordinary Hilbert-space projection-
operator and scattering-operator approach developed by
Haan and Jacobs [4], which was motivated primarily for
application to the unified treatment of radiative and
dielectronic recombination. In order to accomplish this
generalization, it has been necessary to introduce a parti-
tion of the relevant Liouville space into separate sub-
spaces corresponding to discrete resonance and non-
resonant continuum states of the electronic subsystem of
interest. %e emphasize that this decomposition is intro-
duced into the expression for the reduced relevant
Liou ville-space transition operator or time-evolution
operator only after the average over the bath degrees of
freedom has been carried out. At any given time, but not
over a long time interval, it is possible to make a distinc-
tion between the bath electrons (i.e., the perturbing elec-
trons) and the electrons that are associated with the
relevant resonance process. %e also point out that this
partition is complicated by the occurrence of mixed, non-
stationary unperturbed states or coherences, which must
be taken into account in order to provide a complete set
of intermediate states in the relevant Liouville space.
The time-independent formulation of the generalized
unified scattering-theory description is presented in terms
of a rearrangement of the tetradic Lippmann-Schwinger
relationship for the reduced, relevant Liou ville-space
transition operator, which provides a natural separation
of the total relevant transition amplitude into a direct
nonresonant continuum part and a discrete resonant con-
tribution. An analogous rearrangement is introduced in
the time-dependent scattering-theory formulation, which
leads to separate equations of motion for the discrete res-

onant and nonresonant continuum parts of either the re-
duced density operator or the reduced Liouville-space
time-evolution operator. %e point out that, as an alter-
native to the Liouville-space scattering-theory approach,
which is appropriate for the description of a single reso-
nance (e.g. , autoionizing or radiationless capture) popula-
tion event, one may adopt a relaxation-theory approach,
in which the discrete resonance states are treated as the
initial states in the radiative transitions of interest and
the steady-state or time-dependent populations and
coherences of these states are determined by means of a
separate set of kinetic-theory equations. Ignoring
coherent or long-time laser interactions, the time that is
relevant in the determination of the spectral distribution
for photon emission is suSciently short that only a single
resonance population event is important. A substantial
effort has been devoted to providing a general procedure
for deriving explicit expressions for the various (electron
and photon) continuum projections of the reduced,
relevant Liouville-space continuum resolvent operator.
These projections are required in our general procedure
for evaluating the desired tetradic matrix elements of the
reduced, relevant Liouville-space transition operator. Fi-
nally, our conclusions are presented in Sec. IV together
with a discussion of the applications which will be treated
in future communications.

II. DENSITY-MATRIX DESCRIPTION

%e wish to investigate radiative transitions of an elec-
tronic system which is simultaneously interacting with
the fields of a large number of perturbing particles and
photon modes. It will be convenient to introduce a parti-
tion of the total Hamiltonian H, for the entire interacting
matter and radiation-field system, as follows:

H=H +V,
where

H'=HI+a'=H'+H'+H"

V yM+ @MR ESP+ @SR+yPR

The total unperturbed Hamiltonian H is the sum of the
unperturbed matter Hamiltonian H and the free
radiation-field Hamiltonian H . The unperturbed matter
Hamiltonian H may be expressed as the sum of a Ham-
iltonian H representing the isolated electronic subsys-
tem and a Hamiltonian H for the system of perturbing
particles. It is often convenient to include in H that
portion of the interaction V, between the electronic
subsystem and the perturbing particles, which can be
represented by a static local potential. Examples of such
local fields include the quasistatic ion-generated electric
microfield acting on a many-electron ion in a high-
temperature plasma and the static electric field acting on
an energetic electron in a crystal lattice. It is sometimes
customary to include in H the monopole interaction be-
tween atomic ions which does not depend on the state of
the electronic subsystem (i.e., the Coulombic interaction
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which gives rise to classical hyperbolic trajectories). It is
often advantageous to include in H the contribution
from the interaction V, between the electronic subsys-
tern and the radiation field, which corresponds to a radia-
tion field that is static in the "rotating-wave" approxima-
tion; this procedure may be followed by the introduction
of dressed-atom states, accounting for the presence of a
strong laser field. Since we shall be primarily concerned
with transitions induced by the interaction V, we will
neglect the interaction V of the perturbers with the ra-
diation field. We point out that the interference between
perturber radiation and atomic spectral-line radiation has
been considered by Burgess [60] and V plays an essen-
tial role in the "collisionally induced" radiation processes
studied by Alber and Cooper [61]. The interaction V "is
also important in the description of resonance broaden-
ing, where the transfer of excitation between identical
atomic systems can take place.

The interaction V may also be redefined to include
the portion of H which is responsible for atomic au-
toionization, in order that autoionization may be treated
on an equal footing with radiative decay. In the treat-
ment of autoionization, and the inverse radiationless
electron-capture process which occurs in the two-step
dielectronic recombination process, it appears appropri-
ate to consider the continuum electron as a part of the
atomic subsystem. However, one should be concerned
with the problem of distinguishing the "captured" or
"ejected" electron from the multitude of "perturber"
electrons.

We shall assume that the eigenvalue problem

H'~a ) =Ra). ~a ), (4)

corresponding to the unperturbed Hamiltonian H, can
be solved to provide a complete basis set of zeroth-order
states ~a ), including bound states, discrete (autoionizing}
resonances, and nonresonant continuum states. Since the
zeroth-order Hamiltonian H has been taken as the sum,
given by Eq. (2), of the unperturbed Hamiltonians for the
isolated subsystems, the unperturbed eigenstates ~a ) can
be expressed as direct products of the eigenstates

~
a) of

the many-electron ion or crystal-field electron, the eigen-
states ~p ) representing the subsystem of perturbing parti-
cles (possibly including perturber-perturber interactions},
and the eigenstates ~n ) specifying the occupation num-
bers of all modes of the quantized radiation field. We em-
phasize that the symbols ~a), ~p ), and ~n ) are, in gen-
eral, abbreviations for many-body states of the respective
subsystems. The electronic-subsystem states ~a) may be
single-electron ionic states or states of a single crystal-
field electron; but many-particle atomic states of the
Fano type may also be used. The Fano-type states are
obtained from a diagonalization of the Hamiltonian H,
including the electron-electron interaction part of V
which is responsible for autoionization, within a subspace
of discrete resonance and single-electron nonresonant
continuum basis states [46]. The eigenstates ~p) of the
perturbing particles are most easily determined when
their mutual interactions, which are included in H, are
either neglected or treated according to a procedure lead-
ing to shielded quasiparticles. For the treatment of mul-

tiphoton processes, it may be necessary to take into ac-
count photon-photon correlations. By adopting a
second-quantization description for the charged particles,
as well as for the electromagnetic radiation field, one may
employ a quantum-field-theory approach to treat all in-

teractions included in V on an equal footing.
A general density operator p; for a state ~i ) of the un-

perturbed Hamiltonian H can be represented by the
direct product

p;=p Sp (3}p

where p, p, and p denote the density operators for the
isolated electronic subsystem, the perturbing particles,
and the electromagnetic radiation field, respectively. As-
suming this separable form for the initial-state density
operator, describing the combined interacting system, im-

plies the neglect of initial correlations among the separate
subsystems, as discussed by Burnett, Cooper, Ballagh,
and Smith [39]. In the relaxation-theory approach to the
description of the interactions included in V, the uncorre-
lated, direct-product representation is adopted for the
initial-state density operator p, (t) at the time to=0. In
the scattering-theory approach, it is more natural to as-
sume the separable form as the initial condition at
tp~ 00. In either approach, the correlation e6'ects are
allowed to be built up during the evolution of the system
to the "time of interest. "

The individua1 initial-state density operators p, p,
and p will be assumed to be represented by diagonal ma-
trices in the respective basis sets [~a) j, [~ ) j, and

[~n ) j. For example, the density operator p, for the
many-electron ion or the energetic electron in a crystal
field, may be represented by means of the expansion

ps g psla) &aI

in terms of the complete basis set [~a) j, consisting of
bound, discrete resonance, and nonresonant continuum
eigenstates of H . It should be emphasized that the indi-
vidual density operators p, p, and p, representing the
isolated subsystems, will not be required to correspond to
the distributions of a thermodynamic equilibrium ensem-
ble.

A. Liouville-space operator formalism

In order to investigate the transitions between the un-
perturbed eigenstates of H which are induced by the in-
teractions included in V, it is necessary to study the time
evolution of the density operator p(t} for the entire in-
teracting matter and radiation-field system. We wish to
emphasize that the density operator p(t), at an arbitrary
time t, cannot be assumed to be expressible in the separ-
able, direct-product form given for the initial-state densi-
ty operator p; in Eq. (5). Physically, this departure from
the separable form is a consequence of the fact that the
radiative transitions of the electronic subsystem of in-
terest are occurring simultaneously with, and are there-
fore correlated with, the multitude of collisional and radi-
ative interactions that are responsible for the relaxation
phenomena. For the description of a particular measure-
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p=lp»=g la &&alplb &&bi=& la, b »&alplb &

a, b a, b

The complex inner product of two Liouville-space vec-
tors pl and pz can be defined as the ordinary Hilbert-
space trace

«) Ii&2»=«(t it 2) (9)

where p, denotes the Hermitian conjugate of p&. The
orthogonality condition on the Liouville-space basis
states la, b )) can be expressed as

((a, blc, d )) =tr(lb ) (al lc ) (dl )

= (dlb ) (ale ) =5(d, b)5(a, c) .

It follows that (( a,

hip�

)) = (alp lb ) and

p=g la, b »(&a, blp)& =lp,
a, b

which defines the Liouville-space identity operator I.
The Liouville-space operator L can be represented, in

terms of the basis states
l a, b )), in the form

L =y y la, b »«a, bIL lc, d »«c, dl .
a, b c, d

(12)

Since four indices are required in its matrix representa-
tion, the operator L is also referred to as a tetradic opera-
tor. From the definition of L, it follows that the tetradic
matrix elements of the Liouville-space operator L associ-
ated with the Hamiltonian H are given by

((a, blL lc, d )) =—[(alHlc )5(d, b) 5(a, c)(dlHlb ) ]—.

ment process, such as one involving only the detection of
spontaneously emitted photons in a particular frequency
range, it is ultimately necessary to introduce a reduced
description involving a projection of the full density
operator onto a restricted subspace corresponding to the
relevant degrees of freedom.

The time evolution of the density operator p(t) is de-
scribed by the quantum Liouville equation of motion [7]

Bp(t) i

Bt
= ——[H,p( t) ]= iL—p( t),

which defines the Liouville-space operator L, associated
with the Hamiltonian H, in terms of the usual Hilbert-
space commutator [H,p(t)]. Sometimes the factor of i-
is included in the definition of L [39]. The Liouville-
space operators, which we will distinguish from the ordi-
nary Hilbert-space operators by using the overbar, are
often referred to as superoperators. They operate in a
space in which the ordinary Hilbert-space linear opera-
tors, such as p(t), play the role of vectors. Moreover, the
complete set of linear operators acting on ordinary Hil-
bert space forms a basis set for Liouville space. An ele-
ment a )(bl of this complete basis set may be denoted,
using the Liouville-space Dirac notation, by la, b )). An
arbitrary density operator p can then be expanded in the
for 111

It can be seen that the eigenvalues of L wi11 correspond to
energy differences divided by R. The Liouville-space
Dirac notation, which was introduced in the theory of
spectral-line shapes by Baranger [25], is most advanta-
geous for Liouville-space operators which can be ex-
pressed in the direct-product form, as in Eq. (13).

If the Hamiltonian H is independent of time and con-
servative, the density operator p(t), which solves Eq. (7),
can be formally related to the density operator p(to), at
the initial time to, by means of the ordinary Hilbert-space
time-evolution operator

U(t, to)=exp H(t to)—
L

in the following manner:

p(t)= U(t, tQ)p(tp)[U(t to)] =g(t tp)p(to) (15)

The Liouville-space time-evolution operator g(t, to) is, ac-
cordingly, expressible in the form

g(t, to)=exp[ iL(t—to)] . — (16)

=exp(iL t)p(t), (17)

where L denotes the Liouville-space operator corre-
sponding to the unperturbed Hamiltonian H . The time
evolution of the density operator p ( t ), in the interaction
picture, is then described by the equation of motion

1

Bp (t) i
[V (t),p (t)]=—iV (t)p (t), (18)

Bt A'

where V (t) is the Liouville-space operator

V (t)=exp(iL t)V(t)exp( iL t), — (19)

which is obtained by the transformation of the Liouville-
space perturbation operator V(t) to the interaction pic-
ture. It should be noted that the Liouville equation of
motion for the density operator differs in the sign of the
right-hand side when compared with the equation of
motion for a quantum-mechanical operator in the
Heisenberg representation.

%e will also be concerned with problems where the Ham-
iltonian is dependent on time. In this case Eq. (16) must
be replaced by a more general relationship. Although the
notation U(t, to) is sometimes employed for g(t, to), we

will ultimately introduce a reduced density-operator
description in which the corresponding time-evolution
operator, which takes into account collisional and radia-
tive damping phenomena, will no loner be unitary.

The Liouville-space equivalent of the Feynman-Dyson
perturbation-theory expansion can be most conveniently
formulated by introducing the transformation to the in-
teraction picture. The transformation from the
Schrodinger picture, in which the density operator p(t) is
defined, to the interaction picture, in which all operators
will be designated by means of the superscript I, can be
accomplished in the following manner:

I r

l p 1 O

p (t)=exp —H t p(t)exp — —H t
fi fi
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p'(t) =g'(t, t, )p'(t, }=exp[ i —V'(t —t, )]p'(t, ) (20)

If the interaction V is independent of time, then Eq.
(18) has the simple formal solution

using Eq. (15). Using the inner product definition given
by Eq. (9), the transition rate (pertaining to the combined
system) can be written as the Liouville-space inner prod-
uct

together with the initial condition

p (to)=p(to) . (21)
A(i f)= lim —((PI~g(t, t )~p;(t, ))) .d

f~ oo
(24)

The Liouville-space time-evolution operator g (t, to), in
the interaction picture, is not necessarily unitary after a
reduced density-operator description has been introduced
in which V becomes complex, due to the inclusion of
collisional and radiative damping phenomena. We will
investigate the equation of motion for the density opera-
tor, in the presence of time-dependent interactions, by in-
troducing the time-ordering operator and utilizing the in-
tegral equation for the propagator g (t, to) corresponding
to the time-dependent perturbations, as described by Bur-
nett, Cooper, Ballagh, and Smith [39].

B. Transition probabilities for interacting systems

(22)

where the summation over p includes the complete spec-
trum of bound, discrete resonance, and nonresonant con-
tinuum eigenstates of the electronic subsystem under in-
vestigation and the unit operator Iz is defined in the very
large subspace of degrees of freedom pertaining to the
perturbing particles and all additional modes of the quan-
tized radiation field. The ket

~ 1,haik, A)denotes , the
occupation-number or Fock-space eigenstate correspond-
ing to a single photon in the observed mode of the quan-
tized electromagnetic field. The density operator formal-
ism for composite systems has been presented by Fano
[g].

The probability per unit time for the transition i ~f in
the combined interacting system can be defined as [31,61]

A (i ~f )= lim Tr[PIp(t))
d

)~a) df

= lim Tr[PIg(t, to)p;(to}],d
s~~ df

(23}

where in the second equation we have substituted for p(t)

In order to define a transition probability for a
quantum-mechanical system that is interacting with oth-
er quantum-mechanical systems, it is convenient to intro-
duce a projection operator P&, which specifies the final
state f of the combined interacting system, correspond-
ing to a specific measurement process involving the sub-
system of interest. The projection operator pertaining to
the subsystem of interest may be converted into the pro-
jection operator P&, which is defined in the space of the
composite system, simply by forming the direct product
with the unit operator Iz corresponding to the remaining
systems, which will be treated as a very large, but not
necessarily thermal, bath. For example, the detection of
a single spontaneously emitted photon with momentum
Ak and helicity A, can be described by using the final-state
projection operator

Alternatively, A (i ~f) may be expressed in the
Liouville-space interaction picture, using the first part of
Eq. (20). After introducing the explicit form given by Eq.
(22} for the projection operator P&, which describes the
detection of a single photon, Eq. (24} can be reduced to
an expression involving the trace over all quantum states
except those specifying the detected mode of the quan-
tized radiation field. The result of performing this re-
stricted trace can be represented in terms of the diagonal
matrix element ( 1 ~p ~1) of a single-photon-detection
density operator p, which is defined by taking the re-
stricted trace of the composite-system final-state density
operator p(t).

For very short time-scale interactions, which cannot be
described by a transition probability per unit time, it is
necessary to investigate the detailed time variation of the
final-state projection of the solution to the equation of
motion for the composite-system density operator p(t},
i.e., the t ~ ~ limit cannot be taken in Eq. (24).

C. Tetradic scattering operators

l. Time indepen-dent formulation

The time-independent tetradic scattering-operator for-
malism has been presented by Fano [10] and by Ben-
Reuven and Mukamel [12]. To evaluate the asymptotic
time limit in Eq. (24}, defining the transition rate for the
combined system, one uses the relationship

lim . — lim g(t, to) . = i lim T(—+is},
t~m dt t ~—m r. lo0

(25)

and

T(z) = V+ VG(z}V, (26)

where the tetradic resolvent or Green's operators are
defined by

G (z)=(z L)—
and

G(z) =(z —L. )-' . (27)

The usual scattering-theory boundary condition is incor-
porated by taking the limit as s&0 of the complex vari-
able z =+is, giving rise to on-the-energy-shell matrix
elements of T(z}. In the treatment of processes involving
nonstationary (e.g., decaying) states, the ELO limit may

where T(z) is the Liouville-space analog of the ordinary
Hilbert-space transition operator [11]. The tetradic rep-
resentations of the Lippmann-Schwinger equations can be
expressed in the forms

T(z)= V+ VG (z)T(z)
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not be appropriate (i.e., the t ~ oo limit may not be what
is desired). In the reduced density-operator description,
one may need to consider a system which is excited at to
and observed at t. The treatment of this process would
necessarily involve o8'-the-energy-shell matrix elements of
the tetradic transition operator T(z). We will employ the
scattering-theory approach in order to define the proba-
bility per unit time for a particular radiative transition or
set of transitions contributing to the spectral feature of
interest. Since the initial-state density operator p, (to)
occurs in the definition of the transition rate that is given
by Eq. (24), this density operator must be either known
from the initial conditions or determined by means of a
separate kinetic-theory description, accounting for an en-
tire sequence of collisional and radiative relaxation pro-
cesses. An extension of the present investigation would
be required for the treatment of a nondiagonal initial-
state density operator, because we have assumed that this
density operator is diagonal in the unperturbed basis set.

The Liouville-space time-evolution operator g (t, t 0 )

can be formally related to the resolvent operator G(z) by
means of the transformation

g(t, to)=lim dz exp[ iz(t ——t )o]G( +zi )e, (28)
1

c--+0 2' l

which has the form of a Fourier or Laplace transform for
to-~-- ~ or to=0, respectively, with the application of
the appropriate contour integration.

Assuming that the usual scattering-theory boundary
condition is appropriate, the cross section for the scatter-
ing process can be defined by [12]

out that it is possible to define suitable eigenstates even
for a non-Hermitian Liouville-space operator, but in gen-
eral these states are not orthogonal (and consequently it
is necessary to construct orthogonal basis sets, e.g.„as de-
scribed by Baranger [25]).

The Liouville-space formalism, as developed in terms
of the tetradic scattering operators, provides a suitable
framework for the incorporation of relaxation phenome-
na arising from the interactions between the electronic
subsystem of interest and the much larger bath system.
%'hen account is taken of the appropriate boundary con-
dition on z and any o8'-the-energy-shell matrix elements
of T(+iE) which may be required, the Liouville-space
scattering theory can be applied to the description of ra-
diative transitions occurring in the presence of relaxation
processes. The application of the Liouville-space scatter-
ing theory is greatly facilitated by assuming that the
initial-state density operator p, is not only expressible in

the separable direct-product form, but is also represented
by a diagonal matrix in the basis of unperturbed I'
eigenstates (which may include states in a classical static
or radiation field).

2. Time depende-nt formulation

The time-evolution operator appropriate for the
description of time-dependent interactions can be formal-
ly expressed, in the Liouville-space interaction picture, in
the form

g'(t, to)='Texp i f d—t'V (t)

o(i .f)= i lim——((P&~T(+is)~p;)),
1

oF;
(29)

where '7 denotes the time-ordering operator. The
Liouville-space time-evolution operator or propagator
g (t, to) satisfies the equation of motion

where F, denotes the fiux of incident particles or photons
in the channel corresponding to the initial state that is
represented by p;. The treatment in terms of a single
scattering event can be employed for the short times that
are important in the determination of the spectral distri-
bution produced by the radiative transitions of interest,
because only for a short time can one distinguish between
the perturber electrons and the electron that is involved
in the (autoionizing) resonance process.

We will apply equations from scattering theory for the
interaction V arising from the partition

of the Liouville-space operator L, for the entire interact-
ing matter and radiation-field system, into an unper-
turbed part I and a perturbation V. This procedure is
only valid for a system satisfying the steady-state condi-
tions

L p, =L p~=O . (31)

These conditions will be satisfied if the initial-state densi-
ty operator p; and the final-state projection operator I'&

correspond to stationary states of L . Decaying states
are not stationary, but one can introduce a steady-state
condition under certain excitations, e.g. , by an external
field, but then L is not Hermitian. It should be pointed

g'(t, t, )= i—V'(t)g '(t, t—, )
Bt

together with the initial condition

The integral equation employed by Burnett, Cooper,
Ballagh, and Smith [39] can be derived by expressing the
Liouville-space interaction V (t) as the sum

V'(t) = V,'+ V', (t)

of a time-independent (or quasistatic) contribution Vo
and a time-dependent part VT(t). After applying a stan-
dard operator identity, the integral equation for g (t, t„)
can be presented in the form

g'(t, t, )=g„'(t, t, )+ f dt'g,'(t, t')VT(t')g'(t', t, ), (36)

where go(t, to) is the Liouville-space time-evolution
operator corresponding to the time-independent interac-
tion Vo and is obtained simply by replacing V with Vo in

Eq. (20). It should be emphasized that the propagator
identity expressed by Eq. (36) is valid for any arbitrary
decomposition of the interaction V (t), provided that a
suitable result for go(t, to) is employed. In particular,
when using a reduced density-operator description, some
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damping processes can be included in go(t, to), as well as
some time-dependent interactions.

D. danzig projection-operator approach
to the treatment of relaxation phenomena

Time ind-ependent formulation

Vr PVsRP
kA. (37}

where V&& denotes the interaction of the electronic sub-
system with the set [kA, ] of radiation-field modes that are
involved in the photon detection process. Later we shall
treat this interaction on an equal footing with the interac-
tion that is responsible for atomic autoionization. This
will be accomplished by means of the inclusion of the
relevant part of the electron-electron interaction in V" to-
gether with the partition of the relevant Liouville space
into resonant and nonresonant subspaces. The remaining
interactions are included in the irrelevant contribution

The evaluation of the radiative transition probability
per unit time can be simplified substantially by introduc-
ing a partition of the complete Liouville space into a re-
duced (relevant) subspace, corresponding to the uncorre-
lated electronic subsystem and the radiation-field modes
that are relevant to the photon detection process, and a
complementary orthogonal subspace, in which these
electronic-subsystem and radiation-field states are
dynamically correlated with the multitude of bath de-
grees of freedom. Following Zwanzig [9],we denote by P
the projection operator onto the relevant Liouville sub-
space, of the "free" states corresponding to the relevant
degrees of freedom, and we denote by Q =1—P the pro-
jection operator onto the Liouville subspace of the
dynamically correlated states. The Zwanzig projection
operators play a role analogous to that of the ordinary
Hilbert-space projection operators introduced by Fesh-
bach [19] in the theory of nuclear reactions. Assuming
that we are dealing with the full time-independent Hamil-
tonian and that we have not previously introduced a re-
duced density-operator description, we will demonstrate
that the Liouville-space transition operator, within the
subspace of the projection operator P, can be expressed
by means of a tetradic Lippmann-Schwinger-type equa-
tion that explicitly involves only the relevant Liouville-
space interaction of the detected-photon modes with the
uncorrelated electronic subsystem of interest. The multi-
tude of interactions with the perturbing particles and
remaining modes of the radiation field, which will be re-
ferred to as the "irrelevant" interactions, are thereby in-
corporated by the introduction of a Liouville-space self-
energy operator in the formal expression for the relevant
(P-space} projection of the Liouville-space resolvent
operator. More specifically, the Liouville-space projec-
tion operator P formally represents an average over the
bath degrees of freedom, corresponding to the multitude
of perturbing particles and remaining radiation-field
modes.

To illustrate the Zwanzig projection-operator ap-
proach, we first treat as the relevant part of the
Liouville-space interaction the projection

V'= V —V'=PV P+PVQ+QVP+QVQ, (38)

where V denotes the Liouville-space bath interactions,
involving the multitude of perturbing particles and
remaining photon modes. In the scattering-theory treat-
ment of the autoionization and the electron-capture pro-
cesses that are associated with the radiative transition of
interest, the captured or ejected electron can be con-
sidered not as a perturber but as a part of the electronic
subsystem of interest. This procedure is expected to be
valid for the short times that are relevant for the deter-
mination of the radiative transition rate. In the treat-
ment of radiative decay, the relevant modes of the quan-
tized radiation field should be considered separately from
those included in the bath degrees of freedom. Since the
number of bath particles and radiation-field modes is very
large, no significant counting errors nor deviations in the
perturber energy distributions are expected to occur in
connection with approximations in these treatments.

We now employ the mathematical structure of the or-
dinary Hilbert-space projection-operator approach
presented by Haan and Jacobs [4], which provides a
unified treatment of radiative and dielectronic recom-
bination. In Sec. III, we shall introduce a Liouville-space
version of this approach. The Lippmann-Sch winger
equation for the Liouville-space transition operator T(z),
in the form given by the second part of Eq. (26), is first
rewritten in the alternative, but equivalent, form

T(z)=R (z)+R (z)G "(z)R (z), (39)

where

R(z)=V+ VQ(z —QLQ) QV

and

(40)

G"(z)=PGP=P[z PL P PR—(z)P] P—. (41)

PR(z)P= V'+X(z), (42)

The operator R(z) is the relaxation operator intro-
duced by Fano [10] and utilized by Ben-Reuven and Ra-
bin [31]. It is the Liouville-space analog of the level-shift
operator introduced by Goldberger and Watson [11],
which has also been referred to as the vertex operator.
The relationship between the Liouville-space transition
operator T(z) and the Liouville-space relaxation operator
R(z) is analogous to the connection between the self-
energy and the proper self-energy operators in quantum
field theory. Ben-Reuven and Mukamel [12] have em-
phasized that the operators T(z) and R(z) are inter-
changeable only to lowest order in the expansion in
powers of the interaction V, which corresponds to an ex-
pansion in powers of the density of the perturbing parti-
cles and in powers of the intensity of the radiation field.
Beyond the lowest-order approximation, it is necessary to
make a distinction between the scattering and relaxation
processes.

In order to obtain a useful expression for the projected
Liouville-space transition operator P T(z)P, which de-
scribes the radiative transition of interest, it is convenient
to write
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where X(z) is the Liouville-space proper self-energy
operator that represents the effects of the collisional and
radiative relaxation processes. Following the wave-
operator approach employed by Ben-Reuven and Rabin
[31],we also define the tetradic Mgfller wave operators by

M(+ ((z)= 1 + [z PL P X(z) ] X(z)

M~( )(z)=1+X(z)[z PL—P X(z—)]
(43)

PT(z)P = [M(' )(z)T"(z)+X(z) ]M('+ )(z), (45)

where T"(z) is the relevant Liouville-space transition
operator defined by

T"(z)= V"+ V"G"(z)V" . (46)

The relevant Liouville-space transition operator T"(z)
is expressed, by means of Eq. (46), explicitly in terms of
the relevant part of the Liouville-space interaction V",

while the collisional and radiative relaxation effects are
incorporated by means of the Liouville-space self-energy
operator X(z) in the expression for the relevant
Liouville-space resolvent operator G'(z). Equations (45)
and (46) have been obtained by Ben-Reuven and Rabin
[31],and we have adopted their notation. Equations (40)
and (41) are the Liouville-space analogs of the results ob-
tained by Mower [20] for the ordinary Hilbert-space
resolvent operator. Equation (46) expresses the relevant
Liouville-space transition operator T'(z) as a sum of a
resonant part and a nonresonant part, with respect to the
collisional and radiative relaxation processes. In order to
provide a description of autoionization resonance pro-
cesses in the presence of relaxation phenomena, we shall

modify this approach by including the interaction respon-
sible for autoionization as a part of the relevant interac-
tion and by introducing a partition of the relevant Liou-
ville space into orthogonal parts, corresponding to the
discrete autoionizing states and the nonresonant continu-
um states representing the final states in the autoioniza-
tion and radiative stabilization processes.

The expression for PT(z)P can be significantly
simplified by imposing suitable conditions on the initial-
state density operator ~p; )) and on the final-state projec-
tion operator (PI )), which are treated as state vectors in
the Liouville-space representation. If we now invoke the
assumptions that the initial-state ~p; )) is confined to the
subspace spanned by the projection operator P and is ex-
pressible in the uncorrelated direct-product form given
by Eq. (5), it immediately follows that [31]

X(.)lp, » =o

which describe the rearrangement of the eigenstates of I
as a result of the irrelevant interactions incorporated into
X(z).

We utilize the following Liouville-space analogs of the
ordinary Hilbert-space scattering theory relationships:

1+6"(z)[ V"+X(z) ]= [1+6'(z) V"]M~(+ ((z),

1+[ V"+X(z)]G'(z)=M(' ((z)[ V"6"(z)+1] .

The required projection of T(z) can now be expressed in
the form

and that

M',;,(.)Ip, »=ip, » .

Equation (47) refiects the exclusion of the relevant in-
teraction V' from the definition of the Liouville-space
self-energy operator X(z). Similarly, after making the as-
sumptions that the final-state ~PI)) is confined to the P
subspace and is expressible in the direct-product form
given by Eq. (22), we arrive at the conditions [31]

« P, IX(.) =0,
« P~ ~(M(",(z)= && PZ ~(

.

Consequently, we may omit from Eq. (45) the operators
M('+~(z) and M(' ((z), as well as the additional X(z) con-
tribution, which describes transitions between the initial
and final states due solely to the irrelevant interactions.
The final result is that the radiative transition of the elec-
tronic subsystem of interest, in the presence of relaxation
processes, is completely described by substituting T"(z) in
place of T in Eq. (29) and in related expressions.

The requirements expressed by Eqs. (47)—(50) can be
satisfied by adopting the definition introduced by Zwan-
zig [9] for the Liouville-space projection operatorP. Us-
ing the Liouville-space Dirac notation, the definition for
P given by Zwanzig can be expressed in the form

P=ip, »« I, I,
where pz denotes the component of the factorized densi-

ty operator p;, for the initial state of the uncorrelated
composite system, which represents the bath degrees of
freedom, and I& denotes the unit operator in the Liou-
ville subspace of these degrees of freedom. In general, P
corresponds to a many-body operator. In order to obtaio
explicit expressions for the desired projections of the
Liouville-space resolvent and self-energy operators, it will
be necessary to introduce approximations, such as the
binary-collision approximation in the treatment of the
"perturber-electron" collisions [39]. The efFect of the
Zwanzig projection operator P on the arbitrary tetradic
operator A can be expressed in the form

« P&
~ p; )&

=
&& Tr, ( & p~ ) I p; )& .

The result of the trace operation is an average over the
bath degrees of freedom This average yields a reduced
tetradic operator, which is defined on the Liouville sub-
space spanned by the relevant degrees of freedom. The
most general state vectors in the (relevant) Liouville sub-

space of the projection operator P may be denoted by
~ag, mn )), where ~ag)) represents the operator ~a)&P~
in the ordinary Hilbert space of eigenstates of the
electronic-subsystem Hamiltonian H and

~
mn )) similar-

ly represents the operator ~m ) &n~ in the Fock space of
occupation-number states for the relevant modes of the
quantized electromagnetic field. In contrast to the unper-
turbed basis used here, the actual eigenstates of the re-
duced P-space Liouville operator that allows for relaxa-
tion processes are states of a non-Hermitian operator and
are therefore not members of an orthogonal basis set.

We are now in a position to present expressions for the
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steady-state radiative transition rates in terms of the
tetradic matrix elements of the reduced, relevant
Liouville-space transition operator T"(z). For illustra-
tion, we consider the spontaneous single-photon emission
process of an electronic subsystem, which is simultane-
ously interacting with a bath of perturbing particles and
quantized radiation-field modes. The relevant com-
ponents p,'- and Pf of the initial-state density operator p,.
and the final-state projection operator Pf can be, respec-
tively, represented in the forms

p,'=y p ~aa, oo)&,

Pf"=y Ipp, » »,
P

(54)

which involve expansions in terms of the unperturbed
eigenstates for the electronic subsystem and the detected
mode of the radiation field. The single-photon spontane-
ous emission rate, which is defined by Eqs. (24) and (25),
can now be evaluated as follows:

A (i~f)= i lim—((Pf ~PT(+is)P~p;))
c~O

= —i iim ((Pf"~T'(+tv, )~p", &&

c—+0

i lim g—p ((PP, IIEET'(+is)~aa, 00)) .
a~0 p

(55)

The summations over a and P in general involve the com-
plete set of bound, discrete resonance, and nonresonant
continuum eigenstates of the isolated electronic subsys-
tem. In practice, it is necessary to restrict these summa-
tions to include only the finite subsets of the states [a]
and [p], which are expected to provide the dominant
contributions to the radiative transition rate in the spec-
tral region of interest. In the scattering-theory approach
to the unified description of resonant and nonresonant ra-
diative transitions, the initial states [a] will be taken as
the single-electron-continuum states, e.g., the states of
the incident-electron initial-ion system in the photo-
recombination process. The scattering-theory approach
corresponds to the treatment of a single resonance (au-
toionizing} population event rather than a sequence of
collisional and radiative population events. We shall also
introduce an alternative relaxation-theory approach, in
which the initial states [a] will be taken as the discrete
resonance states, e.g., the intermediate autoionization
states in the dielectronic recombination mechanism. In
this approach, it will be necessary to introduce a separate
set of kinetic-theory equations for the determination of
the population distribution (possibly including the coher-
ences) of the initial, discrete resonance states of the elec-
tronic subsystem. In the relaxation-theory approach, one
may take into account an entire sequence of collisional
and radiative population processes. Finally, special care
must be taken to employ appropriate generalizations of
Eqs. (53) and (54} for cases where nonorthogonal basis
states are involved, such as may be encountered in the

use of "complex or decaying dressed" states in the pres-
ence of a classical laser field [62].

—[Pp (t)]= iPV (t)Pp (t) iPV—(t)Qp (t)—
at

(56)

2. Time dep-endent formulation

The time-dependent treatment of radiative transitions
of the electronic subsystem is based on the equation of
motion for the reduced relevant part of the density opera-
tor, which is defined as the projection of the full density
operator, for the entire interacting matter and radiation-
field system, onto the Liouville subspace of the relevant
degrees of freedom. We will present a derivation of a
Liouville-type equation of motion for the relevant part of
the density operator, which will explicitly involve only
the relevant Liouville-space interaction. The irrelevant
interactions will be incorporated by means of a
Liouville-space self-energy operator, which plays the role
of a kernel in a time integral appearing in the equation of
motion for the relevant density operator. In order to ob-
tain a closed equation for the relevant part of the density
operator, which has been referred to as the generalized
master equation [7,63], it will be necessary to invoke the
assumption that the density operator, for the entire in-
teracting matter and radiation-field system, can be ex-
pressed in the uncorrelated factorized form at some ini-
tial time to. This assumption is expected to be valid, pro-
vided that the system has a finite correlation time and
that to is "sufficiently far in the past. "

We now introduce the Zwanzig tetradic projection
operators P and Q, so that we can investigate the projec-
tions of the equation of motion for the density operator
onto the orthogonal Liouville subspaces corresponding to
the relevant and irrelevant degrees of freedom, respec-
tively. Our time-dependent formulation will be based on
the form of the equation of motion given by Eq. (18),
which is expressed in the Liouville-space interaction pic-
ture. The Liouville-space perturbation operator V (t},
which is defined in the interaction picture by means of
Eq. (19), will include on an equal footing all collisional
and radiative interactions of the electronic subsystem of
interest, without regard for the possible time indepen-
dence of some of these interactions. The general analysis
that we will present is closely related to the equation-of-
motion formulation of Burnett, Cooper, Ballagh, and
Smith [39], except for two essential diff'erences. First
they carry out two sequential projections. The first pro-
jection corresponds to an average over the radiation-field
modes, while the second projection involves an average
over the states of the perturbing particles. Second they
employ the equation of motion in the Schrodinger picture
to treat the radiative interactions, while they adopt the
interaction picture to describe the collisional perturba-
tions. In their investigation, the phenomenon of particu-
lar interest is the time-dependent interactions of the elec-
tronic subsystem with the perturbing particles and an
external (classical) laser-radiation field.

The two orthogonal projection of Eq. (18) may be writ-
ten in the forms
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and

where the full Liouville-space propagator in the interac-
tion picture g (t, to) is defined by Eq. (20) and the
Liouville-space propagator g&(t, to) corresponding to the
irrelevant part of the interaction QV'(t)g may be formal-
ly expressed, in terms of the time-ordering operator 7; in
the form

g&(t, to) = T exp i f d—t'QV (t')Q
f0

(59)

The Liouville-space propagator identity given by Eq. (58)
allows the introduction of a formal solution to Eq. (57),
which may be written as

gp ( t) =gg{7(t to )gp ( to )

—i dt'
& t, t' V t'Pp t' . 60

0

After substituting the formal solution for Qp (t) given by
Eq. (60) into Eq. (56), we obtain an exact equation for the
reduced relevant part of the density operator Pp (t) in
the form

[Pp'(t)) =—iPV'(t)Pp'—(t) i f dt'PX—'(t, t')Pp'(t')
Bt

—iPV'(t)Qg&(t, t, )Qp'(t, ),
where the Liouville-space self-energy operator kernel is
defined by

X'(t, t') = iPV'(t)Qg ~&(t—, t')QV'(t')P .

Equation (61) cannot be regarded as a closed equation
for the reduced relevant part of the density operator
Pp (t) because of the presence of the last term, which in-
volves the correlated part of the density operator Qp (to)
evaluated at the initial time to If we are i.nterested in

times t such that t —to is long compared to a "correlation
time, " we may invoke the assumption that the initial
correlations decay away and can be neglected. This as-
sumption is most simply expressed by the condition

Qp ( t )=00 . (63)

This condition implies that the full density operator
p (to) at the initial time to, which is related to the density
operator p(to) defined in the Schrodinger picture by
means of Eq. (17), can be expressed in the uncorrelated
direct-product form. The closed form equation for
Pp {t), which is obtained by omitting the last term in Eq.
(61), has been referred to as the generalized master equa-
tion [7,63]. The generalized master equation provides a
quantum kinetic-theory foundation for the determination

—[Qp'(t)]= t—QV'(t)Pp (t) i—QV (t)gp (t) . (57)
Bt

%e now employ a Liouville-space propagator identity of
the type given by Eq. (36). This propagator identity may
be written as

g'(t, t, )=g~&(t, t, ) i f—dt'g~&(t, t')QV'(t')Pg'(t', t, ),
0

(58)

of the population distribution of the states of the elec-
tronic subsystem together with the statistical distribution
for the relevant modes of the quantized radiation field, in
the presence of the multitude of collisional and radiative
interactions that are incorporated in the Liouville-space
self-energy operator kernel. The generalized master
equation also allows for the investigation of the e6'ects of
the coherences. In some circumstances, the time of in-
terest t —to is short. Then the initial correlations, which
are represented by the last term in Eq. (61), cannot be
neglected. In this case, the last term in Eq. (61) must be
directly evaluated, as described by Burnett and Cooper
[64].

In order to establish the relationship between the
time-dependent and time-independent Liouville space
projection-operator formulations, we first rewrite the
generalized master equation, which is obtained from Eq.
(61) after omitting the initial-correlation term, in the al-
ternative and more abstract form

[Pg'(t—, t, )P]= iPV'(t)—Pg'(t, t, P)

i f—dt'PX'(t, t')Pg'(t', t,P),

which follows directly from using the definition of the full
Liouville-space propagator g (t, to) in the interaction pic-
ture, given by the first part of Eq. (20). A major compli-
cation that is encountered in the treatment of Eq. (64) is
that the Liouville-space projection operators are many-
body operators. In the binary-collision approximation
for the perturbing particles, Burnett, Cooper, Ballagh,
and Smith [39] have shown how Eq. (64) can be reduced
to a relationship involving two-body operators. The con-
nection with the time-independent formulation can now
be obtained by assuming that the Liouville-space pertur-
bation operator V is independent of time. However, the
binary-collision approximation is often introduced by in-
voking the fact that the interaction V (t) is localized in
time. After introducing the Laplace-transform version of
the general contour-integral relationship given by Eq.
(28), which corresponds to the initial condition to=0, it
follows from the application of standard transform tech-
niques that

PG (z)P = [z PVP —PX(z)P—] (65)

where PG (z)P and PX(z)P denote the transforms corre-
sponding to the Liouville-space operators Pg (t, to )P and
PX (t, to)P, respectively. The relationship expressed by
Eq. (65) is equivalent to that given by Eq. (41) for the
relevant part of the Liouville-space resolvent operator
PG(z)P, which is associated with the Liouville-space
propagator defined in the alternative Schrodinger picture,
by means of Eq. (28). This equivalence follows from Eq.
(17), which implies that

g'(t, t, )= e[xip'I(t t, )]g(t, t, ) . —

Note that the unnecessary superscript I has been omitted
from the time-independent Liouville-space operators V
and X(z) in Eq. (65).

The widely used, but not necessarily widely valid, Mar-
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C (i f) = g Pf (t }I
Pg'(t, t o )P I p';( to }» (6&)

provides a basis for the description of radiative transi-
tions in the time-dependent formulation. For the spon-
taneous single-photon emission process of the electronic
subsystem, which is simultaneously interacting with the
perturbing particles and radiation-field modes, the time-
dependent transition probability associated with Eq. (SS)
can be expressed in the form

C(i f}=gp ((PP, lllg'(t, t )laa, 00», (69)

where g'(t, to) denotes the reduced relevant part of the
Liouville-space interaction-picture propagator, whose
asymptotic time derivative gives the relevant transition
operator T"(z). The Liouville-space propagator g "(t,to)
represents the quantity that has been denoted by
Pg (t, to)P, and in the master-equation approximation
this projected propagator is governed by Eq. (64). The
Liouville-space state vectors in Eq. (69) are understood to
be defined in the Liouville-space interaction picture. As
indicated by Alber and Cooper [61], the spontaneous
emission spectrum may be described by introducing the
transition rate

(70)

for which we do not necessarily take the limit t ~ ac em-
ployed in the definition of the steady-state transition rate
given by Eq. (24). For electric dipole transitions, this
definition for the spontaneous emission spectrum can be

kov approximation can be introduced by assuming that
the Liouville-space self-energy or memory kernel can be
simplified into the form [65]

(67)
z~+ i0

which corresponds to an infinitesimally short memory
time. This approximation allows the equation of motion
for the relevant part of the density operator to be ex-
pressed entirely in terms of the reduced effective
Liouville-space interaction PV (t)P+X(+i0) .Since
X(z) is composed of both real and imaginary parts, corre-
sponding to the line shift and width operators, respective-
ly, the reduced density-operator description is necessarily
based on a non-Hermitian interaction, for which the cor-
respanding Liouville-space time-evolution operator or
propagator, in the reduced (relevant) space, cannot be as-
sumed to be unitary. Burnett, Cooper, Ballagh, and
Smith [39]employ the Markov approximation to simplify
the master equation accounting for the radiation-
damping processes, but they do not restrict their subse-
quent average over the states of the perturbing particles
by the assumption of short-memory-time collisional in-
teractions. However, they introduce the binary-collision
approximation, in order to reduce the Liouville-space
projection operators to two-body operators.

Instead of the transition probability per unit time
which is introduced in the time-independent formulation,
the time-dependent transition probability defined by

reduced to the standard form involving the dipole auto-
correlation function. It should be noted that, while the
transition probability defined by Eq. (68) may in pertur-
bation theory diverge, the transition rate expressed by
Eq. (70) is well defined.

III. UNIFIED TREATMENT OF RESONANT
AND NONRESONANT RADIATIVK TRANSITIONS

In this section, the Liouville-space projection-operator
formalism that was presented in the preceding section is
adapted to the unified treatment of resonant and non-
resonant radiative transitions of an electronic subsystem
that is simultaneously interacting with a multitude of per-
turbing particles and modes of the quantized radiation
field. Our objective has been to pravide a generalization
of the ordinary Hilbert-space projection-operator ap-
proach presented by Haan and Jacobs [4], which was for-
mulated for application to the unified treatment of radia-
tive and dielectronic recombination, in the absence of in-
teractions with the bath degrees of freedom. In the ordi-
nary Hilbert-space projection-operator approach, al-
lowance was made for decay only by autoianization pro-
cesses and spontaneous radiative transitions. The desired
generalization may be accomplished by treating the col-
lisional and radiative interactions, which are included in
the Liouville-space self-energy operator X(z},on an equal
footing with the autoionization and spontaneous radia-
tion processes that are described by the relevant
Liouville-space interaction V . Although our primary in-
terests in the present investigation are directed to the
unified descriptions of radiative and dielectronic recom-
bination of many-electron ions and of free-bound and
bound-bound transitions in electron channeling radiation,
our general formalism is expected to be applicable to the
investigation of a diverse class of radiative transitions in
complex electronic systems.

A. Projection-operator formahsm

The initial states [a], occurring in the expressions for
the single-photon spontaneous emission rate which were
presented in the preceding section, will now be taken as
the single-electron continuum states, e.g., the states of the
incident-electron initial-ion system in the photo-
recombination process. It should be emphasized that ad-
ditional contributions to the photon emission rate at the
frequency of interest may be produced by transitions
from other types of initial states, e.g., by excitation of tiie
discrete resonance states from the bound states of the
combined electron-ion system. After the average over
the multitude of perturber particles and radiatian-field
modes has been carried out, by means of the Liauville-
space projection operator P in the forrnal expressions for
the reduced Liouville-space transition operator or time-
evolution operator, the tetradic operators occurring in
these formal expressians will be defined entirely on the
relevant Liouville space, corresponding to the subspace of
the uncorrelated states of the electronic subsystem to-
gether with the relevant photon modes. We now intro-
duce a partition of the reduced, re1evant Liouville space
in the following manner:
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P=P(P, +P, )P=P(P, +P, +P )P .

It is understood that the average over the bath degrees of
freedom, which is the result of the action of the Zwanzig
projection operator P, has been carried out before the
partition of the relevant Liouville space into resonant and
nonresonant subspaces, as indicated formally by Eq. (71).
Specifically, the average over the bath degrees of freedom
is included in the definition of the Liouville-space self-

energy operator X(z). This average leaves the self-energy
operator, and all other Liouville-space operators occur-
ring in the subsequent analysis, defined solely within the
subspace of the relevant degrees of freedom. Consequent-
ly, the states corresponding to the bath degrees of free-
dom may be omitted in the specification of the three
relevant Liouville-space projection operators P„P„and
P„. The operator P, projects onto the Liouville subspace

of the discrete resonance states that are composed of the
ordinary Hilbert-space states Ia), while the operator P,
projects onto the Liouville subspace of the nonresonant
continuum states. As indicated, the continuum projec-
tion operator P,, may be further decomposed as a sum of
an electron-continuum projection operator P,. and a
photon-continuum projection operator P„. The
Liouville-space electron-continuum states are composed
of the ordinary Hilbert-space states Ip,E), where p,

denotes the bound state of the residual ion and c. is the
energy of the continuum electron. The Liouville-space
photon-continuum states are formed from the ordinary
Hilbert-space direct-product states IP„1), which corre-
spond to the electronic subsystem in the bound eigenstate
IP) and a single photon with energy fico.

It will be necessary to adopt the following definitions
for the three relevant Liouville-space projection opera-
tors P„P„,and P, , :

P, =g g Iaa', 00))((aa', 00 +g g f diricoIap, ol))((ap, ol I+y y fde~Ipa, 10))((pa, loI
a a'

+P P f dsIa, ps; 00))(( a, ps; OOI +P P f d Isp Ea;00))((& ,saOOI,
0,'pl

P, =g g f ds f ds p's, p's';00))((ps, p's';00I, (73)

P.=y y f d~~ fde~ IPP, 11 ))((PP, ii
I

+g g f ds f dA'coIps, P;01))((ps,P;01I+Z Z f ds fdr~IPps;10)) &&Pps;10I .

The component of the projection operator P, correspond-
ing to the Liouville-space states

I ps, pe;00 )) and the
component of the projection operators P, corresponding
to the Liouville-space states I aa, oo)), which are station-
ary states of the unperturbed relevant Liouville-space
operator PL P, are the Liouville-space analogs of the or-
dinary Hilbert-space projection operators P and Q, re-
spectively, which were introduced by Feshbach [19]. The
component of the projection operator P„representing
the stationary Liouville-space states IPP, 11 )) is the
Liouville-space analog of the ordinary Hilbert-space pro-
jection operator R used by Gau and Hahn [66] and by
LaGattuta [67]. The partition of the reduced, relevant
Liouville space which we have introduced is appropriate
only for the description of the specific single-photon tran-
sition, which is associated with a single resonant one-
electron population event. %hile the initial and final
states (in the sense of scattering states) in the radiative
transition of interest will be assumed to correspond to
stationary states of the unperturbed relevant Liouville-
space operator PL P, the inclusion of the nonstationary
mixed states or coherences in the definitions given above
will be required in order to provide a complete set of in-
termediate states in the relevant Liouville subspace. We
shall assume that the relevant Liouville-space projection

operators P„P„P„and P satisfy commutation, corn-

pleteness, and orthogonality relationships that are analo-
gous to those for the ordinary Hilbert-space projection
operators Q, C, P, and R [4].

In the application to radiative and dielectric recom-
bination of many-electron ions in plasmas, P, will

represent the projection operator onto the Liouville sub-

space of the discrete autoionizing resonance states, P,
will correspond to the projection operator onto the Liou-
ville subspace of the nonresonant single-electron-
continuum states (consisting of an incident- or ejected-
electron state and a residual-ion state), which may be the
initial state in a radiationless capture process or the result
of an autoionization process, and P will be the projec-
tion operator onto the Liouville subspace of the single-
photon-continuum states (composed of an emitted photon
state and a bound state of the recombined ion), which
may be produced by a spontaneous radiatively stabilizing
transition. The mixed resonance-electron and
resonance-photon coherence states must be included in
the general definition ofP „as indicated in Eq. (72), while

the mixed electron-photon coherence states must be tak-
en into account in the general definition of P, which is
given by Eq. (74). The relevant Liouville-space interac-
tion denoted by V' may have nonvanishing tetradic ma-
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trix elements coupling the discrete autoionizing states
with the electron- and photon-continuum states and also
coupling electron-continuum states with photon-
continuum states. The complete basis sets for the three
orthogonal relevant Liouville subspaces are provided by
the appropriate eigenstates of the relevant zeroth-order
Liouvillian PL P. If autoionization is incorporated by
means of the alternative representation in terms of diago-
nalized Fano-type continuum states of the electron-ion
system, the relevant Liouville-space projection operators
P, and P, must be combined and V' will be given by Eq.
(37) alone, without the inclusion of the interaction re-
sponsible for autoionization. An ordinary Hilbert-space
analysis utilizing these diagonalized Pano-type continu-
um states has been presented by Lambropoulos and Zoll-
er [40,41]. The electrons, which can undergo radiation-
less capture or be produced by autoionization, constitute
only a very sma11 fraction of the ensemble of free elec-
trons (since their energies are severely restricted}. More-
over, the ejected electrons are rapidly "rethermalized. "
Consequently, these relevant electrons may be treated as
being effectively independent from the multitude of per-
turber electrons whose effects are incorporated by means
of the Zwanzig projection operator P. The effective in-
dependence of these two sets of free electrons can be ex-
pressed, in the binary-collision approximation, in terms
of products of single-body projection operators. Analo-
gous considerations pertain in the treatment of the
relevant photon mode and the multitude of remaining
quantized radiation-field modes.

In the application to channeling radiation from ener-
getic electrons in crystal lattices, the transversely bound
states may be treated as discrete resonances and
represented by means of the relevant Liouville-space pro-
jection operator P, . The projection operator P, can be
used to represent the relevant Liouville subspace of the
nonresonant single-electron-continuum states, corre-
sponding to the free states that may be the initial and
final states in the coherent bremsstrahlung process. The
operator P„can be used to project onto the relevant
Liouville subspace of the single-photon-continuum states,
which can be the result of the electron channeling radia-
tion process (involving the emission of a photon in a tran-
sition between two bound states of an electron in the
transverse crystal potential). As in the case of electron-
ion photorecornbination, additional contributions to the
photon emission rate at the frequency of interest may be
produced by transitions from other types of initial states,
other than the free-electron crystal-field states. In partic-
ular, it is necessary to take into account the direct excita-
tion of the transversely bound states from the free-
electron states outside of the crystal lattice. The bound-
free radiationless transition of the channeled electron,
which can be induced by the longitudinal component of
the local crystal potential, may be considered as an ana-
log of the atomic autoionization process, within the con-
text of the relevant Liouville-space projection-operator
description. It should be noted, however, that nonlocal
interactions, such as those involving the interactions with
other electrons and with phonons (lattice vibrations}, are
known to be primarily responsible for the dechanneling

process, which we describe in terms of a bound-free radi-
ationless transition that is induced within the relevant
I iouville subspace by the longitudinal component of the
local crystal potential. The complete description of the
dechanneling process mill be provided by the systematic
incorporation of relaxation phenomena. This will be ac-
complished by means of the inclusion of the multitude of
collisional and radiative interactions in the Liouville-
space self-energy operator X(z).

I T.ime inde-pendent formulation

The unified treatment of resonant and nonresonant ra-
diative transitions can be provided by introducing an al-
ternative expression for the reduced, relevant Liouville-
space transition operator T"(z), which is defined by Eq.
(46). In order to derive this alternative expression for
T'(z}, it is first necessary to obtain useful expressions for
the various projections of the relevant Liouville-space
resolvent operator 6"(z). Following the procedure em-
ployed by Haan and Jacobs [4] for the ordinary Hilbert-
space resolvent operator 6(z)=(z H V—) ', w—ith the
use of Eq. (42) the definition given for 6"(z) by Eq. (41)
may be rewritten in the equivalent form

(z PL P )G—"(z)=P+ [ V"+X(z)]6"(z) . (75)

We emphasize that the Liouville-space operators in this
equation can be considered as being defined on the re-
duced, relevant subspace referring to the electronic sub-
system and the detected photon modes. The average over
the many-body bath degrees of freedom has lead to the
introduction of the Liouville-space self-energy operator
X(z). After introducing the partition of the relevant
Liouville space into resonant and nonresonant subspaces,
which is formally indicated by Eq. (71), and forming the
various orthogonal projections of Eq. (75), we obtain the
following expressions for the required projections of
6"(z):

P, G "(z)P, =P, [P, [z L A(z)]P,—]-
P, G "(z)P, =P,4(z)P, [ V"+X(z) ]P,G "(z)P, ,

P, G "(z)P, =P, G'(z)P, [ V"+X(z) ]P,4(z)P, ,

(76)

(77)

(78)

C (z) =P, [P, [z —L' —V"—X(z)]P, ]
-', (80)

A(z)= V"+X(z)+[V"+X(z)]P,@(z)P,[V"+X(z)] .

(81)

The line-shift operator A(z) has the same structure as the
relaxation operator R(z), which is defined by Eq. (40).
According to Eq. (76), the line-shift operator A(z) pro-
vides self-energy corrections to P, G"(z)P„which corre-
sponds to the resolvent operator within the Liouville sub-
space of the discrete resonance states and resonance-state
coherences. The relevant interactions included in V" give
rise to the spontaneous transitions from the discrete reso-

P,G "(z)P,=P,4(z)P, {1+[ V"+X(z)]P,G "(z)P, ] . (79)

The continuum-space resolvent operator 4(z} and the
line-shift or vertex operator A(z) are defined by
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nance states to the relevant electron- and photon-
continuum states, while the collisional and radiative per-
turbations incorporated into X(z) account for the interac-
tions of the electronic subsystem in the discrete resonance
states with the bath corresponding to the multitude of
perturbing particles and remaining radiation-field modes.
From the structure of Eqs. (40) and (81), it is clear that
the total widths of the discrete resonance levels cannot be
expressed simply as the sums of the rates of the individu-
al line-broadening mechanisms acting independently, ex-
cept in the lowest-order perturbation-theory approxima-
tion with respect to the combined effective Liouville-
space interaction V"+X(z) in Eq. (81) and with respect to
the irrelevant interaction in Eq. (40).

The reduced, relevant Liouville-space transition opera-
tor T"(z), which is defined explicitly in terms of the
relevant interaction V" by means of Eq. (46)„can be ex-

pressed, in terms of the combined effective Liouville-
space interaction V"+X(z), in the alternative forin

T"(z)= V"+X(z)+ [ V"+X(z)]G"(z)[V"+X(z)] . (82)

The equivalence between the alternative form given by
Eq. (82) and the original definition expressed by Eq. (46)
can be demonstrated simply by invoking the assumptions
expressed by Eqs. (47) and (49). These assumptions imply
that the Liouville-space self-energy operator X(z) can be
added or omitted without altering the double-space ma-
trix elements that involve the initial or the final states in
the radiative transition of interest because these states are
assumed to be stationary states of the unperturbed
Liouville-space operators PL P. It is also clear that the
mixed nonstationary states or coherences, which are in-

cluded in the general definitions of the relevant
Liouville-space projection operators, are introduced only
to satisfy the completeness requirements for the inter-
rnediate states and do not directly contribute to tetradic
matrix elements involving the initial and final states. The
alternative form given by Eq. (82) allows us to directly
employ Eqs. (76)—(79), together with the partition of the
relevant Liouville space into resonant and nonresonant
subspaces, to obtain the rearrangement

T"(z)=A(z)+A(z)P. G'(z)P. A(z), (83)

which is analogous to the rearrangement presented by
Haan and Jacobs [4] for the ordinary Hilbert-space tran-
sition operator describing the electron-ion photorecom-
bination process in the absence of relaxation phenomena,
due to a multitude of collisional and radiative interac-
tions.

The unified treatment of resonant and nonresonant ra-
diative transitions can be developed by means of an

analysis of the appropriate projection of the reduced,
relevant Liouville-space transition operator T"(z). For
example, when the electronic subsystem of interest
evolves from a single-electron-continuum state (in the
Liouville subspace of the projection operator P, ) into a
single-photon-continuum state (in the Liouville subspace
of the projection operator P ), the appropriate projection
of Eq. (83) is given by

P,„T'(z}P, =P„A"(z)P,+P A'(z}P, G"(z)P, A"(z)P,

where we have now invoked the assumptions expressed
by Eqs. (47) and (49) for the initial and final continuum
states and have accordingly introduced the relevant
Liouville-space line-shift or vertex operator

A'(z) = V"+ V"P„@(z)P,V" .

Equation (84) provides a natural separation of the pro-
jected relevant Liouville-space transition operator into a
direct nonresonant continuum contribution, which is

represented by P A"(z)P„and a discrete resonant contri-
bution, in which P, G"(z)P, plays the role of a resolvent
operator within the Liouville subspace of the discrete res-
onance states and the resonance-state coherences. The
resonance term, however, differs from the conventional
expression for the resonant transition amplitude, such as
that given by the traditional theory of dielectronic recom-
bination, because of our inclusion of the effects associated
with the coupling between the zeroth-order relevant
electron- and photon-continuum states, together with re-

laxation phenomena.
In our treatment of radiative transitions of the elec-

tronic subsystem, we ean assume that the total relevant
Liouville-space interaction V does not have tetradic ma-
trix elements that directly couple stationary single-
photon-eontinuum states with other stationary single-
photon-continuum states. %hen considering tetradic ma-
trix elements involving these states, we can assume that
the projected relevant Liouville-space interaction satisfies
the condition P„, V'P =O. For general relevant
Liouville-space states, which may include the mixed non-
stationary states or coherences in the definitions of the
relevant projection operators, we cannot be restricted by
this assumption. In a similar manner, we can assume
that the relevant Liouville-space interaction of stationary
single-electron-continuum states with other stationary
single-electron-continuum states, which would be de-

scribed by the projected interaction P, V"P, , has already
been incorporated into the relevant zeroth-order Liouvil-
lian PL P, in the same way as in the ordinary Hilbert-
space description presented by Haan and Jacobs [4]. We
have defined the single-electron-continuum projection
operator P, in such a way as to satisfy the condition

P, V"P, =0. For tetradic matrix elements involving these
stationary states, V'" can now be treated as the sum of the

Liouville-space interactions leading to bound-free radia-
tionless electron emission (e.g. , autoionization or dechan-
neling} and to spontaneous radiative decay (e.g., stabiliz-
ing radiative transitions in dielectronic recombination or
bound-bound transitions in electron channeling radi[a-
tion). The tetradic matrix elements describing the
bound-free and free-bound radiative transitions will be
generated by the term involving the continuum-space
resolvent operator in Eq. (85) and also by the mixed, non-

stationary intermediate states in the general definition of
the single-photon-continuum projection operator P,,„
which involve the direct product of ordinary Hilbert-
space single-electron-continuum and single-photon-
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continuum states. It should be emphasized that the
electron-continuum eigenstates of the relevant Liouville-
space operator PL P are not composed of plane-wave
states appropriate for free electrons, but are instead
represented by scattering eigenstates satisfying the ap-
propriate incoming-wave or outgoing-wave boundary
conditions (specified by the corresponding limit of the
complex variable z) in the absences of both the relevant
Liouville-space interactions included in V and the bath
interactions represented by X(z).

Following the ordinary Hilbert-space analysis of Haan
and Jacobs [4], we can formulate a general procedure for
evaluating the tetradic matrix elements of the projected
relevant Liouville-space transition operator P T'(z)P„
which is given by Eq. (84). The evaluation of the desired
tetradic matrix elements of P„T"(z}P,will involve finding
explicit expressions for the tetradic matrix elements of
the relevant Liouville-space line-shift operator A"(z),
which is given by Eq. (85}. The desired tetradic matrix
elements of A"(z) can be obtained from a knowledge of
the various tetradic matrix elements of the relevant
continuum-space resolvent operator 4(z). Introducing
the effective Liouville-space interaction operator
V,tt(z) = V"+X(z), which incorporates the collisional and
radiative relaxation effects on an equal footing with the
relevant interactions, the definition of 4(z) given by Eq.
(80}can be rewritten to obtain the relationship

[z P,L P, ]4—(z) =P, +P, V,tt(z)P, 4(z)

+P V,tt(z)P 4(z)

+P, V,tt(z)P„4(z)

+P V,tt(z)P, 4(z) . (86)

P„4(z)P,=P G'(z)P„V,s(z)P, C&(z)P, ,

P„4(z)P„
=P {P„[z—L —V,tt(z)

—V,tt(z)P, G'(z)P, V,tt(z)]P ] P„ ,

(88)

(89)

Because of the presence of the mixed, nonstationary in-
termediate Liouville-space states in the general definition
of the relevant continuum-space projection operators, we
cannot utilize the assumptions expressed by Eqs. (47) and
(49) to eliminate the terms involving the Liouville-space
self-energy X(z). After taking the various orthogonal
projections of Eq. (86), which involve the relevant
continuum-space projection operators P, and P, we ob-
tain the following results for the required projections of
the relevant continuum-space resolvent operator 4(z):

P,4(z)P, =P, {P, [z L —V,tt(z)—
—V,tt(z)P„G'(z)P V,tt(z}]P,] P, ,

(87)

P, G'(z)P, =P, {P,[z L— —V,tt(z)]P, ] 'P, ,

P„G'(z)P„=P„{P„[z L——V,tt(z) ]P„] P

(91)

(92)

2. Time dependent f-ormulation

The general procedure for evaluating the tetradic ma-
trix elements of the reduced, relevant Liouville-space
transition operator T'(z) which are appropriate for the
description of radiative transitions of the electronic sub-
system in the presence of relaxation processes can now be
described in a manner analogous to that given for
electron-ion photorecombination processes by Haan and
Jacobs [4], which was based on the ordinary Hilbert-
space transition operator. First, the tetradic matrix ele-
ments of P,4(z)P„P,4(z)P, P 4(z)P„and P 5(z)P
are evaluated, using Eqs. (87}-(90) and noting that
P„@(z)P,and P,4(z)P„have been expressed in terms of
P,4(z)P, and P„@(z)P,respectively. In a practical cal-
culation, it may be necessary to approximate the projec-
tions of G'(z), which are defined by Eqs. (91) and (92), by
the corresponding projections of G (z), which are ob-
tained by omitting Vztt(z). Next, the tetradic matrix ele-
ments of P„A"(z)P„P A"(z)P„P,A"(z)P„and
P, A(z)P, are determined, using Eqs. (81) and (85), re-
spectively. The tetradic matrix corresponding to the pro-
jected relevant operator P, [z L A(z)—]P—„which is
defined within the Liouville subspace of the discrete reso-
nance states and the resonance-state coherences, must
now be inverted to obtain the projected relevant resolvent
operator P, G"(z)P, . Finally, the tetradic matrix ele-
ments of the projected relevant Liouville-space transition
operator P T"(z)P, can now be evaluated for various ra-
diative transitions involving initial single-electron-
continuum states and final single-photon-continuum
states, which may be associated with bound levels of the
electronic subsystem. While both the resonant and non-
resonant transition amplitudes are influenced by the cou-
pling between the relevant electron and photon continua,
which is described by the relevant Liouville-space vertex
operator A'(z), one might expect that the resonant contri-
bution, involving the projected relevant Liouville-space
resolvent operator P, G"(z)P„will be most significantly
affected by the inclusion, by means of X(z), of the effects
due to the multitude of collisional and radiative relaxa-
tion processes. The occurrence of the mixed, nonstation-
ary intermediate Liouville-space states in the general
definitions of the relevant projection operators gives rise
to the additional influence of these relaxation processes
on the various projections of the relevant continuum-
space resolvent operator 4(z) and, consequently, on the
nonresonant contribution. If this complication could be
ignored, then the entire procedure of obtaining the re-
quired projections of the relevant continuum-space resol-
vent operator would be substantially simplified, because
then G'(z) could be replaced by G (z) and X(z) could be
omitted in Eqs. (87)—(90).

P,5(z)P =P,G'(z)P, V,tt(z)P 5(z)P„,
where

(90) The time-dependent approach to the unified treatment
of resonant and nonresonant radiative transitions can be
provided by combining Eq. (61), which is the equation of
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—[Pp'(t) ]= iPV—'(t)Pp'(r )

i f—dr'[PX'(r, r')Pp'(r')], (93)

where the right-hand side of this equation represents the
combined action of the relevant Liouville-space interac-
tion operator PV (t)P and the Liouviiie-space self-energy
operator X (t, t'). A substantial simplification of Eq. (93)
can be achieved by introducing the Markov short-
memory-time approximation, expressed by Eq. (67),
which allows the right-hand side of this equation to be
represented simply in the form iPV,s(—t)Pp (t). Since
this approximation is not generally valid for all of the col-
lisional and radiative interactions included in the

motion for the reduced, relevant part Pp (t) of the
interaction-picture density operator p (t), with the parti-
tion of the relevant Liouville space, which is formally in-
dicated by Eq. (71). If we neglect the last term in Eq.(61),
which describes the effects of initial-state correlations,
the equation of motion for the reduced relevant part of
the density operator Pp (t) can be rewritten in the form

Liouville-space self-energy operator X (t, t'), we shall
postpone the introduction of this approximation until the
appropriate applications of the general theory.

The projected Liouville-space interaction operator
PV (t)P will now be taken to include the interaction-
picture operator corresponding to the relevant interac-
tion that was denoted by V" in the time-independent for-
mulation. Specifically, PV (t)P will include the sum of
the interaction responsible for autoionization and the in-
teraction leading to the radiative transition of the elec-
tronic subsystem of interest.

Expressions for the four required projections of the re-
duced, relevant time-dependent Liouville-space propaga-
tor Pg (r, t'}P can be derived, which are analogous to the
time-independent results given by Eqs. (76)—(79). We
first outline the derivation of P,Pg (t, t')PP, in order to
illustrate the procedure. After introducing the partition
of the relevant Liouville space into discrete resonant and
nonresonant continuum subspaces and forming the two
orthogonal projections, resulting from the successive ac-
tion, from the left, of the relevant Liouville-subspace pro-
jection operators P, and P„we obtain

and

[P,Pp'(t—)]= iP, V'(t)—P,Pp'(r) i f dt'[P—,X'(r, r')P, Pp'(r')]

iP, V'(r)—P,Pp'(t) i f dr'[P—,X'(t, t')P, Pp'(r'i]
0

I'94)

[P,Pp'(t) ]—= iP, V'(r)P,—Pp'(r) i f dt'[P—,X'(r, r')P, Pp'(r') ]
0

iP, V'(r)P—,Pp'(t) i f dr'[—P, X'(r, t')P, Pp'(t'}] . (95)

Following the analysis that lead to the derivation of Eq. (61), we introduce the Liouville-space propagator identity

Pg'(r, r, )P=gl~ (r, r, ) i dr'[g~ (r, r'—)P, V'(t')P. Pg'(r', r, )P]
C fo C

i f d—r'[gl~ (r, t') f dt"[P, X'(r', t")P,Pg'(r", t, )P], (96)
0 0

which applies to the projection of the interaction-picture propagator Pg (t, to)P, defined within the Liouville-subspace
of the relevant degrees of freedom. The propagator g~ (t, to) is defined within the relevant Liouville-subspace of the

C

continuum projection operator P, and may be formally expressed as

g~ (t, to)= 5'exp i f dt'P, V—(t')P, i f 'dt' f—'dt" [P,X (t', t"}P,] (97)
0 0 0

It can be seen that the Liouville-space propagator g~ (t, to) plays a role that is analogous to that of the continuum-space
r

resolvent operator 4(z), which was introduced in the time-independent formulation. The propagator identity given by
Eq. (96}can be employed to obtain a formal solution to Eq. (95), which may be written in the form

P,Pp'(r) =P,g~ (r, r, )P,Pp'(r, ) i dt'[—P,gl~ (r, r')P, V'(r')P. Pp'(r')]
C fo C

—' f dr'[P, g~ (r, t') f dr"P, X'(r', r")P,Pp'(r")] . (98)
c fo

After Eq.(98) is substituted into Eq. (94), the desired equation of motion for P,Pp (t } is obtained in the form

[P.Pp'(r)]= iP.—A'(r)P. Pp'(r) —iP. V'(r)P, g~ —(r, r, )P,Pp'(r, )
0t C

i f dr'P.—X'(r, r')P, gI~ (r', r, )PP p'(&, },
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where

P, AI(t)P, Pp (t)=P—, V (t)P, Pp (t)+ f dt'P, X (t, t')P, Pp (t')
0

—i f dh'[P. V'(t)P, g p (t, t')P, V'(h' )P.Pp'(t')]
0

T—i f Ch' f dt"P. X'(t, t")P,gp (t",t')P, V'(t')P, Pp'(t')
T I

i f—dt' P. V'(t)P, gt, (t, t') f Ck"P, X'(t', t")P.Pp'(t" )
0 c f0

—i f dh' f dt"'P, Xt(t, t"')P,g~~ (t'", t') f dt"P, Xt(t', t")P,Ppt(t")
0 . 0

(100)

It can be seen that the Liouville-space operator A (t)
defined by Eq. (100) plays a role analogous to that of the
line-shift operator A(z}, which was introduced in the
time-independent formulation. In contrast to the argu-
ment that was provided to justify the neglect of the
initial-correlation term in Eq. (61},it is not generally val-
id to o8er an analogous argument to justify the neglect of
the last two terms in Eq. (99). If the initial conditions in-
volve a specification of the nonresonant continuum part
of the density operator P,Pp (t), then this would
in6uence the equation of motion for the discrete resonant
part of the density operator P,Pp (t) Acco.rdingly, it
will be necessary to obtain a separate equation of motion
for the nonresonant continuum part.

The equation of motion for the nonresonant continuum
part of the density operator P,Pp (t) can be obtained by a
procedure analogous to the derivation of Eq. (99). We
first introduce the Liouville-space propagator identity
that is obtained from Eq. (96) after interchanging the
roles of the projection operators P, and P, . The
Liouville-space propagator gp (t, to), which appears in

a

this identity, is defined by the result obtained after replac-
ing P, with P, in Eq. (97). By means of this procedure, a
formal solution to Eq. (94} can be obtained. The intro-
duction of this formal solution into Eq. (95} gives the
desired equation of motion for P,Pp (t) in the form

[P,Pp'(t) ]—= iP, V'(t)P,—Pp'(t) i f Ck'P—,X'(t, t'}P,Pp'(t')
0

+ ( i)'f d—t'[P, V'(t)P. gt, (t, t')P. V'(t')P, Pp'(t')]
0

+( h)' f"—dt' f''dt'P, X (t, t")P,ghee
(t",t')P, Vt(t'}p, ppt(h')

+( &) f, —Ch' P, V'(t)p, gt (t, t') f dt"P, X'(t', t")P,Pp'(t")
0

+( &)f, C—h''f dh"'P, X (t, t"')P,gt (t"', t') f dt"P, X (t', t")p Pp (t")

iP, V (h)p, gt, (t, to)P—,Pp (to) i dt'P, X—(t, t'}P,g~z (t', to)p, pp (to) .a P ~ 0 a (101)

Now if the recombination or other radiation process under investigation in the scattering-theory description involves an
initial condition characterized by P,Pp (to), then the last two terms in Eq.(101) containing the initial discrete resonant
part P,Pp (to) can be neglected. In contrast to the discussion dealing with the interpretation of the last term in Eq.
(61), the selection of the appropriate closure of the dynamical equations resulting from the introduction of the relevant
Liouville-subspace projection operators P, and P, requires that the initial conditions be carefully specified.

Following the procedure employed in the derivation of Eq. (64), we can obtain from Eqs. (99) and (101),respectively,
the more abstract relationships

[P.Pg'(t, t, )PP. ]=—iP.A'(t)P. Pg'(t, t, }PP. —
at (102)

and
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—[P,Pg'(t, t, )PP, ]= —iP, V'(t)P,P g'(t, t, )PP,
Bt

—i dt'P, X t, t' PPg t', to PP,
f()

+( —i}'f dt'[P, V'(t}P.g~ (t, t')P. V'(t')P, Pg'(t', t, )PP, ]

+{—i)'f dt' f dt"P, X'(t, t")P,gp (t",t')P, V'(t')P, Pg'(t', t, )PP,

+( i)'—f dt' P, V'(t)P. gt~ (t, t') f dt"P, X'(t', t")PP g'(t", t, )PP,
0

+( i )
—f dt'

to f dt'"P, X'(t, t"')P,gt~ (t'", t') f dt "P,X'(t', t")P,Pg'(t", t, )PP, . (103)
0 0

If the Liouville-space interaction V is assumed to be in-
dependent of time, the Laplace-transform techniques that
were used in the derivation of Eq. (65) may be employed
to establish that Eq. (102) is the time-dependent
Liouville-space interaction-picture equivalent of the
Liouville-space resolvent-operator result given by Eq.
(76). In order to establish the corresponding connection
between Eqs. (103}and (79), it is necessary to introduce
various Liouville-space propagator identities, in order to
eliminate gp (t, t') in favor of gp (t, t'). Lambropoulos

a C

and Zoller [40,41] have presented both time-dependent
and time-independent approaches to the description of
multiphoton autoionization, employing the ordinary
Hilbert-space Feshbach projection operators. In con-
trast, Ravi and Agarwal [68] have introduced a density-
operator approach, without the explicit introduction of
projection operators, in a unified treatment of radiative
and dielectronic recombination. The present investiga-
tion may be viewed as providing a synthesis of these two
previously reported approaches.

The time-dependent transition probability has been
defined by Eq. (68), in terms of the projection of the
Liouville-space interaction-picture propagator Pg ( t, t 0 )P
onto the subspace of the relevant degrees of freedom. In
analogy with Eq. (84) for the projected relevant
Liouville-space transition operator, the projected relevant
Liouville-space propagator P Pg (t, to)PP, describes the

time-dependent transition in which the relevant subsys-
tem evolves from a single-electron-continuum state (in

the Liouville subspace of P, ) into a single-photon-
continuum state (in the Liouville subspace of P ). The
partial difFerential equation satisfied by P Pg (t, to )PP,
can be obtained by introducing into Eq. (103) the decom-
position of the continuum projection operator P, into the
components P, and P„. After elimination of gz (t, to) in

a

favor of gt, (t, to), a procedure analogous to that em-
C

ployed in connection with Eqs. (87)—(90) can be formulat-
ed to provide a general time-dependent unified treatment
of resonant and nonresonant radiative transitions of an
electronic subsystem, which is simultaneously undergoing
a multitude of collisional and radiative relaxation pro-
cesses. The introduction of the Markov short-memory-
time approximation given by Eq. (67) will, when valid,
provide a substantial simplification in the treatment of

the relaxation processes. We emphasize that only in lim-
iting cases can one introduce a transition probability per
unit time which is time independent.

B. Explicit forms for the projections
of the continuum-space resolvent operator 4(z)

We now present a general procedure for deriving expli-
cit expressions for the projections P,4(z}P, and
P 4(z)P of the relevant Liouville-space continuum
resolvent operator 4(z). These projections, which are
formally expressed by means of Eqs. (87) and (89},are re-
quired during the preliminary stages of the general pro-
cedure that we have developed for evaluating the tetradic
matrix elements of the reduced, relevant Liouville-space
transition operator T"(z) describing radiative transitions
involving initial electron-continuum states and final
photon-continuum states. Because the Liouville-space
self-energy operator X(z), which incorporates the efFects
of the multitude of collisional and radiative relaxation
processes, cannot in general be excluded in the formal ex-
pressions for the projections of the relevant Liouville-
space continuum resolvent operator 4(z},we cannot fur-
ther postpone the detailed specification of the structure of
X(z) until the applications to specific transitions in par-
ticular electronic systems. A procedure that is analogous
to the one developed in this subsection will be needed in
the time-dependent scattering-theory formulation, which
is based on the equations of motion for the relevant pro-
jections of the density operator or of the Liouville-space
propagator. This time-dependent version will be
developed in a future extension of this investigation.

In deriving explicit forms for the projections P,4(z)P,
and P„4(z)P, the central problem is the accomplish-
ment of the inversions that are indicated in the formal ex-
pressions given by Eqs. (87}and (89}. Following the ordi-
nary Hilb crt-space analysis presented by Haan and
Jacobs [4], we investigate how the corresponding
Liouville-space inversions can be performed in a general
application featuring a limited number of discrete reso-
nance states together with a limited number of single-
electron and single-photon continua. We find that the re-
quired inversions can be performed after approximating
the projections of 6'(z), which are given by Eqs. (91) and
(92), with the corresponding projections of G (z) and in-



50 INFLUENCE OF RELAXATION PHENOMENA IN THE UNIFIED. . . 3027

troducing the Liouville-space version of the pole approxi-
mation [17] on both the electron and photon continua.
This is a more restrictive procedure than was necessary in
the ordinary Hilbert-space analysis, where the inversions
could be quarried .out directly in terms. of Q (z) and the
pole approximation could be introduced for the photon
continua alone, without the necessity of imposing it on
the electron continua.

The subdivision of the relevant subspace associated
with the Liouville-space continuum projection operators
P, and P can be spanned by a basis set consisting of
single-electron-continuum states denoted by
Ip,Y,p'Y', 00)), single-photon-continuum states denoted
by I PP', QQ' )), and mixed states or coherences of the
types lpY, p;OQ)) and lp, pY;QO)). Here we have intro-
duced the total frequency variables

ships. For the discrete indices these conditions are ex-
pressed in terms of the Kronecker 5 function, while for
the continuous variables the Dirac 5 function must be
employed. We reexpress our definitions for the
Liouville-space continuum projection operators P, and
P as follows:

P, =g g fdY fdY'IpY, p'Y';00»«pY, p'Y';OOI,

P„=y y fd Q fdn
I pp, nn ))« pp', Qn

I

+y y fdY fdnli Y,p;on»« i Y,p;OQI

Y=to„+e/A, Q=toti+to, (104) +g g f dY f dnlp, pY;Qo»«p, pY;Qol .

where lie„and fico~ are bound-state energies of the elec-
tronic subsystem, c is the continuum-electron energy, and
fuu is the photon energy. The continuum electron is
treated as part of the electronic subsystem rather than as
a member of the multitude of perturbing particles whose
efFects are incorporated, together with those of the
remaining photon modes, by means of the Liouville-space
self-energy operator X(z}. Accordingly, the state with
energy Beati represents a system having one additional
electron in comparison with the system corresponding to
the energy fico„For s.implicity, we will assume that the
electron-spin-projection and photon-helicity quantum
numbers have been included in the discrete space
specifications p and p. The electron and photon direc-
tions may also be specified together with the discrete in-
dices, by means of partial-wave decompositions and mul-
tipole expansions. It should be emphasized that the
relevant Liouville-space basis set introduced in this sub-
section is appropriate only for processes involving a
single-electron continuum and a single-photon continu-
um, although these continua may be otherwise mul-
tichannel in nature. For multiple-electron and/or multi-
photon transitions, additional types of continuum states
would be required in order to provide a complete basis set
for the relevant Liouville space.

We will assume that the relevant Liou ville-space
electron- and photon-continuum states satisfy ortho-
gonality and normalization conditions that are analogous
to the corresponding ordinary Hilbert-space relation-

(105)

A complete operator basis set is obtained for the relevant
Liouville space when these continuum projection opera-
tors are combined with the discrete-resonance projection
operator P„which will be defined in terms of the
Liouville-space states laa', 00)), lap, on)), Ia,pY;00)),
lpa, no)), and IpY, a;00)).

1. Explicit form for the projection P,@(z)P,

It is convenient to rewrite the exact result for
P,4(z)P„which is given by Eq. (87), in the form

P, [P,G'(z)P, ] P,4(z)P,

=P,+[P,V,tt(z}P„G'(z}P V,tt(z)P, ]P,4(z)P, ,

(106)

where P,G'(z)P, and P„G'(z)P„are defined by Eqs. (91)
and (92), respectively. We now approximate these projec-
tions of G'(z) by the corresponding projections of Go(z),
which are obtained after omitting the effective Liouville-
space interaction operator V, (zs). We postpone to a fu-
ture investigation the treatment of the higher-order
corrections that are obtained by retaining V, (zs) in the
expressions for the projections of G'(z}. Taking tetradic
matrix elements between different states within the Liou-
ville subspace of the projection operator P„we obtain

(z —Y+Y')« pY,p'Y';OOI4(z)
I
p"Y",p'"Y"',00))

=fi(p, p" N(p', p"')&(Y—Y")fi(Y'—Y"')

+g g fdY fdY'« pY, p' 'Y, OIOV tt(z}P„G (z)P„V,tt(z) IpY,p'Y', 00))
P

x « pY,p'Y';00 la (z) I
p"Y",p"'Y"';oo)), (107)

where we have employed Eqs. (10) and (13).
The matrix elements of V,tt(z)P„G (z)P„V,tt(z), which appear in Eq. (107}, can be expanded, in terms of the

Liouville-space operator basis set that we have adopted for the photon-continuum projection operator P„,as
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«pY, p'Y', Ooi V,s(z)P G (z)P V,s(z)ipY, p'Y', 00»

« pY p'Y'; 00
~ V, (z) ~PP', Qn' && && PP', Qn'

~ V, {z) ~p Y p'Y', 00 &&

dQ dn'
PI3'- z —0+0,'

« pY,p'Y';00~ Vs(z) ~P"Y",P;OQ && &&P"Y",P;OQ~ V,s(z) ~pY, p'Y';00 &&+ g dY" dn
tt p z —Y"-+6

« pY,p'Y';00~ V, (z}~pp "Y";no&& && p, p"Y";Qo~ V, (z) ~pY, p'Y';00&&
+

z —Q+ Y" (108)

Dividing Eq. (107) by (z —Y+Y'), multiplying by «PP', QQ'~ V,~(z) ~pY, p'Y', 00&&, summing over p, and p', and in-

tegrating over Y and Y', we obtain

g fd Y d Y' « 13P', QQ'
I V,s (z) I pY,p'Y'; 00 » « p Y,p'Y', 00

~
@(z)

~

p"Y",p,
"'Y"',00 &&

«PP', Qn'~ V„(z)~pY, p, 'Y';OO&&
dYdY'

z —Y+Y'

X 5(p,p" )5(p', p"')5( Y—Y")$(Y' —Y'"
)

«pY, p'Y";00~ V, ( )~PP', Qn'&&
+g ' dQdn'

PP'- z —0+0'

X g f d Y d Y « pp QQ
~ V,tr(z) lpY, p'Y';OO &&

p, p

X «PY, P'Y';00' @(z)
~

p"Y",p'"Y'";OO &&

pY, p'Y';00 V,~ z p"Y", ;OA
+ g dY"dn

p",p . z —Y"+0

X g fdYdY'«P"Y", P;OQ~ V,tr(z)~PY, P'Y';00&&

PP

X « PY,P'Y';00 i@(z)ip"Y",p'"Y'";00 »

pY, p'Y';00 V,g z,p"Y";QO
+ g dY"dn

"P z —0+Y"

X g f d Y 1Y'« P,P"Y";Qo~ V,s(z) SPY,P'Y', 00 &&

P~P

(109)

where Eq. (108) has been employed. In order to obtain a
closed set of equations, it is necessary to repeat the above
procedure two additional times, using the multiplying
factors «P,p"'Y"', Qo~ V,~(z)~pY, p, 'Y', 00&& and
«P"'Y"',P;On~ V,s(z)~pY, p'Y';00&&. After using Eqs.
(107} and (108), the desired tetradic matrix elements of
the projection P,4(z)P, can be explicitly expressed in

terms of the quantity occurring on the left-hand side of

Eq. (109), together with those on the left-hand sides of
the additional two equations of the closed set [see Eq.
(125)].

Our goal of obtaining a finite-dimensional matrix-
inversion problem, whose solution would provide explicit
expressions for the Liou ville-space matrix elements
« pY,p'Y';00~4 (z)

~ p,"Y",p'"Y"',00 &&, is hindered by
the presence in Eq. (109) of the integrations over the con-
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tinuous frequency variables Q, 0', and Y". In order to
obtain a finite-dimensional matrix-inversion problem,
without the introduction of a discretization procedure for
these intermediate continua, it is necessary to employ the
Liouville-space analog of the pole approximation, which
has been introduced in the context of the ordinary
Hilbert-space resolvent-operator analysis [4,17]. Accord-
ingly, we write (with z =b,n +i E)

(z —Q+Q') '=P(b, n —Q+Q')

in 5—(hn —Q+ Q'), (110)

where P denotes the Cauchy principal-value part and the
@~+0limit has been taken. The Liouville-space version
of the pole approximation involves the neglect of the
principal-value part of the integral over the continua.
The application of the Liouville-space pole approxima-
tion to (z —Q+Q') ', (z —Y"+Q) ', and
(z —Q+Y") ' leads to the appearance of 5 functions
and the corresponding elimination of one of the frequen-
cy integrations in each of the final three contributions on
the right-hand side of Eq. (109).

Another integration over the continuous frequency
variables can be eliminated from each of the final three
terms in Eq. (109) by investigating the detailed structure
of the various tetradic matrix elements of the effective
Liouville-space interaction operator V,s(z). We first con-
sider the contributions included in V", which describe ra-
diative transitions and autoionization processes in atoms
and channeling radiation and a few dechanneling process-
es for energetic eiectrons in crystals. It is clear that only
the radiative interaction in V' will contribute to the
tetradic matrix elements in Eq. (109), because in all three
cases there is a change in the occupation numbers of the
relevant photon modes. The matrix elements of the ordi-
nary Hilbert-space interaction operator V&& may be eval-
uated by introducing the expansion

V&sf ly, n ) =g [V(y'y;k, A)~n ly,', n —1)

+ V(y'y; —k, A, }v'n+ lly', n+1&] .

(112)

where a denotes the Dirac matrices. We emphasize that

y and y' may refer to discrete or continuum states of the
electronic subsystem. Note that only a single relevant
photon mode k, A, is assumed to contribute to each term
in the sum over y' in Eq. (111}.

Using Eq. (13},we find that the tetradic matrix ele-
ments of the Liouville-space interaction operator Vz&
which appear in Eq. (109) can be obtained from the form

For a many-electron system, the coeScient V(y'y;k, A, ) is
given in its relativistic form by [69]

1/2

V(y'y;k, A, ) = —e

((pp, - I v'"lyy, oo»

=—[ V(Py; —k, A, )5(n, 1)5(P',y' }5(n',0)

—5(P,y)5(n, o) V(y'P', k, A)5, (n', 1)] . (113)

«p"Y",p;onl vf,"IpY,p'Y';00))

5(p",p)5(Y" Y)V(p—'Y', p; k, A.),

((p,p"Y";nolv„",IpY, p Y;00»

=—V(p, pY; —k, A, )5(p",p')5( Y"—Y'),

(115)

together with their respective Hermitian conjugates. It
may be noted that Eqs. (115) can be related by the condi-
tion expressing Liouville conjugation [12]. The matrix
elements V(pY, P;k, A, ) and V(P,pY; —k, A, } respectively
describe photoionization and ordinary radiative recom-
bination in atomic systems or bound-free and free-bound
transitions in the context of channeling radiation of ener-
getic electrons in crystals. If the relaxation effects, which
are incorporated by means of the Liouville-space self-
energy operator X(z},could be neglected, the application
of Eqs. (115), together with the Liouville-space version of
pole approximation, would result in a finite-dimensional
matrix inversion problem for the required tetradic matrix
elements of P,4(z)P, . We will now show that a finite-
dimensional matrix inversion problem can also be
achieved when relaxation effects are taken into account in
a lowest-order approximation.

In order to incorporate the effects of the collisional and
radiative relaxation processes, it is necessary to investi-
gate the structure of the tetradic matrix elements of the
Liouville-space self-energy operator X(z). We consider
only the lowest-order approximation, which is obtained
from Eq. (40) after replacing I.with I. in the Liouville-
space resolvent operator. We also introduce the
Liouville-space version of the pole approximation, with
z =x +ic,, which involves retaining only the 5-function
contribution to the resolvent operator. Finally, we em-
ploy the approximation Q = 1, which is related to the
binary-collision approximation and whose justification
has been discussed by Ben-Reuven [65]. With these ap-
proximations, effects of the multitude of collisional and
radiative relaxation processes can be incorporated into
Eq. (109) by including tetradic matrix elements of the
Liouville-space self-energy operator X(z) of the type

We must also employ the relation

« r r', ool VVI pp', «' » = « pp', «'I Vpi. l yy', 00 »',
(114}

which follows from the general relationship expressing
Hermitian conjugation in tetradic notation [12]. The
nonvanishing contributions of V&& can be obtained from
the results
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«pp, nn lX(z) lyy', 00 »
= —i~&& pp', nn'I p V5(x L—) Vp

I
yy', 00 &&

ii—r((pp', nn';Is
l
V5(x L—)Vlyy', 00;ps )),

(116)

where we have utilized the definition of the Zwanzig pro-
jection operator P given by Eq. (51) together with the
inner-product relationship given by Eq. (9). In the appli-
cation of our general formulation to particular electronic
systems, we will evaluate tetradic matrix elements of
V5(x L)V—which will provide the lowest-order non-
vanishing contributions to the spectral linewidths occur-
ring in the isolated-line approximation.

In order to evaluate the Liouville-space matrix ele-

ments expressed by Eq. (116), it is necessary to introduce
expansions for the bath density operator pz and the iden-
tity operator Iz, in terms of the eigenstates of I. , which
are analogous to Eqs. (53) and (54). The unperturbed
Liouville-space states that refer to the combined system,
which are formed from the corresponding relevant states
and bath states, may be denoted by lpp', nn';pp, mm )) t

where p and m are abbreviations for many-body quantum
states representing the system of perturbing particles and
the multitude of remaining modes of the radiation field,
respectively. The electron-phonon interactions in a crys-
tal lattice, which can contribute to the spectral line
widths of bound-bound transitions in electron channeling
radiation, may be incorporated by considering the set of
perturbing particles to include the phonon modes. Ac-
cordingly, Eq. (116)may be expanded in the form

((PP', nn' X(z)lyy', 00)) = iver g— g p p ((PP', nn', pp, mm
l
V5(x L)Vl—yy', 00;p'p', m'm')),

p, p' m, m'

where p ~ and p ~ denote the elements of the diagonal density matrices representing the perturbing particles and the
remaining modes of the quantized radiation field. In our application to specific electronic systems, these density-matrix
elements will be approximated by introducing the single-particle (or quasiparticle) velocity-distribution functions, to-
gether with the spectral-intensity distribution for the radiation field.

To facilitate the evaluation for the tetradic matrix elements of the Liouville-space operator product V5(x L)V in-
the preceding equation, we consider the general tetradic matrix element denoted by ((ab l V5(x L)V la—'b')) „where
a ), lb ), la'), and lb') are eigenstates of the ordinary Hilbert-space Hamiltonian H referring to the composite sys-

tem. These unperturbed eigenstates can be expressed as direct-product states, in the manner discussed in Sec. II. After
inserting a complete set of intermediate unperturbed Liouville-space states, which may be labeled in the compressed no-
tation by la "b"), and utilizing the relationship given by Eq. (13), we obtain

r

& «ablV1' —Ie V'la "b"»«a"b"
I

Vol' —II V*la'b'»5(x —~. +~b )
II hli

.g (al Vla" ) (a"
l
Vla')5(b, b')5(x —co,„+co„)1

+g &bl Vlb" &'(b"
I
Vlb'&*5(a, a')5(x —co. +~,-)

h"

—(al Vla')(bl Vlb')*[5(x —co, +cob)+5(x —co, +co„)],
where fico, =(alH la ), etc.

The application of Eq. (118) to the evaluation of Eq. (117) for the tetradic matrix elements of Liouville-space self-
energy X(z) leads to the result

&(pp, nn lX(z)lyy, oo)&

y ppp &P, n;p, mlVla"p"m" &&a"p "m" lVly, O p, m &

p p
i i m

X5(p', y')5(n', 0)5(x co " cop" co—"+c—oir+n—'co'+co +co )

g p p &p', n';p, ml vip"p"m" &*&@"p"m"I Vly', 0;p, m )'
fi' ~.

X5(P, y)5(n, o)5(x cos nco —co ——co —+co~.+co -+co,. )

+ '
2 g g pzp .&P, n;p, mlVly, O;p', m')(P'n', p, ml Vly', 0;p', m')*

p m

X [5{x co& co co +cog +n co +co&+co~ )+5(x coP nco co& co~+co& +co +co )]
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It should be noted that, in this equation, the intermediate states denoted by m" are many-photon Pock-space states that
include both the relevant modes and the remaining modes.

Using Eq. (119), the required tetradic matrix elements of the Louiville-space self-energy operator X(z} can be ex-

pressed, in terms of Dirac 5 functions, in the same manner as in Eqs. {115).The three distinct contributions may be
written in the forms

((PP', Qn'IX(z) IPY,P'Y';00 » = [5(» —Y+Q')+5(x —Q+ Y') ]X'(PP';PY,P'Y'; 1 l, k, ~),
((p "Y",p; OQ i X(z) ip Y,p'Y'; 00 ))

=5{p",p )5{Y"—Y )X(p,p'Y', k, k, z) + [5(x —Y+Q ) +5(x —Y"+Y') ]X'(p"Y",p;pY,p'Y'; 01,k, A, ),
(120)

((p, p "Y";Qo i X(z) ipY, p'Y', 00 ))

=5(p",p')5(Y"—Y')X(p, pY;k, A, ,z)+ [5(x —Y+Y")+5(x—Q+ Y')]X'(p,p"Y";pY, p'Y', lo, k, A, ),
where the various coefficients denoted by X and X' can be obtained from Eq. (119}by identifying the 5 functions that
have been explicitly exhibited in the results given above. We must also employ the relationship Xt(z)=X(z'), where
((ab ~X (z)[cd && =((cd~2(z)~ab &&'.

We are now able to derive a reduced form of Eq. (109}. When this reduced form is combined with the analogous re-
duced forms of the other two equations comprising the closed set, we will have achieved our goal of obtaining a Snite-
dimensional matrix-inversion problem for the tetradic matrix elements of P,@(z)P,.

Using Eqs. (115)and (120), together with the corresponding Hermitian conjugation relationships, the tetradic matrix
elements of V,~(z), which are needed in order to obtain the reduced form of Eq. (109), can be expressed as

((p Y,p'Y';00~ Vz(z) ~PP', QQ' )) = [5(x —Y+Q')+5(x —Q+ Y') ]X'(pY,p, 'Y', PP'; 1 l, k, A ),
((pY,p'Y', 00~ Vs(z) iP"Y",P;OQ )) =5(p,P")5(Y—Y")[ —(1/iri) V(p'Y', P;k, A)'+ X(P,p'Y';k, A, ,z' )' ]

+ [5(x —Y+Q ) +5(x —Y"+Y') ]X'(pY,p'Y';P "Y",P;Ol, k, A, ),
((pY,p'Y';ooi V,s(z) iP,P"Y";no))=5(p', P")5(Y'—Y")[(1/A') V(P,pY; —k, A, )'+X(P,pY;k, A, ,z')*]

+ [5(x —Y+Y")+5(x —0+Y') ]X'(pY,p'Y', P,P"Y";10,k, A, ) .

The quantities that play the role of the unknowns in the matrix-inversion problem may be abbreviated as follows:

(121)

I(PP', QQ'; p,"Y",p'"Y"';z)= g fd Y d Y'((PP', QQ'~ V s(z) ~p Y,p'Y';00)) ((pY,p, 'Y';00~4(z) ~p, "Y",p"'Y"';00)),
PrP

I(P "Y",P;OQ;p, "Y",p"'Y"',z)

= g f d Y d Y'((p "Y",p;OQ~ Vs(z) ~p Y,p'Y', 00)) ((pY,p'Y';00~4(z) ~p, "Y",p"'Y"',00)),
P~P

I (P,p"Y";Qo;p"Y",p'"Y'";z }

=y fd Yd Y'((p, p"Y";QO~ V,q(z)~pY, p'Y';00))((pY, p'Y', 00~4(z)~p"Y",p"'Y"',00)) .

(122)

Using the Liouville-space version of the pole approximation given by Eq. (110), together with the expressions for the
tetradic matrix elements of V,s(z) given by Eq. (121), the z~+ io limit of the reduced form of Eq. (109) can be written
as

I (PP', QQ'; p "Y",p'"Y"', + i0)

i ~((PP', Q—n'~ v„(+io)
~

p"Y",p"'Y'";00))5(Y"—Y'")

+g [2o'(P P', P,P', Q, 1 1, ll, k, k)I(PP', QQ;p, "Y",p"'Y"', +i0)
P,P'

+2o'(P, P', P,P'; Q', l l, 11,k, A, )I (PP', Q'Q', p "Y",p"'Y"', +i0)]

+ g [2cr'(P, P',P ",P;Q, 11,k, A, )I (P "Q,P;OQ; p"Y",p"'Y"'; +io)
P,P"

+2o'(P, P',P",P; Q, 11,01,k, A, )I (P"Q,P;OQ; p "Y",p"'Y'"; + i0)

+2o'(P, P',P",P;Q', ll, k, A)I(P "Q',P;OQ', p"Y",p"'Y"', +io}
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+2o '(P, P', P",P; Q', 11,01,k, A )I (P"Q', P;OQ', p"Y",p"'Y'"; +i 0) j

+ g [2tr'(P, P', PP ";Q, 1 l, k, A, )I(PP "Q;Qo;p"Y",p'"Y'";+io}
P, }M"

+2g'(j3, P', P,p";Q, 1 1, lo, k, A. )I (P,P"Q,;Qo;P"Y",P'"Y"";

+2o '(P, P', PP ";Q', 1 l, k, A)I, (PP "Q'; Q'0; p"Y",p" 'Y"*;+i 0)

+ 2cr '(P, P', P,P";Q', l l, 10,k, A, )I (P,P"Q', Q'0; p "Y",p,"'Y"';+i 0)],
where

cr '(P, 13',P,P'; Q, 11,11,k, A, )= n—g X'(PP', pQ, p'Q; 11,k, A, )X'(p Q, p'Q; PP'; l l, k, A, ),

tJ''(13, P',P ",0;Y, 1 i,k, k ) = —n g 5(p, P")X'(PP',pY, p'Y;11,k, A )[(—I/A')V(p'Y, P;k, A )*+X(P,p'Y;k, A, , io—)'],

tr'(P, P',P ",13;Y, 1 l, ol, k, A, ) = —6 g X'(PP', pY, p'Y; 1 l, k, A, )X'(pY,p'Y;p"Y, P;Ol, k, i,), (124)

tr'(P, P', P,P";Y,ll, k, i)= —n g 5(p', P")X'(PP', pY, p'Y; ll, k, A. )[(1/A)V(P, pY; —k, A, )*+X(g,pY;k, A. , —io)'],

o'(P, P', P,P";Y,11,lo, k, A)= —n g X'(PP', pY, p'Y; ll, k, A}X'(pY,p'Y;P, P"Y;lo,k, l, ) .

The two additional reduced equations, which can be derived in a manner analogous to Eq. (123), must be employed to
provide the closed set of equations for the quantities defined by Eq. (122). After these quantities have been obtained, the
required tetradic matrix elements of P,4(+io)P, can be expressed, in the Liouville-space version of the pole approxi-
mation, by means of Eqs. (107), (108), and (110),as

&{pY, p'Y';oo~ 4(+ io)
~

p"Y",p'"Y"',00))

i n5(p—,p" )5(p', p"')5(Y Y")5(—Y' —Y"')5(Y—Y')

in g—[X'(pY,p'Y', P,P', 11,kA)[I(PP, ', YY;p"Y",p"'Y"';+io)+I(PP', Y'Y';p"Y",p'"Y"', +io) j j
IB,P'

—in g [5(p„,P")[(—I/A)V(p'Y', P;kA, )*+X(P,p'Y';k, A, , io)*]I—(P "Y,P;OY;p"Y",p'"Y"';+io)
P",P

+X'(pY, p'Y';P "Y,P;01,kA, )I (P"Y,13;OY;p "Y",p'"Y'"; +i 0)

+X'(pY,p'Y';P "Y',P;Ol, kl, )I(P "Y',13;OY',p"Y",p"'Y"', +io) }

in+I5(p—', P". )[(I/fi)V(P, pY; —kA, )'+X(P,pY;k, k, io)']I(PP—"Y',Y'0;p"Y",p'"Y"', +io)
p",p

+X'(pY, p'Y', P,P"Y; 10,kA, }I(13P "Y;YO;p "Y",p'"Y"'; +i 0)

+X'(pY, p'Y', 13P "Y', lo, kA, )I(PP "Y',Y'0;p"Y",p"'Y"';+i0) j .

2. Explicit forms for the projection P„e(z)P

In order to derive explicit expressions for the tetradic matrix elements ofP 4(z)P, we first rewrite the exact result,
which is given by Eq. (89), in the form

P [P G'(z)P j P 4(z)P =P + [P„V,tt(z)P, G'(z}P, V,tt(z}P ]P 4(z)P„. (126}

Following the procedure used in the preceding subsection, we now approxiinate the projections of 6'(z) by the corre-
sponding projections of 6 (z). As a consequence of the definition of the photon-continuum projection operator given in

the second part of Eq. (105), which includes mixed Liouville-space states or electron-photon coherences, it is necessary
to obtain expressions for several distinct sets of tetradic matrix elements involving photon-continuum states ~PQ).
Taking tetradic matrix elements between different sets of Liouville-space states within the subspace of the projection
operator I'„,we obtain



50 INFLUENCE OF RELAXATION PHENOMENA IN THE UNIFIED. . . 3033

(z —Q+ Q') «PP', QQ'~ e(z) ~P"P'",Q"Q"'
&&

=5(P,P")5(P',P"')5(Q —Q")5(Q' —Q"')

+g f dQ fdQ'[((pp', QQ'~ V, (z)P, G (z)P, V, (z)~pp', M'))((pp', QQ'~4(z)~p"p"', Q"Q'"))]
P,P

+g fd YfdQ[((pp', QQ'~ Vs(z)P, G (z)P, Vs(z}~pY,p;OQ)) ((pY,p;OQ~4(z) ~p"p'", Q"Q"')) ]
p~P

+g fd Yfd Q[((pp', QQ'~ Vs(z)P, G (z)P, Vs(z) ~ppY;Qo)) ((ppY;Q0~4(z}~p"p"', Q"Q'" ))],
p~P

(z —Q+Q')((PP', QQ'~4(z) ~P",p Y;Q"O))

=g fdQ fdQ'[((pp', QQ'~V, (z)P, G (z}P,V, (z)~pp', M'))((pp', M'~4(z)~p", pY;Q"0))]
PP'

+y f dY fdQ[«pp, QQ ~V, (z)P, G (z)P, V, (z)~pY, p;OQ))((pY, p;OQ~4(z}~p",pY;Q"0))]
p~P

+g f dY fdQ[((pp', QQ'~ V, (z)P, G (z)P, V, (z)~p pY;QO))((p pY;00~4(z)~p", pY;Q"0))], (127)

(z —Q+ Y)((P,p Y;QO~C (z) ~P', p, Y', Q'O&&

=5(P,P')5(p, p')5(Q Q')5—(Y Y')—

+ g fdQ fdQ'[((pp; QO~V ff(z)P, G (z)P, Vs(z)~pp', QQ'))((pp', M'~5(z)~p', p'Y';Q'0)) ]
PP'

+y fdY fdQ[«p, l Y;QOI V ~(z)P, G (z)P, V z(z)lpY, p OQ&&&&pY, p OQle(z)lp', I Y', Q'0&&]

+y f dY f'dQ[((p I.Y;QO~ V, (z)P, G (z)P, V, (z) ~ppY;QO))((p pY;QO~C(z) ~p', I. Y', Q'0)) ] .

Similar relationships can be given for the tetradic matrix elements ((pY,p; OQ
~
4(z }

~ p, 'Y', p'; OQ' )),
«P, P', QQ'le(z}lj Y,P";OQ"», and «P, pY;QOle(z}lp Y,P', OQ »

The tetradic matrix elements of V,fr(z)P, G (z)P, V,~(z}, which appear in Eqs. (127), can be expanded, using the first

part of Eq. (105), as

((PP', QQ'~V, (z)P, G (z)P, V, (z)~PP', QQ'&&

((PP', QQ'~ V, (z) ~pY, p, 'Y';00))((pY, p, 'Y', 00~ V, (z}~PTt', QQ'&&
dY dY'

P~P

((PP', QQ'~ V, (z)P, G (z)P, V, (z)~PY, P;OQ)&

((pp, QQ'~ V„(z)~qY, p, 'Y';00)& && ~Y,~'Y';00) V„(z)
~ pY,p;OQ))

d Y dY', , (128)
z Y+Y

((PP', QQ'~ V, (z)P, G (z)P, V, (z)~P,PY;QO&&

', QQ' V,z z pY, p'Y';00 pY,p'Y', 00 V,l z,pY;QO
dY dY'

P~P

After combining the first part of Eq. (127) with Eqs. (128) and following a procedure analogous to the one that lead to
Eq. (109),we obtain
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g f dQ fdQ'«pY, I 'Y';001 V, (z)lpp', QQ'»«pp', QQ'la(z)lp"p"', Q"Q"'»
P,P

«pY, )
'Y';ool v„(z)lpp', QQ'»

dQ dQ'
P, P' z —0+0'

X 5(P,P" )5(P',P"')5(Q —Q")5(Q' —Q"')

« pp', QQ'l v, (z) lp Y,IT'Y';00»+g dY dY'
z —Y+Y'

X . g fd Q fd Q' « pY,p 'Y'; 00
l V, (trz ) l pp', QQ' »

X «pp', QQ'l4(z)lp"p'", Q"Q"'»

+ y fdY"fdQ« I-Yp'Y';ool v„(z)pl"Y",p;OQ»

x «p "Y",p;OQlc(z)lp"p"', Q"Q"'»

+ g fdY"fdQ«pYp'Y', Ool V, s(z)lp, p"Y";QO»
p",p

x « p, p"Y";Qol@(z)lp"p"',Q"Q"'» (129)

A similar procedure must be followed, using the second and third parts of Eqs. (127) together with the equations for the
remaining three classes of tetradic matrix elements involving photon-continuum states. The result will be a closed set of
equations for the quantities in terms of which the desired tetradic matrix elements of the projection P 4(z)P can be
explicitly expressed.

In order to obtain a finite-dimensional matrix-inversion problem, whose solution would lead to explicit expressions
for the various tetradic matrix elements of P 4(z)P, it is necessary to employ the Liouville-space pole approximation
together with the approximate results for the tetradic matrix elements of V, ( tr),zwhich are given by Eqs. (121).

The quantities that play the role of the unknowns in the matrix-inversion problem associated with Eq. (129) may be
abbreviated as

I(pY,p'Y', p"p"', Q"Q"';z)=g f d Q fdQ'« pY,p'Y', ool,v (sz) lppQQ' » «pp', QQ'l4(z)lp"p"', Q"Q"' »,
P,P'

I'(IJY,p'Y'; p"p"', Q"Q"';z ) = g fd Y"fd Q « pY, p'Y', 00
l V s (z)

l p "Y",p; OQ » « p "Y",OQ l 4(z ) l
p"p"', Q"Q"' »,

I"(pY, IJ.'Y'; p"p"', Q"Q'";z)

(130)

= y fdY"fdQ« I Y,I 'Y', ool V~(z)lpp "Y";Qo&& &p&, I"Y";QO il(z)lp"p"', Q"Q"'&& .

Analogous definitions must be introduced in the analysis of the second and third relationships given by Eq. (127), which
will lead to matrix-inversion problems similar to that associated with Eq. (129). The result will be a closed set of equa-
tions for the desired unknown quantities.

After introducing the Liouville-space pole approximation, together with the approximate expressions for the tetradic
matrix elements of V, (z)s, the z ~+ io limit of the reduced form of Eq. (129) can be written
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I(p Y,p'Y', P"P'",0"0"',z}

=—in «pY,p'Y';00~ V, (+i0)~P"P"',0"0"'))5(Q"—0"')

+ g [2o'(pY, ij, 'Y', PYP 'Y; 1 1, 1 l, k, k, )

where

X [I(pY,p'Y; p"p"', 0"0"';+i 0)+I'(p Yp 'Y;p"p"', 0"0'";+i 0)

+I"(PYP 'Y;P"P"',0"0"',+i 0)]+2o'(pY, p'Y',P Y',P 'Y', l l, 11,k, 1 )

X [I(PY', 'Y';P"P"',0"0"';+i0)+I'(PY', P'Y', P"P"',0"0"', +i 0)

+I"(PY',P'Y';P" X [I(PY',P'",0"0'";+i 0)]], (131)

2a'( pY,p'Y'; pY, p'Y; 11,11,k, A ) = ng—X'(p Y,p'Y'; PP'; l l, 11,k, A )X'(PP',P YP 'Y; 11,11,k, A ) .
PP'

(132)

Similar forms are obtained for the reduced equations associated with the second and third parts of Eq. (127}.
Two additional reduced equations, which can be derived by following the same procedure used in the derivation of

Eq. (131),must be included in order to provide a closed set of equations for the quantities defined by Eqs. (130). After
these quantities have been obtained, the tetradic matrix elements of P 4(z)P„, which appear on the left-hand side of
the first part of Eq. (127), can be expressed, in the Liouville-space pole approximation, by means of Eqs. (110) and (128),
as

« pp', 00'ia (+io)ip"p ",0"n" ))

i m5(—P,P")5(P',P"')5(Q 0")—5(0' 0")—5(0 0')—

i n g—
[X'(PP', pn, p'0; 11,k, A, )[I(pn, p'0; P"P'",0"0"',+i 0)

+I'(pn, p, '0;P"P"',0"0'";+i 0)+I"(ijn, p'0; P"P"',0"0'";+i 0) ]

+X'(PP', pn', p'0'; l l, k, A)[I(pn, ',p'O';P"P"', 0"0"',+i 0}+I'(pn', p'O', P"P'",0"0"',+i 0)

+I"(pn', p, 'O', P"P"',0"0"', +i0) ] ] . (133)

Results similar to Eq. (133) can be obtained for the
tetradic matrix elements that occur on the left-hand sides
of the second and third parts of Eq. (127},as well as for
the remaining sets of tetradic matrix elements of 4(z) in-
volving photon-continuum states.

IV. CONCLUSIONS

In this paper, a density-matrix approach has been
developed to treat the effects of collisional and radiative
relaxation processes in the unified description of resonant
and nonresonant radiative transitions of a complex elec-
tronic system. This work provides a generalization of the
ordinary Hilbert-space projection-operator and
resolvent-operator approach presented by Haan and
Jacobs [4], which was applied to the unified description of
radiative and dielectronic recombination of electrons
with many-electron ions in a high-temperature plasma.
In this paper, we have emphasized the applicability of the
generalized unified description to a diverse class of radia-
tive transitions in complex electronic systems. In addi-
tion to the problem of radiative and dielectronic recom-
bination, we have referred to the application of this ap-
proach to the unified description of transverse free-bound

and bound-bound transitions in the context of channeling
radiation emitted by energetic electrons moving nearly
along a symmetry direction in a crystal lattice. In future
papers, we will present the detailed applications of the
general formulations that have been developed in this pa-
per.

The density-matrix description and Liouville-space
operator formalism have been introduced in Sec. II. The
fundamental starting point for the investigation of radia-
tive transitions in interacting quantum-mechanical sys-
tems is provided by Eq. (24), which expresses the transi-
tion probability per unit time as a Liouville-space inner-
product involving the tetradic time-evolution operator or
propagator. If the asymptotic time limit can be taken,
one obtains an expression for the transition rate in terms
of the tetradic transition operator. The effects of the col-
lisional and radiative relaxation processes have been in-
corporated by introducing the Zwanzig projection-
operator approach, in which the complete Liouville space
is partitioned into a reduced relevant subspace, corre-
sponding to the uncorrelated electronic subsystem to-
gether with the relevant modes of the quantized radiation
field, and an orthogonal subspace, in which the
electronic-subsystem and relevant radiation-field states
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are dynamically correlated with the multitude of bath de-
grees of freedom. The central result of the Zwanzig
projection-operator approach is that the radiative transi-
tion of the electronic subsystem of interest, in the pres-
ence of relaxation processes, is completely described by
either a reduced, relevant tetradic transition operator or
a reduced, relevant tetradic propagator, which is defined
within the Liouville subspace of the unperturbed elec-
tronic subsystem and the relevant photon modes.

The time-independent formulation of the density-
matrix description has been developed in terms of the re-
duced relevant projection of the Liouville-space transi-
tion operator, which is expressed in terms of the relevant
projections of the resolvent operator and the interaction
operator, by means of the tetradic Lippmann-Schwinger
relationship that is given by Eq. (46). The reduced
relevant projection of the Liouville-space resolvent opera-
tor, which is defined by Eq. (41), is expressed in terms of
a Liouville-space self-energy operator, which incorpo-
rates the effects of the collisional and radiative relaxation
processes. The time-dependent formulation is based on
the equation of motion for the reduced relevant part of
either the density operator, in the form expressed by Eq.
(61), or the Liouville-space time-evolution operator,
which is given by Eq. (64). In the tine-dependent formu-
lation, the effects of the relaxation processes are described
by the self-energy operator that is defined by Eq. (62),
which plays the role of a kernel in a time-integral appear-
ing in the equation of motion for the reduced relevant
projection of the density operator or of the Liouville-
space propagator.

In Sec. III we have adapted the Liou ville-space
projection-operator formalism to the unified treatment of
resonant and nonresonant radiative transitions of an elec-
tronic subsystem that is simultaneously interacting with a
multitude of perturbing particles and quantized-
radiation-field modes. We have thereby provided a gen-
eralization of the ordinary Hilbert-space projection-
operator approach that was developed by Haan and
Jacobs [4], which was applied to the unified treatment of
electron-ion radiative and dielectronic recombination in
the absence of relaxation processes. In order to accom-
plish the generalization to incorporate relaxation effects,
it has been necessary to introduce a partition of the re-
duced„relevant Liouville space into discrete resonant and
nonresonant continuum subspaces. This partition of the
reduced Liouville space is introduced only after the aver-
age over the bath degrees of freedom has been performed.
Consequently, the discrete resonant and nonresonant
continuum projection operators can be represented in
terms of a basis set of Liouville-space states referring only
to the relevant degrees of freedom. The continuum pro-
jection operator has been further decomposed as a sum of
a single-electron-continuum projection operator and a
single-photon-continuum projection operator. We have
indicated that the introduction of these relevant projec-
tion operators is complicated by the occurrence of mixed,
nonstationary unperturbed Liou ville-space states or
coherences. Although the initial and final Liouville-space
states in the radiative transition are assumed to be sta-
tionary states of the Liouville operator corresponding to

the unperturbed Hamiltonian, which can be represented
by diagonal elements of an initial-state density operator
and by a diagonal final-state projection operator, the
mixed, nonstationary Liouville-space states must be in-
cluded in order to provide a complete set of intermediate
states in the relevant Liouville subspace.

The time-independent formulation of the generalized
unified treatment has been presented in terms of a rear-
rangement of the tetradic Lippmann-Schwinger relation-
ship for the appropriate projection of the reduced,
relevant Liouville-space transition operator. This rear-
rangement is expressed by Eq. (84), in terms of various
projections of a relevant Liouville-space line-shift or ver-
tex operator and the projection of the relevant Liouville-
space resolvent operator onto the subspace of the discrete
resonance states and the resonance-continuum coher-
ences. Even with the occurrence of the mixed, nonsta-
tionary Liouville-space states, the discrete and continuum
relevant projection operators can be defined in such a
manner as to provide a natural separation of the project-
ed reduced, relevant transition operator into a non-
resonant continuum part and a discrete resonant contri-
bution. The discrete resonant contribution differs from
the conventional expression for the resonant transition
amplitude because of our inclusion of relaxation phenom-
ena on an equal footing with the autoionization and spon-
taneous radiative decay processes, as well as effects asso-
ciated with the coupling between the zeroth-order
electron- and photon-continuum states. This partition of
the reduced, relevant Liouville space has also been intro-
duced into the time-dependent formulation. We have
thereby obtained separate equations of motion for the
discrete resonant and nonresonant continuum parts of ei-
ther the reduced density operator, as given by Eqs. (99)
and (101), or the reduced Liouville-space time-evolution
operator, in the form expressed by Eqs. (102) and (103).

A substantial effort has been devoted to providing a
general procedure for deriving explicit expressions for the
various (electron and photon) continuum projections of
the Liouville-space continuum resolvent operator. These
projections, which are formally expressed by means of
Eqs. (87) and (89), are required in our general procedure
for evaluating the tetradic matrix elements of the re-
duced, relevant Liouville-space transition operator
describing radiative transitions involving initial electron-
continuum states and final photon-continuum states. In
order to develop this procedure for the required projec-
tions of the relevant continuum-space resolvent operator,
it has been necessary to consider the detailed structure of
the Liouville-space self-energy operator, which incorpo-
rates the effects of the collisional and radiative relaxation
processes by means of an average over the bath degrees of
freedom. W'e have demonstrated that the tetradic matrix
inversions, which occur in the formal expressions for the
desired Liouville-space projections, can be reduced to
finite-dimensional matrix-inversion problems, in a general
application featuring a limited number of discrete reso-
nance states and a limited number of single-electron and
single-photon continua. This reduction to finite-
dimensional matrix-inversion problems can be accom-
plished by introducing the Liouville-space pole approxi-
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mation and employing the lowest-order perturbation-
theory approximations for the self-energy contributions
in the reduced, relevant Liouville-space resolvent opera-
tor. It would be useful to know if this reduction could
still be carried out in the general form when higher-order
corrections are included and we hope to investigate the
possibility of providing a nonperturbative Liouville-space
reduction procedure in a future extension of this work.

Future papers will be devoted to the detailed applica-
tion of our general formalism to the unified description of
specific radiative transitions in various electronic sys-
tems, which are simultaneously interacting with a multi-
tude of perturbing particles and radiation-field modes. In
particular, we will provide analyses of radiative and
dielectronic recombination and of free-bound and
bound-bound transitions in channeling radiation. The
starting point for these applications will be the general
Liouville-space expressions for the radiative transition
probability which we have obtained in both the time-
independent and the time-dependent formulations of the
density-matrix approach. It will be necessary to compare
the results obtained from the scattering-theory approach,
in which the system is described as evolving from an ini-
tial single-electron-continuum state into a final single-
photon-continuum state, with the results obtained from
the relaxation-theory approach, in which one investigates
radiative transitions that occur directly from the discrete
resonances states in the presence of relaxation processes.
In both approaches, it is necessary to determine the pop-

ulations of the initial states in the radiative transition of
interest by considering an entire sequence of collisional
and radiative processes. At an appropriate stage in these
analyses, we will introduce the isolated-line approxima-
tion and the lowest-order perturbation-theory expressions
for the various contributions to the Liouville-space self-
energy operator whose imaginary parts represent the par-
tial linewidths arising from the individual collisional and
radiative relaxation processes. These contributions to the
Liouville-space self-energy operator will be treated on an
equal footing with the relevant interactions representing
autoionization and spontaneous radiative decay. The
zeroth-order basis sets employed in these applications
may consist of states of either the isolated electronic sub-
system or the electronic subsystem in the presence of a
classical static or electromagnetic field.
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