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We present a complex-coordinate rotation calculation of doubly excited "3D° resonance states in Ps™~
associated with the N =3, N =4, and N =5 Ps thresholds. Elaborate Hylleraas-type wave functions
with up to N =1330 terms are used. In addition to Feshbach resonances below various Ps thresholds, we
have identified >D° shape resonances with one each lying above the N =3 and N =5 Ps thresholds, re-
spectively, as well as a 'D° shape resonance above the N =4 threshold. A physical interpretation of the

doubly excited Ps™ is also given.

PACS number(s): 36.10.Dr, 32.80.Dz, 31.20.Di

I. INTRODUCTION

In a continuing effort to calculate resonance parame-
ters for doubly excited states in Ps™ using the method of
complex-coordinated rotation [1], we present here a cal-
culation of 3D° doubly excited resonant states associat-
ed with the N=3, N=4, and N=5 Ps thresholds. Ela-
borate Hylleraas-type wave functions are used in the
present calculation. In previous investigations, results
for 135 [2,3], 13PO [4], 3P¢ [5], and 13D* [6] states were
reported. We have also carried out a study of P-wave
shape resonances [7]. From the available theoretical re-
sults, it has been conjectured that this three-body system
would behavior like an X-Y-X triatomic molecule. In or-
der to examine such an interesting phenomenon, energy

levels for states with various angular momenta and pari-
ties are needed. With the results for 3D © states reported
in the present calculation, we now have resonance param-
eters for states with L <2. From the experimental side,
Ps™ was observed in the laboratory by Mills [8]. He also
measured its annihilation rate [9]. Calculations of its
ground-state energy have also attracted considerable in-
terest [10-15]. For earlier developments of investigation
for this system, readers are referred to earlier reviews
[16-18].

II. WAVE FUNCTIONS AND CALCULATIONS

The most general D-state wave function of odd parity
of two electrons is

@ =(sin0,){[(f F Fcos(10,,)D3+ +(f £ F)sin(16,,)D}~

+[(5cos6;,— 1)(g F&)cos(1cos8,,)D;" +(5cosb;,+1)(g£g )sin(16,,)D3 "1}, (1

where the D are the rotational harmonics, depending on
the symmetric Euler angles 0,¢,¢ [19,20]. These func-
tions are eigenfunctions of exchange and satisfy the fol-
lowing property:

€D =+(—D'T"Df" . 2)

The trial wave function is of the Hylleraas type and the
radial functions f=f(r;,r,,r,) and g=g(r,,r,,r,,) are
given by
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with /+m +n <e and I, m, n, and w being positive in-
tegers or zero. Also in Egs. (3) and (4) we have

F=Ff(ry,rryn), g8=g(ry,r,ry,) . &)

The upper sign in Eq. (1) corresponds to the singlet states
and the lower sign to the triplet states. The first term in
Eq. (1) corresponds to the (pd) configuration and the
second term the (df) configuration with total angular
momentum L =2. In the present calculation we use only
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the (pd) terms for practical reasons. This may slow down
the convergence rate. However, as can be seen later in
the text, except for one case, our results converge quite
well. Up to a total of 1330 terms (w=18) are used in the
present calculations.

The Hamiltonian for the (e "e Te ~

H=—2V3—-2Vi—-2V,-V,—2/r,

) system is given by

—2/ry,+2/r,=T+V,
(6)

where r, and r, are the coordinates of the electrons with
respect to the positron and r;, =|7, —%,|. Atomic units
are used in this work with energy units in rydbergs. In
the complex-rotation method, the radial coordinates are
rotated through an angle 6,

r—rexp(if) , @)
and the Hamiltonian is transformed into
H=T exp(—2i0)+Vexp(—if) . (8)

The eigenvalues are calculated by diagonalizing the ex-
pression

E=(®PH®D)/(PD) . 9)

Since the rotated Hamiltonian is complex, complex eigen-
values are obtained. A complex resonance energy is
given by

E,.=E,—iT/2, (10)

with E, the resonance energy and I" the width.

The theoretical aspects of the complex rotation method
have been discussed in previous publications [1] and will
not be repeated here. Instead we only briefly describe the
computational procedures. First, we use the stabilization
method to obtain optimized wave functions with which
complex-coordinate calculations will then be carried out.
The use of the stabilization method as a first step for the
method of complex-coordinate rotation has been demon-
strated in a review [1]. A resonance complex eigenvalue
is deduced by the stabilization condition with respect to
the changes of y,, 8, [see Eq. (3)], and 6. The optimiza-
tion of such parameters is usually performed with a
smaller basis set, typically with M =680. Convergence
behaviors can be examined by using different expansion
lengths. Up to M =1330 (o=18) terms are used in the
present calculations.

III. RESULTS

Table I shows the convergence behavior for the lowest
1D° state below the N =3 Ps threshold (threshold energy

TABLE 1. Convergence behavior for the 'D°(1) state below
the N =3 Ps threshold (y,=8,=0.32 and §=0.4).

© M E (Ry) r/2 Ry

13 560 —0.0608825286 7.19532X107°
14 680 —0.060 8825277 7.19546X 1073
15 816 —0.060 882 52749 7.195358X1073
16 969 —0.060 882 527 64 7.195363X107°
17 1140 —0.060 88252771 7.195367X107°
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TABLE II. Convergence behavior for the 'D°(1) resonance
state below the N =4 Ps threshold (y,=8,=0.26 and 6=0.3).

[} M E Ry) /2 Ry)

12 455 —0.037098 839 2.389302X10°°
13 560 —0.0370988609 2.391860X107°
14 680 —0.037098 866 7 2.391302X 1073
15 816 —0.037098 8611 2.391142X107°
16 969 —0.037098 860 6 2.391229X10°°
17 1140 —0.037098 862 1 2.391270X10°°

of —0.055555 Ry). The optimized parameters are ob-
tained as y,=8,=0.32 and 6=0.4. From the results
when different expansion lengths are used, we estimate
the resonance parameters as E,=—0.0608825277
+0.0000000002 Ry and I /2=0.0000719537
+0.0000000002 Ry. Table II shows the convergence
behavior for the lowest 'D° resonance state below the
N =4 Ps threshold (threshold energy of —0.03125 Ry)
when the optimized parameters of y,;=0;=0.26 and
6=0.3 are used. Using expansion lengths with up to
M=1140 (w=17) terms, we estimate the resonance pa-
rameters as E,=—0.037098 862 +0.000000005 Ry and
r/2=0. 000023913 40.000 000 005 Ry. The second 'D°
resonance below the N =4 Ps threshold is similarly deter-
mined. The convergence behavior shown in Table III
leads to resonance parameters of
E,=—0.032722544+0.000000010 Ry and
I'/2=0.000013047+0.000000010 Ry. In addition to
the Feshbach resonances lying below the N =4 threshold,
we have also identified a stabilized complex eigenvalue ly-
ing above the threshold. The results are shown in Table
IV when the optimized values of y,;=8;=0.26 and
6=0.55 are used. The relatively large value for 0 is a
common finding in calculations of shape resonances. It
enables the cuts to be rotated farther away from the real
axis. As such, the complex eigenvalues representing the
cuts would not be confused with those representing shape
resonances. Because of such a large 6 value, the reso-
nance wave function (after the complex transformation)
would have strong oscillatory behavior with an overall
exponential decaying character. This explains that in
general a shape resonance converges slowly and that
large expansion sets (with L? characters) are needed to
obtain reasonably accurate results. From Table IV we
determine the resonance parameters for the N =4 Ipe
shape resonance as E,=—0.03020£0.00002 Ry and
I’ /2=0.00040£0.00002 Ry.

TABLE III. Convergence behavior for the 'D(2) resonance
below the N =4 Ps threshold (y;=8,=0.2 and 6=0.25).

o} M E (Ry) r'72 Ry)

13 560 —0.03272348 1.351X107°
14 680 —0.03272303 1.370X107°
15 816 —0.03272280 1.304X107°
16 969 —0.03272261 1.303%x107°
17 1140 —0.032 722 541 1.3042%X107°
18 1330 —0.032722 544 1.3047X10°°




TABLE IV. Convergence behavior for the 'D° shape reso-
nance lying above the N =4 Ps threshold with threshold energy
of —0.03125 Ry (y,;=8,=0.26 and 6=0.55).
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TABLE IX. Convergence behavior for the 3D shape reso-
nance lying above the N =3 Ps threshold with threshold energy
of —0.055555 Ry (y;,=6,=0.32 and 6=0.6).

© M E (Ry) r'/2 (Ry) @ M E (Ry) r/2 Ry
13 560 —0.0030209 0.0003932 12 455 —0.0549525 3.097Xx107*
14 680 —0.0302115 0.0003970 13 560 —0.0549651 3.050x107*
15 816 —0.0302049 0.000396 8 14 680 —0.054968 4 3.026X107*
16 969 —0.0302079 0.000401 8 15 816 —0.0549702 3.047X107*
17 1140 —0.0302010 0.0004027 16 969 —0.0549718 3.078X107*
17 1140 —0.0549722 3.106 X 107

TABLE V. Convergence behavior for the 'D°(1) state below
the N =S5 Ps threshold (y,=8,=0.2 and 6=0.25).

® M E (Ry) Tr'/2 (Ry)

13 560 —0.024 67167 2.348X 1073
14 680 —0.024 67212 2.302%X 1073
15 816 —0.024 672 14 2.300X 1073
16 969 —0.024672 15 2.306X 1073
17 1140 —0.02467211 2.303X107°
18 1330 —0.024 672 14 2.302X107°

TABLE VI. Convergence behavior for the 'D%2) state below

the N =5 Ps threshold (y;=8,=0.19 and 6=0.2).

© M E Ry) I'/2 (Ry)

15 816 —0.02191509 2.258 %107
16 969 —0.02191475 2.232%107
17 1140 —0.021914 64 2.225%1075
18 1330 —0.02191458 2.235%10°

TABLE VII. Convergence behavior for the 'D%3) state
below the N=35 Ps threshold (y,=8,=0.2 and 6=0.25).

® M E (Ry) r'/2 (Ry)

13 560 —0.021358 35 0.000 11456
14 680 —0.02135799 0.000115 14
15 816 —0.02135811 0.000 11500
16 969 —0.02135815 0.00011502
17 1140 —0.02135818 0.00011498
18 1330 —0.021358 16 0.00011501

TABLE VIII. Resonance parameters for the N=3 3D°(1)
state as expansion length changes (y;=8,=0.2 and 6=0.25).

TABLE X. Convergence behavior for the *D°(1) state below
the N=4 Ps threshold (y,=86,=0.26 and 6=0.3).

] M E Ry) r/2 Ry)

13 560 —0.034 501223 1.80578x107*
14 680 —0.034 501258 1.80571x10™*
15 816 —0.034 501271 1.80553x107*
16 969 —0.034 501273 1.80547Xx10~*
17 1140 —0.034 501270 1.80556X107*

TABLE XI. Convergence behavior for the 3D(2) state below
the N =4 Ps threshold (y,=8,=0.2 and 6=0.25).

® M E (Ry) I'/2 (Ry)

14 680 —0.032 696 48 1.823X 1076
15 816 —0.032 69598 1.637X107°
16 969 —0.032 695 87 1.495X107°
17 1140 —0.032 695 81 1.496x107°
18 1330 —0.032 69579 1.501Xx107°

. TABLE XII. Convergence behavior for the >D°(1) resonance
state below the N =35 Ps threshold (y;=6,=0.2 and 6=0.25).

@ M E (Ry) I'72 Ry)

14 680 —0.023 408 080 5.3771X107°
15 816 —0.023408 318 5.3746X107°
16 969 —0.023408210 5.3803x10°°
17 1140 —0.023 408 255 5.3786X10°°
18 1330 —0.023 408 248 5.3777X107°

TABLE XIII. Convergence behavior for the *D° shape reso-

nance lying above the N =35 Ps threshold with threshold energy
of —0.02 Ry (y,=8,=0.2 and 6=0.45).

® M E (Ry) r'/2 (Ry)
d M E Ry) I'/72 Ry) 13 560 —0.019 80606 9.819X10~°
14 680 —0.055893 58 6.39%10°¢ 14 680 —0.019792 19 4.317X10°°
15 816 —0.055 896 53 4.72X10°¢ 15 816 —0.019776 56 4.274X10°
16 969 —0.055897 36 3.01X10°¢ 16 969 —0.01977522 4.368 X107
17 1140 —0.05589790 2.19%10°¢ 17 1140 —0.019776 80 4.309%10°°
18 1330 —0.05589808 1.56X107¢ 18 1330 —0.019776 81 4.123X107°
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Tables V-VII show the convergence behaviors for 'D°
states below the N=35 Ps threshold (threshold energy
of —0.02 Ry). Resonance parameters for the lowest
three resonances !D%1), 1D%2), and 'D%3) are

E,=—0.024 672 141£0.000000 10 Ry ,
I' /2=0.000 023 02+0.000 000 10 Ry ;
E,=—0.021914 58+0.000000 10 Ry ,
I' /72=0.000022 354+0.000 000 10 Ry ;
E,=—0.021358 16+0.000000 10 Ry ,
I' /72=0.000 115 01%0.000000 10 Ry ,

respectively. We will summarize all our 'D° results later
in the text.

We now turn to the discussion for the *D° results.
Table VIII shows the results for the *D°(1) state lying
below the N =3 Ps threshold. It is seen that the reso-
nance parameters converge extremely slowly in this case.
This state is probably dominated by (df) configurations.
The use of Eq. (1) with the explicit (pd) factors may lead
to slow convergence. [The (df) configurations are in-
cluded implicitly due to the use of various powers of r,,
terms.] We deduce the resonance position as
E,=—0.055898+:0.000001 Ry. As for the width, since
it converges so slowly, we could only conclude that I" /2
would be less than that obtained by using M =1330
terms, i.e.,, I'/2<0.0000015 Ry. In addition to the
N =3 Feshbach resonance, we have identified a stabilized
complex eigenvalue lying above the N =3 threshold. We
determine from Table IX the resonance parameters as
E,=—0.05497+£0.00001 Ry and T /2=0.00031
£0.00001 Ry. This shape resonance is the ‘“symmetric”
partner of the recently calculated 'D¢ shape resonance
[6]. We will discuss the physical interpretation of these
results later in the text. For the N =4 3D° resonances, we
have calculated resonance parameters for the lowest two

50

TABLE XIV. Doubly excited ">D° states of Ps~ below the
Nth threshold of the Ps atom. An asterisk denotes shape reso-

nance.
State E, Ry) r'/2 Ry
N =3 (threshold energy —0.055555 Ry)
'De(1) —0.060 8825277 0.0000719537
£0.000 000 0002 0.000 000 0002
*D°(1) —0.055 898 <1.5X107°
+0.000 001
’De(s)* —0.05497 0.00031
+0.00001 +0.00001
N =4 (threshold energy —0.03125 Ry)
'D(1) —0.037098 862 0.000023913
+0.000 000 005 +0.000 000 005
'D(2) —0.032722 544 0.000013 047
+0.000000010 +0.000000010
1Do(s)* —0.03020 0.00040
+0.00002 +0.00002
3D(1) —0.034 50127 0.000 180556
+0.00000001 +0.000000010
3D°(2) —0.0326958 1.50X 107
+0.000 000 1 +0.1X10°¢
N =S5 (threshold energy —0.02 Ry)
'D(1) —0.024672 14 0.000023 02
+0.000000 10 +0.000000 10
'D(2) —0.021914 58 0.000022 35
+0.000000 10 +0.000000 10
'D%(3) —0.02135816 0.00011501
+0.000000 10 +0.000000 10
3D(1) —0.023 408 25 0.000053 78
+0.000 000 02 +0.000 000 02
3D°(2) —0.0216854 1.0X107°¢
+0.0000005 +0.5X107°
3D°(3) —0.0209755 2.77X107°
+0.0000010 +0.1X107°
3Ds)* —0.019777 4.1X1073
+0.000003 +0.3X1073

TABLE XV. Doubly excited intrashell states of Ps~ associated with the N =3 Ps threshold (thresh-

old energy —0.055 555 Ry).

State KTNn E, (Ry) 1T (Ry) Resonance Reference
iS¢ 2033 —0.0706837708 7.4657X10°° Feshbach [3]
3po 2033 —0.069742 8 6.06X 10" Fechbach [4]
'pe 2033 —0.0678289 2.56X10 Feshbach 6]
IS¢ 0033 —0.05545 0.000 042 Shape [3]
spe 0033 —0.054 50 0.00046 Shape 7
pe 0033 —0.05236 0.00203 Shape 6]
1pe 1133 —0.063 2447 0.0002206 Feshbach 4]
’D¢ 1133 —0.0608225 0.0001322 Feshbach [6]
:pe 1133 —0.0632613 0.0001791 Feshbach [5]
'De° 1133 —0.060 882 5277 7.19537X10°3 Feshbach present work
D¢ 0233 —0.0548 0.00032 Shape 6]
’D° 0233 —0.05497 0.00031 Shape present work
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FIG. 1. Doubly excited states of Ps™ associated with the
N =3 Ps threshold as plotted according to different rotor series.

members. From Table X the *D%1) is determined as

,=—0.034 501 27+0.000 000 01 Ry and
I' /2=0.000 180 556+0.000 000010 Ry. From Table XI
3D%(2) is deduced as E,=—0.0326958+0.0000001 Ry
and T'/2=1.5X107%+0.1X107% Ry. Results for the
N=53D"1) state are shown in Table XII. These lead to
resonance parameters of E,=—0.02340825
+0.00000002 Ry and 0.00005378-+0.00000002 Ry.
We also calculate two more Feshbach resonances lying
below the N=35 threshold. [Results for the *D%2) and
3D°(3) states are shown in Table XIV later in the text.]
For the N =5 3D° resonances, we have also identified a
shape resonance lying above the threshold. From the re-
sults shown in Table XIII we obtain resonance parame-
ters as E,=—0.019 777£0.000 003 Ry and
'/2=4.1X107° £0.3X 107> Ry. We summarize all our
present results in Table XIV. In summary, one *D° shape
resonance each is found lying above the N=3 and N=5
Ps thresholds, respectively, and one !D° shape resonance
above the N =4 threshold.

IV. DISCUSSION

We now discuss a possible physical interpretation of
the available doubly excited states in Ps™. It is conjec-
tured that the doubly excited (e “e te ™) three-body sys-
tem behaves very much like a triatomic X-Y-X molecule.
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Let us look at the N =3 doubly excited intrashell (both
electrons occupy the same shell) states in detail. Due to
the vibrational character of the “molecule,” the 3P¢ and
1p° states that have the same “quantum numbers” would
be nearly degenerate. Similarly, there exist the nearly de-
generate 'D° and 3D°¢ pair as well as the *D° and ' D* pair.
We list all the available N =3 doubly excited intrashell
states in Table XV. They are also plotted in Fig. 1. In
Table XV and Fig. 1 each state is denoted by a set of
quantum numbers K and T [21]. It should, however, be
mentioned that in the present calculation we have not
projected the K and T quantum numbers out of the wave
functions. The KT assignments are simply conjectures.
It is hoped that our studies would stimulate other investi-
gations of such interesting phenomenon.

In Table XV and Fig. 1, states with the same quantum
numbers are grouped together. Each group belongs to a
different rotor series. The angular momentum states in
each series are governed by the relationship

L=T,T+1,...,K+N—1. (1D

For example, for the series with quantum numbers (K =2
and T=0), the rotor starts with L =0 and ends at L =4
(for N=3). So far only the 'S¢,3P¢, and ! D¢ states for the
series have been calculated. It would be of great interest
to investigate 3F° and !G° resonances. For K =0, T=0,
and N =3, the series starts from a 15¢ and ends with a
Ip¢ states. From the numerical calculations, all these
three members (15¢,3P°, and 'D*) are found lying above
the threshold and become shape resonances. As for the
K =0, T=2, and N =3 series, only D-wave states are al-
lowed [see Eq. (11)]. Our calculations indicate that both
the *D° and 'D° states are shape resonances.

In summary, we have presented a complex-coordinate
rotation calculation for doubly excited !D° and *D? states
of Ps™ associated with the N=3, 4, and 5 Ps thresholds.
Feshbach and shape resonances are examined. Our re-
sults, obtained by using elaborate Hylleraas functions, are
useful references for future theoretical and experimental
studies of this three-particle system.
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