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Muonium spin exchange in spin-polarized media: Spin-flip and -nonflip collisions
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The transverse relaxation of the muon spin in muonium due to electron spin exchange with a polar-
ized spin-% medium is investigated. Stochastic calculations, which assume that spin exchange is a Pois-
son process, are carried out for the case where the electron spin polarization of the medium is on the
same axis as the applied field. Two precession signals of muonium observed in intermediate fields
(B > 30 G) are shown to have different relaxation rates which depend on the polarization of the medium.
Furthermore, the precession frequencies are shifted by an amount which depends on the spin-nonflip
rate. From the two relaxation rates and the frequency shift in intermediate fields, one can determine (i)
the encounter rate of muonium and the paramagnetic species, (ii) the polarization of the medium, and
most importantly (iii) the quantum-mechanical phase shift (and its sign) associated with the potential en-
ergy difference between electron singlet and triplet encounters. Effects of spin-nonflip collisions on spin
dynamics are discussed for non-Poisson as well as Poisson processes. In unpolarized media, the time
evolution of the muon spin in muonium is not influenced by spin-nonflip collisions, if the collision process
is Poissonian. This seemingly obvious statement is not true anymore in non-Poissonian processes, i.e., it
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is necessary to specify both spin-flip and spin-nonflip rates to fully characterize spin dynamics.

PACS number(s): 36.10.Dr, 34.10.+x, 34.40.+n, 34.90.+q

I. INTRODUCTION

Electron spin exchange is a quantum-mechanical pro-
cess common in low-energy collisions between species
with unpaired electron spins. Extensive theoretical and
experimental work [1-6] has been done on the subject in
conjunction with maser and optical pumping. Recently,
electron spin exchange has been studied in systems con-
taining hydrogen isotopes including muonium (Mu).
Muonium is the bound state of a positive muon and an
electron with the virtually same ionization potential as
the hydrogen atom, and thus can be regarded as a light
isotope of H. Muonium spin exchange has been studied
in systems such as Mu+0O, [7], Mu+NO [8-10], and
Mu+Cs [11]. In these studies, the results were compared
with corresponding H-atom systems, and isotope effects
in spin exchange were discussed. More recently, optical
pumping was used to produce spin-polarized Rb atoms as
a means to polarize nuclear spins for nuclear-physics ex-
periments [12-14], which makes it possible to study
muonium spin exchange with polarized atoms. In the
present work, it is shown that electron spin exchange of
Mu in electron-polarized media can provide direct infor-
mation on the spin-flip and spin-nonflip probabilities dur-
ing collisions not obtainable from measurements in unpo-
larized media. In some cases, it is possible to determine
the phase shift (including its sign) due to the difference in
interaction potentials between spin singlet and triplet en-
counters.

Spin exchange is an electrostatic interaction arising
from the quantum-mechanical requirement that the wave
function be antisymmetric with respect to the inter-
change of two electrons. The antisymmetrized total elec-
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tronic wave function of muonium with an a spin and a
colliding gas atom with a 8 spin can be expressed by a
Slater determinant |ma,gp||, where m (r,) and g(r,) are
the orbital wave functions of muonium and the paramag-
netic gas atom, respectively. It is straightforward to
show that this total wave function is a superposition of
electron spin triplet and singlet parts [15]. Since the in-
teraction energy between the two electrons depends on
the total electron spin through Pauli’s exclusion princi-
ple, the triplet and singlet parts of the wave function ac-
quire different phase shifts A and Ag, respectively,

||ma,g,8||—>(%)3/2[m(1)g(2)+m(2)g(1)]

X[a(1)B(2)—a(2)B(1)]e's
+(1)2[m(1)g(2)—m(2)g(1)]

X[a(1B2)+a(2)B(1)]e T, )

where the phase shifts Ar and Ag are related to the in-
teratomic potentials V' (r) and Vg(r) by

Ar=— [ [Vy(r)/hlde
and
As=— [ [Vs(r)/Alde

respectively. By rearranging the right-hand side of Eq.
(1), one obtains

Ima,gB||—||ma,gB||(1+e*)/2
+||mB,gall(1—e)/2, )

where A is the difference in the phase shift A=Ag—A,
[15,16]. The quantities

[(1—e®®)/2|>=sin*(A/2)
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and
[(14+e2)/2|>=cos%(A/2)

can be regarded as the spin-flip and spin-nonflip probabil-
ities, respectively, of the collision. If A is defined as the
encounter rate of muonium and paramagnetic gas mole-
cules, the rates of spin-flip and spin-nonflip collisions are
expressed by

Agr=Asin}(A/2) and Ayp=Acos*(A/2). 3)

II. THEORY

Spin dynamics of the muon in muonium undergoing re-
peated electron spin exchange has recently been treated
by a stochastic time-ordered method [15] in which the
muon spin polarization at time t after n collisions at
t,ty,...,t, is calculated in terms of the phase shifts
AL A, ..., A, followed by statistical averaging over the
distribution of ¢,,t,,...,1¢,, for a fixed n, and then over
all possible n from O to infinity. Two basic assumptions
are that the duration of a collision is much shorter than
the average time between collisions and that the time evo-
lution of spin states between collisions is determined by
the muonium hyperfine interaction. In the past few
years, this method was applied to spin exchange in unpo-
larized media with slow [15,16] and fast [17] spin-
exchange rates and in intermediate fields [18]. The
characteristic field dependence of the transverse relaxa-
tion rate predicted in intermediate fields was later
confirmed [11,19] experimentally, providing a convenient
method to distinguish relaxation due to spin exchange
from that due to chemical reactions. In the present
work, the method described in Ref. [15] is generalized to
the case of electron-polarized media.

A. Time evolution of spin states

Let |1), |2), |3), and |4) be the eigenstates of the
muonium hyperfine interactions corresponding to the
four branches of the Breit-Rabi diagram with energies w,,
®,, ®3, and w,. The muonium spin states |a#ae ), le,B.),
|B,a. ), and |B,B, ) can be expressed as

laa,)=I1),
le,B,)=5s(2)+cl4),
1B, Y =cl2)—sl4) ,
1BB.Y=13),

where
I=(1+x/Vx*+1)/2,
si=(1—-x/Vx+1)/2,
x =B(kG)/1.585

[15]. Therefore, the equations of time evolution for these
spin states can be written as

la,a,)=e 1) e M(1) @
la,B.)=se “F|2)+ce”|4)
+cdla,B.)

+(cse _iwz‘t—cs)lﬁyae ), (5)

— i@,
_’(SZe 24

IB,a,)=ce _iw2|2) —se_iw‘t|4)

——>(cse‘ia’24t—cs)|a‘ﬁe>

+cZe “#'+52)|B,a,) ©®
BB.)=¢ |3y e ¥[3) , @
iwy

where the overall phase e " is omitted and jk 18 the
transition frequency between the jth and kth levels of the

Breit-Rabi diagram, 0 =o; —oy.

B. Before the first collision

The positive muon produced in the decay of a pion at
rest, w ——»y++vﬂ, is 100% spin polarized. In a trans-
verse field, it is convenient to choose the initial muon spin
polarization and the applied field direction along the x
and z axes, respectively. The complex polarization
P”=0;+iaf,=a;' , defined in terms of Pauli’s spin ma-
trices, represents the subsequent time evolution of the
muon polarization where the real and imaginary parts
correspond to the x and y projections of the polarization,
respectively. In this work, the electron polarization of
the medium is assumed to be along the external field, i.e.,
along the z axis.

The initial muon spin, which points in the positive x
axis, can be expressed [15] as (a”+B#)/\/2. At t,=0,
two different kinds of muonium atoms are formed with
equal probabilities depending on the spin of the electron:
(a) parallel muonium with its electron spin parallel to the
muon spin, (a,+B,)Na,+B,)/2, and (b) antiparallel
muonium, where the electron spin points in the negative
x direction,

(@, +B,)—a,+B,)/2 .

The properly antisymmetrized wave function of the col-
liding system can be written as [15]

¢+=%[*(a,+B))ma,g 0| +(a,+B,)|mB.go|],
(8)

where ¢, and ¢_ are, respectively, the wave functions
for parallel and antiparallel muonium and g, is the orbit-
al wave function of the paramagnetic gas atom with
which the muonium atom undergoes the first collision.
From this point on, the subscript e referring to electron
spin is suppressed for the sake of simplicity. Since
the wave functions a,||ma,g,oll, a,lmB.gol,
B,|ma,gc||, and B,||mB,g 0| follow the equations of
time evolution given in Egs. (4)-(7), the time dependence
of ¢.. before the first collision can be written down as



216 MASAYOSHI SENBA 50

$o(D=1lEa,Ima.giolle” “WtB,Imag,ol(c’e ' +s?)
ta,[mB,g,o||(cse _iw"t—CS)+ay|IMB,glall(s2e Tty 2
—liwg,t

+B“||ma,gla||(cse_m“t-—cs)+Bﬂ}|mB,glo||e ]. 9)

The complex muon polarization observed at time of the first collision averaged over the probability that muonium is
produced in the parallel-muonium state ( 4,,=0.5) or the antiparallel-muonium state (B,,=0.5) is given by

P(tl)=AM(¢+(11)|U:|¢+(t1)>+BM(¢‘(t])|0':|¢_(11))
iw)t —lwogt)

=(c2/2)(e 1?1 +e )+ (s2/2)(e B 1 4" =G 0,1,) . (10)

The full expression of the quantity G(Pg,¢,) for nonzero P will be given later.

C. After the first collision

If the first colliding atom has a 3 electron (g,0 =g, ), the first term of Eq. (9) will become after the first collision [Eq.
(2)]

—iw0, A 8

a,/lma,g,Be —a,|magBle i1+e ™) 2+a,lmBgialle ¢ (1—e" ) /2, (11)

where A, is the phase shift of the first collision. After the first collision at ¢,, the time evolution of this term is described
in terms of Egs. (4) and (5):

—iw 71w14t1e—zwl4(1—!1)

i
a,llma,gBlle —a,||ma,g,Blle (1+e 1)/2

—i — 0yt —1)) iA
ta,|mB.galle “WisTe T 11— 2

i“’14t1( —la,,(t—1y)

+B,llma,g alle cse —es)1—e'™) /2. (12)

The full wave function of muonium (parallel or antiparallel) at time ¢ after the first collision at ¢, with an atom with a 8

electron is expressed by
19:(tb(t =) =3[*a,[|ma,g,Ble sty st

Vigtey 2

B o .
+a,mB,galle 1 (s%e TV re)(1—e M) 2

(w4t —iw, (t—1t,)
14 l(cse 24 1

——cs)(l—eiA‘)/Z

—iw,,(t

iﬁp”maagla”e B
iB“Hma,gIBH(cze

+a,|mB,g,Bl(c%e ¥ +s2)(cse

-uoul

T4 2

iyt —1t

"452)(c?e

‘)—cs)(l-l—eiA')/Z

*I&le‘t

iﬂHHMB,glaH(cZe 1 4+52)e —iw34(tvtl)(1_eml)/2

_ ot —
ta,||mB,g,B|(cse Ol _os)(s2e W

[1)+c2)

—lwy(t—1)

iB“Hma,gIBH(cse_iw“'l—cs)(cse —cs)

+ayumﬁ’glﬁ”(szef"“’24’1+cz)(sze"'“’24("’l)+cz)

—iw,t —iwlt—1,)
Wiy e2)ese !

+B,lma,gBl|(s% —cs)

+ﬁ“”mO"glﬁu(“"eﬂmwl“CS)(cze*imz““ﬂ‘)-f—sz)(l—l-em’)/z
+al‘”mﬁ’g13“(cse_iwutl—CS)(cseAiw““‘t‘)—cs)(l+em')/2
+By”m5,g|a|](cse7iw2"1—Cs)ef"“’u““])(l_eiAl)/z

+B‘LHmB,gIBHeAiw“tl€vmu(l_tl)
Similarly, the wave function |¢,.(z,)a(t —¢,)) after collision with an a atom can be written down explicitly [15]. The
muon polarization at the time of the second collision at ¢, averaged over the probability that the colliding gas atom is in
the a state ( Ag) or in the B state (B ) can be expressed by

]. (13)
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P(t),t))= Ay Ag{b(t))a(ty)lo, 6.,(t))a(ty)) + ApBe{ o (t)b(ty))o, |64 (2))b(25))
+By Agld_(t))a(ty)|of|¢_(t))alty)) +ByBs{b_(t)b(1y)|o |_(2)b(ty)) , (14)

—y . + . .
where 1; =t;—t,. Since o, is the raising operator

which affects the muon spin state only, the terms of the
form

< ”mal’gUZHaula’:— IByl‘m031ga4” >=28(01)03)8(02, 0'4)
in Eq. (14) will survive, leading to
.2 Al
P(tl,tz)zsln TGT(O’IIO )GT(PG’t21 )
2 4,
+cos TGT(O’tZO)

A A,
+SlnTCOS lPGgT(O to,tl,tz) (15)

where P;= Az —Bg is the electron polarization of the
gas and the quantity g;(Pg,ty,¢,¢,) in the last term is
defined in Appendix I. The quantity G1(Pg,t) is defined
as

GT(PG,t)—%[(1+P6)e'm‘2'+(1—P Je OH]
+5 [(I—PG) e '+ (14Pg)e ']
=e"“PG " 4(Pg1) . (16)

The quantities A4 (z) and ¢(¢) are expressed by

. o, 172
A(Pg,t)= |1—(1—8%)sin? Qr +—"t
o 172

1—(1—P2 )sin? —Zﬂt , o an

-1 @o

¢(Pg,t)=w_t —tan~ |Stan |Qt +—2—t

-1 W

+tan™" | Pstan —2—t , (18)

where Q and § are defined by Q=(V' 1+x2—1)w,/2 and
8=x/V'1+x?, respectively; wy/2m=4463 MHz is the
hyperfine frequency of muonium; and ©_/27=1.39
MHz/G is the precession frequency of triplet muonium.

The first term of Eq. (15) with the factor sin?(A /2) corre-
J

[

sponds to the case where the first collision at ¢, is of
spin-flip type. On the other hand, the second term with
cos?(A /2) represents a spin-nonflip collision at ¢,. In this
case, the time evolution of the muon spin, represented by
a single G(0,¢, —t,), is not disturbed by the spin-nonflip
collision at ¢,. The third term with

sin(A/2)cos(A/2)~V AspAyr »

which is called a “mixed term,” can be regarded as a

cross term arising from interference between the spin-flip

and nonflip process. If P; =0, the mixed term will van-

ish and Eq. (15) and similar equations (21) and (22) will

reduce to the known results [15] in unpolarized media.
The wave function

|¢i(t1)b(t21 Ja(t —t2)>

which represents the system at time t after a collision
with a f3 electron at ¢; and a second collision with an a
electron at ¢, can be constructed from Eq. (13). The
Slater determinant of the second term, for example, in
Eq. 13 before the second collision is expressed by
ta,|mB,g a,g,a|. After the second collision, this term
will become a superposition of spin-flip and nonflip terms
expressed in terms of the phase shift A,:

iA
au”mﬂygla’gZ‘x“'—’au”mB7gla’g2a”( I+e' )72

+a#|lma,g1a,gzﬁ||(1—e‘A2)/2 .
(19)
At t,, the gas atom g,a which participated in the first
collision is far away from the muonium atom, so that g,a
will not affect the second collision. It is still necessary to
include g,a in order to maintain the orthogonality of,
say,

l¢ ()b (ty)alt —1t,))
and
l¢(£)b(25)b(t —1,)) .

After t,, the first and second terms of Eq. (19) follow the
time dependences given by Egs. (5) and (4), respectively.
It is straightforward to calculate the muon spin polariza-
tion observed at ¢; after two collisions at ¢, and z,:

P(tl’IZ’t3)=AMAGAG<¢+(t )a(t21 a(t32)'a+l¢+(t )a(t21)a(t32)>

+ Ay AcBs($(t)a

t21 )b(t32)|0'+'¢+(t )a(tll )b(t32)>

+ Ay B Ag b (t)b(ty)a(tyy)|o] 1¢,(1))b(1y)alty;))
+ Ay BB . (t)b ()b (t3y)|o,f ¢ (£))b(25))b(23))
+By Ag Ag{b_(1))a(ty)a(ty)lo,1¢_(1))alty)a(ts,))
+By AgBG{_(t1)a(ty)b(tyy)lo) |_(2))a(ty)b(ts,))
+ByBg Ag{$_(1)b(13)a(t;)lo, |_(2))b(1y)altyy))

+BMBGBG<¢—(t1 )b(t21 )b(t32)l(f:|¢_.(t1 )b(tll )b(t32)> s

(20)
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where only surviving terms are
(lImo1,81028:05lla,l0,l 1B,llmo,g,058,04||) =28(0,0,)8(0,,05)8(03,0) .

Assuming that parallel- and antiparallel-muonium atoms are produced =0 with the equal probabilities A4,, =B,,=0.5,

one obtains

A, A A, A
Pttt )=sin2715in272GT(0,t10 )G1(Pg, 15 )Gr(Pg,t5 )+c03271sin2—zGT(0,t20 )G (Pg,ts,)

2

.2 A1 2 A2 2 Al 2 AZ
+sin — cos —2—GT(0,t10 )G(Pg,t3;)+cos — cos ——GT(O,tm)

Ay A, A Ay A LA
7sm7005 5 tPGgT(O to,tz,t3)+sm7cos7005 > ——iPggr(0,t4,2,,t3)

+cos?

.4 A L4, . 1A
+sm—5—cos—-2—sm TIPGgT(O,tO,t,,tz )G1(Pg,t5,)+sin? 2 smTCos 3 IPGGT (0,210)87(Pg,ty,t5,t5)
A, A, A, A
+s1n—2—cos—2—s1n700s—(1PG) 200(0,20,1,5,t3) 21)
where g1 (Pg,tg,t,¢,,¢3) in the last term is defined in Appendix I. The first term represents two spin-flip collisions at ¢,
and t,, while the fifth term, for example, is for one spin-nonflip collision at ¢, followed by a mixed collision at #,. One
can continue this procedure to calculate the polarization observed at ¢, after three collisions at ¢, ¢,, and ¢5 as

A A,
P11, 13,14)=sin " sin—Zsin’ > G1(0,110)G1(Pg, 131 )G1(Pg, 13)Gr( Py, L)
.2 A1 ) A2 2 A3
+sin -E‘Sln TCOS TGT(()’th )GT(PG>t21 )GT(PG>t42)
LA L8 LA
+cos? —2—s1n 7sm ——Gr(0,t50)G(Pg,t3 )G (Pg,ty43)
) Al 2 AZ .2 A3
+sin TCOS — sin TGT(O’tIO)GT(PG’tM )G(Pg,t43)
+cos —2—sm 7005 ——G(0,2,9)G(Pg,t4,)
2 Al 2 AZ A A] Az A3
+sin — cos 7cos GT(O t10)Gr(Pg,t4, ) +cos? 7cos 7sm > —G1(0,230)G(Pg,143)
A, A A, A A A A
+cos27cos2—2—zcos > —G(0,t4,)+cos %smfcos—;cos 3iP(,~gT(O,t0,t2,t4)
+ . ﬁ i 2 A2 A A] A2 A3 A
sin—-cos—-cos —2—00s 2 tPGgT(O to,ty,t4)Fcos? —2—cos 7s1n—2—cos > lPGgT(O torts,ts)

A 4 A Ay
—2—~sm—2—cos—2—sm > ——iPggr(0,t4,t5,t3)G(Pg,t43)

+cos?

+sm—2—-cos—cos —=sin? zPGgT(O tort1,23)G(Pg,ts3)

2 2 2

A, Ay L4 LA
+sm—2—cosTsm TCOS 2 zPGgT(O t0,21,t,)G(Pg,ty,)

A1 A A, LA
+sin? 7sm700s700s ) zPGGT (0,210)87(Pg,t1,t5,t4)

A LA A A,
+sin? Tcos TSm—Z—cos > zPGGT(O t10)87(Pgytysts,ts)

LA LAy A A,
+cos? 7sm —2—sm—2—cos > tPGGT(O 120)87(Pg,t5,15,t,)

Ay A LA LA
+s1n—2—cos75m TSm 2 ——iPggr(0,to,21,t,)G(Pg,t3,)Gr(Pg,t43)
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A A

Y T TR L.
+sin“——sin——cos——sin —z—tPGGT(O,tm )81(Pg,t1,t5,t3)Gr(Pg,tys)

2 2 2

A A A A

. 2_1 .22 3
~+sin 2 sin > ) )
A A, A, A

2
+cos ) > 3 3
Y A, 2A2
+sm-—2—cos—2-cos ) )

A, A A, A

—Sin—icos—iPGGT(O, th )GT(PG’tZI )gT(PG’t2’t3’ t4 )
1 . . 3 A3 . 2
-——-sm——cos——sm——cosT(tPG) g1(0,t0,85,3,14)

. Ay A
—sm—-—cosT(iPG )gr(0,20,21,t3,14)

. 1 . 2 2A3 . 2
+sin——cos——sin—-cos——cos —2—(1PG) gr(0,20,t1,25,24)

2 2 2 2
. Al Al .2 AZ
+s1n7cos7sm 3 5

A, A, A, A

. AB A3 . 2
—sm——cosT(tPG) 87(0,20,21,2,)87(Pg,ty,t5,14)

L P S PO DU PPRg)
+sin®“——sin—=cos—-sin—-cos 3 (iPg)"Gr(0,t10)87(Pg,t ,t5,t3,t4)

2 2 2 2
A A A

. A 1. B 2. 585
+sin——cos——sin——cos——sin —2—(1PG) gr(0,20,21,85,83)G(Pg,t43)

2
A, A A, A,

. 1 . . A3 A3 . 3
+sm——cos—sm—-—cos—-—sm——-cos—2—(zPG) gr(0,20,21,25,23,84) . (22)

2 2 2 2 2

The general expression for

Pt ty,t5, ... t,,t)

can be written down by the following rules: Since each
collision is one of three (spin-flip, spin-nonflip, and
mixed) types, there are in total 3" possible ways of distri-
buting these three types among n collisions. Suppose a
term in

P(t,ty,t5,...,t,,t)

has m spin-flip collisions at
tFl’tFZ,tFJ, c s ey tFm

It can be seen that the m spin-flip collisions break the
time interval [0,¢] into m+ 1 distinct segments

(0,2, L.0tr s tp, s - - o5 2 52]

If there is no mixed collision between tpk_l and tFk’ the

time evolution during this particular time segment is
represented by G(Pcrtﬁk-tpk_‘)- If there are j mixed

collisions between tr,_, and tp, at by sty ey, the
- J

time-evolution function for this segment is

8r(Pestr, olytus - - - sty tr,) -

If the segment happens to be the first one, i.e., [O,tFl], the

quantity P in the time-evolution function is set to zero,
corresponding to the fact that muonium is formed with
its electron unpolarized at t=0. Form the product of the
m++1 time evolution functions and multiply by (iPg)¥,
where M is the total number of mix collisions from =0
tot.

Figure 1 shows a term in P(¢,¢,,...,%s,t), in which

[

two spin-flip collisions (— |«) take place at ¢, and t,,
two spin-nonflip collisions (-|-) at ¢; and ¢,, and the col-
lisions at #,,¢5,t6,t3 are of mixed type (-@-). Following
the procedure described above, one can write down this
term as

D BraBe 5B aBe s By
sin—-cos—=sin"— cos”—=sin”—=sin—

X cos—A—S-sinﬁcosﬁ(’—cos2ﬁ
2 2 2 2

. As AS 4
><s1n7cos7(iPG) gr(0,20,2,2,)

XGr(Pg,t4y)87(Pg,tsrts,tests,t) .

It should be noticed that this particular term is indepen-
dent of ¢; and ¢, (spin-nonflip collisions).

A

to (3] to t3 ts ts tg t7 tg t
. FIG. 1. This term in P(¢t,,t,,...,1s,t) represents two spin-
flip (long vertical lines at ¢, and ¢,), two spin-nonflip (short vert-
ical lines without a solid circle at ¢; and t,), and four mixed
(solid circles at t,, ts, ts, and tg) collisions corresponding to
the phase functions sin?(A;/2), cos’(A./2), and
sin(A /2)cos(A, /2), respectively, where t,=0 is the time of
muonium formation. Spin flips at ¢, and ¢, divide the time in-
terval [¢,t] into three distinct segments [24,2,], [£,,24], and
[t4,t). The first, second, and third segments contain, respective-
ly, one, zero, and three mixed collision corresponding to the
time-evolution functions g7(0,20,¢,,¢,), Gr(Pg,ts), and
8gr(Pg,t4,ts,t6,t3,t), where Pg in the first segment is set to zero.
This term does not depend on the times of spin-nonflip col-
lisions ¢; and T,.
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D. Statistical average

In order to obtain the statistically averaged polariza-
tion observed at ¢, the quantity

P(t),ty,t5,...,1,,1)

is averaged over all possible time distributions of
t,ty,t3, ..., t, for a fixed n, then over all possible n with
appropriate weights. Let f(f,...,t,,t) denote the
probability density that n collisions between =0 and ¢
are at t,,¢,,t3,...,t,. The average muon spin polariza-
tion observed at ¢ is expressed by the time-ordered in-
tegral [21]
0 t2 t3
=n§0 fo dt,fO dt, fdt flty, o ,t,0)

yt,t) . (23)

the quantity

XP(t,...

If the collision process is Markovian,
f(ty,...,t,,t) can be expressed by
[l oo, t,,0)

=S(t _tn )F(tn’nAI) tet F(t32)F(t21 )F(tlo) s (24)

P(1)= § e [ Pty [ ary
e | 1
At nt' - fot dr, fox dt, -

fdtT

3|

The symbol T ---

T[Py(t,,t,,t)]=P,y(2,t,,t) for t,<t,

t
) fodtnPn(tl,tz,...,

where the survival function S(¢) is the probability that
after a collision at =0 the particle undergoes no collision
until time ¢ and the collision time distribution

F(t)=—[dS(t)/dt] (25)

is the probability density that the next collision after t=0
takes place at ¢ [21]. The quantity S(z —¢,) in Eq. (24)
ensures that there is no collision after ¢, until time ¢, thus
limiting the number of collisions between =0 and ¢
strictly to n. It should be mentioned that each of n col-
lisions can be either of spin-flip, spin-nonflip, or mixed
type.

E. Spin exchange as a Poisson process

If the collision is Poissonian, the survival probability is
given by S(t)=exp(—At) with A=Agz+Ayr. In this
case, the quantity f(z,,z,, ... ,t,,t) is simply given by

flaty,

[18]. Therefore, the quantity P(¢) is expressed by

t,,t)=A"exp(—At)

t,,t) (26)

(1t oo sty,t)] . 27

] maintains the chronological order of the collision events in the integrand, for example,
and T [P,(t,t,,t)]

=P,(t,,t,t) for t,<t,. Since the quantity

exp(—Az)(A?)"/n! in the square brackets is the Poisson probability of having exactly n collisions between ¢, and ¢, the

quantity

P,,(t)=t—lnfotdtlfotdtzf(:dt3 .

fo'dt,,T[P,,(tl,tz,t3, R

1] (28)

can be regarded as the average muon spin polarization for a fixed number of collisions.

F. Poisson process in a weak transverse field

In low fields, where @, =w,;=w,, and c*=

ta)Mt

Gr(Pg,t)=1e ,

1 fwy,t
gT(PG’IO’tl»tz)——';{e M0

1 iwyry,

gT(PG’to’tl’tZrt:i):?e )

1 iwy,t
gT(PG’tO’tl’ PN ,tn)z_e‘mM n0

»

§i= 1, the quantities G (Pg,t) and g (Pg,t,t5, . . .,

t,) become

(29)

(30)

(31)

(32)

where w,,/2m=1.39 MHz/G is the precession frequency of triplet muonium and fast oscillating terms containing 4

and w4 are ignored [15,18].
one collision at ¢, as

P A A
1—1sin 2L 456 sin—tcos—

P(ty,1,)=1e M0
(t1,12)= 2 2 2 2

2

Similarly, Eq. (21) leads to

la.)Ml30

P 1
(t1,ty,t3)=1e 2 5 3

A P A A
1— sm —_— -%—t——Gsm——icos—l

By substituting these into Eq. (15), one obtains the muon polarization observed at ¢, after

(33)

1—1 282y Po o B (34)
sm 2 1 2 sm 2 CoSs 2 .
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In general, the muon polarization observed at time ¢t after N collisions at ¢,,t,, ... ,t, can be written down as

oyt . .PG . An An
P(tl,tz,...,tn,t)z%e M II 1—%sm2—2"—+t—2-sm—5—cos——2—

n=1
. P "
=l¢'m! 1~—;—<sin2—§—>+i—ic—<sin%cos%> , 35
where ( - - - ) means the average value of the quantity in the brackets. Since the quantity P(t,,t,,...,¢,,t) is indepen-
dent of ¢,,¢,, . . ., t,, the multiple integral in Eq. (26) simply gives ¢"/n!, leading to
0 n
P(t)=3 P(tl,tz,...,t,,,t)e*“(—“)—
n=0 n!
n
_gtomty-a g (A1) 1—i< ')+ 'P—G( nd A)
ze e 2 5 \sin" 5 ) Hi——{sinZcos 5
; A P
=1 foyt _— __i 1 A_ A)
Le 5 t |exp |i > M(sm 5 oS , (36)

where Agp =A(sin’(A/2)). The factor + in front accounts for the fact that only triplet muonium is observed. The ob-
served precession frequency and relaxation rate are expressed by

P
Wops =Wy + TG}‘<sin %COS%> Om + < ‘/kSF}”NF Y o
N (38)

where Eq. (37) defines the quantity (1 AgzAyg ) in terms of A and A.

G. Intermediate transverse field

In intermediate fields, where c2= =1 but 0,7 w,3, one obtains
Gr(Pg,)/=1[(1+Pg)e ' +(1—Pgle **'] (39)
gT(PG’tO’tl’t?.)=%GT(PG’t20) s (40)
gT(PG’IO’tl’tZ’t3)=;lz_GT(PG’tJO) ’ (41)
1
gT(PG,to,tl,...,tn)=?1’:GT(PG,tn0) . (42)

Direct substitution of these in Egs. (15), (21), etc., leads to

— 1, ot u 1 A PG A An
P(ty,ty, ... t,,t)=1e I |1—3(3—Pg)sin® —2—+1—2—s1n700s 5

iw. n A P A A
+1e' % [T 1—%(3+PG)sin2—2"—+iTGsin—5"—cos 2" ]

n=1

n=1

i P A
=1 io,t 1 A G < A >
=1le [l— 4(3—P(;)<s1n e} >+1~—2 snr—2 cos—-

iwut

(43)

P
+le l—%(3+PG)<sin2%->+i—G<sinAcosA>

2 2 2
It can be shown that all terms containing ?,,¢,,...,¢, can be ignored [18] in a field larger than B=30 G so that

(w3 —wyy)t >>1 at a typical observation time of, say, t=1 us. For the Poisson process, P(¢) can be calculated from Eq.
(26) as

had _a (A"
P(1)= P(ty,ty,...,t,,1t)e a (AT
n=0 n!
1 t(a)23 dw)t

1 i(w),+8w)t
Te

exp(—At)+4e exp(—Ayt) , (44)
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where the frequency shift and the relaxation rates are
given by

P A A
Sw= > k(sm > cos;)

P
=TG(\/7LSF}»NF)=—4G—A(sinA) :

(45)

(46)
A3 =Asp % !;i =3 1__(;‘M % f;i

(47)

H. Slow spin exchange in high fields

In high fields such that ¢=1 and s=0, the quantity
G (Pg,t) becomes

“1(034f

G (Pg,1)=1(1+Pg)e '+ 1(1—Pg)e (48)

If s=0, it can be shown that g;(Pgs,t,,t,,...,¢,) van-
ishes for all n (Appendix I). All terms containing
J

P= 3 ¢ ‘Sfxspf dty -

fotdthsF(t,,tz, ..
5 1 “Asptam—1¢ T\ [
+(iPg) 2 e Ase "V Asphyg) fo dt,
m=1
o t
+iPg)? T e " FAZTHY Rephye ) [ Tty -
m=2

© — JE— t
F(iPP S e SFARTNY Agrhnp)? fozau1

m=3
where Pgp(t,t,,...,t,,t) is a simple product of
G1(Pg,t)’s given by
Pop(ty, ... sty 1) =Gp(0,t10)G1(Pg, 15 )G(Pg,t3,)

X - Gp(Pg,t—t,), (53)
representing m spm flip collisions at t,,t,,¢3,...,¢,.

The quantity P(X)(¢,,t,,...,t,,t) in Eq. (52) contains all
possible permutations of time-evolution functions for k
mixed and m — k spin-flip collisions. For example,
Pgl)x(tl’tz’t3’t)
=g7(0,20,21,25,¢3)Gr(Pg,t —t3)
+87(0,20,21,2,)87(Pg,15,13,1)
+Gr(0,¢,

—10)87(Pg,t1,15,3,1) (54)
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t1,t,5,...,t, will be averaged to zero after integrations
[18]. Therefore, one obtains
P,(t;,ty, ... t,,t)
n
- 1—%(1——PG)<sin2-%> font

—-i(o“t (49)

+1
+3

l—%(1+PG)<sin2%>] e

Following the same procedure as in the case of an inter-
mediate field, one obtains

P(1)= éop,,(tl,tz, . ,t,,,t)e_}"(—};:'—)i

=1 Pexp(—Appt)+le “exp(—Ayt) , (50)
where the two relaxation rates are
Ap=Agr(1—P;)/2 and Ay=Age(1+Pg)/2. (51)

I. Spin-nonflip collisions in the Poisson process

If the collision process is Poissonian, the muon polar-
ization given by Eq. (26) can be simplified by integrating
out with respect to all spin-nonflip collision times (Ap-
pendix II). The result can be written down as

s bmst)
fdt P (2,15, oo tst)
fdt PR (t1,t5, ... t,,1)
fdt PR (t,ty, ... tyyt) (52)

(a)

e
R
e

to t to t3 t

(b)

(c)

FIG. 2. The quantity P2 (t,,t,,¢5,¢) in Eq. (54) contains
three terms (@) gr(0,t9,t1,t5,t3)Gp(Pg,t —t3), (b)
87(0,20,21,22)87(Pg,t2,13,1), (€) Gr(0,t;—10)8r(Pg,15t2,13,1)
representing all possible sequences of one spin-flip and two
mixed collisions.
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corresponding to the three diagrams in Fig. 2.

If P;=0, P(2) for the Poisson process is independent
of Ayg. For P70, however, the average muon spin po-
larization P(t) depends not only on the spin-flip rate but
also on the spin-nonflip rate. As a consistency test, it is
interesting to work out Eq. (52) for a weak transverse
field. Using Egs. (29)-(32), one can express

— m! 1 olom!
kWm —k) 2m+1

Then, Eq. (52) will become

PR (21,5, ..y ty,t) (55)

P(z)=ﬂe"‘””2
2

(iPs)! !

x |1+ 1‘: —;—(VASFANF>
WP (¢, ~—— )
T [E<‘/}‘SF)"NF>
(iPG)3 t 3
T E(\/ A’SF)"NF> + > (56)

leading to the same result as Eq. (36).

J. Fast spin exchange

If the collision rate is much faster than the hyperfine
frequency such that w4 <<1 and w34t <<1, the quantities
hiy(8), hys(t), and g4(Pg,t,t,, ... ,t,) Will vanish (see
Appendix I). Therefore, the quantity P(t,,t,,...,%,,t)
contains no mixed collisions. In this case, one can calcu-
late P(t) by the first term of Eq. (52). It has been shown
[17] that the relaxation rate and the precession frequency
are related to the real and imaginary parts, respectively,
of InGr(Pg,t) by

Aoww=—Asp [ dt Agpe “rsF'ReInG(Pg,t),  (57)
o= —Agr [ "dt Aspe M InGp(Pg,t) . (58)
Using
RelnGT(Pg,t)=1nA (PG’t)
and
Im lnGT(Pg,t)=¢(PG,t) ,

with Egs. (17) and (18), one can calculate A, and @, in
the same way as described in Ref. [17]:

2 2
® —Agpt 0y 1 1—Pg
Agps=—A dt Agre  FIn| A (Pg,t)|= + , (59)
o= ~se [t A 4 Pe0l=45 1+(1+x2)0§/Asr  1+ap/A3p
= ® —Asrt - ® “Aspt -1 “o
a)obs—-—kspfo dt Agre ¢(P6,t)——-co_+7xspfo dt Agre tan” |§tan |Qt +7t
—hgr [ “dt Agre "F'tan™! | Pgtan | 2 (60)
0 s 2

III. DISCUSSION

Equations (37) and (45) show that in a weak or inter-
mediate field, the precession frequency is shifted by an
amount proportional to P;(sinA). Thus, the frequency
shift will vanish, if the collision is purely of spin-flip type,
sin’(A/2)=1, or purely of spin-nonflip type,
cos’(A/2)=1. While the relaxation rate in a weak field is
not affected by the polarization of the medium, the two
relaxation rates in an intermediate field depend on Pg. If
P; =0, the quantities A, and A,; reduces to 3Agz /4 with
the characteristic factor 3 of intermediate fields [18,19].
For P;7#0, one can determine both Agr and Py from A,
and A,;. Suppose the phase shift A varies drastically
from one collision to another so that A is distributed uni-
formly from zero to 2w. Then, the frequency shift will
vanish, because the average value of sinA is zero. In this
case, one can see from Eq. (3) that Agp=Ay=A/2. If,
on the other hand, A is relatively constant, Eqgs. (45)-(47)
allow one to determine the phase shift A including its
sign, the encounter rate A, the polarization of the spin-
exchange medium from the measured values of A,,, A,3,
and dw.

—

If spin exchange is much faster than the hyperfine fre-
quency, the spin-nonflip rate plays no role in spin dynam-
ics, because all the mixed collision terms vanish (Appen-
dix I). Still, the precession frequency and relaxation rate
depend on P;. The first two terms of Eq. (60) agree with
the result in an unpolarized medium [17] and the last
term can be thought of as a frequency shift due to addi-
tional field caused by the medium polarization. In the
limit of extremely fast spin exchange Agy— o,
the quantity o, given by Eq. (60) approaches
Wgps= T, —woPg/2, where w,/2m=0.0136 MHz/G is
the precession frequency of the positive muon. If P; =0,
this result will reduce to the known case of “quantum
back swing,” @q,s= +®,, where the muon spin in muoni-
um cannot follow fast electron flips so that it will precess
as if it were in a diamagnetic environment [16,17,20].

An equation similar to (52) is also valid for longitudinal
fields. Mixed terms in longitudinal fields oscillate rapidly
typically at frequencies comparable to the hyperfine fre-
quency so that the effects of the spin-nonflip rate is aver-
aged out in slow spin exchange [22]. In the limit of fast
spin exchange [21] the mixed terms in longitudinal fields
also vanish for the same reason as in transverse fields. It
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should be mentioned that Turner, Snider, and Fleming
[23] briefly discussed muonium spin exchange in polar-
ized media using a Boltzmann-equation approach
without giving concrete expressions for experimentally
observable quantities.

Equation (52) shows that if the process is Poissonian
and P; =0, the spin-nonflip rate has no effects on spin
dynamics. If the collision process is not Poissonian, how-
ever, this seemingly obvious statement about the spin-
nonflip rate is not true even for P; =0. As a concrete ex-
ample of a non-Poisson process, it is assumed that the
survival probability is a linear function of time:

ift<r

“lo ift>r, (61)

1—t/r=1—M\t
S(t)
which can be regarded as the first two terms of
exp(—At)=1—At for At <<1. The probability density
that a collision takes place at ¢ is
J

__ldsw | _ 1/7=A ift <7t
Therefore, the time distribution function

Sin(t1522,t3, . .., 1,,¢) can be written down from Eq. (24):

Siinlt1st, oo styyt)

=F(t;g)F(ty), ..., F(t, ,_)S(t—t,)

t—t,

(63)

1
T T

For the sake of simplicity, it is assumed that the field is

weak and P; =0, where the quantity P(¢,¢,,...,t,,t)is
given from Egs. (15), (21), (22), etc., as [15]
Plti,ty, ... t,00=1e ™1~ 1LsinX(A/2)]" . (64)

Using this in Eq. (23), one can work out P(z) for ¢t <t as

n
— 1 om |12 A 2 B[y LT
PO=3"™" 3 {1 peintos | [ Cde [ Cdey e [dn— 1= —
- A n 1 n 1 n+1
—1 ioyet l—l . 248 R i N S —t_
e 2 [ AN I T P B PRy
.y daggt A—3Aspexp[(A—3Agp)t] 65)
¢ A—hsr

The quantity in the square brackets in the last expression, which represents the relaxation of the muon spin, explicitly
contains both Agr and Ayg. It should be mentioned that if Ay =0, the muon polarization shows no depolarization re-

gardless of A .

In order to understand the effects of Ay on P(¢) more intuitively, it is instructive to investigate the time distribution

function for spin-flip collisions only, which can be written as

. 2 A
Fope(=F (t)sin® 2+ [ 'dt,F(1 1

t
+f02dt1fo‘dz2F<t—t2>F(t2 t)F(t))

B néo fO’Zdt‘ fsdl‘2 o

The term with m =k in the summation represents the
case where the first k collisions are of spin-nonflip type
and the first flip takes place at the (k-+1)th collision.
One can obtain the survival function against spin-flip col-
lisions S¢p(¢) by integrating Eq. (66) with respect to ¢ and
using the initial condition that S¢z(0)=1. The quantity

Sfselty, ..., t,,t) for spin-flip collisions is now expressed
by
Sse(ty, oo t,,t)

=8sp(t —t,)Fgp(t, , 1)+ Fsp(ty )Fsp(tyg) .

67)

If the collision process is Poissonian with a survival func-
tion (survival against any collision, spin flip and spin

DF (1, )cosz—%sin2A

cos? 24
2

fO'dt,,F(t—t,l) I F

P A
22
Sm 5
A A
tm,m_l,cos —2—sm27 . (66)

f
nonflip) S (#)=exp(—At) with A=Agz+Ayr, Eq. (66) can
be summed up in a closed form as

FSF(t):exp( _-)\‘SFt)A'SF .

Therefore, both Sgr(¢) and fgp(t,¢,, ...,
dependent of the spin-nonflip rate.

In the case of linear survival, as an example of non-
Poissonian processes, one can use Eq. (62) in Eq. (66) to
derive the time distribution of spin-flip collisions for
t<T=1/A:

t,,t) are in-

., A A . ,A 2 LA . ,A
Fyp( T)=ks1n2-?+}»2t cos27s1n27 +L3Ecos 5 sin =

3
+A4t—cos6—é—sin2A+ s

37 008 5 sin’ =Agre ™. (69)
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Thus, the survival probability and fge(t,,...,t,,t) for
the linear decay are
Sep()=[14(Agp /Ayp)]— (Agp /Anple V", (69)

Fspltiy o osty,)
= Azpe M 14 (Agp /Agp (1 —e W )]
(70)

The time distribution function for spin-flip collisions does
contain Ay, i.e., it is necessary to specify both Agz and
Ay to characterize the time distribution of spin-flip col-
lisions.

The effects of Ayr on the spin dynamics has recently
been investigated numerically [21] for survival functions
of the form S(¢)=exp[ —(At)"], where P(t) is found to
become Ay independent only for =1. Furthermore, in
order that the quantity P(¢) does not depend on the
spin-nonflip rate, it is essential that the process be sto-
chastic. If the process is deterministic and chaotic, P(t)
is still affected by the spin-nonflip rate, even if the sur-
vival function is exponential [21].

Spin exchange during the slowing down of muonium is
an example of a non-Poissonian process. Since the veloci-
ty muonium v (E) and the collision cross section o(E) are
time dependent during slowing down, the collision rate
A~o(E)(E) is also time dependent. The survival func-
tion for this case is given in terms of the number density
of the gas n as

S(1)=exp[— fotnv(E)o(E)dt] , (71)

which is, in general, not simple exponential with respect
to t. Other potentially non-Poissonian processes include
the case where muonium repeats trapping, detrapping,
and diffusion in solids and the case of spin exchange in
high-pressure gases or in liquids, where intercollision
times, if they can be defined at all, become comparable
with the duration of a spin-exchange encounter.

IV. CONCLUDING REMARKS

Relaxation rate and frequency shift measurements of
the two-frequency muonium precessions in a spin-
polarized medium will provide (1) a simple method to
determine the electron polarization of the media and (2)
unique insight into the encounter rate with paramagnetic
species and the phase shift due to the potential energy
difference between electron-singlet and -triplet en-
counters, and thus into the spin-flip and spin-nonflip
probabilities. The effects of the spin-nonflip rate on the
relaxation rate and frequency shift are discussed in the
Poisson as well as in non-Poisson processes.
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APPENDIX A: TIME EVOLUTION WITH MIXED COLLISIONS

81(Pg,to,t1,12)=3(1+Pg)hyp(t10)h (25 + (1= Pg dhs(t19)h3(ty)

8r(Pgstostistyt3)=3(1+Pg)hp(210)815(251 VA5 (235) + (1= Pg)hy3(210)823 (25 Jhs(23;)

8r(Pgstostistytssty)=3(14+Pg)hp(t10)815(251)815(25;)h 5 (243)

+ (1= Pg)hy;3(t10)823(251 )83 (135 A3 (243)

gT(PG7t09t1)t2’ L

2t ) =31+ PR (10)812(821) 1oty —y w—2)h 1ty 1)

+3(1=Pg)hy3(210)823(t51) - * " 823ty _1,n—2)p3(ty 1) »

where the quantities /,(2), h,3(2), g,,(¢), and g,3(2) are defined as

o
o (t)=cs(e 12 —e"“19")

iyt —iwq,t
h23(t)=cs(e @23 —e 34

),

iw,t it
gn(t)=s%e 2 +cZe ¥,

iw,,t —iwqy,t
g.(t)=c%e P +s%e

At high fields x >>1, where c=1, s=0, h,(¢)=0, and h,;(¢)=0, the quantity g;(Pg,tp,t;,t,, -

.., t,) vanishes for all n.

APPENDIX B: SPIN-NONFLIP COLLISIONS IN THE POISSON PROCESS

In order to prove Eq. (52), the integrals with respect to all spin-nonflip collisions in Eq. (26) are explicitly carried out.
First, it is shown that all the terms without mixed collision will collapse into the first term of Eq. (52) after the integra-
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tion with respect to all the times associated with spin-nonflip collisions. For the sake of simplicity, G1(Pg,t) is simply

written as G (¢) in this section.

First, it is useful to arrange Eq. (27) according to the number of spin-flip collisions. Let us consider terms with m

spin-flip collisions in P,(¢,,t,, . ..
pick one particular term in which collisions at ¢,,¢,, . . .,
spin-nonflip type. Such a term in Eq. (26) is

sinZA

G(t—=1,)G(ty 1) G (23)G(13)G (£10)

Here it is assumed that A;=A

- =A, =A. Since this term does not contain ¢,, ;. {,¢,, +2, - - -

,ts»t), where the total number of such terms in given by n!/[m!(n —m)!]. Let us

 are of spin-flip type and those at ¢,, , ;,¢,, 45, ..., 1, are of
A n—m
2
cos“— Bl
> (B1)

, t, explicitly, the in-

tegrals with respect to these variables from O to ¢ simply give a factor t” ~™. It is easy to see that all n!/[m!(n —m)!]
terms with m spin-flip collisions will lead to the same quantity after the time integrals. Therefore, Eq. (28) can be

rewritten by

_ 2 n! - z_A
P, (= mzz'om!(n —m)! sy

x [t [ dr, [ dty -

Using this result in Eq. (27), one obtains

e Aaet)" ™™ Ag)
M [ [ dn [y -

cos”——
2

tm

P(t)= 2 2

n=0 m=0

fo'dtmT[G(t ~1,,)G (L 1)

[ a1, TG

G(t,)G ()] . (B2)

(t —=1,,)G (L 1) "= G(2)G (1yg)] . (B3)

If the summation over n is carried out first for a fixed m, one obtains

w Apt) "

—At ANFE_ TAspt
)' e e .
(n—m)

(B4)

This is the crucial step of the argument, where the quantity A, drops out of the expression. Thus, P(¢) is expressed in

terms of Agr by

—agpt (Agpt)™

t’"fd fdt2

X —Agpt )
zze SFlgan dtl"‘
m=0 0

m!

P(t)= i I
m =0

[ a1, G

: fo’dzmT[G(t —1,)G (L 1) " -

_tm)G(tm,m—l) G

G(151)G (t19)]

(ty1)G (t1g) . (B5)

The same argument can be applied to prove other terms in Eq. (52) with mixed collisions. For the (k+ 1)th term of Eq.

(52) which contains k mixed collisions, Eq. (B5) will become

d —rept (Agpt)
(iPg)* 3 e AS"'——Sﬁ——] IAtsm—cos—A— fdtlf dt, - fdt T[PK (t),... tm0)]
m=k
=(iPg)c 3 e“‘Sf'x's";k(x/xﬁxw)kfoZdtl [t P&, ) . (BE)
m=k
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