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Relativistic ionization rates and related phenomena are calculated for ground-state hydrogen atoms in

the presence of a circularly polarized electromagnetic field. A Dirac formalism is used, with spin effects

fully included. A primary purpose of this work is to explore the effects of relativity on atomic strong-

field stabilization. A wide range of frequencies is covered, and in all cases relativistic effects first dampen

the stabilization phenomenon as the field intensity increases, and then strongly enhance it in the intensity

domain where the ponderomotive potential exceeds the electron rest energy. Relativistic effects can pro-

duce major changes in the photoelectron energy spectrum, but perhaps the most easily observable effect

is the major shift that can occur in the photoelectron angular distribution.

PACS number(s): 32.80.Rm, 32.90.+a, 42.50.Hz

I. INTRODUCTION

In previous work [1] the strong-field approximation
(SFA) method was used to derive a Dirac transition-rate
expression for ionization of a relativistic hydrogen atom.
Results for transition rate, and for photoelectron angular
distribution and spectrum, were provided for several fre-
quencies. These results demonstrated the onset of relativ-
istic effects by comparison with the nonrelativistic limit.

In this paper the relativistic domain has been systemat-
ically explored over a broad range of frequencies from the
infrared to the far ultraviolet (or soft x ray). In doing so,
we take advantage of the property of the SFA that it ap-
plies to all frequencies. We explore as well a very wide

range of field intensities, in view of the increasing reliabil-

ity to be expected of the method as the kinetic energy of
the emitted electrons becomes increasingly dominant
over the binding energy of the atomic potential. The
foundation for these basic properties of the SFA is re-
viewed in brief in Sec. II.

Advances over the results given in [1] stem from
heightened appreciation of the range of applicability of
the SFA which has followed mostly from studies of sta-
bilization [2] within the SFA and also from work on the
effects of atomic state on photoionization [3,4] and of the
inAuence of laser pulse shape in time-dependent ioniza-
tion profiles [5]. In addition, improved computational al-

gorithms and better computing facilities have made possi-
ble major extensions of the range of frequencies and in-
tensities available for study. In this latter sense, our work
takes on some of the character of "numerical experi-
ments" as exemplified, for example, by the direct integra-
tion of the equations of motion undertaken by Kulander,
Schafer, and Krause [6], or the corresponding one-
dimensional calculations of Eberly et al. [7]. Calcula-
tions for several frequencies have been extended to the

extreme relativistic domain to show how relativity affects
the intensity dependence of the ionization rate in general,
and the stabilization phenomenon in particular. Also
shown are relativistic effects on the angular distribution
and on the spectrum of the photoelectrons. Two types of
results are especially dramatic. One is a sharp reduction
in the total transition rate from nonrelativistic rates when
the relativistic domain is fully entered. This constitutes a
strong enhancement of the stabilization effect [8—10,2] in

circularly polarized light. The other is a major shift to-
ward the forward direction of the angular distribution of
the photoelectrons.

It is found as well that, in the transition region between
the intensity at which stabilization sets in, and that at
which the problem becomes unquestionably relativistic,
there is a range of intensities in which relativistic effects
reduce (rather than enhance) the tendency towards stabil-
ization. Also shown is a significant broadening of the
photoelectron spectrum as a consequence of relativity.

We note that the formalism employed here is in a fully
four-dimensional Dirac matrix space, so that our transi-
tion amplitude necessarily involves couplings to negative
energy states. Since the theory is also nonperturbative,
our final transition probabilities inherently include sum-
mation over all possible virtual electron-positron pair-
production processes. The S matrix we evaluate is that
for production of an ionized atom in the final state, with
no physical electron pairs present. Plans for the future
include treatment of the problem where electron pairs
can exist in the final state.

Although the present work is stated in the simplest
possible terms —monochromatic applied field, hydrogen
ground state as initial state —these constraints stem sim-

ply from the fact that new ground is being explored and
we wish to avoid needless complexity. The SPA method
allows for the rigorous introduction of arbitrary temporal
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shape of the laser pulse, and one can also introduce ap-
proximate means to represent any spatial and temporal
shape of a laser pulse. With respect to initial atomic
states, exact Dirac solutions are known [11,12] only for
pure hydrogenic states, and they grow increasingly com-
plicated as the quantum numbers increase. It is appropri-
ate here to avoid adding confusing detai1 to an already
complex calculation.

II. REVIE%' OF THE THEORY

The convenience and accuracy of the SFA stem from
the use of an S matrix which correctly represents labora-
tory boundary conditions in strong-field ionization; the
utilization of this S matrix in time-reversed form, so that
most of the atomic information for photoionization is
placed in the initial state; the property of the time-
reversed S matrix that the initial bound state of the atom
is employed in a form free of the field (and hence is well
known); and from the presumed dominance of the laser
field in the final state. This presumption becomes more
accurate the more completely this final state is dominated
by the strong electromagnetic field. Unlike perturbation
theory, the SFA improves as the electromagnetic field be-
comes stronger. The foundations of the SFA are now re-
viewed.

The SFA is based upon an S matrix whose exact ex-
pression is well known. It is most familiar in a nonrela-
tivistic context, and so this will be employed first for di-
dactic purposes. If a system is initially prepared in a
state free of the transition-causing field, and the final
products of the interaction are detected in a region which
is also free of this field, then the "asymptotic" states are
described nonrelativistically by the equation of motion

field atomic ionization is one in which the boundary con-
ditions connected with Eq. (4) are entirely appropriate.
The problem is that 4,. is diScult to approximate in view
of the fact that, in a bound state of the atom, neither the
atomic field nor the external laser field can be said to be
the dominant influence when the laser field is very in-
tense. For problems in strong-field ionization, it is thus
useful to employ the time-reversal symmetry of the
quantum-mechanical equations of motion to replace Eq.
(4) with its time-reversed equivalent,

(S—1)f;= i fdt(—%'f, Hi@, ), (6)

where 4f is that solution of Eq. (2} which satisfies the
asymptotic condition

Equation (6) is also exact, with the same provisos that
applied to Eq. (4). However, 4f refers to an atomic state
with the electron ionized. If the field is very intense, and
the photoelectron emerges with kinetic energy larger
than the atomic binding energy, then the influence of the
laser field may be said to be dominant over that of the
atomic field, and one can find a suitable simple analytical
approximation for 4f. Furthermore, Eq. (6) places the
principal dependence on the atomic potential in the
noninteracting atomic state 4;, which, in principle, is
known with excellent accuracy. Equation (6) then pro-
vides sensitive information about the influence of atomic
state on photoionization [3].

The strategy employed in the relativistic SFA is to
start with the relativistic version of the time-reversed S
matrix, Eq. (6),

(iB, Ho)4=0, — (5—1)f;= i fd x—+feA„y"4, , (8)

(i c}, Ho Hq )4=0—, — (2)

where 8, :—8/Bt and "natural" units with R=c=l are
used. In the case of an atom, Ho contains the kinetic-
energy operator as well as the atomic potential. When
the external electromagnetic field is present, the equation
of motion is altered to

where standard relativistic notation [11] is employed, 4;
is now a solution of the Dirac equation

(i y"8„yV —m)4=—0

in place of the Schrodinger equation (1), 4f satisfies the
Dirac equation

where (i y"r}& ey" A& yV —m)—%=0— (10)

Hr= —e A ( iV)/m+—e A /2 . (3)

Given a physical situation in which A in the Hz of Eq.
(3) goes to zero outside a limited region of interaction,
then Eq. (4) is exact as long as the wave functions @f,4;
are known exactly. The situation pertaining to strong-

The transition amplitude for the transformation from an
initially noninteracting state 4; to a particular final
noninteracting state 4f is given by the Smatrix

(S—1)f, = i fdt(@f—, Hi%', ), (4)

where 4,. is that solution of Eq. (2) which satisfies the
asymptotic condition

lim

in place of the Schrodinger equation (2), V is the atomic
potential, and ey" A„ in Eqs. (8) and (10) plays the role of
Hz in Eqs. (6) and (2).

For Eq. (8), as with Eqs. (4) and (6), the expression is an
exact transition amplitude as long as the 4, 4, and A„
used within it are exact.

In applying Eq. (8) in the context of the SFA, we start
with the fact that exact solutions are known [12,11] for
the relativistic equation of motion (9} for the hydrogen
atom. Thus, in the strong-field problem, we start with
complete knowledge of that part (N, ) of Eq. (8) which
contains most of the atomic information. Then two ap-
proximations are made. One (in principle not necessary}
is that the laser pulse is relatively long, and so mono-
chromatic solutions will be used for 4 rather than the
pulse-shape-dependent solutions nominally required for
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Eq. (8). This is not a serious approximation as long as the
laser pulse is longer than about ten wave periods [13].
Furthermore, we note that the physical boundary condi-
tion that the laser pulse goes to zero at asymptotic times
is autoinatically enforced by the use of Eq. (8). The
second approximation that is made is that the combined
kinetic energy and ponderomotive energy of the emergent
photoelectron is so much greater than the binding energy
of the atom that one may neglect the inhuence of the
atom on the state of the ionized electron. In support of
this assertion, one may refer ahead to Figs. 6—8, showing
spectra of photoelectrons at several intensities. All these
figures are for a frequency (in atomic units) co= —,', for ion-
ization of ground-state hydrogen with binding energy
Ez= —,

' a.u. The spectrum in Fig. 6 begins at 3.25E&,
peaks at 4.75E~, and extends to about 8E~. For Fig. 7,
the corresponding numbers are 325E&, 375E~, and

430E&. In Fig. 8, the comparable numbers are in the
neighborhood of 38000E&. Plainly, the behavior of the
photoelectron is totally dominated by the fact that it ex-
ists after ionization in the laser field. The effect of the
atomic field is very small. The SFA then replaces the

completely interacting state 4 by the Volkov, or
Gordon-Volkov, solution [14,15], the exact solution for a
charged particle in the presence of a plane-wave elec-
tromagnetic field.

In support of the accuracy of the SFA for very intense
fields, one can cite the fact that exactly correct analytical
forms are obtained in the tunneling limit [13,16], and ex-

cellent agreement is obtained in comparison of the SFA
with ion yield measurements [17,18,3,19] carried out at
intensities sufficiently high for the SFA to be applicable.
With respect to tunneling behavior, the SFA approaches
exactly the dc limit [16] when the tunneling conditions

z, »1, F «F, are satisfied, where I' is the amplitude of
the laser electric field and Fo is the internal atomic field.

In this sense, the SPA also agrees with results obtained

by Dorr, Potvliege, and Shakeshaft [20].
We remark further that several putative "tests" of the

SFA [21—24] that find a lack of agreement are, in fact, all

based on experiments conducted at intensities one or two
orders of magnitude below the nominal requirement of
zi »1 for the validity of the SFA [17],where the intensi-

ty parameter z, is defined and discussed in Sec. III. Fur-
ther experience with the SFA will undoubtedly refine the
simple condition z, »1. For example, results with circu-
lar polarization are less demanding than those with linear
po1arization, total-ion-yield experiments may be less

demanding a test than spectral distributions (where the
first few spectral peaks may not be accurately rendered
even though the more energetic part of the spectrum is
accurately treated [25]), and so on.

For future reference, we make note of the fact that
there is disagreement in the literature in the way the A
term is treated in the formalism for transition probability.
This is the underlying reason for the fact that some treat-
rnents of atomic stabilization at high frequency and very
high intensity find the process always to be dominated by
single photon absorption [10,26], whereas our treatment
predicts "channel closings, "where the minimum number
of required photons indexes upwards as the intensity in-

creases, for high field frequencies as well as for low fre-
quencies. We regard the formalism employed here as a
strong argument for our view (other arguinents are given
elsewhere [27]), but the resolution of the confiict has yet
to be achieved.

III. INTENSITY PARAMETERS

Three intensity parameters will be introduced here
with minimal discussion. They are described in detail in
Ref. [17]. The first, z„provides a measure of the lowest
intensity for which the SFA is valid, and is defined by

z, =2U~/Es .

The ponderomotive potential of the electron in the ap-
plied electromagnetic field is U, and the field-free bind-

ing potential of the atom is E~. For circularly polarized
light the SFA becomes valid for z, »1, which indicates
the point at which the potential energy of the electron in
the applied field becomes comparable to the binding ener-

gy of the atom. The second intensity parameter, z, is
defined by

z —= Uz /fin, (12)

where %co is the energy of a single photon of the applied
field. The condition z (1 is a necessary condition for the
validity of perturbation theory [13,17]. By contrast, in
the numerical examples done here, z »1 generally, and is
as large as z=10. The final intensity parameter, zI,
determines when relativistic effects are important. It is
defined by

z&=—2U /mc (13)

The denominator, mc, is the rest energy of the electron.
When zI & 1, the ponderomotive potential due to the elec-
tromagnetic field exceeds the electron rest energy, and a
relativistic formulation is unquestionably required. In
Eqs. (12) and (13), A' and c, nominally equal to unity in
natural units, have been restored for expository clarity.

Table I contains the six frequencies used for these cal-
culations. Intensities at which each of the intensity pa-
rameters takes on a value of unity are provided for each
frequency. In the final column are the intensities (I „)
where the peak ionization rate is predicted by the calcula-
tions. The Table indicates that this maximum ionization
rate occurs in, or at the edge of, the domain of the SFA,
but well below the relativistic regime (that is, z, & 1 but

z& «1).
By exploring the intensity regime up to and beyond

z&=1, the calculations provide insight into the behavior
known as "stabilization. " Perturbative behavior is such
that the ionization rate always increases with intensity.
Stabilization refers to the behavior when the ionization
rate peaks and subsequently declines as the intensity in-
creases. Our calculations provide information on the
inhuence of relativity on stabilization.
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TABLE I. Frequency-dependent intensity (in atomic units) for which the intensity parameters are

unity and for which the peak (i.e., the maximum) ionization rate occurs.

Frequency

(a.u.)

1

128
1

32
1

8
1

2

Wavelength

5.83

1.46
0.365

0.0911
0.0228
0.00570

z=1

2X10
1.2X 10-'
7.8X 10-'

0.5
32

2000

Intensity (a.u. ) at which

z1=1

6X 10-'
9.8X10-'

0.016
0.25

4
64

zg =1

2.3
37

590
9300

1.5X 10'
2.4X 10

(a.u. )

0.087
0.091
0.16

0.69
17

1700

dW 2(earn) ~ ("a+"s+"c}
m.(Z/ao) „m [1+(pao/Z) ]

(14)

where definitions of the key variables are given below.
The quantities m and e are the mass and charge of the
electron, and Ze is the nuclear charge. The parameter a

I

IV. FORMALISM

The transition amplitude stated in Eq. (8) has been ap-
plied in Ref. [1] to the calculation of a fully relativistic
differential transition rate for the ionization of ground-
state hydrogen. The result is

is the amplitude of the vector potential of the applied
field. Equation (14) follows from a Dirac treatment of the
problem, including bound states, unbound states, and in-

teraction terms. Hence, spin effects are included in full.
The stated differential transition rate comes from per-
forming an average over initial spin states of the electron,
and a sum over final spins.

The momentum parameter p is

p =(neo r}co E—s )'i —(2m+neo rico E—s }'i— (15)

where r}= (ea) /4p k, co is the field frequency, and
p=p —(n —r})k.

The u quantities are

2

=-'P[[J.+ (0)]'+[J.—(g)]'] ——1 & + —+1 &+ ~&cos8
m m

pao
PJ„+&( g)J„,( g—)y(Pmao )

Z

2 . 2

Qvsin 8,
m

(16)

con P
ug =

2m

2
pao mao E N

2py —+(n —ri)——2~cos8 SV+pzV2
Z Z m m m

(17)

zP[J„(g)]
uc=

m 2(E/m —p cos8/m)

2

7+9+& (18)

where ao is the Bohr radius and

P:—(1—y)/Za,

y
—

( 1 Z 2~2)1/2

(1+y}[r(y}]&22~r—&i [1+(Pao/Z) ]

r(1+2y) (pao/Z)'
2

(19)

(20}

(21)

pao
y=y arctan

Z

'@=sing+ (pa 0/Z)cosy,

V=y(pao/Z)cosy —[1+(1+y)(pao/Z) ]sing .

(25}

(26)

(27)

y Q
pao

P V
Z

pa 0&=2y(Pmao)
2

~cos8 —(n —g)—Vlv,
m m

(22)

(23)

(24)

The 8 which appears in the above is the angle between
the direction of propagation of the laser field and the an-
gle of emission of the photoelectron, while a is the fine-
structure constant.

The nonrelativistic limit of this differential transition-
rate expression is found in Ref. [1]. It is identical to the
nonrelativistic expression derived using the SFA method
and solutions to the nonrelativistic Schrodinger equation
as shown in Ref. [13]:
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r

d 8' 8m.

d 0 6) Q7

5/2 1/2(n —z E—s Icy)
X

(n —z)2
0

where

(=2(n —z Es—/a))'~ sin0 .

12
10

10-~ 10

I
8;

106$

c
~
0

10lg
N

~~
() 4-C

10

V. RESULTS AND OBSERVATIONS

~ ~

The ionization rate is shown in Fig. 1, where relativis-
tic results are represented by solid lines and nonrelativis-
tic results by dashed lines. The curves are terminated at
a lower bound of intensity determined by the point at
which z&=1. This is less than the nominal value of
z&

~ 10 for which the SFA is applicable, but it is done to
improve the visibility of the maxima in the rate curves in

Fig. 1, particularly in the neighborhood of co=1. Note
th t the maximum ionization rates occur for intensities
which are well represented by the nonrelativistic limit.
Relativistic effects begin to be noticeable when zf is only

about 10, where the relativistic rate begins to become
larger than the nonrelativistic, reaching about twice t e
nonrelativistic rate, after which it again recedes towards
nonrelativistic values with a further increase in intensity.
A result of special significance is that, as the field intensi-

ty increases still further, the ionization rate then declines
precipitously in the extreme relativistic regime.

F' ure 2 is an expanded view of the high-intensity re-igure
hgion for four of the frequencies. The intensity at whic

zf =1 is identified for three of the curves. Of particular
interest is the rapid decline in ionization rate for zf & 10.
According to these predictions, the atom becomes very
stable for high intensities.

Reference [1] provides a simple approximation for pre-
dicting the location of the peak in the relativistic angular
distribution of emitted electrons. (The nonrelativistic dis-

tribution will always be centered about 90'.) The approx-
imation is based on consideration of the photon momen-
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FIG. 3. The differential transition rate (1/s) as a function of
the angle of emission of the photoelectron as measured from the

direction of propagation of the beam, for a frequency of —,
' a.u.

The intensity is 0.059 a.u. corresponding to zf ==10 . The solid

line represents the relativistic calculation, and the dashed line

gives the nonrelativistic limit.
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FIG. 2. Expanded view of the highest intensity part of Fig. 1,

exhibiting four of the frequencies. The intensity value at which

zf =1 lies on this figure for three of these frequencies, and is so

labeled. The solid lines represent the relativistic calculation,

and the dashed lines give the nonrelativistic limit.
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FIG. 1. Ionization rate {1/s) as a function of intensity {a.u. )
1-for six frequencies. The solid lines represent the relativistic ca-

culation, and the dashed lines give the nonrelativistic limit.
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FIG. 4. The differential transition rate {1/s) as a function of
the angle of emission of the photoelectron as measured from the

direction of propagation of the beam, for a frequency of —,
' a.u.

The intensity is 5.9 a.u. corresponding to zf =z =10 . The solid

line represents the relativistic calculation, and the dashed line

gives the nonrelativistic limit.



50 STABILIZATION IN RELATIVISTIC PHOTOIONIZATION. . . 1849

ge 6x10

I
CO

K
aO 4X10

~~
~~
COc
CO

I- g
2 X10

lO
~~
cI

0.O
60 70 80

Angle from Beam Direction (deg)

I
I
I
I

I
I

I

t
I

I

I

I

I

I

I

I

I

I

I

I

I
I

I

I
I

I
I

2O
VI
~+ 15

C0~ 10
tAc
CO

5

9x10--

9
xto -.

gx10--

g
x10 -.

0.0

1200

9
25 x10

1400 1600

Photon Order N

FIG. 5. The difFerential transition rate (1/s) as a function of
the angle of emission of the photoelectron as measured from the
direction of propagation of the beam, for a frequency of

8 a.u.
The intensity is 590 a.u. corresponding to z& =1. The solid line
represents the relativistic calculation, and the dashed line gives
the nonrelativistic limit.

FIG. 7. The energy spectrum of the photoelectrons as given
by the total transition rate as a function of the number of pho-
tons that participate in the ionization process, for a frequency of
—,
' a.u. The intensity is 5.9 a.u. corresponding to z& =10 . The

solid line represents the relativistic calculation, and the dashed
line gives the nonrelativistic limit.

turn absorbed by the electron. The peak is displaced for-
ward from the perpendicular to the beam direction by the
angle

8& =arctan(z) /2) . (29)

Three angular distributions for a frequency of —,
' a.u.

are represented in Figs. 3 through 5. Figure 3 shows the
angular distribution for z&=10, which is an intensity
of 0.059 a.u. There is some evidence that the relativistic
curve is shifted forward. The forward displacement an-
gle, calculated using the approximation (29), is only about
a quarter of a degree. In Fig. 4 the intensity is two orders
of magnitude higher (z& = 10 and I=5.9 a.u.). The rel-
ativistic distribution is clearly shifted in the direction of
propagation of the incident electromagnetic field. The
displacement angle approximation of Eq. (29) predicts a

2.86' forward shift, in excellent agreement with the peak
shown in Fig. 4 to be near 87'. For Fig. 5 the intensity is
another two orders of magnitude larger (z&=1 and
I=590 a.u.). There are two things to note. One is that
the peak of the differential transition rate is much lower
for the relativistic calculation. The other is that the rela-
tivistic peak, found by the detailed calculation to be near
63', is shifted forward by the large angle of 26.6', as pre-
dicted by Eq. (29).

If we presume the threshold of measurable angular
shifts to be about 1' then the calculations predict the on-
set of observable relativistic effects in the angular distri-
butions at zI =10 . This shows the angular distribution
to be an especially sensitive measure of the appearance of
relativistic effects.

Photoelectron energy spectra (as represented by the
number of absorbed photons) for a frequency of —,

' a.u. are

12
8 x10--

12~~6x10 "
I
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K
0& 4x10 "
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3 x10

tO

5
2X10 ..
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~~
~~ 5

c+ 1X1O ~ ~
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I-

0.0

10 20 30 40

0.0
140000 145000 150000 155000 160000

Photon Order N

FIG. 6. The energy spectrum of the photoelectrons as given
by the total transition rate as a function of the number of pho-
tons that participate in the ionization process, for a frequency of
8 a.u. The intensity is 0.059 a.u. corresponding to zi=10
The solid line represents the relativistic calculation, and the
dashed line gives the nonrelativistic limit.

Photon Order N

FIG. 8. The energy spectrum of the photoelectrons as given
by the total transition rate as a function of the number of pho-
tons that participate in the ionization process, for a frequency of
8 a.u. The intensity is 590 a.u. corresponding to z&=1. The
solid line represents the relativistic calculation, and the dashed
line gives the nonrelativistic limit.
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given in Figs. 6 through 8 for the same three field intensi-
ties employed in Figs. 3 through 5. The spectra shown in
Fig. 6 (z =10 and I=0.059 a.u. ) exhibit the first evi-
dence of relativistic effects. In Fig. 7 (z&=10 and
I=5.9 a.u. ) the effects are clear. The peak of the relativ-
istic energy spectrum is depressed as compared to the
nonrelativistic spectrum. The trend is less pronounced in
Fig. 8 where the intensity is one hundred times higher
(z& = 1) and I=590 a.u. ) because z&

= 1 is near the cross-
ing point shown in Fig. 1. These predictions of the elec-
tron spectra indicate that observable consequences of re-
lativity should become apparent around zf =10- . The

threshold intensities identified above are achievable with
existing lasers.
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