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Quantization of electromagnetic fields in cavities and spontaneous emission
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The normal modes of electromagnetic fields satisfying three different boundary conditions are
constructed systematically. For each of these cases, cavity quantization of the electromagnetic fields
is carried out explicitly. It is possible, using normal modes, to perform a unitary transformation of
the minimal-coupling Hamiltonian of an atom inside the cavity to a multipolar form. It is shown
that the boundary condition plays an important role in the transition rates for the spontaneous
emission by the atom. Some explicit calculations are carried out for several different boundary
conditions. These results become consistent with those for free space in the large-box limit.

PACS number(s): 42.50.—p, 03.70.+k, 32.70.Fw, 12.20.Ds

I. INTRODUCTION

Properties of atoms interacting with electromagnetic
fields in cavities have long been the subject of intense
investigation [1]. Since the fields in cavities differ from
that found in free space, the rate of spontaneous emission
by an atom depends on the cavity boundary conditions.
The emission rate is increased if the atom is surrounded
by a cavity tuned to the transition frequency and is in-
hibited if the cavity dimensions do not allow the radia-
tion wavelength. Several experiments have verified the
enhancement and inhibition of the emission by an atom
in a cavity at various frequencies [2-8]. In addition to
spontaneous emission, there have been many observable
effects of boundary conditions, thanks to recent advances
of constructing small cavities. These effects include vac-
uum Rabi splitting, micromaser and microlaser, quantum
collapse and revival, Casimir effect, and atomic-energy
shift [1].

In this paper, we shall be primarily concerned with the
“infinite-wall” boundary conditions for a single cavity.
However, there are also lattices of wells with “finite walls”
which produce observable effects, namely, photonic ma-
terials (crystals) [9] and quantum dots [10]. They have
also attracted considerable attention. Photon waves in a
three-dimensionally periodic dielectric structure should
be described by band theory, which is analogous to elec-
tron waves in a crystal. Many applications of photonic
bands are now being pursued in metallic, dielectric, and
acoustic structures [9]. The lattice of quantum dots is, in
effect, a crystalline layer made of artificial atoms (dots)
whose energy levels can be controlled precisely [10]. They
will also show band gaps because there are arrays of
dots in the lattice. The lattice problem is also concerned
with the effect of boundary conditions on electromagnetic

fields.
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Many authors have studied, classically, quantum me-
chanically, or field theoretically, spontaneous emission
by atoms surrounded by electromagnetic environment
[11-22], especially the effect of a flat mirror or two paral-
lel flat mirrors [11-21]. In 1965, Marshall [11] studied the
radiation rate of a classical dipole placed in the random
zero-point field between two conducting plates and got
some reasonable results. Kuhn [12] also considered a sim-
ilar problem of a molecule using a model based on clas-
sical linear harmonic oscillators. Such a classical model
has been shown to provide a good quantitative explana-
tion of experimental data. The effect of mirrors has also
been obtained by the image method, in which the mirror
cavity is replaced by an infinite string of virtual images
[13]. Several ideas has been presented to study various
surface effects on atoms in different situations [14].

It is quite natural to use normal modes to study cav-
ity quantum electrodynamics, while we usually use plane
waves in electrodynamics in free space. In this normal-
mode approach, the electromagnetic field is expanded in
appropriate mode functions satisfying the boundary con-
ditions imposed by the mirrors [15-21,23-25], and the
quantization procedure has been outlined by Milonni [15],
by Power and Thirunamachandran [16], and by Glauber
and Lewenstein [24]. The quantization of evanescent field
in a half-space filled with a homogenous dielectric has
been carried out by Carniglia and Mandel, and by others
(25]).

To analyze electrodynamic level shifts and the natural
width of an excited atomic state between parallel mir-
rors, Barton [17] has presented one solution to the normal
modes satisfying the boundary conditions at conducting
surfaces. He used the plane waves in two other directions.
Using these modes, Philpott [18] has obtained the emis-
sion rate for a molecule with different orientations be-
tween two mirrors, which reduces to the result of Barton
after the average is taken. The effect of the half-infinite
dielectric was studied by Arnoldus and George [19] us-
ing the plane wave including the Fresnel reflection coeffi-
cient. Recently, Loudon and his co-workers [20] discussed
spontaneous emission in the vicinity of a dielectric sur-
face and in a dielectric slab in terms of complete spatial
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modes [25]. Moreover, Cetto and Peiia [21] have shown
that stochastic electrodynamics can also give a satisfac-
tory account of these effects. By introducing the random
zero-point field and by using mode functions similar to
those used by Barton, they arrived at a similar result.

However, unfortunately, the QED quantization proce-
dure for free space is not applicable to electromagnetic
fields in cavities which are affected by boundary condi-
tions. In the case of cavity electrodynamics, we have to
obtain first independent mode functions consistent with
Maxwell’s equations and boundary conditions. As in the
case of free electromagnetic waves, there are two indepen-
dent mode functions corresponding to each wave number.
We then apply the quantization procedure on these mode
functions. This procedure heavily depends on the ge-
ometry of the cavity. Thus the quantization procedures
might appear quite different depending on the shape of
the cavity. However, they are based on the same physical
principle.

In this paper, we carry out the quantization and the
calculation of the emission rate for three different forms
of cavities. First, we construct, using an orthogonal ma-
trix, the normal modes satisfying various boundary con-
ditions. The first cavity we consider in this paper corre-
sponds to the cavity considered earlier by Barton. The
other two cavities have not yet been studied. Second, we
derive the multipolar interaction between an atom and
the fields in cavities by a unitary transformation. From
this, it is possible to derive the dipole interaction. It is
possible to extract the transverse part of a physical quan-
tity by making use of the normal modes, which plays an
important role in the multipolar expansion. Third, the
field-theoretic methods developed as above are applied
to spontaneous emission by an atom. By using the first
cavity, we will reproduce some of the results which have
been obtained earlier by several authors [16,18-21].

In addition, we consider in this paper the effect of ad-
ditional mirrors on the emission. In the first case, the
cavity is closed only along one direction. We can defi-
nitely consider the case where the cavity is closed along
two different directions as well as all three directions.
In order to accommodate all three cases, we develop a
quantization procedure with three-dimensional boundary
conditions. This quantization procedure allows us to cal-
culate the emission rates with respective boundary con-
ditions. Indeed, these calculated rates can be compared
with experimentally observed values.

In Sec. IT we obtain the normal modes in a systematic
way and carry out quantization of fields for three differ-
ent cavities. The multipolar expansion of the interaction
between an atom and the fields is derived in Sec. III. The
spontaneous emission by an atom is treated in Sec. IV.
Section V is devoted to concluding remarks.

II. QUANTIZATION OF FIELDS IN CAVITIES

Let us first consider Maxwell’s equations for the elec-
tric field E and the magnetic field B in free space, which
are given by

I}
—B=0
curlE+6t ,

7]
curl B — souan =0,

where €9 and o are, respectively, the electric permit-
tivity and magnetic permeability for free space (eouo =
1/c?). 1t follows from Eq. (2.1) that

8? ?
(A—60#05§>E=0, (A—€0M0@)B=O,

(2.2)

divB =0,

divE = 0, (2.1)

where A is the Laplacian operator. We also have, from

Eq. (2.1),

2 2
AgE. = 5‘353, - O E.,
2 2
ArE, = -%BZ - 33—&—&,
BB, = ~<otogg: Be ~ s B
ATBy = SOHO%Ez - %;Bza (2'3)

where Ap = A — 8%/022 (see, for example, Chap. 12 of
[26]). Assuming that
32 2

b?Ei X E,' 822 Ei X Ei, (24)

and the similar equations for B; (i = z,y, z), we then get

2 2
ArE; = (50#05t—2 - 55) E; x E;,
8?2 9?2
ATB,' = (Eouoéﬁ - g) B x Bi (2.5)

(¢ = z,y). Therefore, by Eq. (2.3), the z and y com-
ponents of the fields are described in terms of their z
components; it is sufficient to determine E, and B, us-
ing Eq. (2.1) with boundary conditions.

A. Case 1

The cavity we treat first is enclosed by rectangular
walls having sides L,, Ly, and L3 in the z, y, and z di-
rections, respectively, i.e., 0 < £ < L;, 0 < y < Lo, and
0 < z < L3. The walls in the z direction are assumed
to be perfectly conducting and the tangential component
of the electric field E|tan and the normal component of
the magnetic field B|porm must accordingly vanish at the
cavity boundaries in this direction. To remove the ef-
fect of the walls in the z and y directions, we assume
Ly, Ly > L3 and take the periodic boundary condi-
tions in these directions; finally we must take the limit
Ll, L2 — OQ.

Set E. ~ X(z)Y(y)Z(z) and B, ~ X (z)Y (y)Z(z) as
their spacial components. Equation (2.3) and the bound-
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ary condition in the z direction give E, = E, = B, =0
at z = 0, L3, which leads to dZ/dz|,=0,1., = Z|2=0,1, = 0.
The periodic boundary conditions in the z and y direc-
tions determine the other functions X, Y, X, and Y. We
thus have

Z(z) = sinky, 2

Z(z) = cosky,z, (2.6)

and
X(z), X (x) = etkt=",

Y(y),Y(y) =e*s?,  (2.7)

where

2nly 2mwly wh
ke = (ke ke, ke,) = ( ey Lzz’ L;) (2.8)
1

with ¢,,6, = 0,%£1,4+2,... and 43 = 0,1,2,.... By
Eq. (2.3), we can obtain the components of the fields:
E.,E,,B, ~ etkt=TetktyVgink, 2,

B,,By,E, ~ e*t=Tetkt Y cosky 2. (2.9)

Let us define the normal modes to expand the electric

field:

2 ; ..
Ul = Uy = 4/ v ekeTetby Y isink, 2,

9 . )
Ug, = \/V etFt=Tethty ¥ cog ke, z,

where V is the volume of the cavity (V = L;L,L3) and
£ = (£1,£3,¢3). When £3 = 0, the mode u, , is changed

to
_ 1 iky ik, y
U[,zlgazo = _V e e v,

Then the above normal modes (2.10) and (2.11) are or-
thonormal. The electric field can be expanded as follows:

(2.10)

(2.11)

B(r,t) = § 3 | pebelbes(t)ue(r) — bl (t)ug (o))
4,7

(2.12)

where w; = clky| and e; is the unit vector in the ith
direction (i = z,y, or z). The coeflicient \/fuw,/2e is
introduced for normalization purposes.

The transversality condition for the coefficient func-
tions (operators in quantum mechanics) by ; and b;y i

kl . (bl,zem + bl,yey + bl,zez)

=k¢ - (b) e, + b} ey +b] e)=0 (2.13)
is derived from divE = 0 and the relations

Oug - /0x, Oug /0y, Oup . /02 o ug . It is convenient to
define a unit vector in the direction k; as €3 and unit
vectors €, (0 = 1,2) being perpendicular to €3; for ex-
ample, we take €, = >, O((,li)ei (c =1,2,3;1 = z,y, 2),

where O is an orthogonal matrix

cos 6 cos ¢y
o = <

coslpsing, —sinf,
cos ¢y 0 ), (2.14)

sinfysin¢g, cosb,

—sin ¢p
sin 6, cos ¢,

with k, = |ke|(sin 6 cos ¢y, sin 0 sin ¢¢, cos 8;). Using the
new functions (operators) defined by

Aoy — Z ffi)b[,i, a}a = Z Offi)bzi? (215)
the electric field becomes
hw
E=i) /50 (a&,ﬁw - a}aﬁ;;) , (2.16)
Lo €o
where
(2.17)

T (£)
Wy = E €0,/ ug;.
i

Note that @7, = @}, where £ = (—f;,—{3,43) if £ =
(£1,42,€3); this follows from the fact that the orthogo-
nal matrix O® is derived from O by changing ¢, to
¢¢ + m. It should also be noted that the sum over ¢ in
Eq. (2.16) denotes o = 1,2 because the transversality
condition (2.13) gives as3 = 0. Substituting Eq. (2.16)
into the wave equation (2.2), we then have, for each fo,
d2

Nty + kgﬁga =0, -—=au + wf age = 0.

e (2.18)

Since O¥) is an orthogonal matrix, it follows from
Egs. (2.10) and (2.11) that the new modes (2.17) have
the orthonormal property

/dv Uy, - Upor = ¢/ 6g0
c

/dv Uy " Qprg! = 5u‘:(sggl, (2.19)
where [ dv = fcavity dzdydz. They also satisfy
div Uy = 0, (220)

because Y, kgiO((fi) = |k¢|do3 (0 = 1,2), and satisfy
(2.21)

ﬁloitan = 07 curl ﬁla|norm =0

on the walls in the z direction. It should be noted that
we can use only the normal modes 11y, to obtain creation
and annihilation operators as expansion coefficients. The
old modes ug; are merely means to obtain the real ones
Uyg-

Taking into account Egs. (2.1), (2.2), and (2.16), we
can derive the magnetic fields expanded in terms of the
new modes:

[ h
B = ; CTy (G(O-CUI'I gy + a;acurl ﬁza) . (2.22)

In Eq. (2.22) we have used the relation da,/dt =
—iwpay, [see Eq. (2.18)], which makes as, an annihilation
operator. If we use another possibility das /dt = iweass,
then ay, becomes a creation operator. We can also obtain
the expression (2.22) for the magnetic field directly from
Eq. (2.9) using dbg;/dt = —iwgby ;. It is easy to see that
the fields (2.16) and (2.22) indeed satisfy the boundary
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conditions. By Eq. (2.22), we get the vector potential

\ / h = too
A= ; eos (ataug,, + atauw) —grad f, (2.23)

where f is a function. It follows from Egs. (2.16) and
(2.23) that E = —0A /8t — grad (8f/8t), so that we
have grad ¢ = grad (0f/8t), where ¢ is a scalar potential.
Throughout this paper, we shall use the Coulomb gauge
by ignoring the second term of Eq. (2.23).

Using the equality

/dv curl @}, - curl iy, = k? /d’vﬁ;o. slUpgr, (2.24)

c c

and Egs. (2.16) and (2.22), the electromagnetic Hamilto-
nian is derived as follows:

1
Hgp = hwy= azaaw + alaaza
Lo 2

1
= S (e +3).

Lo

(2.25)

where we have introduced the canonical quantization for
aso and aIa:

[ator @hiyi] = 820800 (2.26)

From Egs. (2.25) and (2.26),

a¢5(0) exp(—iwgt).

we get agp(t) =

B. Case 2

Next, we consider the second cavity, which is also en-
closed by rectangular walls having sides L, Lo, and L3
in the z, y, and z directions, respectively: 0 < z < L,,
0 <y < Lj,and 0 < z < L3. We assume that the walls
in the y and z directions are perfectly conducting, while
the periodic boundary condition will be taken in the z
direction.

As in the first case, the boundary condition in the
y direction gives Y|,—o,, = dY /dy|y=0,z, = 0, while
the condition in the z direction gives dZ/dz|,—0,r, =
Z|,=0,0, = 0. Thus, by Eq. (2.3), the electric fields sat-
isfying the boundaries can be derived as follows:

E, ~ e**t* gin ke, y sinky, z,

ike, @ :
Ey ~ ™= cos ky,y sinky, z,

E, ~ e*=%sin ke,y cosky, z, (2.27)
where
21!‘[1 7('[2 7I'£3
Ko = (ke ko, be,) = (2222 T22 T3 2.28
¢ = (ke, ke, ke,) (L1 I, L, (2.28)
with £; = 0,+1,42,... and £;,£3 = 0,1,2,.... Let us

introduce the normal modes

2 .. .
= — 'kt jsin ke,y sinky, z,

'Ut,a: - \/V—

2 ,

iky_
Upy = —=¢€"t=
y /V

cosky,y sinke, z,

2 eiklz"’

Vg, =
e, Vi

In the case of £; or {3 is zero, we have to change v,, and

vy, to
[2 e
Ve,yle,=0 = Ve’ =% sinky, z,

[2 oo
vl,z'l;:O = V e**t=7 sin kl,yy

respectively.
As in Eq. (2.12), the electric field can be expanded in
terms of the normal modes, and they can be written as

. hw *
E=1 ,Z \/ Ez_fei (bt,i'Ut,i - b;,.-”z,i) .

Equations divE = 0 and 9v; . /9z, Jvs [y, Ove, . /02 x
vy, lead to the transversality condition given by
Eq. (2.13). Using the orthogonal matrix (2.14) and new
functions (operators) (2.15), the electric field (2.31) be-
comes

. [ Fuwy - t oo
E=1 lz -26_0 (alavla - atavla) )
o

where

sin kg, y cos ke, z. (2.29)

(2.30)

(2.31)

(2.32)

Ve = Z eiO§€:)vl,i. (2.33)

Note here that ¥z, = €,¥},, where £ = (—£1,£2,¢3) and
€1 = —€3 = 1 because 0¥ js obtained from O® by
changing 0 to m—6,. The new modes V,, and ay, satisfy
the same equations as (2.18). Since as3 = 0 as in the case
1, the sum over o in Eq. (2.32) is 0 = 1, 2.

The new modes V4, satisfy the orthonormality condi-
tion

/dv ‘7;0 Vg = 6![’60'0’,
c

/dv Vio Vgt = 6051515601.

c

(2.34)

Since Y, ky, O.(,? = |k¢|603 = 0, we have the condition

div V4, = 0. (2.35)
Furthermore, it is easy to check that the modes ¥,, sat-
isfy the boundary conditions on the walls in the y and z
directions:
vlaltan = 0, curl vla"notm =0. (236)
In a way similar to case 1, the magnetic field and the
vector potential can be obtained as follows:
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[k
B = %: oo (a&,curl Voo + a}acurl \_';o) ,
A=/ R (ag Veo +a v*)
fo 280‘-"[ ot to Lo )"

Using Eq. (2.34) and the equality such as Eq. (2.24) for
Vo, we find the Hamiltonian

1
Hgp = Zﬁwl <azoa&, + 5) .

Lo

(2.37)

(2.38)

C. Case 3

Finally, we consider a rectangular cavity with perfectly
conducting walls on all three sides. Using Eq. (2.3)
and the boundary conditions, we get X lz=0,L, =
dX /dz|s=o,L, = 0, Yl|y=o,L, = dY/dy|y=0,L, = 0, and
dZ/dz|,=0,L, = Z|s=0,L, = 0. The electric field satis-
fying the boundary conditions can therefore be written
as

E; ~ coske,x sinkg,y sinky, z,

E, ~ sinkg, x coske,y sinky, z,

E, ~ sink, x sinkg,y cosky, z, (2.39)
where
71'[]_ 7['[2 71'[3
ke = (ke ke ke,)=| —,—,— ), 2.40
£ ( ey Nty l,) (Ll ’ Lo ) Ls ( )

with £; = 0,1,2,... (¢ = z,y,z). We set the normal

modes as
8 . .
Wee = [ 7 €08 ke, x sinky,y sinke, 2,
8 . .
Wey =4\ sinkg, z coske,y sinky, z,
8 . .
we,z = 4/ 3 sin ke, x sinkg, y cos ke, z (2.41)
and
2 .
We,z|e,=0 = W sin kg, y sinky, z,
2
W yle,=0 = W sinke, x sinky, z,
2 .
Wy 2 |es=0 = Wi sinkg, x sinkg,y. (2.42)

The electric field is expanded in terms of wy; as

E = Z; ” %ei (bg’i - bz,i) we,;-

Taking into account

(2.43)

a’wl,,, aw['y ng,z
b

5z Oy 92 o sinkg, = sin ke, y sinky, z,

(2.44)

we get the trasversality condition corresponding to
Eq. (2.13). Thus using O®) and a4,, which are given
by Egs. (2.14) and (2.15), respectively, we arrive at

. hwy +\ =
E =1 ; \/—2—6—10 (a&, — ala) Wi, (2.45)
where
lo — €; Uy Weyiy (246)
which satisfies the orthonormality condition
/d’l) Wio - Woigt = 0ppr0g0 - (2.47)
c
We also get
divwy, =0 (2.48)
and at all boundaries
Wlaltan - 0, CllI‘l Wlalnorm =0. (249)

The magnetic field, the vector potential, and the Hamil-
tonian are determined as in the first and second cases.

III. MULTIPOLAR INTERACTIONS BETWEEN
AN ATOM AND FIELDS

We now proceed to consider the interaction of the elec-
tromagnetic fields with a neutral atom in the cavities con-
sidered in the preceding section. The atom has a massive
nucleus essentially stationary at a position R and Z, elec-
trons at r, (¢ = 1,2,...,Z.). The charge and the mass
of each electron are —e and m, respectively.

The total Hamiltonian H in the Coulomb gauge is
given by

Z.

3 [pa + eA(ra)? + % / dv p(r)(r)

2m
a=1

+1 /dv (50E2 + L132) ,
2 J. Ho

where p, is the momentum of the ath electron, p(r) the
charge density of the atom, and ¢(r) the scalar potential.
The Hamiltonian (3.1) is converted to a more convenient
form by a unitary transformation [16,27,28]. Define a
unitary operator

(3.1)

U= [ [P A,

4 (3.2)

where P is the polarization associated with the atomic
charges:

P(r) = e3> (ra — R) /0 d\6(r — R — A(ra — R)).

(3.3)
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Note that

divP(r) = eZ& (r —r,) — eZ,d(r — R) = —p(r). (3.4)

The transformation of the first term of the Hamiltonian
(3.1) is derived in a usual way (see, for example, [27]).
Equations (3.2) and (3.3) lead to

UTan =p.— €V,

1
x/ dA(rq
0

where V, is the gradient operator in coordinates r,. The
vector potential can be expressed as the integral

—R)-A(R+A(r. —R)), (3.5)

AG) = [ A1+ (- R) T AR+ A - R))
(3.6)

which is verified by the Taylor expansion of A(R+\(r,—
R)). Using Egs. (3.5) and (3.6) we arrive at

Utlpa + eA(r,)|U

1
— pa —e/ d) (ra — R) x AB(R + A(ra — R)),
0
(3.7
where we have used V, x A(R+ A(ro —R)) = AB(R +

A(ro — R)).

Since the second term of Eq. (3.1) is unaffected by the
transformation, let us turn to the third term. First note
that

[E(r),/dv’A(r') . P(r')] = :—ﬁf)(r), (3.8)
c 0
where P is the transverse part of P defined by

=3 Z [uld(r) /dv ag, (r (r') +c. c] (3.9)

for case 1 in Sec. II. The modes @y, are changed to V4,
in case 2, while in case 3 they are changed to W, = W,

Note that divP = 0. By Eq. (3.8),

U'E(r)U = E(r) - elf’(r). (3.10)
i
Using the following equalities:
_ . fhw
/cdv E(r) -t (r) =1 %f (aza - aIa) for case 1,

_ . ﬁu)g t
d - Vo (r) = ‘/__ o7, — ,
/c v E(r) - V4o (r) =3 %% (e ag, ata) for case 2
hu)g
/dv E(r) - Wy, (r) = z‘/ 200 (ah, — ala) for case 3,

(3.11)

where £ = (—£;, —£2,£3) in case 1 and £ = (—£1,£5,£3) in

1835

case 2, we get

/ dvE(r) - P(r) =

[

/ dvE(r) - P(r). (3.12)

c

This equality plays an important role in obtaining a
multipolar-interaction Hamiltonian. With the help of
Egs. (3.10) and (3.12), we can transform the third term
with respect to the electric field in the Hamiltonian to

/cdv U'E (r)U = /cdsz(r)—[dvE(r)-P(r)
+%/;dvf“2(r).

The complete transformed Hamiltonian obtained from
Eq. (3.1) with the help of Egs. (3.7) and (3.13) is

(3.13)

U'HU =Hp+ Hp+ Hg + Hy + Hy + Hp, (3.14)
where
Ha= oo 302+ 5 [doate)ot)
m - a 2 . ,
1 2 1 2
Hg == [ dv | &E?(r) + —B“(r) |,
2 J. Ho
Hg = - /dvE(r) - P(r),
1
[
Hpy = — %;L d’\{pa'[(ra"R)
xAB(R + A(re — R))] + H.c.},
62 1
= . —R
Hy = — Za:[/o dX (r )
2
xAB(R + A(rq — R))} ,
Hp = — [ (). (3.15)
260

The Hamiltonian H, is for the isolated atom; Hp is the
electromagnetic (radiation-field) Hamiltonian discussed
for the three cases in Sec. II. The interaction of the atom
with the fields is given by Hg + Hpyp + Hy; Hg and
Hjs correspond to the electric and magnetic multipolar
interactions, respectively, while Hpy is nonlinear. The
last term Hp of the transformed Hamiltonian is only a
function of the atomic variables.

From the definition (3.3) of P, the Hamiltonian Hg
is expressed in terms of the multipole moments of the
atomic charge distribution:

HE—eZZ(n+1)|[("“ R)- V|

n=0a=1

X(rq — R) - E(r)|r=rR, (3.16)

where V is the gradient operator applicable to r. Sim-
ilarly, the Hamiltonians Hys and Hy are, respectively,
expanded as follows:
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HM=5§n-ZZ(—"Hy{[( ~R)- V"

— R) X pa] . B(l‘) + H-C-}|r:Rs

e? | n+1
Hy = o ZOZ m‘![(ra—R)

X[(ra = R) - VI"B(r)]lr=r (3.17)

The first term of Eq. (3.16), which is the largest inter-
action, is called the electric dipole interaction and takes
the form

HED = eD E(R),
where —eD = —e )" _(r, —

moment of the atom.

(3.18)

R) is the total electric dipole

In the following section, we will obtain the spontaneous
emission rate per second using the electric dipole inter-
action Hgp.

IV. SPONTANEOUS EMISSION

In this section, we consider transition rates of the atom
in the cavities (cases 1-3) discussed in Sec. II, using, for
simplicity, the dipole approximation. The Hamiltonian
for the atom and the fields is

U'HU = Hy + Hg + Hy, (4.1)

where H, is the Hamiltonian for the free atom, Hg for
the fields in the absence of the atom, and the interaction
H; = Hgp is in the electric dipole approximation, which
are given by Egs. (3.15) and (3.18), respectively. We
ignore the other terms in Eq. (3.15).

The free atom and the fields have the energy eigen-
states |s) and |ngy, nerory . . .) = |{n4s}), respectively, i.e.,

Hals) = E,|s), Hg|{nw}) = Zﬁwenea {ne}),

(4.2)

where the states |s) (|{n¢ })) are assumed to be complete
orthonormal for describing the atom (fields).

At t = 0, the atom is assumed to be in a state |so) and
the density matrix of the fields to be pg(0). According to
perturbation theory, the probabilty per second of finding
the atom in a state |s) at time ¢ is given by [see Chap. 1,
Eq. (1.21.27a), of Ref. [23]]

w= hz T / / dt1dtzeto(t2— “’Tr[pR(O)U;(tz)
X (30| Hr|$)U (t2)U (t1) (sl Hilso)Ur(t1) ], (4.3)
where
Ug(t) = exp (—%HRt) , wo= —’li(E,0 —E,). (44

Note that wq is positive in spontaneous emissions, be-

cause the state |sq) is an excited one (E,, > E,). It is
sufficient to consider pr(0) = |{0})({0}| as the denssity
matrix for fields in the case of spontaneous emission.

Let us first consider the cavity for the first case (see
Sec. IT A). Using the Hamiltonian Hg of Eq. (2.25), we
find

UL () (so| Hi|s)Ur(t) = z; ./ % [ec0e ™ a0 (R)

_aza uultuza(R)]e<30|DlS>.
(4.5)
From
Tr pR(O)a[gaI:o.; = (Stl’(so'a"a (46)

the transition rate w becomes
w = etn > " [8eo(R) - (s0|D|s)|* we g(we — wo, t), (4.7)
E()ﬁ - Lo 0 0y,Y), .

where 5’ denotes that there is a possibility that we mul-
tiply it by 1/2 when £; = 0, which comes from Eq. (2.11),
and

sin xt

T
To show various results explicitly, we take t — oo and
thus g(z,t) — ().

Let us assume that the dipole moment is along the 2
direction. Then the transition rate w = w;, becomes

w _ €*|(s0lDls)|* 27 ¢, 1_’“?,
1z ohi V & K2

Z) §(we — wo),

xwg cos? (ke, (4.9)

where Z is the z component of the position R of the

atom: R = (X,Y,Z). In the above expression, we have
used the equality
SNPINT OYNG) k;
Y 00l =1-0{of =1- i (4.10)
o=1

We shall now see whether the influence of the cav-
ity walls diappears in the the = and y directions when
the lengths L; and L, become infinity. We are inter-
ested in whether the problem reduces to the case of peri-
odic boundary condition (with infinite cavity size) in this
limit.

Taking into account

i dkdk,
Ll}gixi)oo 4'"'2 / /

— dwe we,
27rc cke,

(”iz) . (4.12)

(4.11)

we arrive at
Wiz 3

' 4
Wo - g Z (1 63)

0<43<€3
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where wg is the transition rate in free space

e2|(so|D|s)|*w}
= 1~ 9 4.13
wo 3nhggc? ( )

and €3 = woLs/mc. Note that we must multiply
Eq. (4.12) by 1/2 when ¢35 = 0 [see Eq. (2.11)].

If £&3 < 1, then the sum over £ in Eq. (4.12) is the only
£3 = 0 term; thus we get

v _ 3 (4.14)
we 263

where 1/2 came from Eq. (2.11). The result (4.14) shows
that the transition rate w,, approaches infnity as £3 — 0,
i.e., enhanced spontaneous emission.

Here we take Ly — oo. The sum over ¢35 changes to
the integral with respect to k,:

1 , 1 fwle

3 0<ta<ts

(4.15)

Thus Eq. (4.12) leads to the well-known result (see, for
example, Ref. [18])

w1, cosa, sina,
=1-3l—g2 ~ & )
Wo a? al

(4.16)

where a, = 2woZ/c. This result shows the influence of
the wall (mirror). As is expected, w;,/wo approaches 1
as the distance between the atom and the wall becomes
larger. On the other hand, if the atom approaches the
wall, then wj,/wo — 2.

Next consider the case where the dipole moment is
along the z direction. Similarly, the tarnsition rate wi,
is given by

Wiz _ 3 ﬁ . o [(TlZ
w26 Z (1+£§ sin I, ) (4.17)

1<43<¢&3

If §&5 < 1, then 3 = 0 and thus we have w;;, = 0; the
spontaneous emission is forbidden. Taking L3 — oo, we

recover, after the integration, the following (see, for ex-
ample, [18]):

Wiy 3 (sina, cosa, sina,) (4.18)

wo ! 2\ a, a? ad
This shows that wi,/wg = 1 (a, = o) and wy,/we —
a?/5 (a, — 0).

Let us turn to the cavity of case 2 and assume that the
dipole moment has only the z component. By Egs. (2.29)
and (2.30), the transition rate (4.9) changes to

. — ClisolDls) [ 4m <, (K
2z 60ﬁ Vv 7

X wy sin®(ke,Y) cos®(ke, Z) 6(we — wo).  (4.19)

When L; — oo, taking into account the change from sum
to integral

Sy oo / Ta=L [ dw
Ll 2w —oo = e c(kf +k3 )1/2 ¢
v z
X we ,
VWi — (k)
(4.20)
we find
wy, _ 12mc? , (1—c%k} Jwi)

wo  woLaLs ot \/wg — cz(klzy +k2)
x sin®(ke,Y') cos®(ke, Z),

where £; and ¢3 have to satisfy , /ktz,, + k12, < wp/c, i€,

4.5

g & 7

with & = weL;/mc (i = 1,2). Note that we multiply
Eq. (4.21) by 1/2 when £3 = 0.

Here let us assume that £3 < 1; then only the £3 = 0

term is allowed in the sum over ¢3 in Eq. (4.21). Thus
Eq. (4.21) becomes

(4.21)

2
& (4.22)

Wa, 6mc?

_ sin’(ke,Y)

wo  wolals, 42, VW — ¢k,

To obtain the result corresponding to Eq. (4.14), take
Ly — oo. Then Eq. (4.23) changes into

W2z _ —6—/2 do sin? lay sin 6
wo w€3 Jo 2

(1 = Jo(ay)],

(4.23)

3
= — 4.24

2% (424
where Jj is the zeroth Bessel function and a, = 2woY/ec.
Equation (4.24) indicates a side-mirror effect explicitly,
because it depends on the distance Y between the atom
and the side mirror lying at the y = 0 plane. As a,
becomes very large, Eq. (4.24) approaches 3/2¢3, which
is the same as Eq. (4.14). On the other hand, it becomes

wy: _ 3 (ay
wo 26\ 4)°

as a, approaches zero, where we have used Jo(a,) =1 —
al/d+ap/64—---.

The dipole moment is now assumed in the z direction.
Then, by Eq. (4.3), the transition rate ws, is given by

2

ws. = ElsolDIs)* am o, [ KE,

g = ——F——————— — _ =
heo vV £ k7

Xwp sinz(ktv Y) sin®(ke, Z) 8(we — wo)-

(4.25)

(4.26)

When L; — oo, then the above transition rate becomes
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W,  12mc? Cz(kzgy + kfz)
wo  wolaLs = 2 \/wg —c2(k} + k)

X sinz(kgy Y) sin?(ke, Z),

(4.27)

where £, and /3 are restricted by the condition (4.22).
The transition is thus prohibited if £, < 1 or £ < 1is
satisfied.

Finally let us proceed with the case-3 cavity, which
is more general than cases 1 and 2. Assume that the
dipole moment is pointing along the z direction. Then,
by Eq. (4.3), the transition rate ws, is given by

¢?|(solDls)|” 87 <~ ki
wy, = ———— 11 1- 2%,
’ eoh V& K2 )
x sin®(kg, X) sinz(kng) cos?(ke, Z) §(we — wo).
(4.28)

After taking L; — oo and integrating with respect to
k., we obtain

ws,  24mc? Z/ (1 —Czktzz/“’g)
wo  wolaLlg v \/wg _ cz(k‘Zy +E2)
1
x sin’ (—\/wg —c?(k? + k2 )X)
c v :

x sin®(ke,Y) cos®(ke, Z),

(4.29)

where the condition for ¢, and /3 is given by Eq. (4.22).

We set here {5 < 1 in order to get a side-mirror effect
explicitly. Since ¢35 = 0, taking into account an additional
factor 1/2, we have

w3, 12mc?
wo woLaLs

sin®(, /wd — czkfyX/c) sin®(ke,Y)

2 2.2
1<£2<€2 Wy — € kly

X

(4.30)

If we take Ly — oo, then Eq. (4.30) becomes

z 1
w3, _ 12 do sin? 1ay sinf | sin® | —a, cos®
Wo €3 Jo 2 2

2 - -tz

(4.31)

I

where a, = 2woX/c. This result depends on the co-
ordinates X and Y of the atom, which are distances
between the atom and the side mirrors. If a, — oo
(X — 00), then Eq. (4.31) becomes that of case 2 given
by Eq. (4.24). As is also expected, Eq. (4.31) approaches
Eq. (4.14) if az,ay — oo; the side-mirror effect disap-
pears in this case. On the other hand, if a, < 1 and
ay < 1, then we find

W3, 3

_ 3 aZal
Wo 2€3 32 ’

(4.32)

V. CONCLUDING REMARKS

From the theoretical point of view, we have developed a
quantization procedure with three-dimensional boundary
conditions. In this paper, we have applied this procedure
to three different boundary conditions in the rectangular
coordinate system. We hope to discuss the same problem
in the cylindrical coordinate system in the future using
the same quantization procedure.

We have considered three kinds of cavities in Sec. II.
The first one is enclosed by perfect conducting walls in
the z direction, while the second is enclosed by the same
kind of walls in the y and 2z directions. The third cav-
ity we have treated is completely enclosed by perfectly
conducting walls. In the first case, our result is consis-
tent with those existing in the literature [16-21]. We are
presenting new results in the second and third cases.

In each case, we have introduced explicitly the normal
modes Uy,, V¢, and Wy, defined by Egs. (2.17), (2.33),
and (2.46), respectively. Using them, we have carried out
canonical quantization of the fields in the cavities. The
normal modes have played important roles Throughout
the process of quantization.

The multipolar expansion of the interaction between
an atom and the fields in the cavities has been obtained
in Sec. ITI. The normal modes play also an important role
in this case, on the basis of which the transverse part of
the polarization P was introduced. With the help of the
transverse polarization, it is possible to carry out the
multipolar expansion in a succinct manner.

The spontaneous emission by an atom in the cavities
has been studied using the field-theoretic methods devel-
oped in Sec. II. In particular, we have obtained the tran-
sition rates per second in three types of cavities when
€3 = woLz/mc <1 (L1, Ly — o0). The resuts are given
by Egs. (4.14), (4.24), and (4.31); they show a very in-
teresting side-mirror effect. That is, the result (4.24) or
(4.31) depends on the coordinate X or Y of the atom,
which are the distances between the atom and the side
mirrors (walls). Equation (4.31) approaches Egs. (4.24)
and (4.14) as X or Y becomes very large. On the con-
trary, if X or Y is very small, the X or Y dependence of
the transition rate becomes dominant as has been shown
in Eq. (4.32).

Let us finally consider Eq. (4.24) more explicitly. The
first few roots of Jy(a,) = 0 are found to be [29]

ay, = 2.405,5.520, 8.654; (5.1)

the transition rate wy,/wo becomes wi,/we = 3/2¢;
(&3 < 1), i.e., the side-mirror effect disappears at these
points. On the other hand, the first two roots of
dJy/da, = 0 are given by [29]

a, = 3.832,7.016; (5.2)
the transition rate ws,/wo has its maximum at a, =
3.832 and its (relative) minimum at a, = 7.016. That is,
the side-mirror effect becomes dominant at these points.
The rate ws, /wq oscillates and approaches wq,/wo as a,
becomes very large.

Setting wo = 10!3 Hz, we have Y ~ 5.7 x 107° m as the
distance between the atom and the side mirror. It follows
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from €3 < 1 that L3 < me/wo ~ 9.4 x 107° m. Thus we
may observe experimentally the oscillation phenomenon
of the transition rate.
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