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The deexcitation of up and pud atoms has been simulated within a kinetics model, taking the energy
dependence of cascade processes into account. The x-ray yields and the kinetic-energy distributions
for the ground and excited states have been calculated. The high-energy component produced by
the Coulomb deexcitation is shown to result in noticeable effects in precise x-ray spectroscopy and

muonic-atom diffusion.

PACS number(s): 36.10.Dr

I. INTRODUCTION

The muonic atoms of hydrogen isotopes, up, ud, and
ut, are the simplest among the exotic atoms, and have
been studied for many years both experimentally [1-7]
and theoretically [8-12].

The atomic cascade in the light muonic atoms is not
influenced by strong interactions that occur in hadronic
atoms such as 7~ p and pp, and therefore it can be used as
a “pure” probe of the deexcitation processes. The forma-
tion and deexcitation of muonic atoms are also important
in various phenomena such as muonic-atom diffusion [13,
14], muon catalyzed fusion [15], muon transfer [12, 16,
17], and weak muon absorption; in considering these pro-
cesses, one also needs rather detailed information about
the muonic-atom kinetic-energy distribution.

Some basic features of the atomic cascade, including
the density dependence of the x-ray yields and the cas-
cade time, can be successfully described by the standard
cascade model introduced in [18] and developed in [9, 10]
(see [19, 20], and references therein). In this model it is
assumed that the interplay between atomic internal and
external degrees of freedom can be neglected, and the
kinetic energy of the atom is treated as a fitting parame-
ter used in the calculations of energy-dependent kinetics
rates.

In order to investigate the atomic cascade beyond
the standard cascade model, the Mainz cascade model
was suggested and developed [21-24]. In this model
the collisional processes were simulated by the classical-
trajectory Monte Carlo method. Since this method al-
lows one to account for the influence of the target atomic
electric field on the exotic atom trajectory, the tuning pa-
rameters for the Stark mixing collisions can be removed.
The Mainz model was successfully used to describe an-
tiprotonic hydrogen [24], as well as exotic helium atoms
[21, 22]. However, no significant dependence of the re-
sults on the kinetic energy was found in this model, and
the problem of acceleration and deceleration has not been
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considered.

The problem of the time evolution of the kinetic-energy
distribution during the cascade was discussed within a
simplified cascade model in [25]. A significant fraction of
the atoms was shown to stay in the so-called epithermal
state, with characteristic kinetic energy about 1 eV due
to the interaction of the dipole moment of the muonic
atom with the external atomic electric field during the
Auger transitions.

The conventional wisdom that the kinetic energy of an
exotic hydrogen is of the order of eV [18] had to be revised
following the measurements of the neutron time of flight
for the charge exchange reaction 7~p — 7% + n in liquid
hydrogen [26], where a significant fraction of 7~ p atoms
(about 50%) was found to be in a “hot” state at the in-
stant of absorption, with mean kinetic energy of a few
tens of eV’s. The only known mechanism that can pro-
duce such a high-energy component is the Coulomb de-
excitation [27]. The validity of the model used in [27] was
questioned in the later investigations [25, 28], and no de-
tailed calculations of Coulomb deexcitation effects at the
end of the cascade have been done until now. However,
neglecting the Coulomb deexcitation leads to a drastic
contradiction with the pionic hydrogen data [26]. Now
with new evidence of the high-energy component from
the measurement of the reaction 7~p — 7° + n at Paul
Scherrer Institute [29], the problem of the Coulomb de-
excitation effects in muonic atoms appears to be of con-
siderable importance.

In order to provide a detailed theoretical background
for the current studies of the muonic cascade in ex-
otic atoms with Z = 1, a cascade model has been de-
veloped which includes both acceleration and decelera-
tion of the exotic atom during the cascade. This pa-
per focuses on the muonic cascade in hydrogen and deu-
terium in the density range N = (107°-1)N, where
No = 4.25 x 1022 ¢cm™3 is the liquid hydrogen density
(LHD). Detailed results for the muon transfer in the ex-
cited states in mixtures of hydrogen isotopes will be pub-
lished elsewhere.

The paper is arranged as follows: the cascade model is
described in Sec. II; the results of the cascade calculations
are given in Sec. III; Sec. IV contains the discussion and
concluding remarks.
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Until otherwise stated, all density-dependent rates are
given for liquid hydrogen density. The muonic Bohr
radius is @, = h®/m,e? = 256 fm, and the Coulomb
binding energies of the up and pd ground states are
€up = 2.529 keV and €,q = 2.663 keV.

II. CASCADE MODEL

A. Basic cascade processes

Our cascade model includes the deexcitation mecha-
nisms accepted in the standard cascade model (see [9, 10,
18-20], and references therein), with the muonic-atom
energy being considered as a time-dependent distribution
rather than a parameter; thus one of the main limitations
of the standard cascade model has been removed.

The basic cascade processes and their main features are
listed in Table I. The radiative deexcitation is the only
cascade process which is energy and density independent.
The n dependence of various cascade processes is shown
in Fig. 1. Since the radiative deexcitation rates decrease
rapidly with increasing m, only the collisional processes
are important at the upper stage of the cascade. The
lower the density, the more significant are the radiative
transitions in the deexcitation process.

The Auger deexcitation rates calculated in the Born
approximation [18] are energy independent. More re-
fined consideration based on the eikonal approximation
[11] results in rather weak energy dependence. Since both
methods are in good agreement with each other at low
n (n < 6), the former was used in the present calcula-
tions. Auger deexcitation is dominated by E1 transitions
with the minimal change in principal quantum number n
permitted for ionization of the hydrogen molecule. The
Auger deexcitation rate reaches its maximum at n = 7
when the transitions An = 1 become possible, and with
decreasing n the Auger rate falls rapidly as the size of
the muonic atom becomes much smaller than the elec-
tron Bohr radius.

Stark mixing is the fastest collisional process, with the
cross section scale being determined by the size of the
hydrogen atom. Stark transitions were calculated in the
straight line trajectory approximation [18] using the dy-
namical group method [30] by implicit integration over
all impact parameters. The cross sections thus obtained
are about 50% larger than those calculated in the effec-
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FIG. 1. The rates of various cascade processes vs initial

state n for up atom in liquid hydrogen. Statistical population
of the nl sublevels is assumed. Also shown are the rates of the
radiative transitions between the circular states (n,n — 1) —
(n —1,n — 2) and for the K lines (nP — 15).

tive impact parameter approximation [18,9]. Stark mix-
ing rates are monotonically increasing functions of en-
ergy and n, with the result of calculations being shown
in Fig. 2. In order to account for uncertainties in the
present model, one can use Stark mixing coefficient kstx
(a factor multiplying all Stark mixing rates), which is
known to be important, together with the effective ki-
netic energy, for fitting absorption fractions and x-ray
yields in hadronic atoms [18,29]. The results for muonic
hydrogen, on the contrary, were found to be rather insen-
sitive to variations of the Stark mixing coeflicient in the
range ksix = 1 — 2 (unless the density is not very small:
N > 107*Ny), since there is no absorption during the
cascade in this case. For this reason, and also because
the energy evolution is taken into account explicitly, the
fixed value ks = 1 is used in the following calculations.

In the radiative and Auger processes the transition en-
ergy is carried away mainly by a light particle; there-
fore the recoil energy of the muonic atom is rather small
(F < 1 eV). However, in Coulomb collisions the transi-

TABLE I. Basic cascade processes and their energy and density dependence.
Energy Density Refs.
Process dependence dependence
Radiative no no
(n"p)i = (W P)s+
External Auger effect no linear [18,11]
(0 p)i +Ha > (up)s+e +H" (weak)
Stark mixing Fig. 2 linear (18, 30]
(b P +H—- (u P +H
Coulomb collisions ~1/VE linear [27]
(wp)i+p— (B P)s+p s <ni
Elastic scattering ~1/VE linear [31]
(1" p)n+H— (u7p)n +H
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tion energy goes to the recoil of heavy particles, and p~p
can gain about 30 eV as a result of transition (n = 5) —
(n = 4) and 60 eV for (n = 4) — (n = 3). Those atoms
with kinetic energy E > 1 eV form the so-called high-
energy component of E distribution. Evidence for a large
fraction of high-energy component (~ 50%) was found for
7« p atoms at the instant of nuclear absorption (n = 3,4)
in liquid hydrogen [26]. Due to the similarity of the de-
excitation of pionic and muonic atoms one can expect
a significant high-energy component in muonic atoms as
well.

Rates for the Coulomb deexcitation were calculated ac-
cording to [27]. Using the rates thus calculated for the
7~ p atom, our cascade model predicts the high-energy
component at the instant of nuclear absorption in liquid
hydrogen to be about 50%, in good agreement with the
experiment [26]. The rates shown in Fig. 1 were calcu-
lated at the atomic kinetic energy E = 2 eV.

Other possible acceleration mechanisms in atomic cas-
cade include chemical deexcitation [18], and interaction
of the atomic dipole moment with the external electric
field during the Auger process [25]. Estimates show that
these mechanisms can provide energy E ~ 1 eV to the
muonic hydrogen atom. The characteristic energy of the
atom at the instant of formation is also about 1 eV [35].

During the cascade the atom can lose its kinetic energy
in elastic collisions. Using an estimate of deceleration
rates [16], one finds that the initial energy distribution
cannot remain unchanged until the final stage of the cas-
cade because of multiple elastic scattering. However, the
elastic scattering does not dominate the evolution of the
energy distribution, and the atoms are not thermalized
at the end of the cascade.

The first experimental evidence for a so-called epither-
mal energy distribution for light muonic atoms was found
in muon catalyzed fusion [32, 33] (see [15], and references
therein). A direct probe of the energy distribution after
the atomic cascade was provided by the observation of
ud and pp diffusion in gas [13,14], and the characteristic
kinetic energy of the muonic atoms in the ground state
was measured to be £ =~ 1.2 eV for ud and E ~ 2 eV for
up.

The deceleration due to elastic scattering was calcu-
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lated in the classical motion approximation, using the
exact terms for the Coulomb three-body problem [31];
the details will be published elsewhere. The deceleration
rates shown in Fig. 1 were calculated with transport cross
sections at £ = 2 eV; energy-dependent differential cross
sections were used in the cascade calculations.

Both Coulomb and deceleration cross sections calcu-
lated in the semiclassical approximation are inversely
proportional to the collision energy. In order to regu-
larize the low-energy behavior of these rates (Fig. 2), a
constant-value cutoff below the c.m. collisional energy
Tcut = 0.1 eV was imposed.

B. Cascade kinetics calculations

The muon is captured into an atomic orbit with the
size of the electron Bohr radius a., i.e., the cascade starts
from a highly excited state with principal quantum num-
ber n ~ (ac/a,) = (mu/m.)*/? ~ 14 [34]. The more
elaborate capture model [35] that takes molecular effects
into account predicts that the initial n distribution is
peaked near n = 12.

In the density region N = (107%-1) N, we did not find
the results to be very sensitive to small variations of ini-
tial n, or to the initial distribution over [ sublevels for
given state n, because in the beginning of the cascade the
collisional transitions with An < 3 dominate the deex-
citation, and the fast Stark mixing provides a statistical
distribution over [.

Evolution of the kinetic-energy distribution was taken
into consideration below n = 6. Above n = 6 only the
collisional cascade processes are important under the ex-
perimental conditions specified; therefore the energy dis-
tribution developed at this stage does not depend on the
density. As the cascade continues, the kinetics involves
rather few energy-dependent rates, thus making it pos-
sible to avoid introducing multiple parameters for model
tuning. Since the available information is not sufficient
to study the details of the energy distribution at the in-
termediate stage of the cascade, Maxwellian distribution
was assumed at » = 6, with the mean kinetic energy
E,._¢ = 2 eV for up and E,_¢ = 1.2 eV for ud being
taken according to the measurements [13, 14].

The cascade calculations were made with a Monte
Carlo code similar to that recently developed for the sim-
ulation of the kinetics of the muon catalyzed fusion [36].
For a given set of kinetics parameters, from 10° to 106
chains of the events were usually generated, the accu-
racy of the results for the x-ray yields being sufficient for
comparison with the expected experimental data.

III. RESULTS OF CALCULATIONS

A. The x-ray yields

Figure 3 shows the results of the cascade calculations
for the K x-ray yields. Radiative deexcitation domi-
nates the population of the ground state in the entire
density range, the total x-ray yield of K lines being
Yiot(K) = 1.00 in gas at 1 atm and Y;t(K) = 0.95
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FIG. 3. The absolute K x-ray yields of muonic hydrogen

vs density compared with the experimental data. The density
is in units of the density of liquid hydrogen.

in liquid hydrogen. The calculated Ka line yield is in
good agreement with the experimental data [1-6] in the
density region considered.!

As the density decreases, the radiative deexcitation
stage starts earlier in the cascade. This can be seen in
the K« yield, which goes down by a factor of 2 when lig-
uid hydrogen is replaced by gas at 1 atm. The K3 yield
reaches its maximum at about 10 atm, and the K~ yield
is maximal at about 1 atm.

There are experimental data available [5] at very low
density where the x-ray yields are sensitive to the de-
tails of the atomic cascade at the high-n states. Detailed
discussion of the features of the atomic cascade at low
density will be published elsewhere.

B. The energy distribution

The calculated energy distributions at the end of the
cascade are shown in Fig. 4 at various densities (47
mbar, 1 bar, 15 bars, and LHD). At very low density
(N ~ 1075Ny) the energy distributions remain nearly
unchanged at the lower stage of the cascade, and the
ground state distribution is very close to that at n = 6.
With increasing density the ground state energy distribu-
tion changes in two ways. First, some fraction of the low-
energy component becomes less energetic due to multiple
elastic collisions which result in the buildup of the ther-
mal component at high density. Second, a high-energy
component develops due to the Coulomb deexcitation,
and its fraction grows with increasing density, as it is
shown in Fig. 5.

!The data plotted in Fig. 3 have been renormalized using
the total theoretical K x-ray yields.

IV. DISCUSSION

The theory predicts a strong density dependence of the
x-ray yields in the density range N = (1073-1)N, (see
Fig. 3) where few measurements with limited precision
are available. The density dependence arises from the
competition between the radiative and the collisional de-
excitation, and therefore the measurements of the total
absolute and relative Ka and K@ x-ray yields with an
accuracy of a few percent would allow one to test the
collisional rates used in the calculations.

The role of the Coulomb deexcitation in the atomic
cascade has been under discussion for a long time [27,
25,28]. While the experimental data for pionic hydrogen
[26] show evidence for a significant contribution of the
Coulomb transitions, the corresponding effects in muonic
atoms had not been considered until now. Our calcula-
tions using the rates from [27] demonstrate that the high-
energy component for muonic hydrogen at the instant of
reaching the ground state can be as large as 40% at the
density N = 0.01N, (pressure about 10 bars) and about
50% in liquid hydrogen.

The density dependence of the high-energy fraction for
ud is very close to that for up (see Fig. 5), because the
difference in the deexcitation rates is small. In particu-
lar, the Coulomb deexcitation rates are proportional to
the factor (M E)~'/2, where M and E are the mass and
kinetic energy of the atom, so that the up and pud have
nearly equal Coulomb deexcitation rates at E,, =~ 2E,4.

The high-energy component can be studied experimen-
tally by various methods. One is the measurement of the
muonic atom diffusion between arrays of foils, which was
successfully realized in the experiment [13, 14]. The cal-
culated effect of the high-energy component at 100 mbar
in the time distribution of the ud arriving at the foils? is
shown in Fig. 6. The high-energy component results in
significant enhancement at small times, the effect being
easily visible even though the high-energy component is
only 10% of the total energy spectrum.

The measurements done till now are not very sensitive
to the details of the energy distribution (in particular,
due to the limited time resolution). However, the increase
of the mean kinetic energy with the density in the region
from 47 mbar to 750 mbar found in [14] is in qualitative
agreement with the cascade calculations. More detailed
investigation of the energy distribution may be feasible
by improving the time resolution of the detecting system
to the level of 10 ns. The most favorable experimental
conditions are expected to be at a density of about 100
mbar at the gap 1-2 mm, in this case the contribution
of the high-energy component to the time distribution is
not spread out much due to rescattering (the mean free

2The pd atoms are more suitable for studying this prob-
lem than the pp atoms due to the less important hyperfine
structure effects and the smooth energy dependence of the
scattering amplitude, see [14].
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liquid hydrogen.

path and the gap are of the same order of magnitude).

Another method to investigate the energy distribution
is based on the measurement of the Doppler broaden-
ing of the x-ray lines. This effect was discussed for pi-
onic hydrogen in connection with precise measurements
of the strong interaction effects (see [29], and references
therein). In the case of muonic hydrogen and deuterium,
the width of the line is not affected by nuclear interaction,
so that pp and pd provide a good opportunity for direct
study of the energy distribution in the ezcited states [37].
Figure 7 shows the energy distribution of the up at the
instant of the radiative deexcitation from the state 3P
at 15 bars, in which case the total fraction of the high-
energy component amounts to 50%. The x-ray line has a
multicomponent profile with a characteristic central peak
and high-energy pedestal, the latter having a significant
spreading up to +0.8 eV for the K line.

This prediction can be tested by measurements of the
Doppler broadening of the x-ray lines, using a high res-
olution crystal spectrometer system similar to that used
for the determination of the strong interaction shift in pi-
onic hydrogen [38]. Such measurements with very good
statistics may be feasible with a cyclotron trap target
system (see [39], and references therein).

The high-energy component may also result in some
effects in muon catalyzed fusion similar to those discussed
in [32, 33, 36]. Consideration of this problem is, however,
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The energy distribution of the up atom at the end of the cascade: (a) gas at 47 mbar, (b) 1 bar, (c) 15 bars, (d)

beyond the scope of this paper.

In conclusion, using the atomic cascade model with
time-dependent energy distribution, we found that
Coulomb deexcitation results in a significant high-energy
component in kinetic-energy distribution in the end of

PRESSURE (bar)
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FIG. 5. The density dependence of the high-energy com-
ponent fraction at the end of the cascade for the up (solid line)
and pd (dashed line) atoms: (a) E > 8eV-and (b) E > 50eV.
The density is in units of the density of liquid hydrogen.
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the cascade in the density range (10*-1)Ny. This re-
sult has been obtained with Coulomb deexcitation rates
consistent with the measured high-energy component in
pionic hydrogen [26]. Effects of the high-energy compo-
nent can be observed in muonic hydrogen diffusion and
the Doppler broadening of the x-ray lines, and the exper-
imental investigations of these eifects would be very valu-
able for the solution of the energy distribution problem.
More refined calculations of the Coulomb transitions and
the elastic collisions within the same framework at low n
would also be desirable.
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FIG. 7. The energy distribution of the up atom at the
instant of the radiative transitions 3P — 1S at 15 bars and
the K2 line profile (inset).
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