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Coherent light scattering in isotropic media: Theory of degenerate four-wave mixing
in vibrational spectroscopy
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The expression for the light-scattering intensity is deduced using the general perturbation expansion

for a stationary solution of the Liouville equation. The principal importance of translational symmetry

for coherent spectroscopy is rigorously shown. The expressions for the degenerate four-wave mixing

(DFWM) signal intensity as well as for its polarization are derived in the case of fast translational relaxa-

tion (Dicke narrowing}. The instructive relationship between the index of refraction, the absorption

spectrum, and the DFWM is established.

PACS number(s): 33.70.—w, 34.10.+x, 33.80.Wz, 33.10.—n

I. INTRODUCTION function, which depends on several arguments:

Among nonlinear spectroscopic techniques the
coherent light scattering is especially favorable as a diag-
nostic tool. The interest in spatial and temporal resolved
measurements of temperature and special concentration
has motivated intensive development of coherent spec-
troscopy methods over the past decades [1-5]. The
desirable thermodynamic parameters have to be extract-
from optical spectra on the basis of an appropriate sta-
tistical theory describing the influence of the thermal
molecular motion on the observed line shape. Existing
theories of degenerate four-wave mixing [6—10] are
developed for electronic spectra and based practically on
the evaluation of the spectrum shape for an isolated mol-
ecule. The broadening of spectral components due to the
interaction with other particles is considered indepen-
dently for each line. This approach is justified in the
presence of strong quenching and dephasing processes.
However, in vibrational spectroscopy [11] the indepen-
dent line broadening determined by the vibrational de-
phasing rate [12] as well as the spectral exchange
phenomenon [13,14] connected with rotational relaxation
have to be considered simultaneously. When a single
linewidth becomes comparable with the spacing between
neighboring rotational components the spectrum drasti-
cally changes with increasing density and it cannot be
represented as a composition of independently broaden-
ing lines [15,16]. To explain this behavior on the basis of
details of the relaxation mechanism in the medium the
correspondence between the observed contour and time
correlation function of an appropriate molecular operator
has to be first established. In general, in a nonlinear
molecular spectroscopy the line shape is not expressed
through the one-dimensional time-dependent correlation
function. To reproduce the spectrum under thermal
equilibrium in the time scale, it is necessary to know the
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where n is the order of perturbation theory and d is a
molecular operator providing interaction with the exter-
nal field.

In particular, the general expression for the four-
wave-mixing (FWM) signal intensity derived in [17] in-
volves an eight-point time correlation function of the di-
pole operator. Obviously, the correlation function (1)
cannot be calculated exactly from a one-dimensional
spectrum. Thus, the processing of the spectroscopic data
can give only quite poor information about the mecha-
nism of molecular mobility in the medium. On the other
hand, the results of difFerent techniques may not be strict-
ly compared with each other. Nevertheless, in some
cases the approximated solution for this problem can be
found. For instance, in [18] the coherent anti-Stokes
Raman-scattering (CARS) intensity was expressed via the
ordinary correlation function of the molecular polariza-
bility tensor. The main purpose of this paper is to find
out the relationship between the degenerate-four-wave-
mixing (DFWM) spectrum and the appropriate correla-
tion function. We will assume further that the incident
beams are coherent and monochromatic.

It is easy to see that, if the Doppler shift can be
neglected, the final state of the molecule after the interac-
tion with two degenerated photons (co, =ta2) coincides
with its initial equilibrium state. This circumstance is
reflected in the singularity occurring in the frequency
dependence of the third-order susceptibility [see (14.3b)
in [6] at m =g]. In [19] this property of the DFWM
spectrum is used to evaluate the line shape of the two-
level system within the impact approximation. In this
case of many-level interacting molecules among all
corrections to the density matrix which appear due to the
twofold interaction with radiation, only the part belong-
ing to the equilibrium distribution should be retained to
describe the stationary spectrum. This is because all oth-
er components have finite lifetimes determined by the re-
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laxation mechanism in the medium. As a result, the
third-order susceptibility can be factorized and represent-
ed as a multiplication of the two susceptibilities of the
first order. Since the inhuence of the Doppler broadening
on the line shape of rovibrational spectra is comparative-
ly weak, their analysis is simplified considerably. In gen-
eral, the factorization cannot be attained when the elec-
tronic transition is observed. If pump and probe waves
travel in diS'erent directions the Doppler linewidth usual-
ly exceeds the characteristic relaxation time and the rota-
tional line strengths [20] entirely describe the spectrum
shape. However, the approach is invalid when laser
beams are near to being parallel. This is the special case
that is similar to DFWM in vibrational spectroscopy and
will be also considered in the present paper.

where N is the number of actively participating particles,
d is the dipole-moment operator for molecule j, and
E(r ) is the transverse electric-field operator at the centerJ
of mass of the molecule,

A (r)=ie
' 1/2

27TAQ7~
exp[i(k r)] .

Here e and k are polarization and wave vectors, respec-
tively, for normal mode a of a field quantized in a volume
V.

Taking into account the commutation relations for
photons and the conservation of the number of photons
in the absence of scattering,

II. THEORY

A. General approach

[a,ap~]=5

H aa =0,
(6a)

(6b)

The expression for the observed spectral intensity will
be derived here in the form of the perturbation series.
The matter-radiation interaction operator V will be treat-
ed as a perturbation to the Hamiltonian operator Ho of
the entire system (the matter and the radiation} in the ab-
sence of a coupling. As an initial point let us consider the
general definition for radiation intensity of normal mode
a. In the Schrodinger picture it can be expressed using
the density matrix of the system,

W =ico Tr[p(t)V (a a + —,')]
1/2

= —Nco
i(k r&)Tr[(a d, , e

+a d le
' ' )p(t)],

(7)

and inserting Eqs. (3) and (4) into (2), one readily arrives
at

W =fico (n + —,
'—) =fico,Tr (a,a, + —,')—p(t)

(2)

where d, =(e,.d ).
The formal stationary solution p =p( t) ~, „of the

Liouville equation (3) will be found for the practically im-

portant case when the initial distribution po=p(t) ~, 0 is

diagonal in the basis of Ho eigenvectors, i.e.,
where a and a are creation and annihilation operators,
respectively; co is the frequency of the photon. The com-
plete set of states here is assumed to be eigenvectors of
the unperturbed Hamiltonian operator Ho. For the
closed dynamical system the time evolution of density
matrix p(t) is determined by the Liouville —von Neumann
equation

p( t) = ——[Ho,p(t) ] ——[ V,p(t) )dt

Ho Po 0

In the other words, Po=pradPeq& where Prad and Peq
the stationary density matrix for radiation in the absence
of a coupling with medium and the equilibrium
Boltzmann distribution over the states of the matter, re-
spectively.

The limit p=lim, „p(t} for the equilibrium system
can be rewritten in the more convenient form

Ho p(t) ——V"—p(t) . (3)
p= lim E f exp( Et )p(t)dt-

p~o 0
(9)

Then for the desirable solution p we have from Eqs. (3),
(8), and (9)

p= lim[e(Ho" + V" +e) 'po]
g~o

[( 1 }(Hx
)
—1 Vx ]n

—l

n=1
N

V= g [d. E(r, )]=g [d .[a A (rj)+a A (r,.)]], [1+(Hx )
—

1 Vx]
—

lp

(4} Thus, expression (7) takes the final form

(10)

Here A 8 is the shorthand notation for commutator
[A,B]

The interaction between matter and radiation will be
considered below within the framework of the dipole ap-
proximation [17—19)
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W =in) Tr[(V"a~t )[1+(H() ) 'V" ] 'po]
' 1/2

2ii))licoa i(k r ) t y
—i(k r )=—Xa) Tr (a d, e '+a d, e ' ')

X g
n=1

' 1/2

g QCOa H()
a',j

i(k r. )
(a d. e

—at.dt. .e
' a j )x

tX CK,J

n —1

The factor N here results from the invariance of the trace over all permutations of identical particles [21]. It is easy to
see that terms in Eq. (11}corresponding to n =2 and n =4 describe the infrared absorption (IR) and Raman-scattering
experiments, respectively. In particular, for n =2 one obtains from (11}

' —1

IVtR — &N 2R T t~t '( a r)) l Hx ( d
'(~a r())x

a a ' W a, 1 p a a, 1 Pp

4gN t —((Ir. r, ) i
cog Re TrM d, e HM —iro— i(k r&) i(Z r

paq paqda, ) e (12)

Here H~ is the Hamiltonian operator of the medium. Tr~ denotes the trace over the states of the matter
(Tr= TrM Tr„d). Deriving the second equality in (12) we have neglected the conunutation rule (6a) for the case of the
classical field (I lfico »1),

Tr„s[(a a )p„e]=Tr„e[(a a )p„d] . (13)

Let us assume now that p is a diagonal operator,

&vip„lv'&=5. ,~p.pR T, pR T= g &vip.,lv&
@=0

in the basis of vibrational states lv & [22],

&vlHMlv'&=5, (H (v)+E ),—
where R-T denotes rotation-translation. Equation (12) can be then rearranged as

W'"= — cog Re g [G„„(a),k )p„—G„„(—c0, —k )pg]
gR 4m%

v, v'=0

where we adopt the following definition for the susceptibility:
—1

(14)

(15)

(16)

G& „(ro,k)=Tr' &vldlv'&e '
HM iro—— "pR T

=Tr' &vldlv'&e ' H„" T+ico~ „—ico— "pR T (17)

Here the transition (v~v'} implies fico& „=E& E,. Tr' means —that the sum over vibrational states is excluded from
the trace (TrM). Equations (16) and (17) lead to the usual expression for the absorption intensity via the dipole-moment
correlation function (see Appendix}.

S. Coherent scattering

As was mentioned in [17—19], the selection rules for wave vectors in coherent light-scattering experiments are caused
by the interaction of the same photon with difFerent molecules. By using isotropy of the medium we now derive the
phase-matching conditions on the basis of the general expansion (11). First, let us introduce the integral representation
L(rf rf r, r') for the differential superoperator L(rf, rf) describing the motion of particle in a space of translational
coordinates (lr & & r'l)

L(rf If)p(rf, rf )=f fp(r, r'}[L(rf,rf)5(rf r)5(rf r')]drdr-'—
=f fL(rf rf r, r')p(r, r'}dr dr' . (18)
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Thus, for example, the free translational motion of a molecule is determined by the integral superoperator:

1 IL(r, r';r, r'}= dkdk'exp ——[H(r) H—(r')]t exp[ik. (r —r) —ik'. (r' —r')]f'f' '
(2 )6 f f

3

2&t 2 At
exp —— (lr —rl —lr' —r'l ) (19)

The major advantage of the integral form for the equation of motion in an isotropic medium is the simplicity of
defining the invariance of the operators over any translational transformation (r~r+ro)

L(rf rf, r, r')=L(rf+ro, rf+ro;r+ro, r'+ro) . (20)

In the momentum representation the invariance principle (20} yields the usual momentum-conservation law, which in
the integral superoperator terms takes the form

L(pf, pf, p, p')= f f J JL(rf, rj;r, r')exp[i(rf pf) i(r—f pf) i(—r p)+i(r' p')]drdr'drfdr f'

=5[ ,'(Pf +P—j) ——,'(P+P')]L„(Pf,Pf, P, P'), (21)

where L, is the regular superoperator corresponding to L.
Analogously, for a system consisting from N particles the translational invariance principle provides the conservation

of the full moment P =
—,
) g1&, & N(p(i)+PIi) ):

I I I ~ I I I
(Pf(1)»Pf(1)»Pf(2)»Pf(2)» ' »Pf(N)»Pf(N)»P(1)»P(1)»P(2)»P(2)» ' »P(N)»P(N))

I I I ~ I I Io(~f ~ ~)r (Pf(1)»pf(1)»pf(2)»pf(2)» ' ' » Pf(N)»Pf(N)»P(1)»P(1)»P(2)»P(2)» ' ' ' » P(N)»P(N)) ' (22)

It can be supposed that the well-known restriction on wave vectors in coherent light scattering is a manifestation of
the equality (22). To prove this let us consider the translational averaging in Eq. (11). Through the nth order of pertur-
bation theory one obtains

TrT g(a A —a A )[(—1)(Ho" )
' V" ]" 'po

Jn

n —1

=XTrr . (a A, —a A 1) g g [( —1)(Ho ) '(a A
~ +a, A, ~

)"])oo .
aI, JI I =1

I~I JI ~I»I In

n —1

Tr (
—1) "A "' " g [( —1) '(H" ) '( —l)A, ",

,
']p

l=1
(2&)

Here A =d'A (r ), the subscript T denotes that the
trace has to be evaluated only over the translation states
of the medium. g( & }

implies the summation over

all n-term sequences Ia(,j1,Pi, y1]„with a„=a, j„=l,
y„=0. Each term (a,j,)()},y) in the sequence corresponds
to the onefold interaction of a photon of normal mode a
with a certain molecule (j). The details of the process are
described by the parameters P(=0, 1) and y(=0, 1),
namely

J=2

A~. '~ p=a A p, A~. ' p=a A -p,
7

A~: *~ 'p=pa A . , A~ ' 'p=pa
(24)

Obviously, every ordered sequence can be displayed
graphically by the appropriate double-sided Fermi dia-
gram (see Fig. 1).

Since the operator of the fu11 momentum and the Ham-
iltonian for the X-particles system can be diagonalized in
the same basis of eigenvectors lp ), the initial Boltzmann
distribution in medium p,q

can be written in this basis as

p.q=yplp)pp(PI. According to Eqs. (4} and (5), each

Iket & bra I Iket & bra I

FIG. 1. Bimolecular (j=1,2) double-sided diagram that cor-
responds to the ordered sequence [ 1,2, 1,0; 3,2,0,0; 2,2, 1,0;
4,2,0,0; 1,1,0,0; 3,1,1,0; 2, 1,0,0; 4, 1,1,0I H.
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AP (P&&P~ ~P+( —1}~k &&P~, (25a)

APJ=')P&&P) )P&&P—
(
—l)4.[.

In agreement with Eq. (22), the (Ho )
' operator cou-

ples only vectors ~P & &P'~ having the same values of full

momentum: (P & &P'(~~P+Q& &P' —Q~. Taking into
consideration that only the diagonal final states ~P & & P~

should be retained in Eq. (23), one may readily see that all
nonzero scattering terms have the following property:

(25b)

diagonal matrix element pz transforms into nondiagonal
elements due to the interaction with the photon:

(04 k4

1
C01 k1 (02 k&

FIG. 2. Geometry for degenerate four-wave mixing. co&,kl
and co&, k& correspond to the pumping beams. 3 and 4 are prob-

ing and signal beams, respectively.

1=1
1'1 I 1'J1 ~1 r1 l„

( —1) 'k = g(n nt )k—=0, (26)

where n =QN, nt
J and n =QJN, n i, respectively.

n J and n are the total numbers of a and a opera-
tors acting on the jth molecule in the selected sequence

I+I Jl ~l Yl j

Before proceeding to the analysis of the spectral proper-
ties of the coherent scattering let us consider, for in-

stance, one of the sequences belonging to the four-wave

mixing: [1,2, 1,0; 3,2,0,0; 2,2,1,0; 4,2,0,0; 1,1,0,0; 3,1,1,0;
2,1,0,0; 4, 1,1,0]s (see Fig. 1). Then from Eqs. (29) one ob-

tains the momentum-conservation condition, which is
usual for CARS and DFWM,

n~ .=a,j
k=1

k»k'Jk I 1'J1 &1 r1 Jl ~n

5 5|p 5... ,

(27)

k4=k1 —k3+k2 .

C. Vibrational DFWM spectroscopy

(30)

naj
k=1

k»k Jk I 1J1»1 r1 j1I„

5 50p 5i

The equality (26) is trivial when the interaction with one
molecule is considered (e.g., ir absorption, Raman
scattering). This is because the nonzero contribution to
the scattering intensity (11)arises only from terms with

n.' ——n. . (28}

The results of the preceeding sections will be employed
here to find out the expression for the spectrum shape via
susceptibility (17). The analysis will be performed in the
lowest order of perturbation theory for the case when the
frequencies of all applied modes are in resonance with the
frequency of the vibrational transition of the molecule.

By extracting from Eq. (11}terms which describe the
coherent interaction with two molecules (V„V2) for the
system of N identical particles one obtains

However, the situation is changed drastically when the
radiation acts on several independent molecules. When
the interaction between the selected molecules can be
neglected the expression (26) holds for each molecule sep-
arately. In particular, for two molecules (1,2), both con-
servation conditions Eqs. (26) and (28) have the form

W~ '=ice jV(N 1}—
XTr(( V,"ata ) [ [1+(HD" ) '( Vp + V2" )]

[1+(Hx )
—1Vx ]

—
1] )

(31)

g(n, nt, )k =0—, (29a)

y(n 2 n2)k =—0, (29b}

n 1+n 2 n 1+nt (29c)

The equality (29c) leads to the coincidence of the phase-
matching conditions (29a) and (29b} for both molecules.

I

Since we intend now to deal with the four radiation
modes (see Fig. 2), we immediately see from Eq. (28) that
in this case the perturbation expansion (11)provides non-

vanishing results only at the eighth and higher orders.
Additionally, to satisfy Eq. (30) the interaction of the
molecule with different modes has to be considered.
Then the corresponding terms in the expression (31}can
be written as

gP DFwM i~~{N
7

Tr ( —1)'A ' 'Q ( —1) '

1=1
A

I I'rlA - pp

=icejV(N 1)—P P
1

Tr ( —1) 'A '.'g ( —1) ' H" i g ( —1) —co-
Ia1 J1 ~1»1~S 1=1 k=1

&1 r1
A J. PP

(32)
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N Q) +co Eo —0,cx l QP Cx3 cx4

m, l, k,
h, q, q'

(33a)

(~4)X(e e )CL q&. i I, (e .e, )=5L ~ o5q-o, (33b)
I

The prime ({ ]') here means that the sequence comprises
the interaction of each molecule with one and the same
photon only once.

It is easy to see that the most important contribution
to the sum (32) comes from the ordered sequences for
which the interaction of both molecules with the radia-
tion is shared in time: at first, all photons act on one
molecule and afterwards on another one. Actually, in
this case the interaction of the four successive photons
with the medium can be considered as an open process
for which three fundamental conservation conditions are
fulfilled.

(33c)

where e'o'=e, e"'=e'. Equation (33b) is valid for any
L, ~ {0, 1,2], e and C, ~ .«being, respectively, spherical
basis vectors and Clebsch-Gordon coefBcients. In gen-
eral, for four different polarization vectors the tensor
constructed from products of their components has 3
elements. The equality (33b) means that only those linear
combinations of these elements are essential for coherent
scattering, which belong to the fully symmetric (scalar)
representation of the rotational syminetry group [23]; in
other words, when the interaction with the radiation does
not change the angular momentum.

Considering Eqs. (33a)—(33c) we first remark that the
process obeying these conditions does not disturb the
equilibrium distribution peq Then the product of the first
four factors (1=1—4) in Eq. (32) reads

4 1

(
—1) ' H" i—g —

(
—1) "dI

1=1 k=1

4

P d( {+Il I Yl ]4) g
HM I X

k=1

4 4

&(,.p, .y, 4 II 5i,j + II 52,j, P q+5P
1=1 1=1

4 4

II 5i jl+ II 52jl Prad( {+I l I 1 I ]4)X(al,pl, yl) Peqi™
1=1 1=1 I' I' l 4 ~~o

( —1) "dI
(34)

where

p,. ({~I,PI rl]4)= II [5o,„(5op&., +5i p&., )+»,„] p-d II [5oy, +5i,y, ( op, ,
+ I p. .. )]

1

1=1 k=1
g ~l'~l

col Pcq

Here Ap'y are equalto Ap']' 2ata =a =1.
The limit s~O will be taken, as usual [18], at the end

of the calculations. The nonequilibrium part 5p
(HM5P+0) of the density matrix is produced by the dia-
grams which violate the conditions (33). Thus the
denominator at 1=4 plays here the role of a projector
onto the equilibrium distribution as a consequence of Eq.
(8). So, to confirm Eqs. (33) it is sufficient to show that
the factor in front of the limit in the scattering amplitude
determined by (34) differs from zero. Before this let us
recall the well-known commutation relation,

—i (k-r)H i(k.r)
Me

Qo

[—i(k.r), [..., [ i (k r), HM ]—] ]'"'
=o +1

=HM+ —(k p)+ k
Pl 2'

' 1/2
k~T z„«1, (36)

where y„ is the time of the translational velocity (v) relax-
ation [25],

v t .v dt .
3kI T o

(37)

If the rotational relaxation rate (I/yz [26-28]) is substan-

tial,

k~T
[k —k (2 y «1/y, ,

l 2 m
(38)

In the present paper we concentrate on the case of fast
translational relaxation (Dicke narrowing [24]),

=HM+ —(k.p) .fi

7?Z
(35)

the condition (36) permits a writing of the following ex-

pression:



50 COHERENT LIGHT SCA l I%RING IN ISOTROPIC MEDIA: . . . 113

H—+—(k p) — (k p')l x t
M m al )n a2 PM= &HM+ k —k Tv

m pR —TTr'p~, (39)

for any density matrix p~ in an isotropic medium.
With the help of Eqs. (38) and (39) it is possible now to trace the rotational-translational states in Eq. (34),

2
(24yly)p))

( )g) 4 y, +p, )( (pl pz
}

lp)) (p4)) ~ p,
~(a)»)»(~4 9~ C1 C2 C3 C4 + Cl

1 —4

Pl, 1 —
P2 P), 1-P4

X g [5p l)5y pgy (p) k }+5p 5y 16~ (p) k ) ]

cl c2 m U

X{[5p p5y p5y pg~, (co, k)+5p )5y )5y,g, ,(a),k)']p„

+[5p 15y psy 16 ( ro k)+5p p5y 15y pg ( co k) ]pp]

+[5p 15y l)6 '( a) k)+5p l)5y 1G ( ci) k) ]

X {[5P l)5y l)5y 16~,(P), k)+5P 15y 15y PG~ „(~,k)*]P„

+[5p,, )5y, ,p5y, ,pg. ,~( ~ k}+—5p, ,p5, , 15„,16„~(—ro —k)']p&I

+ g ([5p p5y pg„- „(p),k }+5p,5,6„-„(co,k)')

X {[5p,,p5y, ,p5y, lg ', (p) k)+5p, , 15y, , l5y pgy (~ k) ]p

+ [5p,15,p5,pg„„( p) k)+5p 5 5 6„„(—a), —k ) ]p„]

+ [5p 15y pg„, (
—p), —k )+5p l)5,6, „.( —p), —k )' ]

X{[5p,15„,p5y 1G„,-( co, k)+—5p—l)5,5 pg~ „„(—p), —k)']p, ,

+[5p p5y p5y pg„- „(co,k)+5p,5,5,6 -,(co, k)']p, ] )

P) P2 P3 P4

i( —1} '(p)~. „—2p))+~k +k, ~

X {[5p l)5 pg~, „,.„, (p), k)+5p l)5 lg . . „(—p) —k)*]

X[5p 15y 15y lgg g.g „(p),k)'p„+5p 15 15 pg~ „.,„,.(ro, k)'p~

+5p 15y p5y 16 .„„(—ro, —k)p„+5p 15y p5y pg . ( 4'o k)p„..]

+[5p 15„pg y. ~ „( co, k)+5p 15 16/ „.„(N,k)*]

X[5p, 5 p, 5yp, gy&p', e &„(co,k)P. +5p, p5y, ,p5y, , lg&, ;e', (P)~k)P&

X5p p5, 5y pg~ „-.„„(—o), —k)'Pp+5p p5y 15y 16 ~,p „-(—4o, —k)'P„-]] '

Here u=co =co =co =m, k =k =k =k =k, and
4 3 2 1 4 3 2 1

(40)

6&- &..& „(co,k)=Tr' (v"'~d~v" }e ' HR T(v)+ice&—ico—(v'~d)v&e' "p„r . . (41)



114 A. A. SUVERNEV 50

In particular, 6,- ~ .„. (co, k) is a real symmetrical matrix when vibrational levels of the molecule are nongenerated. As
follows from Eq. (17), G„, ,(co,k)—:6„„. „(co,k).

It should be noted here that the translational invariance (20) is the exact identity only for infinite media. This cir-
cumstance is refiected in Eq. (40) by the factor S&,

g( —1)'k =f exp i rg( —1)'k,
1 —4 1 —4

(42)

The value of the integral depends on volume as well as on boundary conditions. For periodic boundary conditions [1g],
for instance, S~ is equal to the Kronecker 5.

Now we substitute (40) for y into Eq. (34) and carry out similar calculations for another molecule in Eq. (32). Then,
after summation of diagrams in (32) we come to the final relation:

2'~'
N(N 1)a—) I I I 5(ci) co )~S—(k —k )~

3 fi V 1 2 3 0 V 0

v, v'=0
P)(e„ez,e3, e) 6„„(co,k)+6„„,( co,——k)» —g 6&, .(~,k)

JI —0

XRe[6„,(co, k)p, —G„„(—co, —k)p„]—6„„(—co, —k) g Re[G, , (co, k)p„
v"=0

—G „(—co, —k)p„-]

+ g (P2(ef ep e3,e)[6„-,',„',(co, k ) —6„„'.„&( —co, —k )' ]
v"=0

X [G,, „.„(co,k)'p„—[G„, , (co, k)"+6„,„., „(—co, —k)]p„+6„., (
—co, —k)p„]) '

(43)

Here coo=roi co3+coz ko=k] k3+kz and

P&(e&, ez, e3, e)= (e,e3 }(eze' ) (eze3 )(e,e* }+
~ksT 2ksT

Pp(e„ep, e3, e) = (e,e2)(e~e')

kqT
i(co„, ,—2a))+—~k, +k~[

m

(44)

As with Eq. (16), the relation (13}was used for all field operators except the signal one (a~=4). The 5 function is
defined here as

1 . 1
5(co)=—Re ~ lim

v~0 LN+ E
(45)

Deriving the expression (43) we have neglected the lifetime of the vibrational state. However, assuming statistical in-
dependence of vibrational relaxation one may show that the influence of the process is reduced to the alteration of
denominators in Eq. (44). So, instead of Eq. (44) we have

P, (e„e2,e3, e)= (e& e3*)(e, e')
kpT

r, +
T1

(e,.e,' )(e, .e' )

k~T
r. +

m Tl
(46}

P2(e), e2, e3, e) = (e, .ez}(e3* e*)

k~?
i(co - 2')+ (k, +kz~ —~,+-

m ' ?,
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Here T, and T2 are longitudinal and transversal vibrational relaxation times, respectively.
The last remark concerns the special case when the angle between pumping k& and probing k3 beams (see Fig. 1}is

relatively small. Then, the second term in Eqs. (44a) and (44b} is much less than the first one and the contribution to
the signal from the corresponding diagrams can be neglected. The necessary condition can be written as
lk, k—il (ksTr„lm ) « lk2 —k3l (kiiT/m )'~ . This circumstance allows the present theory to be applied not only to vi-
brational spectra but also to evaluate electronic spectra. The resonant electronic transition will be designated below as
n„v~n,', v'.

III. RESULTS AND CONCLUSIONS

The general relation (43) can be simplified considerably when both pumping beams are orthogonally polarized (e,le&).
In this case we have from Eqs. {44)and (46) Pz(e„e2,e3,e }=0 and polarization of the scattering beam is

e~ P — {Pk}kl
(47)

where the vector P is equal to the gradient V,P&(ei, e2, e3,e)'.
Using the symmetry of the susceptibility matrix (A5} the expression (43) can be represented in the more acceptable

form for applications:

W ™=Bg G,. „(co,k) —g G~. , (co,k) Re[G,. „(co,k)jp„
v, v'=0 v"=0

where

+G„,.( —co, —k)' Re[G„.,(co, k)]p„—p& g Re[6&. &(co,k)]
v"=0

(48)

2 ir 2 ficoB=
4 s E(N —1)co 1 —exp

2

1112135{ai 0}1~1(el e2 e3 e+v(k ko}l (49)

The comparison of the above expression with Eq. (16) demonstrates the principal distinction between DFWM and IR
techniques. The line shape in DFWM spectroscopy depends both on the imaginary and on the real parts of the suscep-
tibility, whereas the ir spectrum is described only by the real part of the one. The similar difFerence is characterized by
the CARS method with respect to spontaneous Raman scattering. However, in contrast to CARS with contribution to
the DFWM signal from the excited vibrational band (v'= 1~v"=2}cannot be ignored even at sufficiently low tempera-
ture. Except for the rarefied gases spectra, the width of a single rotational line observed at moderate temperatures in
the stretching vibrational band considerably exceeds line splitting on account of vibrational anharmonicity when the
normal vibration does not involve hydrogen [29],

I l~.p2, „+i—~„pi,„l;~,&j(J+1))r] «1/rJ . (50)

Here a, is the vibrational-rotational coupling constant.
Under condition (50) the dependence of rotational-translational Hamiltonian HR T(v) in Eq. (14) on vibrational

quantum number v can be neglected. Hence, to estimate the spectrum shape the approximate equality of the suscepti-
bility for fundamental (G, 0(co) ) and excited (Gz

&
(co) ) vibrational bands can be used in Eq. (48):

prDFWM
vibr

v, v'=0
1 —exp

v', v 6„„.( —co, —k)'ReIG& „(co,k)p, (51)

On the contrary, for electronic transitions (n, =O~n, =1 and n, = l~n, =2} the corresponding frequencies co& 0 and
co&, are quite different. Therefore the overlapping of G„,.„o(co)and G„=2.„,(co) in Eq. (48) is negligible:

2

8'„„„ =B g ([G„ , ~.„ =0,(co, k)+G„ 0,.„ , „(—a), —k)']Re[G„ , „.„ 0„(co,k)]p„)
v, v'=0

(52)

The sum here runs over vibrational sublevels of the
electronic state n, . It is easy to see that the expres-
sions (51) and (52) are very similar and for isolated
Lorenz line G& „(co)=1/[i(co co~ )+r),—both of them
reproduced the well-known result [7] Wn ~ 1/

I

[{~ ~~,.}'+r']'
Let us recall now the influence of the imaginary part of

the susceptibility on the propagation of radiation in the
medium. In this context the usual expression for the in-
dex of refraction n(co} [30] in nonmagnetic media can be
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represented in the following form:

tt (c0)=1— g {G~„(to,k }p„
4im. N

v, v'=0

—G, ~( —to, —k)'p„J . (53)

To illustrate the connection of n(to) with DFWM we re-
strict ourselves now to the case of comparatively large
frequencies of the vibrational transition: fuo„„»kit T.
Then, the sum over the vibrational levels in Eqs. (51) and
(53) reduces to one term belonging to the fundamental
transition v =0~v' = 1. Substituting G, 0(co) and
Re[6, 0(to) ] in Eqs. (51) and (52) with the help of expres-
sions (53), (16), and (A7), we have finally

observed line shape. Assuming that the domain of
analyticity is the half plane Im(to) &0, Eq. (17) can be
represented as Laplace transform

G „(to,k)= f K,, „(t,k) exp(i(co c—o, „)t)dt (Al)

of the time-dependent correlation function

K„.(t, k)=T' (vldlv')e
'

Xexp ——HR T(v')t

i(k r) j
X(v'~d~v)e '

pR T

PrDFwM i PrDFwM g
~
a 2( ) 1

~

2 PrIR ~IR (54)

where

1
X exp H„T—(v)t (A2)

2 I35(t0 t00) ~Pi (e„e2ei,e)S&(k—k0) ~
. (55)

2R N

In summary, it is necessary to emphasize the principal
significance of the approximation (36) for resulting rela-
tions presented in this section. The evident drawback of
our analysis is the limited power of applied laser beams
and, consequently, low signal levels. To overcome this
obstacle and to take into account the saturation effect
[31], terms of higher orders in the general expansion (11)
should be evaluated. Proposed in the preceding section,
the ordered sequences algorithm is oriented to conduct
such analytical calculations on a computer.

The summation of Eq. (A2) over vibrational states evi-

dently leads to the total correlation function of the dipole
momentum [26]

K(t)= g K„„(t,k)p, . (A3)
v', v=0

Now we notice that the equilibrium distribution operator

pR T that has to be in accord with the definition (14) and
(15) proportional to exp[ HR T(v)—lktt T]. By perform-

ing the cyclic permutation of operators in Eq. (A2), the
following expressions can be derived in the case of levels
(v', v) of the same degeneracy:
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APPENDIX

The susceptibility G„.,(to, k} introduced in Eq. (17) can
be regarded as an analytic function of the complex vari-
able co. The main properties of this function brie6y dis-
cussed in this Appendix determine the symmetry of the

1

K&„( t, k)=K—„„. t ,——k
B

(A4b)

=exp (A5)

The similar relation holds for the imaginary part of the
susceptibility as well:

Equations (A4) are a generalization of the well-known

symmetry properties of K(t) [32]. Taking the complex
conjugation of Eq. (Al) and using (A4), we finally get

Re[6, „(—co, —k)]

—ihlk~ T
Im[G ( —co, —k ) ]= —exp — (co —co„) Im[G„, ( kto)]+i f K„.„(t, )kexp[i( o tto„. )t ]d—t

B

It is clear that nearby the vibrational resonance (%~to —co ~
~

&&kii P, both Eqs. (A5} and (A6) result in

G„(co,k)=G„, ( —co, —k)' .

(A6)

(A7)

As was shown in [33], the rotational and translational relaxation can be considered as statistical independent random
processes K„(t,k) =K„,(t;v', v)K„(t,k). In fact, the problem of the calculation of the line shape is reduced to the
evaluation of the rotational contribution K„,(t;v, v). In the gas phase it can be solved using the model for the relaxa-
tion operator proposed in [34] within the infinite-order sudden approximation.
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