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In this paper we present some calculations regarding the average number of photons produced in the
dynamical Casimir effect for the ideal case of two perfectly conducting uncharged parallel plates, using
the zero-point energy summation method. We show that it is possible to create intense photon radiation

when the two plates are modulated periodically.

PACS number(s): 12.20.Ds, 78.60.Mq, 42.50.—p

I. INTRODUCTION

The idea that the ‘“‘shape” of the vacuum can be
changed, for example, by inserting two perfectly conduct-
ing plates, to produce observable effects, led Casimir in
1948 to formulate what is commonly referred to as the
Casimir effect [1,2]. Since then, the Casimir effect has
been extensively studied and exploited in a variety of situ-
ations [3-7]. Examples include the Casimir effect for
plane dielectric surfaces [8,9], in a given cavity [10], be-
tween two polarizable particles [11], etc. The Casimir
effect has been generally considered as a manifestation of
the change in the zero-point electromagnetic energy due
to the presence of matter, even if it can also be derived
very elegantly by source theory with no reference to the
zero-point field [12,13].

Regardless of the way Casimir forces are calculated,
they are obtained either by holding the geometry fixed or
by varying the geometry only quasistatically. The
dynamical Casimir effect occurs when the geometry of
the system varies more quickly in time so that the vacu-
um is perturbed and emission of photons becomes possi-
ble. Work by other authors regarding photon production
in the presence of moving boundaries can be found in
Refs. [14-17].

Recently Schwinger [ 18-20] has proposed a more gen-
eral procedure to evaluate the Casimir effect within
source theory: the real part of the action gives the
Casimir energy, which is the only contribution we have in
the static effect; instead the imaginary part describes the
photon production, which characterizes the dynamical
situation. In this paper we present a calculation of the
average number of photons produced in the dynamical
Casimir effect for the ideal case of two perfectly conduct-
ing plates, using the zero-point energy summation
method. More explicitly, we consider two examples of
plate modulation: a pulse in time and a square-well
periodic potential. We demonstrate that for the case of a
periodic potential intense photon radiation may occur,
mainly as visible light. In all cases, the calculations are
expected to be adequate when the time scales of the fre-
quency modulation of the photons are long on the time
scale of the photon frequencies themselves, i.e., in the
adiabatic approximation.
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II. FORWARD AND BACKWARD MOTION
OF AN ELECTROMAGNETIC MODE

The static Casimir energy for two perfectly conducting
plates separated by a distance d(L,=L,=L and L,=d,
where L > >d) is given by the difference between the
zero-point energy when the plates are placed at a distance
d and when the distance between them is infinite

_ mheL?
720d°

Now suppose that the distance d varies as a function of
time d (¢), as in the example shown in Fig. 1. We assume
a constant initial value d; and after a time AT the modu-
lation stops and d has the value d.

In this case the frequency w; is a function of the time
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where 1,m,n=0,1,2,..., with the restriction that only
one integer at a time can be zero.

The Hamiltonian for one single mode is (see the Ap-
pendix for more details)

H(t)=1[P*+0}(1Q?] . 3)

AT d(t)

d

FIG. 1. The distance between the two perfectly conducting
plates varies as a function of time. Before the modulation the
distance is d; and after the modulation stops, the distance is d.
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If we work in the Heisenberg picture and introduce the
creation and annihilation operators
172

o= 2 o—i[—L " p 4
e =17 | Wl oa | PV, @
(0= |2 - Y I T 4b
a= g | R 0, #b)
with

la,a’]=1, (4c)
Eq. (3) becomes

H(t)=#o,([a"(Da(t)+1] . (5)

Before and after the modulation, the Hamiltonian H (t)
is the usual Hamiltonian for a simple harmonic oscillator.
Suppose that the modulation is on between — 7T <t <T.
Fort, <—T

H,(t))=Ho, (t)al(ta () +1], (6a)

with
wl 2 ™m ? ™ 2

o (t))=w;=c A + T + —dz—}] , (6b)
and for ¢, >T

H(ty))=fa(t,)[al(ty)a,(t,)+1], (6¢)
with

w(t,)=w,=c 112+1r£2—|—"r—nzv2

RTES L L d,

(6d)

The mean number of Casimir photons produced for a
given electromagnetic mode is

N(w,)=(0,t,]a'(t,)a(t,)]0,1,) . %)

The total number is obtained by taking the sum over all
the modes

szNkA(wf)’ (8)
kA

where A=1,2 is the polarization index. The correspond-
ing energy is

kA

We want to find an expression for Ny, . If we introduce
the complex quantity g, , such that

O ()=qu +qui (1),

it is possible to show that g,(z) satisfies the equation

(see, for example, Refs. [21,22])
d’ 2 -

?qu(t)*‘wk(t)qu(t)—o .

(10a)

(10b)

Equation (10b) is formally identical to a one-dimensional

Schridinger equation, where ¢ replaces the spatial coordi-
nate x.

Using a formalism originally due to Brown and Carson
[23], we can determine Ny, (@) in terms of the scattering
solutions of Eq. (10b). For ¢t < —T and ¢t >T, Eq. (10b)
becomes

d’ 2 -
E-Z-qn(t)ﬁ—w,-,qu;\(t)—O . (11)
Suppose for simplicity w; =w,=wo. Equation (11) admits
solutions of the type

¢(t)=e—icot ,

which represent a signal of frequency @ moving forward
in time, or

¢t(t)____e+iwt ,

(12a)

(12b)

which represents a signal moving backward in time.
Equations (10b) and (11) have the same asymptotic
behavior. We can write two asymptotic solutions to Eq.
(10b).

One solution g,() (omitting the subscript kA for sim-
plicity) gives a photon moving forward in time, which has
some probability to be scattered backward in time (see
Fig. 2)

e'-ia)t+Rb(w)e+iwt , t—>—o

T (w)e =" , (13)

qf(t)z t—+o .

The other solution g, (¢) gives a signal moving backward
in time, which has some probability to be scattered for-
ward in time due to the modulation (see Fig. 3)

Tb(a))e tiot y, —>—®
(1= e+i“”+Rf(w)e_i“" , t—>+ oo . 14
Therefore a scattering matrix can be defined
R, Ty
= T, R, | (15)

The elements of the matrix are not independent because
the Wronskian function of any pair of solutions to Eq.
(10b) is a constant

2
A “)k(t)

t

FIG. 2. Photon moving forward in time incident over the po-
tential w3 (1).



50 PHOTON PRODUCTION BY THE DYNAMICAL CASIMIR EFFECT 1029

p O (1)

A\

FIG. 3. Photon moving backward in time incident over the
potential o (t).

d d
W['pb‘/’z]:‘/’l_d‘/:i-%dlz:const. (16)

Computing the following Wronskian functions at
t——oo and +« and equating the two asymptotic
values leads to the conditions

Wiq}t,q, 11— R, [>=|T,[?,
Wi apllT, [P =1—|R,[*.

(17a)
(17b)

S is a symmetrical unitary matrix and if w%(¢) is an even
function of time, then R, =R/. In general |R,|=|R/|.
Let us consider a signal moving backward in time,
which means that we consider the boundary condition
given by Eq. (14). We can express the mean number of
photons produced, in terms of the probability that a sig-
nal moving backward in time is scattered forward in
time, as follows. If we calculate the constant Wronskian
function [Q,q,], where Q is given by Egs. (4), for
t;<—T and t, > T and equate the results, we obtain an
expression for a(t,) and al( t,) as a function of the an-
nihilation and creation operators before the modulation

m)tl

Tb e

a(t1)+Tb‘Rfe_iwtlaT(tl)

— (18)
e "H1—|R;|?

a(ty)=

a'(t,) is obtained in a similar manner. Therefore the
mean number of photons produced after the modulation
for a given mode
Ny =(0,t,la}; (25)a,,(2,)(0,¢,)
lRfu((l))F IRbk;‘(w)F

= = . (19)
[1= R (@)?]  [1— Ry (@)|?]

The same result is obtained considering the boundary
condition given by Eq. (13).

Equation (19) is formally identical to the result that has
been obtained using a Bogolubov transformation and im-
posing the Feynman-Stiickelberg boundary condition
[24,25] for the free Green’s function [26-28].

III. PHOTON PRODUCTION
FOR A PULSE IN TIME

As a first example we consider the case in which the
distance d (t) between the two plates varies as (see Fig. 4)

b2

1 _
cosh®(wt /7)

1
d¥t) a?

, (20)

where 7 describes the pulse duration and b determines the
modulation strength. Therefore
2

2 2

whn=c?| |TL| 4 | T | 4 |0
mnb ?
2 cosh(mt /1) (21a)
=a)i+———?i—- ,
cosh(wt /7)
where
ot =c*[ (7l /L) +(mm /L) +(mn /a)?) (21b)
and
Q2=cXmnb/a) . (21¢)
Equation (10b) then becomes
d—2+wi+ﬂ—3’ q,()=0. (22)
dt? cosh(wt /1) |°®

For n =0, Eq. (22) reduces to a free equation for the cor-
responding oscillator mode and the reflection probability
coefficient is zero. For n#0 (Q,70), the reflection prob-
ability is given by [29]

az/da(t)_ T ] L l‘l’ L T T T 1 1 l T 1T 1 1 l T i
51— ]
L 4
41— ]
L A

i ]
3+ —]
2 ]
1— —
r— i 1 1 |J4LL 11 l 1 1 L1 I 1l 1 IJL1~

-2 -1 0 1 2

t/T

FIG. 4. d as a function of time for the modulation pulse
chosen for illustration in Sec. I1I.
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2
cos“f 1
IR, (0 )P =—— —— (23a) a
sinh“(w; 7)+cos“8, d’(t)
with
—_— 1+ b
6,=V (7/2)*+Q27 . (23b) —
The mean number of photons produced for a given o1, | 2T
mode is T
=
IR 4, (0 )]? cosX(0,) >
N=—" L% = — (24a) t

[1— IR}, (@)2]  sinh(w;7)

We notice that in the limit w; >0 (V—>x), N— «;
when @) — o, N—0.
The dynamical Casimir energy is

L2 ° ———— - cos?0,
AE= 2ic d*k V' ki +(mn /a ) ——
(2m)? ,21 J a, Vi sinh*(w, 7)
(24b)

with k,=V/(7l /L)*+(mm /L)*. If we make the substi-
tution x2=(k”a /m)*+n?, the Casimir energy is given by

2 o o 2
L fc S cos?, f ) dx—>

a n=1 n

AE=7? (25)

sinh?(yx) |’

where y =(mc7/a). In experimental situations, y is much
larger than one; therefore the integral in Eq. (25) can be
written as

fln,y)=4 f j dx xzexp(—2xy)

2y 2ym >+ 142y

=exp(—2yn 3 (26)
y
and we can consider just the first term in the series
2 2
AE~mL fc cos’0,exp( —2y )Z“I——i_?—)ﬂ , @27
a

which is of order zero for y >>1. Therefore the pair pro-
duction is practically zero in any real situation.

IV. PHOTON PRODUCTION
IN A TIME-PERIODIC POTENTIAL

As a second example we consider the case in which the
distance between the plates varies periodically as shown
in Fig. 5, where we have a succession of period barriers
with period T=2T,;+2T,. In a given period T,d(?)

varies as follows: for —T,—T;<t<—T, and
T,<t<T,+T,
1 1
=—, (28a)
d¥t) a?
and for —T,<t<T,
1 1
=—(1+b?), (28b)
dXt) a?

where b is the modulation strength. Therefore in the val-
leys(T,—T<t—rT<—T,)

FIG. 5. d as a function of time for the periodic potential
chosen for illustration in Sec. IV. The period is T=2T, +2T,.

4ot lgn=0 (29a)
dr2k ’

where o, is given by Eq. (21b), and in the hills
4% 1o qtn=0 (29b)
di? ’

with ,, =V @} +Q2 and Q,, given by Eq. (21c).

We wish to determine the mean number of photons
produced by the modulation in a period At =rT, where r
is a large integer. In the valleys [30]

io, (t—rT) —iw, (t—=rT)

q,=A.e +B,e . (30

The coefficients 4,,B,, belonging to successive values of
r, can be related by a matrix P, obtained by imposing the
continuity for ¢ and its derivative at t =(—T,+rT) and
(T,+rT). Noting that the centers of the peaks have
coordinates t =rT,

Arer| _p | (312)
Br+1 B Br ’ a
with
(al_iﬁl)ein —iﬁzeimT
P=1 ipeT  (a,+iBpe—iT]|" (316)
where
a,(k,a,b)=cos(2w,T, )cos(2wT,)
+ %sin( 20,T,)sin(20T,) , (31c)
Bi(k,a,b)=sin(2w T, )cos(2w,T,)
—%sin(2a)2T2)cos(2a>T2), (31d)
ﬁz(k,a,b)=-£Lsin(2w2T2) , (3le)
and
e=(w,/0)+ (w/w,), 31D
n=(0/w,)—(w,/0) , (31g)

where a,, 8,3, satisfy the condition
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a2+p—-pi=1. (31h)
By iteration we have
A, A,
B, =P’ B, (32)

with the condition that for » —* « the limit of P" should
exist. If we consider the eigenvalue problem for P, we
have

P=UP,U"!, P'=UPJU"!, (33)

where U is the unitary matrix that diagonalizes P and P,
is the corresponding diagonal matrix. The eigenvalues of
P are the roots of the characteristic equation

pz—p Tr(P)+det(P)=0 ’
p+=1{Tr(P)+V[Tr(P)*—4} .

(34a)
(34b)

Acceptable solutions are obtained if and only if p, are
complex conjugates

|Tr(P)| <2 . (35)

If we define a real parameter ¥, such that

cos(y)=1Tr(P), (36a)
with

pr=et  p_=eTi7, (36b)
a frequency o is allowed if the expression

cos(y)=1Tr(P)=a cos(owT)+Bsin(wT) (36¢)
is satisfied.

Consider the matrix U
(preT—4) (p_e“T—4)
U= s iB, |’ G7

where 4 =a,;+B;. If we impose the boundary condition
given by Eqgs. (14)-(32), after substituting Eq. (33) in Eq.
(32), we get

v! =pjU"! 0 (38)

R
From Eq. (38) we can derive an expression for R, and
thus |R f|2:

B3

IRf|2= 2 2 20
ai+pBi{—2B cos(y)+B

(39a)

1031

where

B= sin[(r +1)y]

sin(r7) (39b)

We have photon production for a given mode only if the
corresponding frequency w, satisfies the relation (assum-
ing Tl =T2=T/4)

_ T T
cos(yk)=cos | —w,; |cos | —wy
2 2
| P2, Pk | T .| T
—+ |—+— [sin [y [sin |y
(0% [05Y% 2 2
(40)
The corresponding number of photons produced is
)
@ @ sin“(ry,)
N=L1|2k 2% 2| L, _Tyk_ @1)
4 |wy o 2 sin“(y )

If we indicate with {wj]} the set of frequencies such
that

cos(yx)==1 42)

and o} <., where o, is the cutoff frequency, we notice
that in the limit » — o we have
sin’ry

(43)

r? if o~}
0 if o F o) .

sin?y,

Therefore the total number of photons produced is on the
order of

T
2 Tm;k (44)

sin

Let us do a more detailed calculation in the limit
L >>a. If we introduce the variables

-Tr.m
y= 2 ca ’ (45a)
ak“
=20 (45b)
T

o, and w,; can be written, respectively, as

a)k=c—7r1/x2+n2 , (46a)
a

0=V X2+ nX(1+b?), (46b)
a

and Eq. (40) becomes

cos(y i )=h(x,y,n,b)=cos[yV x2+n3(1+b?)]cos(y V' x2+n?)

sin[yV'x2+n%(1+b?)]sin(y V' x2+n?) . 47

i | Vx2+n’(1+b7) Vix*+n?
: Vxi+n? Vx2+n2(1+b2)
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We notice that in the limit x — o, A ~cos(2xy).

The total number of photons is obtained by summing
Eq. (41) over the values of w, satisfying Eq. (40) or (47).
For the moment we keep fixed the values of y,n,b and we
vary x. Let us call x;, i =1,2,...,m, the solutions of Eq.
(42) up to a cutoff value x,,. We assume for simplicity
that the cutoff x, is a solution of Eq. (42) and x, =x,,. As
we shall see below, this will not change the final result.

The number of photons produced for a given n can be
expressed as (4 =L?)

N(y,n,b,r, A,a)

T4 2 fx.iﬂf(x’y’n,b)g(x’y,n’b’r)dx ,  (48a)

where f (x,y,n,b) is

12
x2+n?

e,y b)=x | |—XFn"
f X2+ n2(1+b2)

x*+n%(1+b%)

X242
Xsin2[yVx2+n2(1+b2)] (48b)
g (x,y,n,b,r) is the composite function given by

sin?[ry (x,y,n,b)]

g(ny’yn,b,’)z (480)

sin?[y . (x,y,n,b)]
and x; and x; ; are the end points of a given band. The
total number of photons produced by the time periodic
potential can be expressed as

nC
N=3 N(y,n,b,r,4,a) .

n=1

(48d)

To evaluate the integral given by Eq. (48a) we notice
that g(x,y,n,b,r) has singularities at the points x =x;,
which are removable because the limit for x going to x;
exists and is equal to 72. We can therefore define a con-

tinuous function G (x,y,n,b,r) as

g(xry,nyb,r) if X; <Xx <xi+1

G(-x)y9n;b’r): r2 ifxzxi,xi+] . (49)
The integral
J(y,n,b,r, A,a) f f(x,y,n b)G(x,y,n,b,r)dx

(50)
has the same value of N(y,n,b,r, A,a) because the two in-
tegrals differ only for a finite number of singularities.
Moreover J >0 because the integrand function is non-
negative and J =0 only if the integrand function is zero
for every value of x €[x;,x;,,]. Applying the mean
value theorem we get

_wA ., _ Xi+1
J=a Gy [ Gynbrdx (5D
where X; is an appropriate value in the interval [x;,x; , ;].

We want now to evaluate the integral in Eq. (51) given
by

Xi
Iy,n,b,n= [ Glx,y,m,b,rdx , (52)

in the limit » — . The existence of this integral is en-
sured by the continuity of G in the closed interval
[x;,x; +1]. Therefore we can choose the following parti-
tion to evaluate it:

Xo=x; , X1=xy+Ax , x,=x,+2Ax,...,
(53a)
X;=xotjAx,...,x,=x; 1 1=x9+rAx ,
where
X 41— X;
Ax=" (53b)

r
Applying the definition of the Riemann integral we can
write [31]

I(y,n,b,r)= lim

r— oo

> Gxo+jlAx,y,n,b,r)Ax | . (54)

j=1
For rlarge, G(x,y,n,b,r) is different from zero only for
X ~Xg,X, . (55)

Therefore only two elements of the sum in Eq. (54) are
different from zero. Hence I(y,n,b,r) can be approximat-
ed as

I(y,n,b,r)~ lim [G(x,+Ax,y,n,b,r)

r— o

+G(xy+rAx,y,n,b,r)]Ax

Xi+17 X
r

R

272 (56)

The last expression in Eq. (56) has been obtained by sub-
stituting in it the values of Ax and G at x =Xx;,x; ,, in the
limit » — oo. hence N (y,n,b,r, A,a) is

N(,n,b,r, 4,a)= =%f()?,-,y,n,b,r)Zr(xiH—xi) :
a

(57

The total number of photons produced per pulse, per unit
of area, is obtain by substituting Eq. (57) in Eq. (48d)

||Mn=
||Ms

(N/Ar)= —2’7— f(x,,ynb)(x,H x;). (58)

1i

In experimental situations, y is a very large number;
therefore the left-hand side of Eq. (47) oscillates very rap-

idly. Let us make some numerical estimates. If we
choose

a~10"*cm, T~10"%s, b~5, (59)
Eq. (46c) can be written

v~1.5X10"V'x2+n? Hz . (60a)

If the cutoff frequency is v, ~ 10" Hz, V'x2+n? cannot
exceed a number of the order of 7. Moreover

y~4.7Xx10" . (60b)
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If we choose a given value of x, and a small interval
around x, for example, of the order of 1073, we can al-
ways find at least one value of x such that the left-hand
side goes to +1. Therefore the sum over i in Eq. (58) can
be approximated with an integral as

x.(n)

S (y—x)~ [ dx . 61)

i=1 0

The number of photons produced per unit area per
pulse is

_N_NL_E_ "chxc(n)x ‘/x2+n2
rd 4 q%* <70 Vx2+n¥1+b?)
— )2
_ Vx2+n%(14b?) d
Vaitnr )
(62)

where n, =7 and x.(n) is the cutoff value of x for a given
n. In Eq. (62) we have substituted sin’ with its mean
value. Evaluating the integral

i+ xX(n)b?
xX(n)+n¥1+b2?) '
(63)

N 1w & ,
A 80t B

n=1

In

The above expression grows as In(n,) for large n, and it
is estimated to give, for the number of produced photons,

~10'! /(area pulse) . (64)

Therefore we have a large production of photons, mainly
in the visible region.

V. CONCLUSIONS

We have shown that it is possible to create intense light
by modulating the vacuum between two perfectly con-
ducting plates when the distance between them is
sufficiently small. It is possible to apply the method dis-
cussed above to different geometries or the presence of
dielectrics. As suggested by Schwinger, the intense blue
light produced in the sonoluminescence phenomenon
[32,33] can be interpreted as being due to the dynamical
Casimir effect. We believe that the work detailed in this
paper is a confirmation of Schwinger’s idea that the
dynamical Casimir effect can produce intense radiation.
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APPENDIX

In the original work the notion was discussed that
moving mirrors were in contradiction to the conventional
Hamiltonian description of quantum mechanics [14]. In
more recent work this has been shown not to be essential.
Moving mirrors can indeed be described in the conven-
tional Hamiltonian formulation of quantum mechanics,

1033

modulo the nonseparability of the Hibert spaces which is
present in all relativistic quantum field theories. For
completeness of presentation we outline the method
which can be employed and refer the reader to the work
of Calucci [17] for an exhaustive treatment of the details.

Suppose that we have a cavity in the spatial region ().
The walls are considered to be perfectly reflecting. The
Lagrangian of the electromagnetic modes inside the cavi-
ty is given by

L= [ &*((EF=[BP). (A1)
In the Coulomb gauge V- A=0,
E(r,1)=— 1 2ALD (A2a)
c ot
B(r,t)=VX A(r,t) , (A2b)
one has the normal mode expansion
(A3)

A(r,t)=7 Q. (1) A (r;Q(2)) ,

where Q(z) indicates that the volume of the cavity varies
with time. If the geometry of the cavities is sufficiently
simple (for example, the spherical geometry or rectangu-
lar “box” geometry of this work), the quantum numbers
{a} retain their definition and the wave function of the
modes in the cavity have at all times the form
¥(...,Q,4 --.,t) no matter what the size of the cavity.
Inner products are defined as

(v, ¥,)= [ vy, ]] dQ, . (A4)
a

There are no further complications introduced from the
fact that one has moving mirror walls beyond the nonse-
parable nature of the Hilbert space present even for non-
moving mirror walls.

However, the Lagrangian implied by Egs. (A1)-(A3) is
of the general form

L=13 [K,50,05+M 30,05~ No30,05], (A5)
af

from which the Hamiltonian may be constructed. The
structure of the Lagrangian with moving mirrors has ad-
ditional items from the fact that the walls are moving;
i.e., the cavity electric fields are found from Egs. (A2a)
and (A3) to be

E(r,t)=—

S |-

3 [0, Ay(r; Q1))+ 0, Ay(r; Q1)) .

(A6)

When the walls are moving on a time scale slow on the
scale of the mode frequencies, then the second term on
the right-hand side of Eq. (A6) can be neglected, as dis-
cussed by Calucci. The resulting Lagrangian then has
the well-known adiabatic form

L ggiavatic =+ S[0F —0,(Q(1))Q2], (AT)

used in this work.



1034 E. SASSAROLL Y. N. SRIVASTAVA, AND A. WIDOM 50

[1] H. B. G. Casimir, Proc. Kon. Ned. Wet. 51, 793 (1948).

[2] H. B. G. Casimir, in Physics of Strong Fields, Vol. 153 of
NATO Advanced Study Institute, Series B: Physics; edited
by W. Geiner (Plenum, New York, 1987), p. 957.

[3] Yu. S. Barash and V. F. Ginzburg, Usp. Fiz. Nauk. 116, 5
(1975) [Sov. Phys. Usp. 18, 305 (1975)].

[4] G. Plunien, B. Miiller, and W. Greiner, Phys. Rep. 134, 87
(1986).

[5]1Y. Srivastava, M. Friedman, and A. Widom, Phys. Rev.
Lett. 55, 2246 (1985).

[6] O. Panella, A. Widom, and Y. Srivastava, Phys. Rev. B 42,
9790 (1990).

[7]1P. W. Milonni and M.-L. Shih, Contemp. Phys. 33, 313
(1992).

[8]J. Schwinger, L. L. De Raad, and K. A. Milton, Ann.
Phys. (N.Y.) 115, 1 (1978).

[9] E. M. Lifshitz, Zh. Eksp. Teor. Fiz. 29, 94 (1955) [Sov.
Phys. JETP 2, 73 (1956)]; 1. D. Dzyaloshinskii, E. M.
Lifshitz, and L. P. Pitaevskii, Usp. Fiz. Nauk. 73, 381
(1961); [Sov. Phys. Usp. 4, 153 (1961)]; L. D. Landau and
E. M. Lifshitz, Electrodynamics of Continuous Media (Per-
gamon, Oxford, 1960), p. 368.

[10] T. H. Boyer, Ann. Phys. (N.Y.) 56, 474 (1970).

[11] H. B. Casimir and D. Polder, Phys. Rev. 73, 360 (19438).

[12] J. Schwinger, Lett. Math. Phys. 1, 43 (1975); see also Ref.
[9].

[13] P. W. Milonni and M.-L. Shih, Phys. Rev. A 45, 4241
(1992).

[14] G. T. Moore, J. Math. Phys. 11, 2679 (1970).

[15] S. A. Fulling and P. C. W. Davies, Proc. R. Soc. London
Ser. A 248, 393 (1976); S. A. Fulling, Aspects of Quantum
Field Theory in Curved Space-Time (Cambridge University
Press, Cambridge, England, 1989).

[16] M. Castagnino and R. Ferraro, Ann. Phys. (N.Y.) 154, 1
(1984).

[17] G. Calucci, J. Phys. A 25, 3873 (1992).

[18]J. Schwinger, Lett. Math. Phys. 24, 59 (1992); 24, 227
(1992).

[19]7J. Schwinger, Proc. Natl. Acad. Sci. U.S.A. 89, 4091
(1992).

[20] J. Schwinger, Proc. Natl. Acad. Sci. U.S.A. 89, 11118
(1992); 90, 958 (1993); 90, 2105 (1993); 90, 4505 (1993); 90,
7285 (1993).

[21] T. W. B. Kibble, in Quantum Optics, Proceedings of the
Tenth Session of Scottish Universities Summer School in
Physics, edited by S. M. Kay (Academic, London, 1970),
p- 11.

[22] R. Loudon, The Quantum Theory of Light (Clarendon,
Oxford, 1991).

[23] L. S. Brown and L. J. Carson, Phys. Rev. A 20, 2486
(1979).

[24] E. C. C. Stiickelberg, Helv. Phys. Acta 15, 23 (1942).

[25] R. P. Feynman, Phys. Rev. 74, 939 (1948); 80, 440 (1950).

[26] A. Widom, E. Sassaroli, and Y. Srivastava, Can. J. Phys.
71, 168 (1993).

[27] E. Sassaroli, Y. Srivastava, and A. Widom, Nucl. Phys. B
Proc. Suppl. 33C, 209 (1993).

[28] E. Sassaroli, Y. Srivastava, and A. Widom, in Noise in
Physical Systems and 1/f Fluctuations, edited by P. H.
Handel and A. L. Chung (AIP, New York, 1993), p. 158.

[29] L. D. Landau and E. M. Lifshitz, Quantum Mechanics
(Pergamon, Oxford, 1989), p. 80.

[30] E. Merzbacher, Quantum Mechanics (Wiley, New York,
1261), p. 78.

[31] E. W. Swokowski, Calculus (Prindle, Weber & Schmidt,
Boston, 1979), p. 219.

[32] B. Barber and S. J. Putterman, Nature 352, 318 (1991); R.
Hiller, S. Putterman and B. Barber, Phys. Rev. Lett. 69,
1182 (1992); B. Barber and S. Putterman, ibid. 69, 3839
(1992).

[33] D. F. Gaitan and L. A. Crum, J. Acoust. Soc. Am. Suppl.
1 87, S141 (1990).



