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A quantum-mechanical transport equation (QMTE) is derived which should be applicable
to a wide range of problems involving the interaction of radiation with atoms or molecules
which are also subject to collisions with perturber atoms. The equation follows the time
evolution of the macroscopic atomic density matrix elements of atoms located at classical
position R and moving with classical velocity v. It is quantum mechanical in the sense that
all collision kernels or rates which appear have been obtained from a quantum-mechanical
theory and, as such, properly take into account the energy-level variations and velocity
changes of the active (emitting or absorbing) atom produced in collisions with perturber atoms.
The QMTE represents a somewhat different formulation of the problem than that considered
in earlier works. The present formulation is better suited to problems involving high-inten-
sity external fields, such as those encountered in laser physics.

I. INTRODUCTION

In two previous papers'2 (hereafter referred to
as QMI and QMII), a theory of pressure effects
was developed which enables one to follow the time
evolution of a moving atom which was interacting
with some external radiation field and undergoing
collisions with perturber atoms. Quantization of
the atom's center-of-mass motions proved to be a
key feature of this theory since it permitted a con-
sistent treatment of both the energy-level varia-
tions and velocity changes of the active (emitting
or absorbing) atom caused by collisions with per-
turber atoms. One drawback of the approach of
QMII was that it was formulated in terms of a per-
turbation expansion in powers of the external field
so that, in its present form, the approach was not
well suited to problems involving high-intensity
fields. In this paper, based on the results of QMI
and QMII, we shall derive a quantum-mechanical
transport equation (QMTE) which will not possess
this drawback.

The equation to be derived is termed a transport
equation because it will describe the evolution of
the macroscopic density matrix (or distribution
function) of the ensemble of active atoms specified
by the classical variables 8,, v, f. On the other
hand, the equation will be quantum mechanical in
the sense that all collisions kernels and rates
which appear will have been obtained by inference
from the quantum-mechanical collision results of
QMI and II. The fact that all our collision kernels

are well-defined quantum- mechanical quantities
distinguishes our theory from others3 which make
use of a similar equation with phenomenological
(and sometimes incorrect) kernels based on a
classical rather than quantum- mechanical descrip-
tion of the atomic center-of-mass motion. 4

Of what use is the QMTEP Typically, transport
equations enable one to determine the approach to
equilibrium of an ensemble of atoms initially de-
scribed by a nonequilibrium velocity distribution.
However, although applicable to problems of this
kind, the QMTE will be developed in a manner di-
rected towards application to a different class of
problems. Specifically, we have in mind a situa-
tion where the active and perturber atoms are per-
mitted to reach some sort of thermal equilibrium.
At that point, an excitation or external field inter-
action is "turned on" and tends to alter the equilib-
rium distribution of the active atoms. The QMTE
will trace the evolution of the active atom density
matrix from the original equilibrium to the new
steady state.

In turn, the macroscopic density matrix ele-
ments obtained as solutions of the QMTE will, in
general, enable one to calculate values for quan-
tities of physical interest in a given problem. For
example, in laser problems, the atomic polariza-
tion which serves as a driving function for the
classical laser electric field is directly related to
off-diagonal density matrix elements. '3 Similarly,
spontaneous-emission spectral profiles are deter-
mined by the diagonal density matrix elements
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which represent the probability of finding atoms
in a given state with some specified photons pres-
ent. In fact, just as the solution of a classical
transport equation provides values for the system's
distribution function from which the average val-
ues of system parameters may be calculated, the
solution of the QMTE provides values for density
matrix elements from which the expectation val-
ues of quantum-mechanical operators that act upon
electronic state wave functions may be obtained.
Hence, the QMTE may be used as a starting point
for examining the role of collisions in atomic
systems subject to external field interactions.

The approximations and regions of validity of
the theory will be discussed in Sec. II, as well as
our method of approach. In Sec. III, the QMTE is
derived for the case of no collisions, and colli-
sions are incorporated into this result in Sec. IV.
Possible extensions of the theory and a discussion
of the results are given in Secs. V and VI, respec-
tively. Several calculations, which would hinder
the flow of the derivation, are relegated to the
Appendixes.

II. APPROXIMATIONS AND METHOD OF APPROACH

There are three interrelated implicit assumptions
of the theory which should be noted. First, it is
assumed that there is some way of distinguishing
active atoms from perturber atoms. Usually this
distinction may be made based on the fact that (a)
the perturbers differ chemically from the active
atoms or (h) the perturbers are in their ground
state while the active atoms have a non-negligible
excited-state population. Second, it is assumed
that the perturber density is much greater than the
active atom density so that active-atom- active-
atom collisions (which would lead to a collisional
contribution such as that encountered in the Boltz-
mann equation) may be neglected. Third, and

somewhat justified by the fact that there are many
more perturber-perturber than perturber-active-
atom collisions, we assume that the perturber
velocity distribution is effectively unaltered by
pertruber-active-atom collisions and that it is
both time and coordinate independent. If this as-
sumption were not incorporated, one would be
led to coupled transport equations for the perturber
and active atom density matrix elements. The
above assumptions are essential to our transport-
theory approach.

Before listing some explicit approximations we

shall employ, it will prove useful to introduce sev-
eral parameters which characterize the collision
process. These parameters and their typical val-
ues are as follows: The effective range S of the
active atom-perturber interaction is = 10 cm, the
duration of a collision, 7.„ is =10 sec, and the
average rate I', at which collisions occur (or equiv-

alently the inverse average time between colli-
sions) is = 107 sec ' at 1.0 Torr and increases lin-
early with pressure.

Approximations

(1) It is assumed that the duration of a. colli-
sion is much less than the time between collisions,
(i. e. , I', r, «1) so that we need consider binary
collisions only. This binary-collisions approxima-
tion is generally valid to pressures of up to several
hundred Torr.

(2) We shall work in the impact-theory limit on
the assumption that the external-field values can
be taken as constant throughout the duration of a
collision. While the validity conditions for the im-
pact approximation must be separately examined
for each problem, one usually finds requirements
like r,/r«1, and 6&sr, «1, where r is some effec-
tive lifetime of the atomic system and 4& is some
detuning from line center which may be of interest.

(3) An adiabatic approximation is made by as-
suming that the frequency separation of the energy
levels of the atomic system is much greater than

7, . This implies that the collisions do not possess
sufficient energy to induce transitions between the
atomic states. While this approximation is valid
for optically separated levels, it fails for any lev-
els separated by & 106 MHz. For the present time,
we defer comment on the additional modifications
and complications which would be introduced if
collision-induced transitions were included in the
theory.

(4) We shall look upon the perturber atoms as
moving sources of interaction potentials for the
active atoms. That is, one can associate a poten-
tial U(R- R&) with a perturber located at position
R, In effect, this procedure neglects the possibil-
ity that the perturbers (which are assumed to be
in their ground states before a collision) can be-
come excited as a result of collision. Thus, we
neglect all collision-induced excitation transfer
processes such as those which may arise in colli-
sions between atoms of the same kind and restrict
the theory to foreign-gas-type collisions. '

(5) The atoms are assumed io be excited indi-
vidually rather than coherently. In addition, excit-
ation mechanisms such as radiation trapping and
collision- induced excitation transf er which depend
on the density matrix of the system are not in-
cluded in the theory.

(6) We assume that the external fields do not
significantly aff ect the active atom's center-of-
mass motion. If the external fields are electro-
magnetic in nature, this assumption will be valid
if the active atoms are neutral or if the electro-
magnetic field is oscillating rapidly and has zero
time average, provided that the effects of atomic
recoil when a photon is emitted or absorbed (called
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"photon recoil, " for short) are negligible. The
neglect of photon recoil is generally a good approx-
imation at optical frequencies; however, in high
precision experiments on long-lived systems,
photon recoil terms may have some significance. e 7

Although we have compiled a long list of approx-
imations or assumptions, there are many situa-
tions of interest where most of them apply. Meth-
ods for relaxing some of the above restrictions
will be given in Sec. V. However, the theory is
directly applicable to a study of the effects of
foreign- gas collisions on optical or near-optical
atomic line shapes associated with low-density

'

atomic systems.

Method of Approach

Rather than deal with the density matrix of a
single atom as we did in QMI and II, we shall con-
sider the macroscopic density matrix for the en-
tire ensemble of active atoms. Considering this
density matrix p(R, v, t ) as a function of indepen-
dent classical variables R, v, and t, we shall first
obtain a partial differential equation for p(R, v, t )
when collisions are absent. Collisions will then
be incorporated into this partial differential equa-
tion by addition of a term (8p(R, v, t )/at)„ » which
is calculated using an interpretation of the results
of QMI and QMII. The resulting partial differoin-
tegral equation for the classical macroscopic den-
sity matrix p(R, v, t) will be referred to as quantum-
mechanical transport equation (QMTE) since it will
contain the quantum-mechanical line-shape param-
eters (i. e. , collision rates, widths, shifts, kernels)
of QMI and QMII. Alternatively, one might call it
a pseudoclassical transport equation in line with
the presentation of QMII.

III. DENSITY-MATRIX EQUATION KITH NO COLLISIONS

It is our aim to proceed from a quantum-me-
chanical to a classical description of the atom's
center-of-mass motion. To accomplish this task,
we shall first derive a time-evolution equation
for an atom's density matrix in which the center-
of-mass coordinate R is a quantum-mechanical
variable. We shall then obtain an appropriate
classical limit to this equation in which the quan-
tum-mechanical variables R and P = (ti/i )8/sR are
replaced by the corresponding classical variables.
It should be understood that when we speak of a
"classical limit" or "classical density matrix" we
are referring to the center-of-mass motion only;
the atom's electronic-state spectrum is always
taken to be quantized.

In the absence of collisions, the quantum-me-
chanical Hamiltonian for the jth atom is of the form

H(r~, R~, t) = Ho(r~) (h /2m) V'+ V(r~, R—~, t ),
where r& stands for all the relative electronic co-

+ [ V(R„ t), p'(R„ t)].. . (4)

X'„,(R„ t) =a(2mi) '[A'. .(R„ t)" vA'. (R„ t)

—A~ (RJ, t)vtA~ ~ (R~, t)~]e " "
andthe matrix elements of V(R&, t) are given by

V, (R&, t) = f ds r~ g (r~)~ V(r&, R&, t)g, (r~)e'"~~' .

Note that R~ is a quantum-mechanical variable.
In Appendix A, we show that, provided the field

interaction V(r&, R&, t) does not affect the atom's
center-of-mass motion (as has been assumed in
Sec. II), a classical limit for Eq. (4) is

-~P ~ ~
(R P t)

Bt
= —Pl y' P~ ~a

+ (it ) [0'(R, t ), p ~(R, t)] ~ (7)

in which R& and P& are classical variables for the
position and momentum of the jth atom, respective-

ly. The quantity p~ ~ (R&, P;, t), in effect, repre-
sents the amount of the atomic density matrix that
one may associate with the volume d R~d P~ in
phase space. In other words, p~ .(R&, P&, t) is the
density in phase space such that fd R&d P&
x p~, (R~, pi, t) = p~, .(t), the nn' atomicdensityma-
trix element. Thus, Eq. (7) may be thought of as
a transport equation that gives the time rate of
change of atom j's density matrix elements when
there are no collisions. The commutator in Eq.
(7) represents the external field contribution while
—m '

P& Vp~, (R&, P&, t) represents the convective
contribution to the time rate of change

ordinates of the jth atom, Ho(rj) is the free atom's
electronic Hamiltonian assumed to possess eigen-
functions g (r~), R~ is the atom's center-of-mass
position, V is the gradient with respect to R&, m
is the atom's mass, and V(r„R„t) represents the
atom-field interaction (assumed not to be a func-
tion of momentum).

We may expand the wave function of the atom as

y'(r„R„ t) =H. A.' (R, , t)q. (r, ) (2)

and, from this expansion, form the density matrix
elements in the interaction representation defined
by

p~ .(R), t)=A~ (Rq, t)A~ .(Rq, t)*e'" ', (3)

with ~ ~ = co —co, and co the eigenfrequency of
state n. Using Schrodinger's equation, it is then
an easy matter to derive the following equation of
motion for the density matrix elements:

ep'„, (R„ t) .@- -, (- )
Bt
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p, .(Rg, Pg, t).
Although Eq. (7) was derived for a single atom,

it will serve equally well for the entire ensemble
since each atom is assumed to interact independent-
ly with the field. That is, the macroscopic den-
sity matrix element defined by

p .(R, P, t) =Kg fd Bid P) p~ .(R~, Pq, t)

x 5(R —R)) 6(P- P~)

=Z, p', (R, P, t) (8)

will also satisfy Eq. (7). The summation in Eq.
(8) is over all the active atoms in the ensemble so
that the normalization assumed is

Z. fd'ffdP p..(R, P, t)=A(t), (0)

where N is the total number of active atoms in the
ensemble at time t.

It is sometimes convenient to include some ad-
ditional terms in Eq. (7). If the system or sub-
system under examination is not closed, one may
introduce an injection or excitation-rate density
A„,, (R, P, t) and some phenomenological decay or
escape rate I'„.(R, P, t) for the ao. density ma-
trix element)it is assumed that neither A, (R, P, t)
nor I' ~ (R, P, t) depend on p, (R, P, t)]. [The ex-
citation would be termed "incoherent" if

(R, 5, t)~5 . ] When the injection and loss
terms are included in Eq. (7) and terms are suit-
ably redefined so that the velocity v= P/m is used
as a variable instead of the momentum P, Eq. (7)
becomes

( =A .(R, v, t)
) no coll

—I' .(R, v, t) p .(R, v, t) —v Vp„,.(R, v, t)

+ (t 5) [V(R, t), p(R, t)]„~, (10a)
where

A„.(R, v, t)=A„„.(R, v, t)e'" (lob)

R and v are classical variables, and coll is an

abbreviation for "collision. " The initial conditions
for Eq. (10a) must be chosen for each problem. In

a closed system, A, (R, v, t)=0 and I' .(R, v, t)=0
so that excitation and decay can arise only through
the field interaction V(R, t). For such a system,
P .(R, v, —~) may be taken as an equilibrium or
whatever other distribution is believed to charac-
terize the active atoms before the external field
interaction is "turned on. " For open systems or
excited-state subsystems (such as those considered
in laser problems) one may take p, (R, v, —~)=0
and allow A, (R, v, t) to provide the excitation to
and I', (R, v, t) the decay from this subsystem.

IV. INCORPORATION OF COLLISIONS —QUANTUM-
MECHANICAL TRANSPORT EQUATION

It may be shown that, in the impact- and binary-

collision limits, the time rate of change of
p, .(R, v, t) is given simply by

Bp. . . , t ('p, R, , )i

Bp, (R, v, t)
+

col 1

where the "no collision" contribution is specified
by Eq. (10), and it remains to evaluate the colli-
sional contribution (Bp, (R, v, t)/Bt)„». In gen-
eral, the collisional interaction will depend upon
the atom's electronic wave function [i.e. , an ac-
tive atom may experience a much weaker interac-
tion on collision with a perturber if it (the active
atom) is in its ground state rather than an excited
state. ] Consequently, one must deal with a quan-
tum-mechanical rather than classical treatment of
the center-of-mass motion. However, the results
of QMII may be used to show that, by studying the
collisional changes in the quantum- mechanical
density matrix p(R, t), one can reinterpret the re-
sults in terms of a classical density matrix and, in
doing so, infer values for (Bp .(R, v, t)/Bt)„».
An alternative quantum- mechanical calculation
which may also be interpreted as providing values
for (Bp .(R, v, t)/Bt)„» is given in Appendix B.
From either calculation, one obtains

= —y'," ~ (v) p .(R, v, t) —r",'.(v) p, , (R, v, t)

+ fd'v' W, .(v'- v) p, .(R, v', t),

with each of the line-shape parameters y'„"„,(v),
r"; ~ (v), and W, .(v'-v) to be discussed below.

The complex line-shape parameter y'", (v) is
given by

y'". , (v) = fd'v, W, (v, ) [-,'r'"(v„)+ —,'r'", (v„)

Btv„

fdic~

f„-(v„-v„')f,.(v„-v„') *], (13)

where

r', (v„)=BI(4mB'/ip) f (v„-v„), v„= v —v~ . (14)

W~(v~) is the perturber velocity distribution, tL is the
active atom-perturber reduced mass, f (v„-v„') is
the state-+ scattering amplitude for a particle of
mass p, , R is the perturber density, and the super-
script ph stands for "phase-shifting collisions. "
To be quite general, we have assumed y'"

~ and I'"
are functions of the velocity v. However, if the
scattering amplitude f (v„-v„') is a function only of
v„and the angle between v„and v„' and, in addition,
if W~ is a function of speed only, then p'"

~ and 1

(as well as I'";, to be discussed below) will be func-
tions of speed rather than velocity. The quantity
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I"'",. (v) contains the standard quantum-mechanical
width and shift of impact-broadening theory which
arises when one considers collisions which induce
a relative phase shift between the o.'- and &'-state
amplitudes but result in no change in the velocity
associated with P ~ (R, v, f). Such collisions are
termed Phase shif-ting collisions and manifest them-
selves in the line-shape parameter y'," .(v). Note
that y'" ~ affects only off-diagonal density matrix
elements since for &= &', y~"~. =0.

The quantity W, .(v'- v) is given by

W ~ (v'-v) =st(m/p)3 fd v~'f d v, W~(v~') v„'

x 6 (v„+ (tB/'&&&&,)v —(m/i&, ) v+ vp ) 6 (v„—v„)
~f.(v„'-v„)f, , (v„'-v„)*, (16)

where

and m and mp are the active-atom and perturber-
atom masses, respectively. If &= &', W (v'-v)
is real and represents the quantum-mechanical
probability density or collision kernel for a colli-
sion to change the velocity associated with an atom
in state & from v' to v. However, if + & ',
W .(v'-v) is complex and possesses no simple
physical interpretation of which we are aware. For
this case, one might write

W .(v'-v)= ~W ~ (v'-v) ~e'x~n'&" '&

with &t„,(v'- v) a real phase shift. In this form,
W ~ (v'-v) appears to be the product of a real colli-
sion kernel IW ~ (v'-v) l and a correlated effective
average phase-shift factor e'"«' " ' so that one
could say that the complex "kernel" W .(v'-v) is
related to collisions that simultaneously result in

a phase shift for and change in the velocity associated
with p, ~ (R, v, f). Unfortunately we have found no
simple classical analogs for either IW, , (v'-v) I or

.(v'-v) so that the usefulness of this interpreta-
tion is questionable.

The line-shape parameter I'"„',(v) is

I',"' .(v) = fd'v ' W, .(v - v ')

=&fd v~ W~(v~) v„v, , (v„), (16)
where

o,„.(v„)= fd 0 „,f,(v„v„')f, (v„-v„')* (16a,)

v„=v —vp .
For o= &', I' ', (v) is real and is just the rate at
which velocity changing collisions occur for atoms
in state & moving with velocity v. For «&',
I' „.(v) is a complex "rate" and lacks a simple in-
terpretation in the same sense as did W (v'-v)
for &&o'.

%'e should note that it is possible to separate
those velocity changing collisions which significant-
ly alter P„~(R, v, f) from those which do not. The
benefits of this cutoff procedure which was used in
QMI and QMII, and the necessary alterations of the
equations which it entails are discussed in Appendix
C.

Although Eqs. (13)-(16)lend themselves to a
first-principle calculation of the line-shape param-
eters, it would be very difficult to perform such a
calculation since a knowledge of all the quantum-
mechanical scattering amplitudes is needed. Meth-
ods for simplifying the evaluation of the line-shape
parameters will be given later in this section.

When Eqs. (10) and (12) are inserted into Eq. (11),
we arrive at the QMTE:

9t
v Vp, , (R, v, t) = A, .(R, v, f) —I', (R, v, f) P, , (R, v, f) + (i@)

' [V(R, f), P (R, &)]

—y', (v) p ~ (R, v, &) —I'";.(v) p, .(R, v, t)+ fd'v' W, .(v'-v) p .(R, v', t), (17)

in which the contributions to SP,.(R, v, t)/St due to
convective flow, injection, phenomenological loss,
external-f ield interaction, and collisional interac-
tions have already been discussed. As can be seen
from the equation, a velocity is associated with each
density matrix element rather than with the atom as
a whole. This feature is a direct consequence of the
quantum- mechanical treatment of state-dependent
collisional interactions. Since collisional interac-
tion is different for the different electronic states,
the velocity changes associated with different den-
sity matrix elements will also differ, rendering it
impossible to assign a single velocity to an entire
atom which has undergone a collision. Equation
(17) is the basic result of this paper and provides

[

the starting point for calculations involving the in-
teraction of radiation fields with atoms, allowing
for collisions of the atoms. It has been derived
and is valid under the approximations of Sec. II.
We shall discuss some applications of the equa-
tion in Sec. VI. For most problems, it will be all
but impossible to solve the QMTE unless additional
approximations are incorporated.

We now list some conditions under which it will
be possible to simplify the expression for the line-
shape parameters which appear in Eq. (17).

a. Collisional interaction in one state only. In
some instances, only one of the' states under consid-
eration may experience a strong collisional interac-
tion. (For example, in atomic absorption or emis-
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sion experiments involving a transition between the
ground and an excited state of an atom, the collision-
al interaction in the ground state may be neglected
in first approximation. ) Labeling the strongly in-
teracting state "a", Eqs. (13)-(16)become, in this
limit,

y ~ (v) = (5,—5,,)fd v~ W(v~)

x [ —,'I","(v —v~) ——,
' I"".(v —v~)*], (18a)

W ~ (v'-v)= W (v'-v)6, 6 ...
I'",', (v) = I'",'„(v)5„5... ,

(18b)

(18c)

with both W (v'-v) and I,";(v) real. Under these
circumstances there are no collisional velocity
changes associated with off-diagonal density ma-
trix elements. The simplifications and consequences
of this feature have been discussed in QMII. In

general, one might try this approach as a first ap-
proximation when dealing with transitions between
two electronic levels since it is likely that one of
these levels experiences a significantly stronger
collisional interaction than the other. '

b. Equal collisional interaction fox all states.
The other extreme, valid to a first approximation
when all the states under consideration belong to the
same electronic level (as do different vibrational
states of a molecule) is to take the collisional in-
teraction equal for all the states. In that case,
y'", .(v) = 0 and both W„~ (v'- v) and I'"'

~ (v) are
real and independent of & and &'. This is a true
transport-equation limit since the collisional inter-
action is no longer state dependent and one can as-
sociate a velocity with the entire atom rather than
with individual density matrix elements.

c. Cjtassica/ limits. Since we are dealing with
atoms, it is usually valid to evaluate Eqs. (13)-(16)
in some classical limit. The prescribed method for
taking the classical limit would be to evaluate the
scattering amplitudes that appear in Eqs. (13)-(16)
in either the WKB or eikonal approximation. Of
course, to perform such a calculation, a knowledge
of the emitter-perturber interaction is needed and

this, by itself may constitute a very difficult
auxiliary problem.

An alternative method of calculation is to use the
standard classical expression ' for 'y' ~ (v) given
by

y'„" ~ (v) =BID d v~ W~(v~)
~

v —v~
~ J2&b db

x jexp[iy, (b, v —v~) —ig ~ (b, v —v~)]- I},
(19)

where X (b, v„) and g,.(b, v„) are the phase shifts
produced in the o' and ' levels, respectively, by
a collision with impact parameter b and relative
velocity v„. The line-shape parameters W, „(v'-v)
and I'"' (v) may be obtained by determining a classi-
cal kernel for the collisional interaction experienced

by an atom in state &. There is still the problem
of evaluating W, .(v'-v) and I""„',(v) for o.'«'
since these quantities have no simple classical
analogs. Hence, unless approximations (a) or (b)
above may be used, W ~ (v'-v) and I'",', (v) must
still be evaluated by either the WEB or eikonal
methods for «&'.

d. Other appxoximati ons. The classical limit
described above still leaves formidable calculations
in most cases. As a first attempt in understanding
the role of collisions, some coarser approximations
may be used. For example, phenomenological val-
ues for W, ,(v'- v) and I'"'

(v) may be used in con-
junction with either approximations (a) or (b) above.
These values may be based on either "strong" or
"weak" collisional models. " There is the danger
that some collisional effects may be lost if such
models are employed.

It may also be possible to do perturbation expan-
sions with the line-shape parameters. That is, if
one is dealing with transitions between different
electronic states where approximation (a) is thought
to be good, he could assume W ~ (v'-v) and I'"'„.(v)
are small for & &o", make some estimate of their
value, and keep only leading terms in these quanti-
ties when solving Eq. (17). On the other hand, if
approximation (b) is thought to be applicable, then,
for o.'co', y'„",, (v), W„,, (v'-v) —W (v'-v), and
I'"'„.(v) —I'"„' (v) should be taken as small quantities
in attempts to solve Eq. (17). Each problem must
be considered separately to determine the manner
of getting maximal information with minimal effort.

V. EXTENSIONS OF THE THEORY

The theory may be extended by relaxing some of
the approximations of Sec. II. The numbered para-
graphs below correspond to similar paragraphs in
Sec. II, where the approximations were listed.

(1) and (2) Because of the ultimate importance
of the binary collision and impact approximations
in this theory, we feel that another approach would
be needed if either of these approximations fails.

(3) In this paper, we have not allowed for any
collision- induced transitions. While collisions can-
not, in general, produce transitions between opti-
cally separated levels, they may cause rearrange-
ment of magnetic, fine structure, or rotational sub-
state populations of a given electronic level of an
atom or molecule. Thus, it is highly desirable to
include rearrangement or inelastic collision effects
in the QMTE and we hope to perform such a calcula-
tion in the near future. The major problem involved
is keeping track of the center-of-mass velocity as-
sociated with each of the substate density matrix
elements. It may turn out that, on average, the
velocity associated with each substate density ma-
trix element is the same after the collision. In that
case, the inclusion of rearrangement effects could
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be done in the same manner as for stationary active
atoms. However, it remains to be seen whether
or not the actual calculation will yield such a simple
result.

(4) If one wished to allow for resonant excitation
transfer in collisions, he would have to study the
quantum-mechanical problem of the collision of two
atoms which may exchange excitation as a result
of the collision. A study of the change in each
atom's reduced density matrix resulting from the
collision may then yield an interpretation in the
change of the classical density matrix p, .(R, v, t).

(5) In situations where atoms were excited co-
herently (in the sense that the density matrix of a
given atom just after excitation was not independent
of the density matrices of the other atoms of the
ensemble), one would have to deal with the ensemble
density matrix of the system and then perform the
appropriate traces to get the reduced density ma-
trices of individual atoms. Similarly, if one allowed
for excitation by radiation trapping, the excitation
mechanism would depend on previous values of the
density matrix. A method for incorporating radia-
tion trapping into the equation for p, .(R, v, t) by
means of an integral term has been given by Dyako-
nov and Perel, ' and they have also noted that such
effects may lead to modifications of laser line
shapes. 4

(6) We have assumed that the external field does
not affect the center-of-mass motion. The effects
of an external field that affects the center-of-mass
motion in a state-independent manner (i. e. , a con-
stant electric field acting on an ion) may be easily
incorporated into the QMTE by addition to the left-
hand side of Eg. (17) a convective term

m F(R, t) V„P,~. (R, v, t)

in which F(R, t) is the force associated with the ex-
ternal field, and V„ is the gradient with respect to
velocity. However, if the external-field-atom in-
teraction were state dependent, a quantum calcula-
tion of its effect would be necessary after which it
might be possible to reinterpret the results in terms
of a classical density matrix P, ~ (R, v, t), as was
done for the collision case. An alternative approach
for treating such fields as well as photon recoil
effects is through Wigner of quantum "distribution"
functions. '" Care must be taken in the use and
interpretation of these functions since they are not
positive definite and, consequently, cannot be re-
garded as true distribution functions.

Of course, inclusion of any of the above exten-
sions will complicate the theory. The nature of the
specific problem and effects under consideration
will determine which, if any, of these extensions
need be incorporated into the theory.

VI. DISCUSSION

In this paper we have derived a pseudoclassical

or QMTE for the macroscopic density matrix oi an
atomic system subject to the restrictions of Sec. II.
This treatment differs from that of QMI and QMII
since the theory is no longer presented as a pertur-
bation expansion in the external field. In addition,
we have directly allowed for collisional interaction
in more than one state in deriving the QMTE while
the calculation of QMII stressed the limiting case of
collisional interaction in one state only.

By working with the macroscopic density matrix„
we have obtained a rather compact differentointegral
equation for its time development, in contrast to
the somewhat complex equations encountered in using
the pseudoclassical collision model (PCM) of QMII
to follow the microscopic density matrix's time de-
velopment. It should be noted, however, that the
PCM does provide a greater physical "feel" and
understanding for the problem under consideration.

As noted in the Introduction, a knowledge of the
macroscopic density matrix is usually sufficient to
obtain theoretical values for many experimentally
measurable quantities. If one is dealing with weak
external fields, he would probably try to solve the
QMTE by an iterative approach, and this procedure
would, in effect, be equivalent to using the PCM.
For strong external fields the PCM is less suitable
and the QMTE should provide the starting point for
the calculations. It is hoped that one will be able to
use the QMTE to solve problems involving the in-
teraction of high-intensity laser fields with atomic
systems in which collisions play a significant role.
Naturally, any solutions of the QMTE are difficult
to obtain and, most likely, one will have to use very
simple collision models in the first attempts at
these calculations. Another use of the QMTE is the
evaluation of atomic spectral profiles. Here it
turns out that the calculations are quite feasible but
that results are more easily achieved by use of the
PCM of QMII. The details of the calculations will
be presented in a subsequent work.

The applicability of the QMTE will be enhanced
if it is extended to include collision-induced transi-
tions, and some work along this line would definitely
be appropriate. Even as it stands, the QMTE should
provide a useful starting point for solving a certain
class of problems in atomic physics.
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APPENDIX A: CLASSICAL LIMIT OF EQ. (4)

Starting with Eqs. (4) and (5) of the text (dropping
the j subscripts),

) = —

ibad

.J ~ (R, t)

+ [V(R, t), P(R, t) j ~, (Al)
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with

J~~.(R, t) = h(2mi) [A ~.(R, t) +
VA ~(R, t)

-A (R, t) VA, (R, t)*]e'" "', (A2)

we wish to determine a classical limit for this equa-
tion when such a limit does, in fact, exist. The
quantity p„.(R, t) is the density matrix element of
an atom which is interacting with an external field
(but not undergoing collisions). If we are to con-
sider this atom as a classical particle, it must be
localized in space. The only way this atom can re-
main localized in space is if the external field af-
fects the center-of-mass motion in a state indepen-
dent manner. Qtherwise, the field would be con-
stantly acting as a state selector, and the atom
would disperse. Since an assumption of our theory
is that V(R, t) does not affect the center-of-mass
motion at all, this problem does not enter our con-
siderations, and we are able to look for a classical
limit to Eq. (Al).

Let us first consider the current J ~ (R, t). Re-
calling that the function A, (R, t) as given in Eq. (2)
is analogous to the wave function in (center-of-mass)
coordinate space for an atom in state &, we write
A (R, t) in terms of the corresponding momentum-
state wave function. That is,

(R, t)= (2mb) 3~~ f d P y (P, t)e' ~" ' '"
(A3)

which leads to the value

VA (R, t)= (i/h)(2mb) ~' fd'P Py, (P, t) e'~"'~'

(A4)

The average momentum of the packet is given by

(P),= fdP P~&p (P, t)~ (A5)

where the t subscript is a reminder that (P), is an
explicit function of time. The fact that (P), is in-
dependent of & is a consequence of the assumption
that all states follow the same center-of-mass tra-
jectories. Setting P=(P),+ P —(P), in Eq. (A4)
and using Eq. (A3), we obtain

VA~(R, t)= (i/h) & P),A ~(R, t)+ (i/5)(2m@)

x f d P(P —&P), )&p (P, t) e&'~" ' '" . (A6)

Since we are seeking a classical limit, we assume
that «' gP, t) is a sharply peaked function centered
about (P), so that the integral term in Eq. (A6) may
be neglected. In this limit, Eq. (A2) for the cur-
rent becomes

J „.(R, t)=m (P), p ~ (R, t), (A t)

where Eq. (3) has been used.
The next step is to eliminate the quantum variable

R appearing in Eq. (Al) in favor of a classical var-
iable (R). Sincethe center-of-mass motion for all
the states is assumed to be identical, one may write

P, .(R, t) = P, (t) 4(R, t), (A8)

where C(R, t), which gives the n-independent spatial
extent of the packet, is normalized in the sense that

fd R 4(R, t)=1, (AQ)

where the integral is over a small region of space
containing the packet. The packet is assumed to be
localized in space about

(R) = fd'R R@(R, t),
and we expand both p(R, t), V(R, t), and J, ~ (R, t)
about this value, i. e. ,

p(R, t) = p((R), t)+ (R- (R)).Vp((R), t)+ , ~ ~ ~

(A10a)

V(R, t) = V((R), t)+ (R- (R)) ~ V V((R), t)+ ~ ~ ~,
(Al ob)

I\I l&t

J ~ (R, t) = J ~ ((R), t)+ [(R—(R)) V]

x J„((R),t)+ ~ ~ ~ . (A10c)

Substituting these expansions into Eq. (Al), using
Eq. (AV) for J„,.(R, t), multiplying the entire equa-
tion by 4(R, t), integrating the resultant equation
over a spatial region containing the packet, and
keeping only the leading terms of the expansion, we
obtain

&P)&.VP... ((R), t)
Vl

+ ('~) [V(&R), t), p((R) t)1 (All)
It is important to note that, in deriving this equa-

tion, we have treated (R) as an independent variable
while (P), is an explicit function of time. The den-
sity matrix in phase space is simply given by

p((R), (P), t) = p((R), t) 5((P) —&P),), (A12)

where (P) is also an independent variable. Using
Eq. (All) and (A12), it is an easy matter to show
that p„.((R), (P), t) satisfies the equation

Bp-(&R) &P) t)= &P). V-, (&R) &p) t)at I Sot

d(p) ~+ ' V&,-&P...(&R)~, &P), t)+ (iII)-

x [V(&R), &P), t), P(&R), &P), t) 1.. (A13)

Taking d(P),/dt= 0 as we have assumed and changing
variables from (R), (P) to R, P, one arrives at Eq.
(7) of the text.

Qne can show that the errors introduced by ne-
glecting the integral term in Eq. (A6) as well as
higher-order terms in the expansions (10) will be
small provided the de Broglie wavelength of an
atom is much smaller than the characteristic spa-
tial variations of p(R, t) and V(R, t). Thus, Eq.
(A13) will be valid if most of the ensemble atoms
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possess this property.
We should point out that the entire approach of

this section will fail if the external potential af-
fects the center-of-mass motion in a state-depen-
dent manner. In Appendix B, it will be shown that
collisions act in precisely this way. However, the
purpose of this section was to derive an equation
for p, ~ (R, P, f) that was valid in the time interval
between collisions, in which the classical limit, as
discussed in this section, is, in fact, valid.

APPENDIX B: DERIVATION OF

(&p(R, v, f)/St) o»

Although the value for (&p(R, v, f)/St)„» given in

Eq. (12) may be inferred from the results of QMII,
we thought it might prove useful to indicate an al-
ternative derivation which involves computing the
change in the density matrix resulting from a single
collision. Both developments depend strongly on
the binary-collision and impact approximations for
their validity.

As mentioned in the text, we must perform a
quantum-mechanical calculation for the state-de-
pendent collisional interaction. To examine the
role of collisions, the effects of the external field
are ignored in this calculation and the Hamiltonian
for the jth atom is (again the label j is suppressed)

&(r, R) = Ho(r)+ P /2m + U(r, R), (Bl)

where U(r, R) is the potential due to a, single per-
turber fixed at the origin of the coordinate system.
(For simplicity, the case of a fixed perturber is
treated. Generalization to the case of moving per-
turbers is discussed later on in this Appendix. )

The wave function is expanded as

4(r R &)=+ A. (R f)4 (r) e '" (B2)
and, using Schrodinger's equation, it is easy to
show that A (R, i) obeys the equation

ihsA, (R, i) ag -).
bf 2m

+ U (R)Ao(R, i), (83)
where

U..(R)= Jd'& 0.(r) U(r, R)4.(r)*, (B4)
and we have used the fact that there are no colli-
sion-induced transitions to take U as diagonal in
the atomic states. One can see that each A (R, f)
obeys its own Schrodinger equation with potential
U„(R). Hence, we can do a conventional scatter-
ing calculation for each A, (R, t) and then form the
appropriate density matrix elements. Let us as-
sume that the collision occurs at t = t and that at
t=t —5t each' (R, f —5t) describes a wave packet
of cross-sectional area o which is moving towards
the scattering center with average velocity v' and
has extent u in v' direction. The size of this wave
packet is large compared to the scattering center
(so it won't spread significantly) but still localized
well enough in space for a classical limit to be ap-
plicable in the sense of Appendix A. At t =t —5t,
the packet is centered about Ro= —v'5t and is as-
sumed to be well isolated from the scattering cen-
ter as well as from other perturbers. For this
situation to exist, the binary-collision approxima-
tion must be applicable.

By using conventional time-dependent scattering
theory, one may show that, at time t= i+ «(after
the collision)

~l
A (R, t+5t)=exp[ —(imv'/M)(25t)]~A (R-2v'5f, i —5t) + ' A (Rv' —2v'«, t —5t)~, (B5)

where f„(v'-v'R) is the state-+ scattering ampli-
tude. The two terms in Eq. (B5) simply repre-
sent the unscattered and scattered packets, re-
spectively. The scattered packet is confined to a
spherical shell of width ~ centered about R= v'5t.

t

The density matrix elements are given as

p ~ (R, f) =A (R, t)A, (R, t)~,
and one may calculate the change in the density ma-
trix elements resulting from the collision

5p...(R, f, 5~)=p... (R, t+5t) p...(R,, f —«)—
=p, „.(R —2v'5t, f —5t) —p (R, f —5t) +R 'fo. (v' v'R)*A (R-2v'5t, t —5t)A (Rv' —2v'5t, t —5t)~

+R 'f~(v'-v'R)A~(Rv' —2v'5t, i —5t)A, (R-2v'5t, i —5t)*

+R f (v' v'R)f ~ (v' v'R)*p ~. (Rv' —2v'5t, f 5t). (B7)-

We must now interpret this result. The first step is to set [p .(0 —2v'M, t —M) —p .(K, t —M)] equal
to zero since, in the limit Bt~0, this term represents no change in the velocity, position, or density ma-
trix element value associated with the packet. The other terms in Eq. (B7) contain scattering amplitudes
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and may be thought to exhibit an "instantaneous" change in the velocity or value associated with each density
matrix element due to the collision. To get the amount of density matrix element associated with a range
of velocities centered about v =v'R (note that v =v' since the perturber is fixed and the collision elastic),
one must multiply each of the terms on the right-hand side of Eq. (B7) by R dD/o, which is the area as-
sociated with this solid angle Q„normalized to the cross-sectional area of the initial packet. Ascribing the
classical variable v to scattering in this direction, one may rewrite Eq. (B7) as

5p (R, v, t, 5t)dQ„=Ro f;(v'-v)*A, (R —2v'5t, t —5t)A, ~ (Rv —2v'5t, t —5t)~dQ„

+Ro 'f (v'-v)A, (Rv' —2v'5t, t —5t) A, (R-2v'gt, t gt)*dg„

+o f (v -v)f ~ (v -v)*p ~ (R~ —2v'5t, t —5t)dQ„. (B8)

All the terms in the right-hand side of this equation relating to A„(R,t —gt) correspond to the injtiot packet
which had velocity v' associated with it. Explicitly, indicating v' as a variable and dropping the dQ„, one
obtains

Qp, (R v v t Qt) = Ro f, (v' v)+A (R —2v'5t, v', t —5t)A (Rv' —2v'5t, v', t —5t)*

~Ro 'f (v' v)A (Rv' —2v'5t, v', t —5t)A, (R —2v'lt, v', t —5t)*

+o f (v'-v)f .(v'-v) * P, , (Rv' —2v'5t, v', t —5t) . (B9)

To get, an average gp(K, v, t, pt), one must allow for all directions v' of incidence for the packet. Per-
forming this average, we find that

5p (R, v, t, 5t)= (5p „.(R, v, v', t, 6t))

=Ro 'JdQ„, f,, (v' v)*A (R —2v'5t, v', t —5t)A ~ (RB' —2v'6t, v', t —6t)*

+Ro fdic„ f (v'-v)A, (RU' —2v'5t, v', t —6t) A, (R 2v'gt v' t

+ o 1 dt's; f„(v'-v) f (v'-v) p, ~ (Rv' —2v'5t, v', t —5t) . (B10)

The integration in the first two terms is the same type that appears in derivations of the optical theorem. '~

One makes use of the fact that there is rapid interference in all but the v'=a direction to evaluate these
terms, and when the results of this calculation are inserted into Eq. (B10), it becomes

&p ~ (R, v, t, 5t) = —o '[(2vh/imv)f ~ (v-v)] p„~ (Rv —2v5t, v, t —5t) —o '[(2w5/imv)f, (v-v)]p„,.

x (Rv —2v5t, v, t —5t) + o ' J dQ~ f (v'- v)f;(v'-v) p, .(Rv' —2v'lt, v', t —5t), (Bl1)

where f,(v- v) is the forward o'-state scattering
amplitude.

Equation (Bll) represents the change in

p ~ (R, v, t) provided a collision occurs at time t.
To get the average collisional change in p ~ in a
time 5v ) 25t we must multiply Eq. (Bll) by the
average number of collisions occurring in 57;
which is given by+vo5v; where + is the perturber
density. When this is done, the limit 57 = 0, St~0
is taken, and the transformation from the quantum
variable R to the classical variable R is performed
as in Appendix A, one obtains

(
&p „.(R, v, t) 2vh

smv

x[f,(v-v)-f, .(v v)*]p (R, v, t)

+~U Id'„ f,(v'-v)f ~ (v'-v) p ~ (R, v', t) . (B12)

Admittedly, the derivation of Eq. (B12) has not
been overly rigorous. However, it does provide a
fairly simple way of arriving at the quantum-me-
chanical collisional rate of change of the density
matrix. The general validity of this procedure
for calculation of (&p/St)„» and its subsequent use
in the text is based on the binary-collision and im-
pact approximations, as has been discussed in an
earlier work. 8 Although Eq. (B12) was derived
for a single atom, it is also true for the ensemble
since the atoms act independently of each other.

For reasons related to separating phase-shifting
and velocity- changing collisions, which will be-
come clearer in Appendix C, we add and subtract
a term I'"'

~ (v) p (R, v, t) (I' '
~ will be defined

below) to Eq. (B12) and rewrite it as
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( = —y'," ~ (v) p, ~ (R, v, t) —I'"' .(v) p, , (R, v, t)+ fdQ„. W ~ (v' -v) p„.(R, v ', t),
PRO11

(813)

where

and

y'"
~ (v)=stv(2m@/imv)lf, (v-v) f ~—(v-v) ] &v-fdQ„f, (v-v')f;(v-v')

W .(v'-v)=OIvf, (v'-v)f ~ (v'-v)*,

I'",', (v) = fdQ„. W, ~ (v - v ') .

(B14a)

(B14b)

(B14c)

These results may be generalized to the case of
moving perturbers by performing the scattering
calculation in the center-of-momentum frame and

then transferring back to the lab frame. The re-
sultant expressions are given in E(ls. (13)-(16)of
the text.

The diagonal density matrix elements obey the
usual transport equation, but the off-diagonal terms
obey an equation without a classical analog. By an
entirely different approach, Smith and co-workers'
have effectively derived an equation for the off-
diagonal density matrix elements which can be
shown to be in agreement with our results.

APPENDIX C. CUTOFF PROCEDURE

In QMI and QMII, collisions were broken down in-
to two categoreis —those which significantly affect

p ~ (R, v, t) and those which do not (the precise
definition of a "significant" collision will be given
below). The usefulness of this approach is that it
leads to a separation of phase-shifting collisions
(with no velocity change) and velocity-changing

I

collisions (which may or may not be accompanied
by a phase shift). In addition, the cutoff procedure
used to establish the results of this Appendix will
assure that the rate for velocity-changing colli-
sions will no longer include those collisions pro-
ducing slight changes in velocity which have no real
physical importance for the problem at hand.

The cutoff procedure may be seen to arise natu-
rally if we begin with Eg. (12),

(
pna'(» vv t)&( RR (-) -

(
~

)] co11

with

P p)((RR v t)h I &p

tPC

+ f d~v' W„.(v'-v) p „.(R, v', t) .

(C2)

Using Eqs. (15) and (16) and doing a little algebra,
one can transform E(l. (C2) into

m3
+Ot

™d3v' d3vp d3V„ tVP vp 5 v, + —v'+vp ——v

x v„5(v„—v„)f (v„v„)f ~ (v„-v„) P ~ (R, v', t) . (C3)

Working on the second term in E(I. (C3) by (a)
changing variables from v' to v„' = v' —v~, (b) do-
ing the integral over v~, (c) interchanging v„and
v„as integration variables, and (d) defining a

vector

Y= v —v'= (p/m)(v„—v„'), (C4)

one can rewrite E(I. (C3) in the suggestive form

—W~(v —v„+ Y)P, ~ (R, v+ Y, t) ] . (C5)

The vector Y represents the change in velocity of

the active atom resulting from a collision. If this

quantity is small enough such that

p ~ (R, v+ Y, t)=p ~ (R, v, t)
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and

W~(v-v„)= W~(v —v„+ Y) (C6b)

for all v, v„, R, and t, the collision is not considered
to be significant. Consequently, the integrations in
Eq. (C5) are divided into regions where Eqs. (C6)
are or are not satisfied. In the region where Eqs.
(C6) hold, Eil. (C5) vanishes so that the integrals
in Eq. (C5) may be limited to those values of v„and
v„where E(ls. (C6) are not valid. By substituting
Eq. (C5) in Eq. (Cl) and performing algebraic ma-
nipulations similar to the reverse of those leading to
Eq. (C5), one may obtain

8p ~ (R, v, f)
9$

= —y'" .(v) p (R, v, f) —If "',,(v)]'P, (R, v, f)

+ dv W ~ v v p ~ Rvt, C7

where y'„" ~ (v) and W, ~ (v'-v) are still given by Eqs.
(13) and (15), respectively,

[1'".'., (v) ]' = f ' d'v ' W...(v -v '), (C8)

and the prime restricts the integrations to only sig-
nificant collisions —i. e. , those in which Eels. (C6)

do not hold.
A glance at Eq. (CV) immediately reveals that if

no signif icant velocity-changing collisions occur,
the only nonzero line-shape parameter is y' ~ (v).
This is as it should be since y'," .(v) corresponds to
the line-shape parameter which arises in theories
which assume the active-atom velocity to be unal-
tered by collisions. In addition, the "rate" for
velocity-changing collisions given by (C8) no longer
contains collisions involving small momentum trans-
fer; as such, one can be sure that [&'; (v)]' will be
finite [whereas I'„.(v) would be infinite if it were
calculated for a classical interaction with infinite
range. ]

As an example of application of conditions (C6),
consider an atomic radiation problem with active
atoms of average speed u, lifetime T, and transi-
tion wavelength X subject to collisions with perturb-
ers of average speed u~. In such a problem, '
p, .(R, v, f) will have velocity dependence given by
e' '"' (normal Doppler factor) so that conditions (C6)
will be valid for all Y's which satisfy k Y«1 and
Y/u ~

« l. All Y's which do not satisfy both of these
requirements are considered to represent "signif-
icant" velocity- changing collisions.
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case of stationary perturbers; by Pestov and Rautian
{E.G. Pestov and S. G. Rautian, Zh. Eksperim. i Teor.
Fiz. 56, 902 (1969) [Sov. Phys. JETP 29, 458 (1969)])
in Born approximation to the scattering amplitudes; and
by W. R. Chappell, J. Cooper, E. W. Smith, and T.
Dillon (unpublished) for off-diagonal density matrix ele-
ments. Our approach is less formal than that of the
above references (who use the BBGKY approximation
scheme) and enables one to gain physical insight into the
QMTE by derivation in terms of the effects of collisions
on individual atoms (see Appendices). I am grateful to
W. R. Chappell for having provided a report of his work
(unpublished) .

Collisions between atoms of the same kind may still
be of a "foreign-gas" nature if the resonant excitation
exchange cross section is small compared with competing

nonresonant processes. This situation is favored when
one is dealing with those highly excited states whose os-
cillator strength with the ground state is negligible. For
more details, see Ref. 8.

A. P. Kol'chenko, S. G. Rautian, and R. I. Sokolov-
skii, Zh. Eksperim. i Teor. Fiz. 55, 1864 (1968) [Sov.
Phys. JETP 28, 986 (1969)].

S. G. Rautian and A. M. Shalagin, Zh. Eksperim. i
Teor. Fiz. 58, 962 (1970) [Sov. Phys. JETP 31, 518
(1970)]. The photon-recoil terms will be important in
the saturation terms of laser theory if the photon-recoil
phase shift accumulated in the effective lifetime v' of the
atom is on the order of unity. It is easy to show that
this phase shift is given by (Ad&/A)kv7, where A~ is the
de Broglie wavelength and e the speed of the atom or
molecule, while g = 2~/k is the transition wavelength.
For v &10 sec (which is typical of certain molecular
transitions) the photon-recoil phase shift may be signifi-
cant. One should note that photon-recoil effects related
to actual velocity changes or to Doppler broadened pro-
files are ~ A~/A, and are negligible.

P. R. Berman and W. E. Lamb, Jr. , Phys. Rev. 187,
221 (1969). The procedure for obtaining Bp/Bt
=p/Bt I „jq+~p/~t l„qy and the necessity of imposing
both the impact and binary-collision approximations for
its validity is similar to the methods employed in Secs.
VII and VIII of this reference.

Equations (13) and (14) are equivalent to Eqs. {77) of
the paper of Baranger [M. Baranger, Phys. Rev. 112,
855 (1958)] provided his result, which is for fixed active
atoms, is generalized to moving active atoms whose
velocity is unchanged in collisions. Also, see Refs. 1
and 2.

The difference in collisional interaction for electronic
levels is due mainly to the different orbital radii and
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polarizabilities of the levels.
E. Lindholm, Arkiv Mat. Astron. Fysik 32A, 17

(1945); H. M. Foley, Phys. Rev. 69, 616 (1946).
S. G. Rautian and I. I. Sobelman, Usp. Fiz. Nauk

90, 209 (1966) [Sov. Phys. Usp. 9, 701 (1967)]. The
velocity after a "strong" or "weak" collision is nncor-
related or highly correlated, respectively, to the velocity
before the collision.

M. I. D Yakonov and V. I. Perel, Zh. Eksperim. i
Teor. Fiz. 47, 1483 (1964) [Sov. Phys. JETP 20, 997
(1965)]. It should be noted that this radiation-trapping
contribution was derived under the assumptions that (a)
average separation of atoms» resonant transition wave-
length and (b) Doppler width» collision or natural width.
In Ref. 8, Sec. VIII, it was conjectured that condition
(b) alone was sufficient for the validity of the radiation-
trapping term. Even so, under typical conditions at a
few Torr, the ratio of collision to Doppler width =0.1
so that errors of 10% may already be introduced at these
pressures.

M. I. D'Yakonov and V. I. Perel', Zh. Eksperim. i

Teor. Fiz. ~8, 1090 (1970) [Sov. Phys. JETP 31, 585
(1970)]. The same cautionary comments given in Ref. 13
still apply.

' For a discussion of quantum distribution functions
and a related bibliography, see Leon Cohen, Ph. D. thesis
(Yale University, 1966) (unpublished); J. Math. Phys.
7, 781 (1966). Wigner's paper on the subject is given
in Phys. Rev. 40, 749 (1932).

For example, in a Stern-Gerlach experiment where
the external magnetic field does act in a state-dependent
manner, there is no correct classical trajectory that
one can associate with an off-diagonal density matrix
element.

K Gottfried Quantum Mechanics (Benj amin New
York, 1966), Vol. 1, Sec. 12.

E. W. Smith, J. Cooper, W. R. Chappell, and T.
Dillon, J. Quant. Spectry. Radiative Transfer 11, 1547
(1971); 11, 1567 (1971). The author would like to thank
Dr. Smith for providing preprints of their articles, which
contain results in agreement with those of Ref. 4.
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The perturbation theory of liquids developed recently by Weeks, Chandler, and Andersen
(WCA) is examined in detail: Each assumption introduced by these authors is tested by com-
parison with "exact" computer results. It is shown that the basic assumptions of WCA are
justified. An improved expression for the radial distribution function of the hard-sphere gas
enables us to correct for some further inconsistent assumptions of the WCA theory. We then
succeed in giving simple analytical expressions for the thermodynamic functions of the Lennard-
Jones fluid shown to be quite good at high density. We show that the remainder of the perturba-
tion series, which converges slowly at lower density, can be evaluated with the help of the
Percus-Yevick equation. We therefore possess a unified theory of liquids which is especially
simple at high density. Finally we reexpress the original WCA theory in an analytical form.

I. INTRODUCTION

A perturbation theory of liquids has been intro-
duced by Zwanzig, ' and been revived and generalized
recently by several authors~ 4: The excess free
energy is expanded as a series in a parameter X

multiplying some part of the interaction considered
as a perturbation (e.g. , the attractive part); the
statistical averages of the terms of the series are
calculated for a system interacting with the remain-
ing part of the interaction, the so-called "reference
system. " The first-order term of the expansion
involves the evaluation of the perturbing interaction
averaged over the reference system. The next-
order terms involve the averages of the fluctuations
with respect to the average perturbed energy and
they are very complicated to evaluate.

The method is feasible and useful because advan-
tage can be taken of the similarity between the ref-

erence system interacting with repulsive interac-
tions and that composed of hard spheres. Such a
similarity is, as a matter of fact, already present
for the full system at high density: It is well known
that the structure factors of dense liquids can be
interpreted with a hard-sphere model.

A prerequirement of that kind of theory is there-
fore a correct knowledge of the hard-sphere sys-
tem. The equation of state of a hard-sphere sys-
tem is quite well known at presents owing to the ex-
tensive computer work of Alder and Wainwright.
The situation regarding the radial distribution func-
tion (rdf) is not so satisfactory. It is well known
that the Wertheims- Thiele (WT) analytical solution
of the Percus-Yevick (PY) equation is good when
the density is not too high: It becomes quite un-
satisfactory for very dense states. We use hard-
sphere rdf obtained through computer experi-
ments' '" in order to improve the WT solution.


