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will be further reduced using the present technique.
Holt and Krotkov,'! while reporting their measure-

ments on excitation cross sections in helium, also

calculated K=0.89+0.04. We obtained K=0. 89

+ 0. 03 by neglecting the electric field perturbation

of the ground state; inclusion of this correction re-

sulted in K=0.92+0.03 as reported in Sec. II.

Their observed transmission curve for 2'S, atoms

corresponds to a value of K well below ours; this is

due to poorly known velocity distribution and plate

separation, neither of which was important to their
main work.

It was suggested to us that metastable He quench-
ing could serve as a useful method for measuring
electric fields in a beam apparatus, since often
other considerations of the experiment make it dif-
ficult to know the effective plate separation accur-
ately.' Having measured the transmission of Eq.
(6) with K=0.926 +.020 gives the field strength
uniquely if the velocity distribution is known.
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The magnetic moment of the proton has been measured by observing simultaneously an elec~
tronic and a nuclear magnetic transition in atomic hydrogen. Observations were made with a
hydrogen maser operating in a 3500-G field. A theory is presented for the transient response
of a three-level system under conditions of double resonance including effects of cavity pull-
ing, spin-exchange collisions, and frequency shifts due to motional field narrowing. The elec-
tron-proton g-factor ratio in hydrogen is found to be g;(H)/g,(H) = u,;(H)/u,(H) = — 658. 210 706 (6).
This leads to a value of the proton moment in Bohr magnetons of Mp/tp=1.521032181 (15) x1073,

I. INTRODUCTION

Precise measurement of the ratio of the magnetic
moments of the electron and proton, p,/p,, is
important for both atomic and molecular physics.
Knowledge of p,/u, is needed in the calculation of
the hyperfine structure of hydrogen which, because
of its simplicity, is widely used in testing physical
theories. The ratio is also used as a transfer
standard when a magnetic field must be determined
in atomic units. Since p, is known to high precision
in terms of the Bohr magneton, measurement of

Le/1, gives an absolute value for the proton mo-
ment. Furthermore, by comparing the values of
Ke/1, as observed in various molecular environ-
ments with the value in atomic hydrogen, the
molecular diamagnetic shielding of the proton can
be determined absolutely to high precision, thus
allowing a detailed check on the theory of chemical
shifts. In a similar fashion, effects of binding on
the magnetic moment of the electron can be ob-
served by comparing u,/p, for the electron bound
in hydrogen and for the free electron. Finally, the
value of the electron-to-proton magnetic-moment
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FIG. 1. Energy levels of hydrogen in the ground elec-
tronic state in an applied magnetic field.

ratio is useful as an auxiliary constant in the eval-
uation of the table of fundamental constants.

We present the results of a determination of
po(H)/u,(H), the ratio of the electron moment to
the proton moment as observed in the ground state
of atomic hydrogen. The measurement was made
by observing simultaneously electron and proton
transitions with a hydrogen maser operating in an
applied magnetic field of 3500 G. It differs from
previous measurements in over-all precision and
in the fact that the proton was observed in atomic
hydrogen rather than in a molecular environment.
In previous measurements the proton transitions
were observed by NMR in water or some equivalent
medium, and the results are subject to a large
uncertainty because of the need for molecular
shielding corrections. Furthermore, these mea-
surements involved interchange of samples in a
fixed magnetic field, a procedure susceptible to
systematic error. (Reference to earlier work
will be given in a later section.)

The proton moment has not been previously mea-
sured in atomic hydrogen because the hyperfine in-
teraction dominates over the coupling of the proton
to the external field and results in what was a
prohibitive loss of sensitivity; the proton transition
frequencies require a fractional accuracy about
50 times greater than the final accuracy in u,/u,.
However, the narrow electron transition linewidths
achievable with the hydrogen maser, 100 Hz, com-
pared to a typical value of 30 kHz for previous
methods, enable precise measurement in spite of
the adverse effect of hyperfine coupling.
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The hydrogen maser is operated on an “electron
transition” denoted v, in Fig. 1. At the same
time, one of the “proton transitions” vy or v,, is
observed by double resonance. As we shall show,
knowledge of v, along with either v, or v,, is suf-
ficient to determine u,/u »- Owing to the short re-
laxation times resulting from its small physical
dimensions and the effects of magnetic field in-
homogeneities, our maser does not oscillate. In-
stead we use a pulse technique and observe the
free-precession decay signal at the electron tran-
sition frequency. Continuous stimulation of a pro-
ton transition by an applied rf signal results in
amplitude modulation of the free-precession sig-
nal.

Results of an early version of this experiment
have previously been reported® as have preliminary
results of the present work.%* Further description
of the experiment and apparatus are presented in
theses by two of the authors.*® In the following
sections we describe the theory of the measure-
ment procedure, give experimental details, and
present the final results and their interpretation.

II. THEORY OF EXPERIMENT
A. Preliminaries

The magnetic moment of the electron in a state
with angular momentum % J is [l;=g,uz J, where
g is the Bohr magneton and g; is the electronic
g factor. Similarly, we can write the proton mo-
ment as [i,=g,up1. The quantity of interest is the
negative ratio of the magnetic moments, R:

R=-ti__& &)
Hp & I

R is intrinsically positive since the electron mo-
ment is negative and the proton moment is positive.
In the ground state of hydrogen J=I=%, and
R= —g,:(H)/gp(H)-

The Hamiltonian for the magnetic interaction of
hydrogen in the ground state in the presence of an
external magnetic field H, is taken to be

JC=haf'f—g,(H)u33° ﬁo—gp(H)uB-f- H, @

where a is the hyperfine interaction constant. For
the case J=3, a= vy, the hyperfine frequency. The
energy states of this Hamiltonian are given by the
well-known Breit-Rabi equation.® The energy levels
in frequency units are

vi=4v,(1+2%) -v,,

—_1 1 1/2
ve=—gvg+3v (1+x9)!/ 2,

(3)
vs=3vo(1 — 2%) +v, ,
vg=— v —3v,(1 +xB)2

where v,=g,(H) uoHy/h is the NMR frequency for
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protons in the field H,, and x is a dimensionless
magnetic field parameter:

x=<—J“i +%9)£%=(R+1)%:. (4)

The energy levels are identified in Fig. 1.
Equations (3) involve the three parameters v,

x, and v,, and in principle three transition frequen-

cies must be measured to determine all the un-

knowns. Fortunately, the hyperfine frequency v,

is independently known to high precision, so that

only two measurements are required. However,

in order to minimize certain systematic errors,

we actually measured the three transitions indicated

in Fig. 1. The transition frequencies are given by

vpp=3vg[l+x —(1+x3) 2] -p, ,
Vpa= o[l —x+ (1 +2%) %4, , (5)
Ve=31 [x =1+ +x2)/ 23] -y,

The “proton transitions” v, and v,; are dominated
by the hyperfine coupling terms. In contrast, the
“electron transition” v, is due chiefly to interaction
of the electron with the applied field. The relative
size of these interactions becomes apparent if we
expand Eqs. (5) in the limit of high field, x> 1:

V,1=%V0(1—-1/2x—--' )=V,
Vpe= 30 (1 +1/2c++++ ) +v,, (6)

Vo= (20 =14+ ) =v, .

vo=1.4 GHz. In our experiment Hy=3500 G, x=17,

v,=15 MHz, vy, v,,~700 MHz, and v,=9.2 GHz.

The interaction of the proton with the applied field

v, is approximately 2% of its hyperfine interaction.
The g-factor ratio R is determined from the

measured transition frequencies by

&l _y+l
B==im ~y-1° @

where y depends on the proton transition as fol-
lows:

Ve=vp (1, 2 >”2

Ve +Vp Ve —Vp ’

1/2
90- Ve =VotVpa (4. 2v, )
P2 Y, Vg = Vs Ve = Vg +Vp2

Yp =

(®)

Since vy +v,=1,, these equations are redundant.
However, as shown in Sec. II'F, this is no longer
true when certain sources of experimental error
are considered.

Because v, <<v,, the proton transition must be
determined to a relative precision 25 times higher
than the electron transition, or an absolute pre-

cision 300 times higher. Consequently, the major
experimental effort lay in determining v, and Vpoe

B. Governing Equations for Maser
1. Ewvolution of the Density Matvix

The radiating system contains an ensemble of
atoms in some combination of the four states de-
scribed by Egs. (3). In addition to the static field
H,, an oscillating magnetic field induces the elec-
tron transition (2-3) and a second oscillating field
induces a proton transition, either (1-2) or (3-4).
The system is also affected by the flow of atoms to
the storage bulb and by relaxation effects such as
those due to spatial inhomogeneities in the static
field. Our task is to analyze the response of this
system to the applied fields.

The system is most conveniently described with
a density-matrix formalism following a procedure
previously used in the analysis of hydrogen-maser
problems."® The evolution in time of the density
matrix can be decomposed as follows:

P = Pradiation T Prelaxation T Ptiow T Pspin exchange * (9)

We shall consider each contribution in turn, de-
ferring the relatively minor spin-exchange contri-
bution until Sec. IIG. In the absence of spin ex-
change only three of the four states play a role at
a given time; consequently we need deal with only
a 3X3 matrix. If v, and v, are under observation,
the states involved are (1, 2, 3); if v,, and v, are
being observed, the states are (2, 3,4). We consider
the former case first.

The transition (1-2) at frequency v, is induced
by an oscillating magnetic field H; cosQ¢, while the
transition (2-3) at frequency v, is induced by a field
ﬁa coswt. H; and ﬁz are perpendicular to the static
field H,. The matrix elements of the Hamiltonian
describing the radiation interactions are

<llgcrad’ 2)= —%gpuslhe'“” s

(2]3Caq| 3y = - ig;upHye .

For the present we are neglecting effects of the
counter -rotating field and of fields far from reso-
nance. The matrix elements are correct in the
limit Hy— >, and are sufficiently accurate for our
purposes. We can rewrite the matrix elements
in reduced form

(10)

(1]5Craa| 2) = 372 X%

(11)
(2]5C,aq| 3 ) = S xe7i
where
X=—g,ugHy/21
pMB i1} ’ (12)

x=—g;upHy/2n .
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[The same symbol x is used for the field parameter
defined in Eq. (4) and the reduced matrix element
for the electron transition (12). The meaning should
be clear from the context.]| Praqiation iS then given
by
pu=-Im(X*ppe'*) ,
paz=Im(X*pype'®) —Im(x*pye ') ,
p3=Im(x*pye’™’) (13)
P12= —iS% P12 +3iX (011 — p22) €7 + Fix* pys ',
D23 = — iwgPas + 3 X(pag — pag) €71 —3iX*pyget™,

iwt

-i9t | 1. -
+21XpP12€ ’

p13= —i(Q +wp) p13 — 2iXpze
where Q= 2mvy, wy=27v,.

The dominant relaxation process for the elec-
trons is dephasing of the oscillating moments as the
atoms move randomly through the residual gradients
in the static field. Under certain conditions this
leads to a transverse relaxation rate given by®

1/75(,5) = 7?]‘ (AH(%T:: .

¥1;= dw;; /8H, is the gyromagnetic ratio for the
transition (;-j), (AHZ) is the mean-square field
inhomogeneity, and 7, is a correlation time approx-
imately equal to the mean collision time. (At the
low densities involved atom-atom collisions are
negligible and 7, represents the mean time for
collisions with the walls.) It should be emphasized
that this result is not rigorous and that departures
from it are significant in our experiment. How-
ever, it is adequate for the present.

Transitions (1-3) and (2-3) have a similar mag-
netic field dependence, and we designate their
transverse relaxation rate by 7;'. Because of the
small field dependence of transition (1-2), its
transverse relaxation can be neglected. The col-
lision rate is so small compared to the transition
frequencies that longitudinal relaxation due to mo-
tion through magnetic field inhomogeneities is

(14)

negligible. The relaxation term is thus given sim-
ply by
0 0 pys
. 1
Prelaxation = ~ T_ 0 0 P23 (15)
2
P31 p3z O

The atomic beam provides a source of atoms
equally distributed between the states (1) and (2).
If we designate the mean time an atom spends in
the bulb by 7, (the “geometric lifetime”), then

1
2

P (16)

p = _1.. 1
flow — 2
TA’ 4

0

MYINT, AND WALTHER 5

In combining Egs. (9), (13), (15), and (16) some
simplification can be achieved by writing the diag-
onal elements as population differences:

®2=p22—p33 - (17).
The result is the following set of rate equations:

®1=p11 = P22 »

® =—y®1~2Im(X*p;,e'% ) +Im(x*pygeit) ,

® 2= _'}/(Pz-}-Ij[n()(plzeinf ) - zlm(x*ngelwt ) ’

P12= = ¥P12 =i P12 +3iX* @17 + Jix* pyzett | (18)

wt

. ) 1, it _ 1, iat
P23==D'pgy =Wy po3 +2x® 2™ = 3iX p1ge”™™ ,

. . L -0t L. -iwt
P13= = Tpys = i(Qg+wg) p1s = 26 Xp g e™* " + Zixpy ge™t |

where
y=1/7,and T'=(1/7,+1/75) .
2. Feedback Relations

- In the absence of an applied oscillating field the
electron transition is sustained by the cavity field
whose source is the radiating electron moments.
The power P radiated at the electron transition
frequency is the product of the number of radiators,
photon energy, and radiation rate:

P=(I/y) nw(=pgs)raa

=(I/y) iw Im(x*pyge i) , (19)

where we have included only the contribution to
(D22)rag OCCUrring at frequency w. I is the total
flux of atoms into the bulb.

If we let W represent the oscillatory magnetic
energy stored in the cavity, then the energy pal-
ance is given by

aw wW
T =P - 2 (20)
The last term represents the total power loss due
to all dissipative mechanisms. The time variation
of P is limited by the atomic-resonance linewidth,
2I', which is small compared to the width of the
cavity mode w/Q (2I'Q/w~10"%). Consequently we
can consider quasistationary solutions to Eq. (20)
where we neglect dW/dt. This yields

P=(1/87T)<Hf>cvcw/Q . (21)

The average is over the cavity volume V.. This
expression assumes that the cavity is tuned close
to the electron transition frequency so that w~ w,.
Since the rotating magnetization is proportional to
the driving field, we can write

pmelt=(ix/2K) e . (22)

K is a proportionality constant yet to be determined.
The phase factor ¢ is introduced to allow for the
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quadrature relation between magnetization and
field at resonance, while ¢ represents a phase
shift due to cavity mistuning

¢ =arctan[(2Q/w) (w - w,)] . (23)
If we take ¢=0, Egs. (12), (18), (21), and (22)
yield

Ko Muigien

e (24)

where®® n=(H#, )2/ H?),. (H,), indicates the average
of H, over the storage bulb volume.

3. Governing Equations

We can remove the explicit time dependence
from the rate equations by writing the off-diagonal
elements in the following form:

p12= (Dy+iDy) ™% |

pas= (Dg+iDy) et (25)

P13= (D5 +1:D6) e-‘ (@t .

The matrix elements D; are taken to be real. It
is convenient to write the oscillating field amplitude
in terms of real variables as

x/2K =a+ifB . (26)

Equation (16) can then be rewritten as
®1= —¥®, - 2XD,+ 2K(aD, - 8D,) ,
®y= —Y®3+XDy—4K(aD, — BDy) +5v ,
Dy=—yDy - AD,+K(BDs - aDy) ,

bgz "')’D2+AD1+%X(?1 +K(C‘D5+BD6) ’ (27)
Dy=~T'Dy — 8D, +3XDy —-KB®, ,

D,=-TD,+0D; - 3XDs +Ka®, ,

Ds= ~TDg— (A+8)Dg+3XD, —K(8D, + aD,) ,

Dg=—TDg+(A+805 - 3XD3 +K(aDy— BD)) .
Here A=Q —-Qj and 6=w —wy. This set of eight
nonlinear coupled equations governs the dynamical

behavior of the radiating system. The observed
power is given by Eqgs. (19), (23), (25), and (26),

P=(2K1/y) iw(D%+D%) cose . (28)
4. Threshold Conditions

Although the maser has not been operated in a
condition of stationary oscillation, the threshold
atomic flux for oscillation I,, is a useful param-
eter for characterizing the operating level. This
is readily found from the time-independent solu-
tion to Egs. (27) which satisfies P >0, assuming

that no radiation field is applied at the proton
transition (i.e., X=0). The result is

K>2r, (29)
which gives
2TV, 7t
= 30
w" mlgien o

C. Transient Operation
1. Preparation of System

The system can be prepared in a radiating state
by applying a short pulse near the electron transi-
tion frequency. In general this is chosen to be of
length 7<< I'"!, The intensity of the applied micro-
wave field, which we write as x,, is sufficiently
large that xy> (X,y,I'). We take the pulse to act
from f{= -7 to £=0. If the initial value of the den-
sity matrix is given by flow equilibrium

1
2
plt<=1)= 3 , (31)
0
then the solutions to Egs. (27) at £=0 are
®,(0)=5[1-20,0)],
®,0)=(1/2a% (6%+x¢ cosaT) ,
(32)

D3(0) = - (x6/4a®)(1 - cosar) ,
D4(0) = (x/4a) sinaT ,

where a = (x2+6%)!/2. In most cases the frequency
of the applied pulse is close to resonance (5 < x,),
so that Egs. (32) can be rewritten to a good approx-
imation as

®,{0)=1(1 —cosp), @,(0)=%cosé ,

(33)
D4(O)=%sin9 s Dj(0)=0’ .79&4 ’
where 6 =aT~ x,7. The pulse length 7 is normally
adjusted such that the subsequent radiated power
is close to maximum (6 ~ 7).

2. Free Precession in Low-Flux Limit

The governing equations (27)are nonlinear and
cannot be solved in closed form. However, the
characteristic transient behavior of the system can
be understood by considering the low-flux limit
where K <y, T. Physically, neglecting K is equiva-
lent to assuming thatthe contribution to the oscil-
lating moment of atoms which enter after the pulse
is negligible. In this case the governing equations
can be decomposed into two groups of linear equa-
tions:
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_(.Pl F""y _2X 6’1 0
@, =Y X ¢, %V
= + E)
D, -y —A Dy 0
| D2 B A -y | | D, 0
(34)
D, -T =% X D,
Dy| |8 -T -3Xx D,
Ds 3IX -T -(a+0) D;
| Ds |- 3X (a+8) -T | | Ds

(35)

We now investigate the rotating electron mag-
netization under double-resonance conditions,
i.e., while the proton transition is stimulated by
an rf field X. We expect that the magnetization
will depend on X and on 4, the rf frequency devia-
tion. Furthermore, we expect that the solution
will reduce to an exponential decay in the limits
X=0o0r A=+,

The solutions for D3 and D, obtained from Eq.
(35) are

D;=(sin6/8A)e T [(A + A) sini(4 — A — 26)¢
- (A -A)sinz(A +8+26)¢ ],

f
Vo1

rf LEVEL=0 dB

-9 dB
(c) (f)

FIG. 2. Oscilloscope traces of electron free-precession

signal during double resonance. The proton transition is
stimulated by a signal at resonance with the relative pow-
er levels indicated. The high-frequency carrier is intro-
duced for ease of display and detection. Time scale:

2 msec/division.
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FIG. 3. Similar to Fig. 2 but with the proton transition
stimulated at a fixed power level with the indicated fre-
quency offsets, A. Time scale: 1 msec/division.

D,=(sinf/8A) e [(A + A) cos3(A — A —-26)¢
+(A —A)cosiA +A+258)t], (36)
where
A=(A21x2)M2

From Eq. (28), the radiated power is proportional

to DZ+D2. This power is eventually observed as
a voltage
Vo (DE+D3)/2=S(t, A) . (37)

Forming this magnitude from Eq. (36) gives the
relatively simple result

S(¢, A)=4sinf e T[1 - (X2/A?) sin®(34¢)]* /2 (38)

The voltage function S(¢) has the character of a
modulated decaying exponential. Note that if the
proton transition is not stimulated (i.e., X=0)
then we have the simple exponential decay charac-
teristic of free electron precession. If the proton
transition is stimulated at resonance (A=0), then
A=X and

S(¢,0)=4sin6 "™ | cossXt| . (39)

The result is pure sinusoidal modulation with nodes
at t=7/X, 3n/X, 5n/X, .... The rf field param-
eter X may be measured by observing the nodal
separation. A number of these double-resonance
signals at different rf power levels are shown in



5 MAGNETIC MOMENT OF THE PROTON. .. 89

Fig. 2.

If the proton driving field is slightly off reso-
nance, Eq. (38) indicates that there will be a
modulation of the exponential with period 27/A but
that the nodes will not be sharp. For a given
value of X, the modulation becomes more rapid
and decreases in amplitude as | A| increases.
This behavior is illustrated in Fig. 3.

The physics of this situation is easily visualized
if we remember that each of the atomic states is
in fact a product state of proton and electron spin
states. The initial pulse rotates the electronic
component of state (2) into a precessing superposi-
tion of states (2) and (3). The proton state is un-
affected by this change. Stimulating the transition
(1-2) gradually rotates the proton component of
the precessing state to state (1) and back again.
The electron state is unaffected by this latter ro-
tation, and thus keeps its phase, but atoms which
“find themselves” in state (1) can no longer radiate
at the (2-3) frequency. This uniform rotation be-
tween proton states produces a sinusoidal modula-

tion of the free-precession signal.

3. Line Shape in Low-Flux Operation

The voltage function S(¢) represents the output
signal for given values of X and A. From this we
must determine the proton resonance frequency
Q, by comparing the output signals for a range of
known input frequencies . (Recall that A=Q
- §,.) A straightforward procedure is to evaluate
the time integral of S(¢) as a function of &; since
the basic behavior is exponential decay, this is in
effect obtaining the Laplace transform of the mod-
ulation of the decay envelope caused by double reso-
nance.

For purposes of analysis it is most convenient
to carry out the integration over the interval
0<t <%, Inpractice, of course, one must intro-
duce a finite upper limit to the observation period.
The slight correction to the idealized line shape
caused by this will be treated later.

The observed signal is proportional to

u(a)=f S, A)dt=§r—‘gf e'”[l—(§> sinzﬂ] dt . (40)
A 4 A A 2
We expand the integrand in a power series:
_ sing ”-m[_a(ﬁ)z.zé_t_ 1 sgint AL _ .
U(a)= 1) e 1 AV AL Eg-z-l—(X/A) sin® =
M)B)(5B) * -+ (2 =3) ( X\ 20 Af
_ W) ;"nl(zn ) (X smh_z_,_.]dt. (1)
This can be integrated termwise to give
U(A)_sin(‘)(l_l x4l x* .
T 4T 4 T2+4% ~ 2521 [T2+A%[r%+(24)7]
(D)) - -+ (20 ~3)](20)! b

23nn!

The series converges absolutely and uniformly.
The first term, which is independent of A, rep-
resents the signal due to pure exponential decay
observed when the proton transition is not stimu-

lated (X=0). The second term—let us call it U,—
is pure Lorentzian,
N Xz
Uyla)~ A%4Xe4Te 43)

centered at A=0, with half-width (I'®+Xx?)!/2, The
higher-order terms cause a weak distortion in the
Lorentzian. Note, however, that these terms are
even functions of A, and hence U(A) is symmetric
about A=0; the resonance line is slightly narrowed

> . 4

but it is not shifted. The worst distortions occur

when X> T, in which case U;/U,~3/16. The line
shape continues to be very nearly Lorentzian even
for large values of X.

To compare the theoretical and experimental
line shapes, the line shape has been calculated
numerically for a finite integration period, T; <¢
<Ty, corresponding to the experimental observa-
tion time. For practical reasons an offset frequen-
¢y v, is introduced experimentally in the electron
signal (this is illustrated in Figs. 2 and 3) and the
signal is rectified to obtain the decay envelope. The
corresponding theoretical expression for the reso-
nance line is

[TZ+ATT2+ (2A)%]- - - [T% AT
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U'(a)= fTTf |s(t, a)| |sin2mv, t|dt . (44)

1

[S(, A) is again given by Eq. (38).] U’'(a) is com-
pared with the experimental line shape in Fig. 4.
The continuous curve in each figure is the best
Lorentzian fit to each set of points.

D. Behavior at High Flux
1. Numerical Solution fov Avbitvary Flux

Although the low-flux solution describes the im-

400

portant features of our double-resonance system,
it is not adequate to account for effects due to
nonlinearities such as the observed variation in
decay rate with the length of the microwave pulse
at high-flux levels.

We return to the general rate equations (27)
with @ and B given by Egs. (22) and (26). By nu-
merical integration, solutions to the equations were
obtained for given values of X, A, flux, and other
input parameters. These yielded exact values for
the voltage function S(¢, A) and the integrated sig-
nal function
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FIG. 5. Computed value of electron free-precession
signals. The dashed curve is the expected result in the
absence of radiation damping. Time in milliseconds.

U'(A)=f;f S(t, A)dt .

To obtain a theoretical double-resonance line,
numerical solutions of the rate equations and inte-
gration of the transient signals were carried out
for a range of proton frequency offsets A, giving
a set of points U;=U’'(4A;). This is analogous to
an experimental sweep, which similarly gives the
integrated amplitude at discrete frequency points.
Thus we have, in effect, a computer model for the
experiment. Fitting the best Lorentzian curve to
the computer-model points by a least-squares
technique enables us to study frequency shifts and
linewidth as a function of various experimental
parameters.

2. Nowlinear Effects

Numerical integration of the rate equations at
low-atomic-flux levels gives solutions which are
essentially the same as the exact solutions to the
simplified equations in the low-flux limit. How-
ever, as the flux approaches the threshold level,
behavior of the system begins to deviate from the
simple solutions, as one would expect. Since the
important features of this high-flux behavior do
not involve double resonance, we can take X=0 in
the following discussion, corresponding to simple
exponential decay in the low-flux limit

S(t)low flux — %sine e'” . (45)

In the intermediate flux range (I/I,,~0.1-0.5),
we find that the decay remains close to exponential
but that the decay rate varies with the pulse width
6. The apparent decay rate I'’ is greater than T
if 6 is less than 90°, and vice versa. This phe-
nomenon can be explained in terms of radiation
damping.!! Consider again the vector magnetiza-
tion model. The effect of the pulse is to rotate
the magnetization M, originally aligned with the
static field ﬁo, through a polar angle §. M pre-
cesses about H, at a frequency wy and radiates
power P« sin®. Gradually the magnetization re-
laxes owing to loss of atoms and to dephasing, but
at low-flux levels § remains approximately con-
stant. If the atomic density is large, however, the
power radiated stimulates further polar rotation of
M relative to ﬁo, so that 6 gradually increases after
the initial pulse. Thus the radiated power changes
not only because of relaxation, but also because of
the increase in 6. For 6<90°, sin? and P start
to increase in time, effectively increasing T,
while for 6 >90° the effect is to suppress P and
produce a decrease in I'. For 6~90°, sin% is
stationary for small changes in 6, and I'' ~ T,

This behavior is shown in Fig. 5, where numerical
solutions for S(¢) at various flux levels and pulse
lengths are plotted. The corresponding solution
S()1ow t10x 1S shown for comparison.

This dependence of decay rate on pulse width has
been observed experimentally by operating the
maser at maximum flux. The observed decay rates
are compared with theory in Fig. 6. The results
indicate that the flux at the time of the measure-
ment was about 0. 4[,,, in agreement with estimates
based on the initial signal amplitude. (This mea-
surement was made under high-flux conditions
which could not be maintained over an extended
period of time because of pumping system limita-
tions.)

350 — -
I=051,,

APPARENT RELAXATION RATE (sec™')

100 —

| | | | ] |
0° 30° 60° 90° 120° 150° 180°
PULSE WIDTH (8=x7)

FIG. 6. Apparent relaxation rate as a function of beam
flux and pulse width—comparison of theory and experi-
ment,
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The radiation damping effect has also been in-
vestigated, both theoretically and experimentally,
under double-resonance conditions (X >0). These
investigations showed no observable variation of
the proton resonance frequency associated with
radiation damping, and only very small (less than
1%) variation in the proton linewidth. Thus there
is no effect on the g-factor ratio determination.

3. Effect of Cavity Mistuning

A more important effect for the g-factor ratio
measurement arises from mistuning of the micro-
wave cavity. Unlike the nonlinear effects associated
with radiation damping, cavity mistuning introduces
errors into the measurement of resonance frequen-
cies for both the electron and proton transitions.

In the case of stationary oscillation the effect on
the radiating (2-3) transition is well known. 1
The fractional shift in the oscillation frequency w
is given by

w=-wy _ (we —wy) Q¢
Wy W Qr

(46)

where w, is the electron resonance frequency, and
w, is the cavity frequency. @, and @, are quality
factors for the cavity and resonance line, respec-
tively.

The situation is quite different below threshold.
It can be shown'? that in this case

Wy Yo 9.&(.12_1_@) , (47)
th

Wo Wy Qr
where I is the flux of atoms to the cavity, I, is
the threshold flux, and @ is the instantaneous
polarization. ¢ varies in time because of atomic
flow and radiation effects, so that the frequency
shift is nonstationary. The observed shift de-
pends on both the preparation of the system and
the interval during which the frequency is mea-
sured. Nevertheless, it is always smaller than in
the case of stationary oscillation. Since @,/Q; is
typically 10~%, even a gross mistuning of the cavity
by 0.1 MHz (out of a 1-MHz cavity width) produces
a fractional shift in the electron resonance of
~10~°, which is a negligible source of error.

The proton transition both complicates the
analysis and enhances the cavity pulling effect.
Essentially, the proton transition is coupled to
the electron transition by their common level, and
a shift in one produces an opposite shift in the
other. Because the g-factor ratio is 25 times
more sensitive to errors in the proton frequency
than to errors in the electron frequency, the in-
direct effect of cavity pulling on the proton transi-
tion dominates. To calculate the size of the ef-
fect we numerically integrated the rate equations
[Egs. (27)] using various values of the phase angle
¢ [Eq. (23)]. The proton resonance lines were

|on

found to be shifted by

Ap= 0y — R0 - 22 (w0, —wg) L (48)
QL Ith
At a typical flux level I=0. 21,,, mistuning the
cavity by 10% of its width shifts the proton reso-
nance by approximately 1% of the proton linewidth.
This is an important effect, resulting in a frac-
tional error in the g-factor ratio of 6R/R~7x107%,
Shifts of this magnitude have been observed by
purposely mistuning the cavity. The effect is suf-
ficiently large to require care in keeping the cavity
properly tuned. Fortunately, as described in Sec.
1V, the cavity can readily be tuned to 1% of its
width (i.e., to 10 kHz) so that the maximum effect
on a g-factor determination is less than 7 parts in
10°.

E. Field-Averaging Effects

We have already noted that the dominant relaxa-
tion mechanism for the radiating electron moment
is dephasing as the atoms move randomly through
an inhomogeneous static field. In Eq. (14) we as-
sumed that the result is simple relaxation of the
form

(49)

resulting in a pure exponential decay. Brenner'®
has shown that this is not necessarily so, and that
motion through nonuniform fields can cause fre-
quency shifts in addition to relaxation. Such shifts,
which we shall call “inhomogeneity shifts,” are
important in our experiment. By applying Bren-
ner’s methods to our three-level system, we shall
see that the electron frequency is shifted slightly
but that once again the important effect for the
g-factor ratio measurement is an indirect shift

in the proton transition due to its coupling to the
electron system.

Inhomogeneity shifts arise from a variety of ef -
fects. One of the most important cases occurs
when random motion through an inhomogeneous
field produces an asymmetric distribution of
phases of the atomic moments about a reference
vector in quadrature with the oscillating field. If
the static field were uniform, all the moments
would lie along the reference vector. A nonzero
component of the oscillating moment orthogonal
to this vector is equivalent to a frequency shift.
The average phase is, by definition, (5)=0.
However, the orthogonal component is given by
(sind ), and for an asymmetric distribution of phase
this will not be zero. The resulting shift is likely
to be important if there is a small spatial region
of extreme field value, especially if the geometry
is such that the small region communicates poorly
with the rest of the system. The stem of the
maser storage bulb is just such a small, relative-

paa==(1/7)paxm ,
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ly isolated region, and the field value is extreme
there.

Brenner has also pointed out that frequency
shifts result when two volumes are somehow
“weighted.” For instance, if the effective relaxa-
tion is different in the two regions, then a phase
shift received in one region does not have the same
influence as a phase shift received in the other.
This effect is primarily responsible for frequency
shifts in the present experiment.

In our three-level system the electron transition
is strongly field dependent, and field inhomoge -
neities account for most of the electron linewidth.
Associated inhomogeneity shifts in the electron
frequency may occur, but, as we shall see, they
play a negligible role in the absence of double-
resonance stimulation (X=0). Suppose now that
the proton transition is stimulated by an rf field
which is strong in the bulb region, which we de-
note by a, and weak in the small stem region 5.
We can think of the double resonance as a “com-
petition” between proton and electron transitions:
Strong stimulation of the proton transition re-
moves atoms rapidly from the radiating state,
giving a weak electron oscillating moment, and
vice versa. Hence, the strong proton rf field be-
haves like a source of increased relaxation in
region a, and the contribution from that region to
the total oscillating magnetization is decreased
relative to the contribution from region 5. If the
average static field differs in the two regions, the
electron resonance is shifted toward the value in
b.

In practice, the inhomogeneity shift in the elec-
tron frequency in our experiment is rather insig-
nificant: no more than about 5 Hz, or 5 parts in
10'°, However, as already described, the proton
and electron resonances are coupled by their com-
mon level. A shift 6w in the electron line produces
a shift 6Q in the proton line which is proportional
to the relative widths of the lines. If we denote the
electron and proton half-widths by Aw and AQ,
respectively, the shifts are related by

Q~ 6w AQ/Aw . (50)

This can produce a shift in the proton resonance
as large as a few Hz, which corresponds to an er-
ror in R of several parts in 107,

We investigated the inhomogeneity shift by fol-
lowing Brenner’s procedure of subdividing the sys-
tem and solving the density-matrix equations for
each subvolume. The subvolumes are coupled by
simple flow rates. Our model consists of two
volumes: a large volume a, corresponding to the
main body of the storage bulb, and a small volume
b, corresponding to the stem region. The static
fields are constant in each volume but differ by
an amount AH,, so that the electron resonance

frequencies differ by 8,=yAH,. Rate equations for
this model are derived in Appendix A. Here we
summarize the results based on numerical inte-
gration of these equations.

If we let w=N,/N,, where Ny and N, are the
number of radiating atoms in each region, then the
electron resonance line, which is close to Lorentz-
ian, decays with a transverse relaxation rate

(1/7)20.7Tw?83T . (51)

(A similar result, with a slightly different numeri-
cal coefficient, is also predicted by Brenner’s
steady-state theory.)

The inhomogeneity broadening is also accom-
panied by a shift §w in the resonance line. Our
results for this shift can be most easily interpreted
from a result of Brenner!® using his steady-state
theory:

dw=~(1/7)(w7dy)® + 20, w?r(T', = T;) , (52)

where T, and T, are effective average relaxation
rates in the two volumes due to escape of atoms
from the system and “quenching” of the oscillating
moment when the proton resonance is stimulated.
In Brenner’s application the first term dominated,
whereas in the present case the second term dom-
inates. Equation (41) suggests that we take T,

and I', to be of the form

T,=(T2+ X212, T,=(r2+x3)V2, (53)

where X, and X, are the amplitudes of the field

(in reduced units) driving the proton transitions

in the two volumes. At all but the lowest levels

of radiation fields used experimentally we can take
I',~X,, T'y~X;, in which case the electron fre-
quency shift may be written as

Sw=26,w27(1 -~ X,/X,) T, . (54)

If we equate I', with AQ, the observed proton
half-width, then Egs. (50) and (54) yield

8Q=Coyw?r (1 -X,/X,) AQ%/Aw . (55)

C is an undetermined constant of proportionality
expected to be of order unity., This result provides
insight into the dependence of the proton shift on
the rf field distribution, magnetic field gradients,
and the electron and proton linewidths. The pro-
ton linewidth is a particularly important parameter
since it is the only one which can be freely varied
in the experiment. The fact that Eq. (55) does not
provide the numerical coefficient is of little con-
sequence in view of the fact that the model is at
best an approximation, and in any case it is im-
possible to evaluate experimentally all the im-
portant parameters, particularly the field gradients.
To verify Eq. (55) we numerically integrated
the rate equations described in Appendix A using



94 WINKLER, KLEPPNER,
/(
20 |- o
/
_ Vel
I
10k 0/9)9
& /
b 4
"
2 O//O
W
o ¥
S o/
> o‘l(
3 /
& o
g 2 /
2 &
o /
o 7
i/
I | | | I
I 2 5 10 20

ESTIMATED SHIFT (Hz)

FIG. 7. Numerical results for shift in proton reso-
nance due to inhomogeneity effect versus value estimated
with Eq. (565).

values for the field gradients and storage volumes
which are reasonable for our experimental condi-
tions. One test that these choices are indeed real-
istic is that the calculated and observed linewidths
agree closely. The results for the proton frequen-
cy shift are well described by Eq. (55) with C =2.5.
A plot of the numerical results for §Q versus the
expression in Eq. (55) is shown in Fig. 7. The
scatter in points is due to rounding errors in the
computations. The slight departure from Eq. (55)
at small linewidths can be ascribed to breakdown
of the approximation that X >TI" which was introduced
in Eq. (54). If this approximation is dropped, one
would expect that at lowest linewidths 6w would vary
with AQ less rapidly than quadratically, which is
suggested by the numerical results shown in Fig. 7.
The symmetry of the resonance line is also im-
portant. Unlike the steady-state, single-resonance
case treated by Brenner, where no distortions of
the resonance line occur, we find that small asym-
metries accompany the inhomogeneity shifts in our
system. These have also been observed experi-
mentally. The slightly asymmetric lines can be
fit extremely well by allowing a dispersive com-
ponent to the Lorentzian line shape in the least-
squares fit process. In all cases the dispersion
amplitude is less than 5% of that for absorption.
Figure 8 shows an experimental resonance line
observed when large field distortions were present
and fit by a Lorentzian with a dispersive component.
A comparable theoretical line obtained from nu-
merical integration of the two-region model is also
displayed.

MYINT, AND WALTHER 5

F. Consideration of the (2-3-4) Double-Resonance System

Up to this point all our work has dealt with the
double-resonance system consisting of levels (1),
(2), and (3) of Fig. 1. Experimentally we also ob-
serve the second proton resonance (3-4). We shall
see that no modifications at all are necessary in
our treatment if we simply reinterpret the previous
rate equations (27) in a rather obvious way.

We develop the new rate equations exactly as we
did in Sec. IIB3. If we let

®1=P33 = Paa»

®2=p22—pa3 »

p3s= (D1 +iDy) 7', (56)
p2s= (D3 +iDy) e

pos= — (D +iDg) e= M)t

we recover a set of equations identical to Eq. (27).

Since both double-resonance systems are de-
scribed by the same equations with the same initial
conditions, their behavior is identical. All the
analysis up to this point applies equally well to
either system. This is an invaluable advantage
when we consider the two most worrisome sources
of frequency shift—cavity mistuning and field in-
homogeneity—both of which shift the two transitions
in the same direction. Since v, +v,, =v,, where
vy is the hyperfine frequency, any unidirectional
shift in both v, and v,, will manifest itself as an
incorrect observed value for v,. Thus if v,, as
determined from our experiment, agrees with the
accepted value within statistical limits, we can
rule out the possibility of significant systematic
error resulting from the above effects. This is
particularly important in the case of inhomogeneity
shifts, where we must extrapolate with a semi-
empirical relationship to remove the shift.

An alternative and completely equivalent test is
to look for a difference in the g-factor ratio R as
determined from v,; and v,,. An upward shift in
v, increases R; the same shift in v, decreases
R. Thus, the absence of a statistically significant
difference between the two determinations of R
can also place a limit on systematic errors due to
unidirectional shifts.

G. Effect of Spin Exchange

Spin exchange provides another mechanism which
can alter the states of atoms in the maser. It can
lead to both relaxation and a frequency shift. This
phenomenon has been discussed theoretically by
numerous authors™ ** and the effect has been mea-
sured and utilized in hydrogen maser research.!®
In Appendix B we outline the development for the
strong-field case. The spin-exchange terms to be
added to the density-matrix rate equations are given
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in Eqs. (B9). For either the (1-2-3) or (2-3-4)
system we need keep only the three off-diagonal
elements which are coupled by the radiation field.
As usual these are broken into real and imaginary
parts, so with the four diagonal elements ten equa-
tions are necessary to describe either system .
The rate equations for D,,...,Dg the real and
imaginary parts of the off-diagonal elements, are
obtained by adding the spin-exchange terms (B9) to
Egs. (27). For the (1-2-3) system the results are
system we need keep only the three off-diagonal
elements which are coupled by the radiation field.
As usual these are broken into real and imaginary

]
200

1

1
300

parts, so with the four diagonal elements ten
equations are necessary to describe either sys-
tem. The rate equations for Dy, ..., D, the real
and imaginary parts of the off-diagonal elements,
are obtained by adding the spin-exchange terms
(B9) to Eqs. (27). For the (1-2-3) system the re-
sults are

p11=—¥P11 = XDy +3Y — Ulp11 P33 —P22P4d) »
P22==7VPaz+XD, — 2K(aD, - BD3) +3Y

+U(py1 P33 =p22pas)
P33 = —Ypss + 2K(aDy = BD3) = U(p11 P33 — P22P14) 5
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Paa= = YPsa+ U(p11 P33 — P22Pss)
Dy=—yDy = AD3 +K(BD5 = @Dg) — Ulpss +pas) Dy
+V(D4D5 - D3 Dg) , (57)

.

where

U=n (Urel> Texs V=kn <Urel > Oex » (58)

n is the density: n=I/yV,. 0. is the spin-exchange

cross section and k is the shift parameter. A
similar set of equations governs the system
(2-3-4), the only difference being an opposite sign
for two nonlinear spin-exchange terms.

Equations (57) have been numerically integrated,
using the values for o, and k given in Appendix B.
The resonance lines are symmetric in shape with
frequency shifts which are positive and equal to

within 1% for the two proton transitions. The mag-

nitude of the shift at a typical flux level of 0. 21,
is predicted to be 0.3 Hz, which is equivalent to a
fractional shift of 2x1078 in the g-factor ratio.
However, just as in the case of cavity pulling and
inhomogeneity shifts, the effect of spin exchange
on R is equal and opposite for the two protontran-
sitions, and in principle it need not introduce any
systematic error into the g-factor ratio measure-
ment.

H. Resonance Shifts Due to Nonresonant Fields

We have so far neglected the effect of nonreso-
nant terms on the evolution of the density matrix.
The counter-rotating component of a linearly
polarized field can give rise to the Bloch-Siegert
effect, and related shifts occur due to the influence
of the proton driving signal on the electron reso-
nance, and vice versa. All of these effects are
described by a formula due to Ramsey'®:

dw=3XY(wy -w,) . (59)

X is the perturbing matrix element in frequency
units, w, is the frequency of the nonresonant field,
and w, is the unperturbed resonance frequency.
The largest shifts are due to the proton driving
signal. In this case, X~ 200 rad/sec and w,~4
% 10° rad/sec. The Bloch-Siegert effect is found
by taking w,= —w,. This gives a fractional shift
in the proton frequency of 1 part in 10'°, entirely
negligible. Since w,> §,, the effect of the proton
signal on the electron frequency is even smaller,
and it, too, can be neglected.

III. APPARATUS

A. Design Considerations

The atomic-hydrogen maser used in our experi-
ment is similar to a conventional (21 c¢m) hydrogen

éé“Hz DISCHARGE TUBE

,—STATE
SELECTOR

POLE FACE
27 cm DIAM

TEFLON
COATED
BULB

2 cm DIAM

FIG. 9. Schematic diagram of the apparatus.

maser, 17 except that the cavity and storage bulb
are located within the gap of a 3500 G magnet and
are reduced in size for operation at a wavelength
of 3 cm. The design is illustrated schematically
in Fig. 9. Molecular hydrogen is dissociated in

a discharge tube and effuses into a vacuum to form
an atomic beam. The beam passes through a mag-
netic state selector which focuses atoms in the
states (1) and (2) (Fig. 1) into a Teflon-coated storage
bulb located in a cavity tuned to the electron reso-
nance. The maser operates below threshold for
continuous oscillation, and the atoms are prepared
in a radiating state by application of a 37 pulse at
the electron transition frequency. The radiated
signal is detected by conventional means. The
proton transition is driven by a single turn loop
located in the cavity.

Selection of a field strength involved balancing
several considerations: (1) Higher fields provide
greater sensitivity as the proton-applied field in-
teraction becomes larger relative to the hyperfine
interaction. (2) The electron transition frequency
v, increases linearly with field strength, requiring
a decrease in size for the resonance cavity and
storage bulb. Such a decrease reduces both the
atomic flux into the bulb and the geometric life-
time, resulting in a loss of sensitivity. (3) For
a given fractional field homogeneity, relaxation
due to atomic dephasing in the field gradients be-
comes increasingly worse as the field is increased,
as indicated by Eq. (14). A further consideration
is that the magnetic field must have a fractional
stability comparable with the electron linewidth.

A field of 3500 G, provided by a permanent mag-
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net, was chosen as a reasonable compromise taking
into account all these considerations.

B. Magnet

A permanent magnet was selected because of its
high intrinsic stability and because the field gra-
dients are relatively constant; once the gradients
have been minimized by careful mechanical shim-
ming, little further attention is necessary for
several months. (In contrast, an electromagnet
requires reshimming whenever the current is al-
tered. Superconducting magnets which might also
fulfill our criteria were not available when the ap-
paratus was designed.) The magnet was designed
and built by the Mullard Radio Valve Company,
Surrey, England. Its specifications are: Field
strength: 3525 G at 35 °C. Adjustable+0.1% by
mechanical shunts. Homogeneity: About 2.5
% 10~" peak deviation over 2-cm-diam spherical
volume (optimum). Temperature coefficient:

- 250 ppm per 1°C, with a time constant of about
4 days. Dimensions: Pole gap, 26.6 cm diam

X 6.5 cm wide; magnet yoke (box shaped), 76X 72
X41 cm. Over-all size (including thermal insula-
tion): 112X103x86 cm. Mass: 880 kg.

Provision is made for shimming through mechan-
ical adjustment of the pole faces for parallelism
and lateral alignment. Nineteen electromagnetic
shims enable fine adjustment of the field for op-
timum homogeneity. For the purposes of shim-
ming, the maser is removed and a 0.05-cm3-water
NMR probe is used to map the field. The field is
swept with a sawtooth of amplitude AH/H ~5x1078,
The NMR signal is sharp enough to resolve field
differences of 51078, The probe is moved about
the sample region by a precision tridirectional
manipulator. The complete shimming of the field
is a long and tedious exercise. Fortunately the
gradients are quite stable; once properly shimmed,
only occasional fine electrical adjustments are
necessary. These can be made with the maser in
place by observing the electron free-precession
signal and maximizing the decay lifetime. Partic-
ularly convenient for such fine adjustments are a
set of “orthogonal” electromagnetic shims designed
on the principle of a Legendre polynomial expansion
of the field in rectangular coordinates.!® These
shims are reasonably independent in effect and en-
able the gradients to be adjusted without shifting
the average field. The optimum homogeneity as
measured by the NMR probe is a rms deviation of
about 1 part in 107 over the sample volume (a 2-cm-
diam sphere) with a maximum deviation of less than
3 parts in 10".

The temperature coefficient of the magnetic field
is high (250 ppm per 1 °C) and extremely precise
temperature regulation is necessary. The yoke
region of the magnet is thermally isolated. The

gap is maintained at 35 °C by continuous introduction
of warm air whose temperature is regulated by a
high-gain servo system. This system readily keeps
the field stable to 1x10~7 over a period of 1 h, and
to 2 ppm over several days.

To minimize mechanical vibrations, the entire
magnet assembly is “floated” on air cushions which
have a resonance frequency of approximately 1 Hz.
This mechanical isolation substantially reduces
noise on the signal due to field jitter and preserves
the mechanical shimming adjustment. A counter-
weighted elevator raises the maser assembly out
of the magnet gap for adjustments. When in place
the maser rests firmly on the magnet assembly
and is disconnected from the elevator, so that the
entire system is mechanically isolated.

Residual noise in the field appears to be due to
a combination of pickup of stray 60-Hz fields (the
magnet only shields these by a factor of about 10)
and microphonic effects. The fractional fluctuations
are about 1078, comparable with the electron line-
width. Fortunately, the detection system described
below is insensitive to these fluctuations.

C. Maser
1. Source Assembly and Vacuum System

The source uses an rf dissociator and the state
selector is a hexapole magnet; both are of conven-
tional design. !”

The source vacuum chamber is a 15-cm-diam
stainless-steel cylinder with the state-selector
magnet mounted on the axis, as shown in Fig. 10.
The source bulb is mounted in a short T section
off the main chamber, with a steel bellows arrange-
ment to permit alignment when the system is under
vacuum. The bottom of the source chamber con-
nects to a glass tube which supports the cavity and
storage bulb. The source chamber and storage
bulb can be isolated by a ball valve in order to
permit changing storage bulbs without letting the
entire system up to air.

The vacuum pump is an NRC model 206 Orb-Ion
pump, rated at 800 1/sec for air at high vacuum,
which pumps by titanium gettering plus ionization
of rare gases by circulating electrons. It is 15
cm in diameter and is mounted vertically above the
source chamber. The system achieves a vacuum
of 107® Torr with no load. The source chamber
pressure is typically 1X107° when the maser is
operating. At this pressure pumping speed de-
teriorates markedly after 4—6 h of continuous
running, but is regenerated after a rest period
of approximately 24 h.

2. Microwave Cavity and rf Coupling Loop

The microwave cavity is cylindrical, (4-cm inner
diameter) and operates in the TE;;; mode. The
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FIG. 10. Schematic diagram of vacuum system.

length can be varied from 3.5 to 5.3 cm. Con-
siderable leeway for adjustment is necessary be-
cause different storage bulbs change the loading
drastically. The cavity is made of thin beryllium-
copper in order to minimize field distortions due
to diamagnetism. The magnetic properties of the
cavity assembly were carefully checked by NMR
at various stages of machining. The cavity has a
polished silver surface and a loaded @ of about
10000. Microwave signals are coupled through
small holes leading to waveguides on opposite
sides of the cylinder.

The storage bulb stem makes a vacuum seal to
the upper end plate by means of an O-ring and
sleeve. The cavity and bulb are in turn attached
to the vacuum system by a pyrex glass cylinder
40 cm longX3-cm inner diameter which extends
from the state selector down into the magnet gap.
Glass is used to minimize eddy-current effects.
For the same reason, the waveguide sections ex-
tending into the magnet are made of silver-plated
Plexiglass. The assembled cavity and rf coupling
loop are illustrated in Fig. 11.

The rf field that stimulates the proton transition
is supplied by a coupling loop consisting of two
parallel wires running the length of the cavity. To
avoid degrading the cavity @ through mode distor-
tion, the wires are drawn taut perpendicular to the
microwave electric field. Power is coupled into
the loop inductively. The loop is sufficiently broad-

banded to allow coupling of power at either 644 or
776 MHz.

3. Stovage Bulb

The storage bulb is a thin sphere of fused quartz
with an entrance stem and a second dummy stem
opposite for alignment, as shown in Fig. 11. All
bulbs are coated with DuPont FEP-120 Teflon by
the following procedure: The bulb is cleaned with
a mixture of nitric and hydrofluoric acids, and then
rinsed with distilled water. The Teflon suspension
is sloshed over the entire surface and the bulb is
drained in an inverted position and then dried with
a gentle stream of dry nitrogen. The bulb is then
baked at 375 °C for 1 h with a stream of dry air
flowing through it.

For a spherical bulb of volume V gz the geometric
lifetime (mean time an atom spends in the bulb) is
given by'’

1 Vg 1
T,=3 a— 7 (v*—> . (60)
Vg is the volume of the bulb, A is the area of the
entrance aperture, I/d is the length-diameter ratio
for the stem, and (v ) is the mean atomic speed.
The flux to the bulb varies almost linearly with 4.

As discussed in Sec. IV D, the signal-to-noise
ratio is improved by increasing 7, and/or the atomic
flux. In order to achieve a long lifetime without
shrinking the entrance aperture, a collimator is
placed in the bulb stem. The collimator is simply
a few pieces of thin-walled Teflon spaghetti tubing
packed into the stem and extending into the bulb,
as shown in Fig. 11. The dimensions of a typical
bulb are: Bulb diameter: 21 mm; wall thickness:
0.25-0.5 mm; stem length: 24 mm; inner diameter:
3 mm; outer diameter: 5 mm; collimator: two tubes,
19X 1.1-mm inner diameter. The geometric life-
time for this bulb is calculated at 14 msec. This
is in good agreement with the longitudinal relaxa-
tion time of 12.8 msec as measured by the method
discussed in Sec. IV D.

H ATOMS IN
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FIELD MICROWAVE
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FIG. 11. Cavity and storage bulb.
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D. Electronics

henceforth neglect, and S(¢, A) is the amplitude of
the free-precession signal as given by Eq. (38).

The electron and proton transitions are stimulated The bandwidth of the audio mixer is limited by a

by coherently generated sources, and the electron
signal is coherently detected. The system for ac-
complishing these tasks is shown in Fig. 12.

The primary frequency reference is a Sulzer
2.5 C crystal oscillator which is continually mon-
itored against the NBS WWVB frequency reference
broadcase; 30- and 9200-MHz reference signals
are generated by frequency multiplication.
against the NBS WWVB frequency reference broad-
cast; 30- and 9200-MHz reference signals are gen-
erated by frequency multiplication.

A klystron is phase locked to the 9200-MHz
reference signal via an offset signal v, generated
by a Hewlett-Packard (HP) 606B signal generator
which is stablilized by a HP 8708A synchronizer.
v, is monitored by a HP 52451, frequency counter.
The microwave stimulating pulses are generated
by mixing a 30-MHz sideband from a pulsed gate
with the klystron signal. The frequency of the re-
sulting signal is

v,=9230 MHz - v, . (61)
v, lies within the range 28-29 MHz, so that 9201
<vy< 9202 MHz. This range is adequate for
matching v to the electron frequency v, over the
possible excursions in magnetic field due to tem-
perature variations or the exigencies of shimming.

The radiated free-precession signal is mixed
and amplified, as shown in Fig. 12, and converted
to an audio signal at frequency v,:

Ve=vs—1=9230 MHz — (v, +v,) . (62)
At this point the signal has the form
S,(¢, 8)=S(¢t, &) sin(2my,t + @) (63)

where ¢, is an unimportant phase factor which we

simple RC filter with a bandwidth of 14 kHz. The
signal-to-noise ratio is sufficiently high that the
free-precession signal is readily monitored on an
oscilloscope.

The audio signal is accurately rectified by a
circuit which is linear over a 60-dB range, and the
output is integrated by a PAR Model CW-1boxcar
integrator. The output of the boxcar has the form

@)= 7 |sit, 8)]at)

=( [ |8, &)||sin(2mv, 1) |dz) . (64)

Here T; and T, are limits of the boxcar “window”
and the brackets indicate the time average dictated
by the time constant of the boxcar integrator.

U(4) is referred to as the “integrated amplitude.”
Its theoretical counterpart U’'(A) was discussed in
Secs. IIC and IID. An important feature of this
detection system is that the bandwidth is so large
that the effect of small field fluctuations on the
audio signal is negligible as long as v, is greater
than a few kHz.

The proton driving signal at frequency v, is
provided by adding the output of a HP 5100A fre-
quency synthesizer to a multiple of 100 MHz from
the frequency standard, and using the output to
drive a Gertsch FM-4A phase-locked oscillator.

The entire system is controlled by a digital pro-
grammer which periodically halts the system to
record U(A) and the proton applied frequency v,
on a teletype, sets the proton frequency to a new
value according to a preset pattern, and restores
the system to operation. Data reduction is done by
computer from the teletype’s punched tape output.
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IV. EXPERIMENTAL PROCEDURE
A. Early Experiments

Preliminary results obtained in a preceding ex-
periment have been reported previously.! At that
time the proton resonance frequency was measured
by adjusting the frequency of the applied rf field
for maximum modulation of the free-precession de-
cay signal [e.g., Fig. 3(f)] as observed on an os-
cilliscope. The accuracy was limited by inability
to display the double-resonance line shape and to
search for small systematic errors such as those
due to the effects of field inhomogeneity. Never-
theless, this relatively crude detection method gave
a value of R with a fractional uncertainty of 3
x10-7.

Before adopting the method described here we
attempted using cw, rather than pulsed, detection.
A small microwave signal was fed continuously
into the microwave cavity and was amplified by the
electron resonance. By stimulating the proton
transition the gain of the maser was modified. For
this technique to be successful the magnetic field
must be sufficiently stable that short term jitter is
small compared to the electron linewidth; this
requires an instantaneous field stability of 1 part
in 10% or better. The observed jitter was generally
several times larger than this. Attempts to lock
the field to the electron line center by various
modulation and feedback schemes were not success-
ful owing to the broad spectrum of field fluctuations.
Since the cw method is not inherently more sensitive
than the pulsed method finally adopted, the attempt
was dropped.

B. Pulse Integration Technique

The observation method selected involves mea-
suring the effect on the decay envelope of the elec-
tron free-precession signal by a continuously ap-
plied rf field at the proton frequency. As described
in Sec. III D, each datum consists of the output sig-
nal of the boxcar integrator for a selected value of
the proton frequency:

U(a)=( fTTif IS, )| |sin2mv,t|dt) . (64)
The boxcar window is opened at time T'; approxi-
mately 0.5 msec after the termination of the 37
microwave pulse. (This value, and those-that fol-
low in this description, are typical; in practice
there were variations of up to 50% in the indicated
times.) The window length T, - T; is 10 msec
(2 decay lifetimes) and the signal is repeated with
a period of 20 msec. The time constant of the box-
car is 0.1 sec and the total sampling period is 2
sec of which 1 sec represents actual gate time.

At the end of each sampling period, the output sig-
nal of the boxcar integrator, U(4), and the value

of the applied proton frequency, v; , are digitally
recorded as a datum. The proton frequency is set
to a new value and the whole process is repeated.
A “sweep” of the proton line consists of a series
of 20-40 such data at equally spaced intervals ap-
proximately symmetric about the line center.

C. Experimental Procedure

The following steps constitute a typical “run”
consisting of one night’s observations:

(i) Preliminaries. Magnetic field gradient coils
are adjusted to give maximum electron lifetime
and the field is trimmed until electron resonance
and cavity resonance coincide.

(ii) Data taking. (a) The rf power level is ad-
justed to give desired proton linewidth. The time
between nodes in decay envelope at resonance is
read from oscilloscope display. (b) The proton
resonance center is estimated visually. (c) The
synthesizer control is programmed for symmetric
sweep over the proton resonance. Sweep width is
typically 3 full (3 dB) linewidths. (d) The electron
frequency v, is measured by adjusting klystron off-
set frequency v, for zero audio beat, as observed
visually on oscilloscope. (e) v,is offset to produce
2-kHz audio note v,. (f) The line sweep commences
The line is swept in the directions of increasing
and decreasing frequency, with klystron set above
and below v, by the audio offset v,, for a total of
four sweeps. Step (d) is repeated after every pair
of sweeps. (g) Steps (a)—(f) are repeated with
new values of the rf power.

While each sweep is in progress the electron
signal is visually monitored on the oscilloscope and
the field trim coil is continually adjusted to hold
the audio-signal-frequency constant. By this meth-
od the field can be maintained indefinitely within
1x107® of its initial value. At occasional intervals
during a run the cavity resonance is monitored
and, if drift has occurred, the field is trimmed to
the new cavity frequency. This can be done to an
accuracy of 2 kHz, and the cavity resonance and
the field are kept in coincidence to within 10 kHz.

The four sweeps of the proton line are analyzed
together to average out distortions due to the finite
sweep speed and slight asymmetries in the detec-
tion system. We refer to a set of four such sweeps
as a symmetrized group. An evening’s run con-
sists of 10-25 symmetrized groups. Ideally,
data are taken on both proton transitions during one
run. In practice, this was achieved only occasion-
ally.

The data are subsequently analyzed to yield values
for v, and R by methods described in Sec. V. The
data of a typical run are shown in Table I. In ad-
dition to these numerical results, the data for each
group are plotted by computer along with the best-
fit curve in order to allow visual inspection of all
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TABLE I. Typical experimental data—three symmetrized groups at different rf power levels. 1/T'=4.9 msec.

Electron frequency Proton frequency Half-width
(Hz) (Hz) (Hz) g-factor ratio (error)
Group 1: rf attenuation=-~8 dB, first node at {=11.5 msec
9201186014.0 775996707, 34 47.1 658,210 638 (13)
6014.0 06.98 48.3 0655 (14)
6031.0 06.82 48.0 0659 (14)
6031.0 06.72 47.2 0663 (13)
0654 (07)
Group 2: rf attenuation=-—4 dB, first node at £=7.4 msec
6419 07.08 65.7 0585 (19)
6419 06.30 66.0 0620 (18)
6466 05.78 67.2 0636 (21)
6466 05.44 66.9 0651 (21)
0623 (10)
Group 3: rf attenuation=—0 dB, first node at {=4.4 msec
6867 07.48 94.8 0497 (26)
6867 08.54 96.3 0450 (34)
6773 06.85 95.4 0540 (27)
6773 06.70 97.5 0546 (26)
0508 (14)
the data. An example of this graphical output is o I B I? 67)

shown in Fig. 4.
D. Signal-to-Noise Ratio

The signal-to-noise ratio (S/N) establishes the
statistical resolution of the experiment. For this
reason, and to establish that operation of the ap-
paratus is well understood, it is important to show
that the observed S/N is in reasonable agreement
with the predicted value. We shall separately con-
sider the S/N for the electron free-precession sig-
nal (S/N), and for the proton resonance (S/N),.

1. Electron Signal-to-Noise Ratio

Let I be the total flux of atoms entering the
storage bulb. The power radiated at the electron
frequency is given by Eq. (28) which yields the
following expression in the absence of double reso-
nance and with correct cavity tuning:

Poog= Ihv,K/8y) e ¥ | (65)

The observed signal power P, is smaller than P,
by a factor 8/(1+B), where 8 is the coupling coef-
ficient. By combining Eqs. (65) and (24), we ob-
tain the following expression for P, the signal
power at £=0:

2 2, 2
Pg B 7 g up@my, I?. (66)

B 1+8 87/2Vc

The expression becomes somewhat simpler if we
introduce the threshold flux for oscillation I,
given by Eq. (30):

ST Tep I Y

(Note that this result holds only for I <I,.) The
following values are typical:

Q=10% y=80 sec™!,

=1, I'=250 sec™,

n=3, v=9.2 X 10°Hz,

V.=60 cm®, I=1.5x10'® atomssec™ .

Substitution into Eqs. (30) and (67) gives

I;n=8%10' atomssec™ ,

Pl=7x10"2w .

This is typical of the observed signal power, al-
though accurate confirmation is lacking because
of the difficulty of calibrating the gain of the detec-
tion system. Furthermore, the beam flux, which
is estimated from the observed effects of radiation
damping (Sec. II D), is known only approximately.

For a detection system of bandwidth Av and noise
figure F, the noise power P, is

P,=kTAVF . (68)

The noise figure F is established by the microwave-
mixer preamp. The bandwidth is limited by the
final-audio-amplifier rectifier which has a variable
low-pass filter normally set at 14 kHz (3 dB point).
At T=300 °K and with F=8 dB, the noise power is
P,=4.6x1071® W, for a voltage signal-to-noise
ratio of

(S/N),=(P%/rTAVF) 2=120 . (69)
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The observed S/N is in the range 60-100, in rea-
sonable agreement with the predicted value. Field
jitter may account for the excess noise.

2. Proton Signal -to-Noise

The proton signal-to-noise ratio is closely re-
lated to (S/N),. The integrated modulation ampli-
tude is given by Eq. (64). Since the observed sig-
nal is actually a rectified sine wave, rather than
the dc envelope, the amplitude is reduced by a
factor of 2/7. Since the finite gate time T, is gen-
erally loag compared to I'™!| the upper limit in the
integral can be taken to be infinity with little er-
ror. We can express the integrated amplitude as
a voltage in terms of the initial electron power
P? and power gain G referenced to a resistance R.
We divide by the integration time T, to obtain the
average observed voltage:

(vian=2 eretrrt o (1-3 )
T s rT, 4 T“+X°+A

(70)
The effective proton-signal amplitude is
Sp= (V) = (VO) = o (GRPU/? =&y
’ 2rT'T, s T+ X
(71)

The corresponding noise voltage is obtained
from Eq. (68) with the bandwidth determined by the
boxcar integrator time constant 7=1/7(Av),:

N,=(GREKTF/7T)}/? . (72)

Combining Eqs. (69), (71), and (72) we obtain the
effective signal-to-noise ratio for the proton line:

S S\ (rav\t/2 1 X2

= =\ ] T . (73)

N/, \N/,\4n I'T, I'*+X
For all but the lowest values of the rf field X > 2T,
and we can neglect the I'® term in the denominator.
If we substitute the previous numerical values into
Eq. (73) along with 7=0.1 sec, 7,=12 msec, we
obtain

(S/N)=400 .

The observed signal-to-noise in a corresponding
experimental case, as measured by taking the ra-
tio of the amplitude at the center of the proton line
to its standard deviation, is typically 80-150.
Field jitter again probably accounts for the excess
observed noise.

E. Relaxation Rate and Linewidth

The atomic polarization relaxes by flow processes

at a rate 1/7,, where 7, is the “geometrical life-
time” in the bulb, while the oscillating moment re-
laxes at a rate I'=1/7,+7v,, where y,=1/7,is the
relaxation rate due to the effect of field inhomo-
geneities. In this section we compare the mea-
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sured and predicted relaxation rates for the electron
and proton transitions.

1., Geometvic Lifetime

The geometric lifetime can be measured by ob-
serving the time needed for @ ,, the polarization
which drives the electron transition, to return to
equilibrium after it has been upset by a microwave
pulse.

Consider the case where the electron polariza-
tion is periodically driven by a short resonant
pulse which precesses the magnetization through
angle 6. The interval between pulses is 7, and we
assume that 1/7<«<1/7,+1/7,, so that the magne-
tization effectively decays to zero between pulses.
If ®} is the polarization at the start of the pulse,
then it can be shown from Eq. (27) that its value at
the end of the pulse is

@4 =@Lcoso . (74)

The polarization then relaxes to the initial value

®i=3+(0L-De T . (75)
It follows that
1 1-¢T/7% )
®i- = .
27 9 (1 —e 7% cose (76)

The signal amplitude immediately after the pulse
is given by

Sgec @} sing . (77)

If we denote the amplitude for 7 > 7, by Sy(»), we
have

—T/‘rg - So(oo) —SL(T)
€ Sp() = So(T) cosh

(78)

Normally 6 is chosen to be 37. 7, is found by
measuring Sy(7T) for several values of T. Values
obtained are quite consistent and generally agree
with the calculated lifetimes to 10%.
2. Electvon Linewidth
The radiating moment decays as e™™*

I'=1/1,+1/7, . (79)

, where

‘T is readily determined from visual observation

of the electron signal on an oscilloscope, and 7,
is known both from the geometry of the bulb and
from the measurement procedure just described.
Thus, the transverse relaxation rate 75! is also
known.

There are two mechanisms which contribute to
7,1, The first is due to random motion through
the residual gradients of the storage bulb. From
Eq. (14) we have

T~ (83T, , (80)
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where (62)=v% (AH?), is the variance of the elec-
tron resonance frequency over the spherical storage
bulb, and 7, is the mean time between collisions.
Gas collisions are negligible, so 7, is given by’
7,=2D/3 ), where (v ) is the mean atomic speed
and D is the diameter of the storage bulb. (62) is
calculated from a mapping of the magnetic field by
NMR. Under optimum conditions the field varies
quadratically from the center of the bulb with a
maximum deviation of 2.5 parts in 107. This gives
an rms inhomogeneity of 0.7x1077. Using v
=1.76x10" radsec™' G™!, D=2 cm, and (v )=2.5
x10° cmsec™, we obtain 7'~ 100 sec™.

The second contribution to 7, arises from the ef-
fect of trapping of the atoms in the stem of the
storage bulb. This is given by Sec. IID, Eq. (51),
which can be written as

Tal=0.Tw?62/s , (81)

where 0§, is the difference in mean electron frequen-
cy between the stem and the rest of the bulb, w is
the ratio of neck volume to bulb volume, and S is
the rate at which flow occurs from the bulb to the
neck. w and S are set by the geometry of the bulb;
typical values are w=0.015, S=800 sec™!. The
field difference is estimated by mapping the sample
region with a small NMR probe. The fields typically
differ by 3 parts in 107, although it should be pointed
out that this estimate is necessarily crude since the
mapping is not done with the bulb present, and dia-
magnetic effects of the bulb and cavity can be sig-
nificant. The predicted value is 75 ~100 sec™.

The total transverse relaxation rate is

T =T +75 ~ 200 sec™! . (82)

Typically, the electron decay lifetime is 5 msec
with 7,=15 msec. From Eq. (79) these yield 73'
=130 sec™, somewhat less than our estimate but
in good agreement considering the difficulty of es-
timating the field gradients. In any case, the ap-
proximate agreement between observed and cal-
culated lifetimes gives confidence that there is no
major undiscovered source of relaxation.

3. Proton Linewidth

Unlike the electron linewidth, the proton line-
width can be predicted to high accuracy. From
Eq. (42) it is seen that in the low flux limit the
proton resonance line is approximately Lorentzian
with a linewidth of 2(I'?+Xx?!/2, T is found by
direct observation of the electron decay rate, and
X is determined by measuring the time between
nodes in the electron signal when the proton transi-
tion is driven at resonance, Fig. 2. From Eq.

(39) we have
X=21/T,, (83)

where T,is the time between nodes. The proton
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linewidth can be found from a panoramic display
of the proton line, Fig. 4, and is also provided as
one of the output parameters in the curve-fitting
procedure described in Sec. IVF. The observed
and predicted linewidths agree within the experi-
mental resolution of a few percent, providing the
detailed theoretical lineshape, Eq. (44), is used.

F. Curve-Fitting Procedure

It was shown in Sec. II that the expected line-
shape is Lorentzian, to first order. At low power
levels the correction terms of Eq.(42) arenegligible.
With increased power the higher order terms of
Eq. (42) are appreciable, but a pure Lorentzian
still gives a good fit with no error in the line cen-
ter and no more than a few percent error in the
linewidth. This conclusion still holds when the ef-
fect of the finite gate time of the boxcar integrator
is included. Consequently, in the absence of a
closed form representation for Eq. (44), we have
chosen to fit our data with a Lorentzian curve.

The data (U(v,),v;) are fitted to a pure Lorentz-
ian by a straightforward iterative curve-fitting pro-
gram. Each sweep of 40 points extending over 3
full linewidths is reduced independently. The out-
put data consist of four parameters (baseline, am-
plitude, center frequency, and linewidth) as well
as a computer generated plot of the best-fitting
curve superimposed upon the data, Fig. 4. In ad-
dition, the program calculates o, the standard
deviation of the center frequency v,, as follows.

Let L(v) represent the Lorentzian curve which
is fitted to the data (U(v;),v,);j=1,...,N. As-
suming that all of the points depart from L(v) as
independent random variables, the variance is
given by

s2= —L S (W) ~Lw)? .
N wl i F

-7 (84)

The standard deviation of the center frequency
Vv, is given by

s B(ay) ]

The derivatives 8v,/8U(v;) are found by numeri-
cally varying each value of U(v;) by a small amount,
5% of the amplitude of L, and recalculating the
value of v,.

(85)

V. RESULTS AND INTERPRETATION

Interpretation of the results of this experiment
involves the usual complexities and value judgments
which characterize high precision measurements.
As we shall see, the pivotal problem lies in under-
standing the frequency shifts due to motional
averaging effects. To set the stage for this prob-
lem, let us first examine the role of purely statis-
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tical errors.
A. Statistical Error

The standard deviation oz in R due to errors in
Vyy Ve and yg is

o _ 1 (,, R\ (g, 2+(,, 8R>2(3e_>2
R R ? oy, vy ¢ av, Ve
oR g_Q>z:|1/z
+(V° 3v0> (Vg , (88)

where o0, 0,, and o0y are standard deviations for
v, Ve and v,, respectively. From Egs. (7) and
(8) we obtain the following results for the frac-
tional error in R at our operating field. For mea-
surements made with proton transition 1,

2 2 2 1/2
0—R=[(43 ‘—’P—’) +<2.2i’9) +<41 S'L> ] ,
R Vi Ve Vo
(87a)

and for measurements made with proton transi-
tion 2,

e o [( 52 94@)2 +(2. 2 E'L)z +(54 9—°—>2]”2 .
R Vp2 Ve Vo
(87b)

The errors in v,, v,, and v, are assumed to be
uncorrelated. (A number of errors involving v,
and v, are, in fact, correlated. However, these
are essentially nonstatistical in origin, and will
be treated separately in following sections.) The
hyperfine frequency is accurately known®® and its
uncertainty oy/vy=1.4%10 ™2 introduces negligible
error in R.

The standard deviation of an individual determi-
nation of v, is taken to be o, =60 Hz, the typical
standard deviation for successive measurements
made with the procedure described in Sec. IVC.

The standard deviation in v, is obtained from the
curve fitting routine described in Sec. IVE. For
a single sweep of the proton line the value for o,
is seldom less than 0.3 Hz, with values up to
1.5 Hz occuring for broad lines. Substituting o,
=0.3 Hz and o, =60 Hz into Eq. (86) yields

or/R=(4.1+2.0"2x10"%=2.5x107% , (88)

with the dominant contribution from o,. Thus the
primary contribution to ¢y in a single sweep is
uncertainty in the proton frequency. Values for
the standard deviation in R calculated this way are
in good agreement with the measured standard
deviation of successive identical sweeps of the
proton line.

All line sweeps are carried out in groups of
four, as previously described, and the best value
of v, is found from
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4
v,=% 2 v, , (89)
n=1
where v,(r) is the value of a particular sweep.
(An unweighted average is used in order to preserve
the symmetry of the contribution from each sweep.)
The standard deviation of the mean is taken to be

4
oi=1 2 o). (90)

n=1
B. Nonstatistical Errors
1. Shifts Due to Motional Field Avevaging

The most prominent systematic error in this ex-
periment is a result of the frequency shifts as-
sociated with motional averaging effects. Equation
(55) indicates that the shift in v,, the proton fre-
quency, is proportional to the square of the proton
linewidth, which suggests that the experiment be
repeated at different values of proton linewidth and
the results be extrapolated to zero linewidth. Since
the validity of the extrapolation procedure is of
critical importance, two somewhat different meth-
ods were used to analyze the data.

Method 1: Quadvatic extrapolation. Equation
(55) suggests that the shift in the proton resonance
frequency is proportional to the square of Ay,
the proton half-width. This result is essentially
empirical; its justification lies in its agreement
with numerical results from integration of the
equations of motion (Fig. 7). Over the region for
which Eq. (55) is valid we expect that the true
value of the g-factor ratio is related to the ap-
parent value R by

R'=R+pAVE, (91)

where % is an unknown factor which depends on the
magnetic field gradients and storage bulb geometry.
Equation (91) requires that the experimental
values for R’ be extrapolated to Av,=0 in order to
eliminate the inhomogeneity shifts. To test this
procedure, which we shall call the quadratic ex-
trapolation procedure, the equations of motion for
the two-region model developed in Appendix A
were integrated to yield S(#, A) and the integrated
amplitude U'(4) [Eq. (44)] for various values of A.
These points were then treated as raw data which
were reduced by the procedure described. The
resulting values of R were extrapolated to zero
proton linewidth according to Eq. (91). The re-
sults are shown in Fig. 13. The gradients were
assigned to give shifts in R and a value of 7, close
to those observed. The two curves correspond to
results for the two proton transitions (1-2) and
(3-4). The quadratic extrapolation is reasonably
good, though there is a residual error in R of
about 1 part in 108, This is not unexpected; as in-
dicated in Fig. 7, slight departures from simple
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FIG. 13. Computed values of the change in R due to in-
homogeneity shift versus proton half-width. The upper
and lower curves correspond to proton transitions 1 and
2, respectively. The solid lines are the best-fit quadratic
curve.

quadratic shifts are present at narrow linewidths.

Plots of experimental values of R versus Av,
for three different runs are shown in Fig. 14. Al-
though inhomogeneity shifts of several parts in
107 are evident, the extrapolated values are con-
sistent to within a few parts in 108,

It appears that the quadratic extrapolation pro-
cedure can lead to a small residual error in any
single determination of R. However, the sign of
the error differs for measurements made on the
two proton transitions v, and v,, so that the re-
maining error should be eliminated by averaging

1100

900

R: 658.210 - -~

700

500

o 40 80 120
HALFWIDTH (Hz)
FIG. 14. R versus proton half-width for measure-
ments made with three different applied gradients. The
solid lines are the best-fit quadratic curves.
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measurements made in succession on v, and v,.
On only three runs were data on both proton tran-
sitions obtained. Results for these runs are shown
in Table II. If we denote results for v, by R, and
results for v,, by R,, we see that the sign and mag-
nitude of R, — R, differ from run to run.

The question remains as to whether the residual
error introduced by the quadratic extrapolation
method is correlated between runs. If it is, then
averaging values of R; and R, should eliminate it.
If the error is uncorrelated, then it can change in
sign and its effect will be to increase the variance
of R from run to run. In either case, the quadratic
extrapolation method should not introduce a source
of systematic error.

We should note that the situation is not improved
by introducing a linear term in the quadratic ex-
trapolation formula. The quadratic terms dominate
over the experimentally accessible region, and at-
tempts to fit a linear term without a priori knowl-
edge of its magnitude seriously degrades the good-
ness of fit.

Results for R, with the data extrapolated qua-
dratically, are shown in Fig. 15. These data were
not edited; all results for a series of 19 runs are
included. The only data rejected were from runs
in which operating conditions were intentionally
distorted to search for systematic shifts.

Method 2: Lineav extrvapolation with dispersive
line shape. As pointed out in Sec. II E, inhomo-
geneity shift can produce both a displacement of
the resonance line and a distortion. The distorticn
is small and is well described by a dispersive com-
ponent to the Lorentzian line. This suggests that
at least a portion of the apparent shift can be re-
moved by fitting the data to a Lorentzian curve
with a dispersive component. To test this, the
numerically generated data which were used to
test the quadratic extrapolation method, Fig. 13,
were also fitted to Lorentzian-plus-dispersion
curves. The results are shown in Fig. 16. The
residual shift in R is small and is linear in proton
linewidth. The remaining error in R when the re-
sults are extrapolated to zero linewidth is well
under one part in 108, Data from three experi-
mental runs analyzed by the linear extrapolation
method are shown in Fig. 17. Residual errors
appear to be beneath the limit of experimental
resolution.

TABLE II. Comparison of Ry and R, for measurements
made under similar conditions. Errors are 1 standard
deviation.

Run Ry R, 3R~ Ry

1 658.210671(31) 658.210700(6) 658.210685(16) — 0.000029(32)
2 658.210714(9) 658.210699(5) 658.210706(5) +0.000015(10)
3 658,210720(10) 658,210701(6) 658.210710(6) +0.000020(12)

(R, +R)
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FIG. 15. Complete data summary of results for R as
analyzed by the method of quadratic extrapolation. The
mean value and mean for each group are indicated by
vertical dashed lines.

The entire collection of data for R was analyzed
by this method, which we shall refer to simply as
the linear extrapolation method. The results are
shown in Fig. 18. Curiously, the scatter with this
method is more than twice as large as that with the
quadratic extrapolation method. We have not been
able to find the explanation for this.

The results for both methods of analysis are
summarized in Table III. The data for both tran-
sitions are summarized separately. For reasons
to be discussed, the final values of R are the un-
weighted averages of R; and R,. The results of
Table III show that the values of R found by the
two extrapolation procedures differ by far less
than the experimental error. Although the agree-
ment may be fortuitous, it helps to give confidence
in the extrapolation procedures.

2. Other Nownstatistical Evvors

(a) Spin exchange. The effect of spin exchange
is discussed in Sec. II G and Appendix B. Ata
typical flux level of I=0. 21, spin exchange should
cause a shift in R of 2X1078, The sign of the shift
is opposite for the two proton transitions, R; being
shifted upwards and R, downwards. Consequently,
the average value, R=3(R,+R,) is unaffected by
spin exchange. However, spin exchange should

MYINT, AND WALTHER

lon

| } I

T
50 100 150
HALFWIDTH (Hz)

SHIFT IN R (PARTS IN 10%)

FIG. 16. Computed values for change in R due to in-
homogeneity shift versus proton half-width. The points
correspond to the same computer-generated data as in
Fig. 13, but a dispersive component has been added to
the Lorentzian curve. (Error bars are estimated com-
puter error.)

manifest itself in a difference between measure-
ments for the two transitions: (R; -Rj/R=4
%1078, The results shown in Table III indicate
no such discrepancy. R; and R, agree within
the statistical error, less than 1x1078, and the
sign of the difference is in fact opposite with the
two extrapolation procedures. Two possible ex-
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FIG. 17. Typical values for R versus proton half-
width for data fitted to a dispersive curve. The solid
lines are the best-fit straight lines.
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FIG. 18. Complete data summary of results for R as
analyzed by the method of dispersive fit with linear ex-
trapolation. The mean value and mean for each group
are indicated by vertical dashed lines.

planations for the absence of spin-exchange effects
are that the flux may be lower than assumed or
that the spin-exchange shift may be masked by an
anomalously high wall shift.

(b) Wall shift. Collisions with the wall of the
storage bulb cause a change in the hyperfine fre-
quency given by

dvg=¢/217, , (92)

where ¢ is a phase shift characteristic of the wall
material and 7;! is the collision rate. For FEP
Teflon the phase shift has been found by Zitzewitz®
to be —8.2X107® rad. The mean collision rate is
readily found from the bulb geometry. For the
bulb described in Sec. I B the result is 6y,
=-0.24 Hz,

The effect of the wall shift on R is to decrease
Ry by 7X107° and to increase R, by the same
amount. The average of R; and R, is unaffected.
The changes in R; and R, due to the wall shift are
smaller than those due to spin exchange, and of
opposite sign. However, as discussed above, there
is no experimentally resolvable difference between
the two values of R.

(c) Systematic line asymmetry. As has been
noted, line asymmetries of several percent can
occur because of the field-inhomogeneity effect.
Presumably their effect is eliminated by the ex-
trapolation procedures. There is, however, the

possibility that a small systematic asymmetry may
result from some unknown source. We have no
evidence to indicate that this is the case, but an
asymmetry small compared to that associated

with field inhomogeneities might go unnoticed.

Note that several common sources of line asym-
metry are not present in our experiment: (a) No
phase-sensitive detection is used in observing our
signal. (b) The rf system is broadbanded, as
evidenced by the fact that the oscillating field at
644 and 776 MHz differs by only about 3 dB; there-
fore, variation in proton-transition stimulation over
the range of a line sweep (1 kHz maximum) is
negligible. (c) Any linear variation over the
course of an entire run, such as changing atomic
flux, will be averaged out in forming symmetrized
groups of sweeps for the subsequent analysis.
Each point used in extrapolation is a symmetrized
average of equal numbers of identical sweeps in
opposite directions across the resonance line. In
the absence of evidence to the contrary we neglect
undetected asymmetry as an error source.

(d) Other sources of systematic evvor. Other
sources of systematic error which have been con-
sidered include cavity pulling, the Bloch-Siegert
effect and related pulling effects, second-order
Doppler effect, and calibration error in the local
frequency reference. All of these are small com-
pared to the statistical error of the experiment.

(e) Tests for consistency. The two proton
transition frequencies v, and v,, are not indepen-
dent. From Eq. (5) we have

Vyt+Vpa=Vy . (93)

Any error of the same sign in the proton frequen-
cies will manifest itself by an erroneous value of
the hyperfine frequency as determined from Eq.
(93).

For purposes of comparison, the values of v,
and v, obtained by the method of quadratic extrap-
olation were corrected to a common field (the ex-

TABLE IIi, Results for R. Errors are 1 standard
deviation.

Results for quadratic extrapolation method

fractional error

Ry 658.2107070 (44) 6.7x107°

R, 658.210 7046 (12) 2.9x107°
Average 658.2107063 (24) 3.3x10"°
Results for linear extrapolation method

R, 658.210 7006 (104) 16x10°

R, 658.210 7123 (49) 7x107
Average 658.2107065 (58) 9x10°?

Final value
R=—g;(H)/g,(H) =658.210706(7)
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TABLE 1IV. Determination of the hydrogen hyperfine
frequency from vy +vy. (Values corrected to v,
=9201, 000 MHz.)

Vpt = 644408376.38(10) Hz
Vpy = 775997375, 46(04) Hz
12 = 1420405751, 84(11) Hz

Best experimental value (Ref, 19)

vy = 1420405751.768(2) Hz

perimental runs were carried out at slightly dif-
ferent fields). The results are given in Table IV.
There is no apparent common error in v, and v,,.
The limit of error can be found by using the un-
certainty in v, from Table IV as a random error
in the error propagation formula, Eq. (86). The
conclusion is that any error which might shift v,
and v,, the same way can produce a fractional er-
ror in R of no more than 3.4x107°,

The question remains as to whether the values
of R shown in Figs. 15 and 18 are truly distributed
randomly. Since there is no significant discrepancy
between R; and R,, the results for all nineteen runs
can be treat~d as coming from a distribution with
a common mean. A normalized set of random
variables was formed by taking the deviation of
each result from the mean and dividing by the es-
timated statistical error for that individual mea-
surement. A x?test was then performed to com-
pare the experimental data with what might be ex-
pected from a normal distribution. For the qua-
dratic method of analysis the x? test yields a prob-
ability of 30% that another equivalent set of data
would deviate as much as that of Fig. 15. For the
results reduced by the linear extrapolation method,
Fig. 18, the probability is 95%. We interpret this
to mean that with reasonable assurance the results
can be treated as coming from a statistical distri-
bution.

C. Final Results

Two sources of systematic error, spin exchange
and wall shift, are known to cause opposite shifts
in R, and R,, and consequently the best value for
the final result is a straight arithmetic average for
the two transitions. The statistical error is
6R=3(6R?+6R%)! 2% Results are shown in Table
III1.

Since both extrapolation procedures yield the
same value for R there is little to choose between
them. However, their uncertainties differ con-
siderably. The quadratic extrapolation method re-
sults in a standard deviation of 3.7x107°, while
linear extrapolation yields a standard deviation of
9x107°, Because both results are based on the
same data there is no justification for combining

MYINT, AND WALTHER 5

them in order to reduce the final standard devia-
tion. On the other hand, there is no reason to in-
crease the standard deviation of the best result
simply because an alternative analysis procedure
does not work so well. Consequently, the standard
deviation of the final result, owing to statistical
sources, is taken to be 3.7x107°,

The question remains as to our confidence in the
results. When all is said and done, we have no
real insight into the extrapolation procedure below
the level of 1 part in 10°. The numerical models
are not convincing at that level, and the quality of
the data is not good enough to resolve reasonable
doubts about possible errors in extrapolation pro-
cedure. On this basis, we assign an estimated un-
certainty of 1 part in 108, The final result is

R=-g;(H)/g,(H)=658.210 706(6) . (94)

The error is intended to represent a 68% confidence
Limit.
D. Correction to Free-Space Values

The effect of relativistic and radiative interac-
tions on the g-factors of the electron and proton
have been considered at length by Grotch and
Hegstrom, # by Faustov, % and by Close and Os-
borne.? The results for hydrogenic atoms in the
1S state are

2
gj(H)=gg[1 —% (Za)z(l - -g-%”d— - -3-(1 +z)—]‘m;1—2->

1 2 5m 6+Zmz):|
+41Ta(Za) (1—3M+ 3 % , (95)

g»(H)=gp( 1- §(Za)3+ ézaa’i__eh‘la

1, ,m? (3(Z+1)+(6~Z)a,,>
G Za Mz 1+a, , (96)

where g, and g, are the g factor of the free electron
and proton, respectively, and a, is the anomalous
proton moment in units of the nuclear magneton.

If we retain terms O(a®m/M, &%), Eqs. (95) and
(96) yield for hydrogen

gazgi(_H)[l_l zr_n_<1_1§_+_‘_1_g£> 013]

g, &»(H) 2% M 3 1+a,) 4r
-2 (1 _5 7gx107 97
2,(1) ( . ). (97)
Applying this result to Eq. (94) gives
g./2, = —658. 210 688(7) . (98)

Finally, we can correct for the anomalous mo-
ment of the electron to obtain the proton moment
in Bohr magnetons. We use value of a™! recom-
mended by Taylor, Parker, and Langenberg in their
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compilation of fundamental constants, 2 o ™!

=137.03602(21), and the following expression for
the electron moment in Bohr magnetons:

Be=—mpll+a/2m-0.3285 (a/7)%+0.13(a/7)?]
=-pup[1.001159639(3)] . (99)
The uncertainty 0.3x 10~° includes contributions

from @ and the coefficient of a®. Combining this
with our value for g, /g,= 11, /1L, yields the follow-

ing result for the proton moment in Bohr magnetons:

up/1np=0.001521032181(15) . (100)

E. Comparison with Previous Work

A summary of determinations of the proton mo-
ment in Bohr magnetons prior to 1969 is given by
Langenberg, Parker, and Taylor.® We limit our
discussion here to experiments which have some
immediate connection to the present work.

Briefly, all previous experiments have utilized
NMR to observe the proton moment. In order to

. obtain a value for the free proton, corrections must
be made for the chemical shift, the diamagnetic
effecc of the host molecule, as well as for bulk
diamagnetism of the sample. These corrections
are large, typically 25 ppm, and not precisely
known. Consequently, many of the previous ex-
periments must now be interpreted in terms of the
light they shed on the theory of chemical shifts.

One exception is the preliminary version of the
present experiment.® The result

-g;(H)/g,(H)=658. 210 53(20) (101)

agrees with our value, Eq. (94), to within the es-
timated error. The error, 30X 1078 was set by
the nonstatistical behavior of measurements made
on different days, undoubtedly a result of the in-
homogeneity shift which was identified subsequently

The most accurate related measurement is the
determination of g;(H) g,(H,0) made by Lambe.
He compared an electron transition in hydrogen, as
observed by microwave absorption of atomic hy-
drogen in a molecular-hydrogen buffer gas, with
the NMR frequency of protons in a spherical water
sample. His result is

- g;(H)/g,(H,0) = 658. 215 909(44) . (102)

The apparent proton moment is related to the
true moment by the chemical shielding constant
o as follows:

gslapparent)=g,(1 -0) . (103)

We can compare measurements of the proton in
water and atomic hydrogen by the relation

[gj (H)
gp(H)

g;(H) }-1 _1-0(H,0)
g,(H:0) 1 -o(H)

21 - o(H,0) +o(H) . (104)

The shielding constant for hydrogen (to order
a%n/M) is, from Eq. (96),

21 z( _l!’i_zs“““)
o)=3 1= 3% 17q,

=17.733%x107% , (105)

By combining Eqgs. (94), (102), and (105), we
obtain

o(H,0) =25.64(7)x107¢ . (106)

Although the shielding constant for water cannot
be compared directly with theory, it provides a
useful link to o(H,), for which an accurate theo-
retical value exists. Comparisons of the NMR
frequency of the proton in molecular hydrogen and
water? yields ¢(H;0) — o(H,) =—0.6(3)x107%, from
which it follows that

o(H,) = 26.2(3)x107° . (107)

The general theory for magnetic shielding in
polyatomic molecules was first developed by Ram-
sey® who showed that the shielding constant can be
written as the sum of two terms:

o=o% P2 (108)
where ¢™* represents the simple diamagnetic
shielding effect of the electrons in the molecule
and ¢**? arises from second order paramagnetic

effects. Newell®® has obtained
o%(H,) =32.1(1)x1078 , (109)

The best value for the paramagnetic term is from
the work of Ramsey and his co-workers®!:

0®*3(H,) = -5.9(3)x107¢ , (110)
Combining the results gives
o(H,) = 26. 2(8)x10-¢ , (111)

in exact agreement with the measured value, Eq.
(107). However, the experimental resolution is
only 0.3 ppm. It could readily be increased by a
new comparison of the proton in molecular hydro-
gen and in water (or, preferably, a more reliable
NMR standard) and it appears possible to improve
the theoretical value of o(H,) by obtaining more
precise data on the spin-rotation interaction in
hydrogen.3? Thus it appears that the topic of
chemical shifts in simple molecules is ripe for a
more detailed elaboration.

In Lambe’s experiment, as well as in earlier
work, the chief difficulty lay in observing the elec-
tron resonance in atomic hydrogen. Klein®® side-
stepped this problem by determining the cyclotron
frequency of electrons in a field which is calibrated
by NMR. The resultis
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FIG. 19. Flow parameters for the two-region model.

w,/w,(H,0) = 657.46507(32) .

We can express this in terms of pg/u, by utilizing
Egs. (103) and (106) to obtain

%—‘1 (Klein) = 0.001 521 0328(8) . (112)
B

A comparison of Klein’s value for u,/up with
our value, Eq. (100), can serve as a check on our
understanding of the anomalous moment of the elec-
tron. Unfortunately, although the two values over-
lap, the uncertainty in Klein’s result is too large
to improve our knowledge of the electron moment
anomaly.
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APPENDIX A: GOVERNING EQUATIONS FOR INHOMO-
GENEITY FREQUENCY SHIFT

Following Brenner!® we subdivide the system
into two volumes between which atoms flow as
described by simple rate processes. Fig. (19)
illustrates the model and the flow parameters.
Volume a (the storage bulb) is assumed to be large
compared to volume b (the stem). N, and N, rep-
resent the instantaneous number of atoms in vol-
umes a and b, respectively. The atomic flux
from a to b is N, S,;, and the flux from b to a is
N, S;,. The incident flux rate is y(N, +N,). If we
let w =N,/N,, then it follows that at equilibrium

w=Sp/(Sp+7s) , (A1)
vw/v=1+1/w . (A2)

The inhomogeneity shift of interest here occurs
when both the static magnetic field and the am-
plitude of the rf (proton) field have different values
in the two regions.

The departures of the oscillating fields from
resonance are given by

0,=w — wy,, A== 8, ,

where wgy,, $, are, respectively, the resonance
frequency of the electron and proton in region a.
Similar notation applies to region 5.

The rf-field amplitude in the two regions is de-
noted by X,, X,. We write density-matrix rate
equations as in Sec. II B, except that the field re-
laxation terms, Eq. (13), are omitted since this
effect should follow from our model. The matrix
elements in the two regions are treated indepen-
dently and are denoted by a superscript a or b.
The rate equations analogous to Eq. (25) are

@ 3= —5;0% +wS,,® L — 2X, D} + 2K (aD}§ - BD3) ,

§%= —S,50% +wSy,® %+ X, D — 4K (aDi- DY) + 3y (L +w) ,

D2 = —S 4y D} +wSp, D} — A, D +K(BDE — aD) ,

% = —Su D3+ wSy, D3+ A, D +3X, ® +K(aD%+BD%) ,

D§ = =S, D +wS, D} — 8, D+ 3X, Di~ KB @Y,

D= =Sz D%+wSp D%+ 8, D% - 3X, DL +Ka®y

(A3)

D}= =Sz Dy +wSp D = (8, +8,) Dy +3X, Dy —~K(BDf +aD}) ,
D%= =S D% +wSp, DS+ (8, +0,) DL — $X, D% +K(aD} - BD}) ,
@} = = [Spa +75) @1+ (1/w) Say @ — 2X, D} + 2K (D - D3] ,
® %= = (Spe +75)0%+ (1/w) Sy ®% + X D — 4K (a D’y — BDY) ;

D}=—(Spy +75) D +(1/w) S D} — Ay DY +K(BDE — aDY)
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TABLE V. Representation transformation matrix T' = (S, Mg; myy, mpy| mgq, myg; ms, myp.  + =43 —=—4.

msimrq

o+

R e -— —-—

- - -+ -t =+ =+
S, - —— =+ = —— =+ ++ F=— —— = ++ - —— =+
1, 1; ++ 1
1, 1;+-— 1
1, L—- 1
1, Li—+ 1
1, 0; ++ 1/VZ 12
1, 0; +— 1/v2 1/V2
1, 0;-- 1/V2 1/v%
1, 0;—+ 1/2 i3
1,-1; ++ 1
1,-1; +— 1
1, ""1;—"' 1
1,-1;—+ 1
0, 0; ++ 1/V2 -1/
0, 0; +— 1/¥2 —1NE
0, 0;—- 1/\2 -1/V2
0. 05—+ 1VZ =12
D= = (Spa +75) D3+ (1/w) Spp D+ By D?+%X,,(P’{+K(OAD§+ 8D%) ,
D= = (Sy, +73) D+ (1/w) Sy D — 8, D, + 5X, D5~ KB®Y)
D4= —(Sy +75) D%+ (1/w) Syp D+ 8, D — 53X, DE+Ka®% , (A4)

bg: —(Syq +v5) D2+ (1/w) Sy DE — (85 +85) DZ+ X, Di -K(BD} +aD) ,

D= = (Spa +75) D%+ (1/w) Sgp @+ (A +6,) D% = 3X, D% + K (aD} - DY) .

The dimensionless microwave field is given by
a=[1/(1+w)] (D} +wD}) ,
B=[1/(1 +w)] (D +wD}) ,

analogous to Eqs. (20) and (24), and is assumed to
be the same in both regions. (Relaxation of this
restriction has been found to have no appreciable
effect.) Cavity mistuning has been shown to have
essentially the same effect for two regions as for

(A5)

the single-region model, and so we neglect it here.

The results of a computer analysis of these equa-
tions is given in Sec. IIE, where we have taken
T:Sa-b17 8= wy, — Wop -

APPENDIX B: SPIN-EXCHANGE CONTRIBUTIONS TO RATE
EQUATIONS

We wish to obtain the contribution of spin ex-

change to the rate equations for the density matrix.

The treatment outlined here follows the arguments
of Bender.” The method of Balling, Hanson, and
Pipkin!? gives virtually identical results.

We are interested in the effect of a collision of
two atoms. Initially each of the atoms is described
by a 4 X 4 density matrix p’ in the (mg,m ) rep-
resentation. The 16X 16 density matrix for the
pair of atoms in the (mgy, m p; mg,, m ) TEPre-
sentation is the direct product of p’ with itself:

ol=ple pt. (B1)
During the collision the electron spins are strongly
coupled so that they are naturally represented by
(S, M g) rather than by (mgy,mss). We assume that
the interaction between nuclei is small, and that
mp and mp, remain good quantum numbers. Trans-
formations of o' from the (mgy,mp ; Mmga, M) to
the (S,M g ; my,m ) representation is accomplished
by the unitary transformation I' given in Table V:

o®t=Toi* . (B2)
The collision process is described by a sezond

unitary transformation A, to give a post-collision
density matrix o*:
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TABLE VI, Matrix C=T*BT. (jy,j,) identify (mgy, myy; mse, myy), Where j refers to the states of Fig. 1.

J1s J2
J1: 92 1,11,21,31,4

2,12,22,32,4

3,13,23,33,4 4,14,24,34,4

WO R R 0 W0 W0 W N MO MR e e
OB WO O W

of=Ac° A* . (B3)

A is simply a diagonal matrix, with S=1 (triplet)
elements ¢™*23 , and S=0 (singlet) elements ¢~%1,
Since A is unitary we can without loss of generality
factor out e *23 and write

A=I-%xB,
where
x=1-git=1 g i41-83) | (B4)

I is the identity matrix; B is a matrix all of whose
elements are zero except the last four diagonal
elements, which are 2.

Finally, we transform back to the original
(mg1,mp1; mg 9 my,) representation. We have

d=T*o”T
=T*ATo! T*A*T
=I*(I - $xB) To'T*(I - 3x*B*) T
= (I - 3xC) o*(I - 3x* C¥)
=o' —=3(xCot +x*o' C*) + 1| x|2Co’C*,  (B5)
where C=I*BI'. C is displayed in Table VI.
Since C*=C, and |x|%=2(1 —cosa), we have
of=0t —=1(1 = cosA) Co'+oiC -Co'C
—-%isina(o’Cc -Co') . (B6)

In order to recover a 4X4 density matrix we
ignore the correlation between the two atoms
which have just collided and trace over atom num-
ber 1:

0"z ds) 2 8(is,d1) o’ (aga jida) - (B7)
"1"71

We must average over the time at which the colli-
sions occur. If an element of p’* contains a term
of frequency large compared to the reciprocal of
the mean time between collisions, then the contri-
bution of that term to the final density matrix p*
will be zero. This eliminates all terms which have
a frequency different from the element under con-
sideration.

Carrying out the above prescription for our den-
sity matrix p, we obtain the values for p’ given in
Table VII. Here we revert to labeling the elements
by the level numbers of Fig. 1. The result rep-
resents the change in the density matrix due to a
single collision in terms of the phase angle A, In
order to obtain the average rate of change of p
due to spin exchange, we integrate over possible
impact parameters R. The results are most con-
veniently expressed in terms of the collision rates
Uand V:

U=3n{Vre1) fow [1 -cosa(R)]21RdR , (B8)

V=%n<u,el)f0°° sinA(R) 2nRdR .

The spin-exchange contributions to the rate equa-
tions

p11==Ulp11ps3 = P22P4d)

P22=U(p11 p3s —P22Psd) 5

p33= = U(p11ps3 = P22P44)

pas=U(p11p3s =P22Pad)



len

TABLE VII. Density-matrix elements after collision
with another hydrogen atom having the same initial den-
sity matrix.

p4i=p11— (L= coSA) (py1p33— Paapas)
phy=po2 +3(1 — cosA) (p11p33— P22psy)
pds=p33— (1= cosA) (py1p33 = p22044)
pfi=pag + (1= cosA) (p11p33— p2204)
pfa=p12—3(1 = cosd) (p3s +p4) P12 +3i(Sind) (py35% — pyynz)
pis=pi3— 3(1 - cosd) (py3 — p12p23 — P14P3;)

+ 58 (sinA){[1~ 2 (o4 +p29) 1043 + p12p2s = prapsh |
pia=p1a—3(1— cosd) (py +p3g) pyy + 3i(sinA) (pg3 — 2 P14
pis=pa3— 3(1 = cosA) (py; +pyq) pa3 + 3 (s1nd) (pgg — p11) P23
phy=pag— 31— cosA) (pzg — pi5p14— Pagpss)

+3i(sinA){[1 — 2 (g +paa) 1094 + 015 P14~ P23P34}

ph4= 3= 3(1 = cos) (pyg +py) pyq +3i(S1nA) 07k 1y ~ ps pyy)

p12= = Ulpss+paa) pr2+iV(p1spls —p1ap3a)

p13= = Ulp1s — pr2pas — p14030) +iV {[1 = 2(py1 +p22) ] p1s
+P1202s ~ Pr4P3s}

P14==U(paz+p33) p1a+iV(pss = P2a) P14 »

Pas= = U(p11+p4g) p2s +iV(pag = p11) p2s
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p24= = U(pas=prap1s—pas pse) +iV {[1 = 2(p1y +p2z) Jp2s

£ 3
+P12P14 = P23 034} ’
p3s= = U(pyy +p2z) pas+iV(pfs 014 = p p2d) - (B9)

Alternatively, a completely quantum-mechanical
treatment'* gives the same result with the identi-
fications

U:n(vrel)cex ’

(B10)
V=n (vrel >Uex ’
where o, is the exchange cross section
_ a TE 2053 A1
Oex=Vre1) >, (21 +1)sin%3} -5,) (B11)
pk oo

and k is the frequency shift parameter given by

-
S

o [1+(=1)][21 +1]sin%(52 ~5}) .

KOex = <vrel>-1

(B12)
83 and 6; are, respectively, the singlet and triplet
phase shifts; u is the reduced mass. The brackets
indicate an average of over momentum, 7k.

Our romputations used the measured value®* of
Oexs 28.5(43)x107'® cm?, which is in reasonable
agreement with theoretical estimates.*® For k we
used Bender’s estimate, 4 x=0. 2.
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the Office of Naval Research, and the MIT Sloan Fund.
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The natural orbitals (NO) obtained from IS Be atom ground-state wave functions which incorporate
various amounts of the correlation energy are Fourier transformed to momentum space in

order to obtain radial momentum distributions I(p).

Momentum distributions calculated from

several analytical restricted Hartree-Fock (RHF) wave functions are also presented. Cor-
related and RHF Compton profile values J(g) are found to be in better agreement than the cor-
responding I,(p) values. In the “valence shell” portion of the I;(p) distribution, relative dif-
ferences as large as 25% are observed between correlated and RHF values, whereas in the
“core” portion of I)(p) the correlated and RHF values are in relatively good agreement. The
virial theorem is used to explain the differences observed between correlated and RHF Ij(p)

distributions.
fects.

Basis set effects are found to be negligible in comparison with correlation ef-
The present calculations indicate that much of the discrepancy between correlated and

RHF I,(p) values, at least for the 'S Be ground state, is due to the 25s-2p “near-degeneracy”

effect.

They also demonstrate that the node found when examining the long-range behavior of

the RHF 1s orbital in position space is of a spurious nature.

1. INTRODUCTION

In order to assess the importance of electron
correlation effects on free-atom radial momentum
distributions I,(p) and Compton profiles J(g), a
series of calculations has been initiated for those
atomic systems for which “accurate” correlated
wave functions are available. The first papers’
of this study (collectively referred to as I) demon-
strated that correlated Iy(p)’s can be very easily
obtained by Fourier transforming to momentum
space the natural spin orbitals (NSO) or the natural
orbitals (NO) obtained from the 1-matrix analysis
or from the charge-density matrix analysis, re-
spectively, of given position-space wave functions.

The density-matrix formalism developed in
I was applied there to the He atom'® and to the
Li* ion'® in their 'S ground states. It was ob-
served that the correlated and restricted Hartree-
Fock (RHF) I,(p)'s were in good agreement. In
Paper IL,2 I,(p)’s were determined for the 2
ground state of the Li atom from several indepen-
dent particle-model (IPM) wave functions and from
the NO analysis of a highly accurate Hylleraas-
type wave function. For Li it was observed that
in the “valence shell” portion of the Iy(p)distribu-
tion, relative differences of the order 2-3%exist be-
tween correlated and RHF values whereas good
agreement was found between IPM and correlated
results for the inner shell or “core” portion of



