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metrical exciting line shapes may be treated by
applying perturbation-theory methods to the approx-

imate solution ot Eq. (21) beyond the level p" = ], .
This topic will be discussed more fully elsewhere.

*Work supported by the Petroleum Research Fund of
The American Chemical Society.

L. I. Schiff, Quantum Mechanics, 3rd ed. (McGraw-
Hill, San Francisco, 1968), p. 279.

I. I. Rabi, Phys. Rev. 51, 652 (1937).
SA. Abragam, The Principles of Nucleax Magnetism

(Oxford U. P. , London, 1961), p. 36.
4W. R. Salzman, Phys. Bev. A 4, 1330 (1971).
H. R. Reiss, Phys. Rev. Letters 25, 1149 (1970).

6A. Ashkin, Phys. Rev. Letters 25, 1321 (1970).
The presentation of this section is essentially a re-

casting in general TLS notation of the presentation in

K. Gottfried, Quantum Mechanics (W. A. Benjamin, New

York, 1966), Vol. I, p. 427 ff.
See, for example, S. S. Schweber, An Int oduction to

Relativistic Quantum Infield Theory (Harper and Row,
New York, 1961), p. 334.

M. Born and E. Wolf, Principles of Optics, 3rd ed.
(Pergamon, New York, 1965), p. 496.

A. Yariv, Quantum Electronics (John Wiley, New

York, 1967), p. 213.
For example, Ref. 1, p. 401 and Ref. 3, p. 28.

PHYSIC AL R EVIEW A VOLUM E 5, NUMB ER 2 F EBRUAR Y 1972

Computer Simulation of Electrical Breakdown in Gases; Avalanche and Streamer Formation*

Laurence E. Kline~ and John G. Siambis
Department of Elects'ical Engineering, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213

(Received 6 July 1971)

This paper presents a new method for the simulation of electrical-breakdown phenomena,
and plasma phenomena where both binary electron-neutral-gas-molecule collisions and

collective interactions among charged particles are important. Elastic, exciting, and ioniz-
ing electron —neutral-gas-molecule collisions are included using a Monte Carlo technique.
Electron-ion pairs are released in ionizing collisions. The simulation also includes the re-
lease of electron-ion pairs by photoionization. Collective interactions (space-charge effects)
are included using a one-dimensional-plasma model which regards the charged particles as
charge sheets. Poisson's equation is solved in one dimension based on the positions of the
charge sheets to find the accelerating forces on the sheets. The method is used to simulate
the growth of electron avalanches and anode- and cathode-directed streamers in nitrogen-
filled parallel-plane gaps. Avalanche-simulation results are used to calculate values for the
drift velocity and the ionization coefficient in nitrogen. The calculated values for these quan-
tities agree with experimental values over a wide range of E/p, the applied electric field
divided by the pressure. Velocities for anode- and cathode-directed streamers are calcula-
ted based on the streamer-simulation results. The calculated streamer velocities agree
with available experimentally measured streamer velocities. The streamer-simulation re-
sults also show that photoionization is the essential mechanism for streamer formation and

growth.

I. INTRODUCTION

The electrical breakdown of a neutral gas into a
highly conducting ionized gas by the application of
an intense electric field is an interesting physical
phenomenon for many reasons. It occurs as a
natural phenomenon in the case of lightning as well
as in the case of high-voltage electrical-power
transmission and distribution equipment where
designers strive to avoid it. The phenomenon is
useful in the operation of high-power high-speed
switches. It is essential in the operation of elec-
trostatic precipitators used in air-pollution control.
It is one of the methods of generating and heating
a plasma in controlled thermonuclear fusion ma-
chines such as the Tokamak and the Stellarator.
The transient and nonlinear nature of the electrical-

breakdown phenomena, the wide range of variation
of currents, particle densities, and other physical
quantities of interest, and the variety of physical
mechanisms responsible for the phenomena have
combined to hinder the analytical quantitative un-
derstanding of such phenomena.

The simulation model, presented in this work,
is based on the elementary processes of the elec-
trical-breakdown mechanism itself and proceeds as
follows: Consider two parallel plates with a voltage
applied between the cathode and the anode. The
space between the plates is filled with nitrogen at
a given pressure. An electron, or pulse of elec-
trons, starts near the cathode with small energy
(0. 5 eV) and accelerates toward the anode under
the influence of the applied electric field. Elastic
collisions of the electron with background-gas
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molecules slow down the electron's motion toward
the anode and randomize the directed kinetic energy
along the electric field in all three directions.
When the applied electric field is sufficiently large,
the electron accelerates to high enough kinetic en-
ergies that inelastic ionizing and exciting collisions
between the electron and the background gas occur.
As the electron proceeds from the cathode to the
anode, driven by the applied electric field, it un-
dergoes many ionizing collisions in each of which
an ion and another electron are formed. Thus, we
obtain an expanding cloud of electrons traveling
toward the anode, known as electron avalanche,
and a cloud of ions, almost stationary in the time
scale of motion of the electron avalanche, remain-
ing behind. In order for electrical breakdown to
occur, however, a secondary mechanism is neces-
sary in order to regenerate the avalanche. From
a large variety of secondary mechanisms, experi-
mental and analytical evidence suggests that photo-
ionization resulting from photons, released from
deexcitation of excited atoms, is the most important
secondary mechanism in many situations of prac-
tical interest. Photoionization enhances the elec-
tron avalanche, and luminous fronts known as
streamers move toward both the anode and the
cathode. In a fully formed streamer a highly con-
ducting path is established between the anode and
the cathode in a time comparable to the electron
transit time, because of the role of yhotoioniza-
tion, and electrical breakdown occurs. An alterna-
tive, but much slower, secondary mechanism for
electrical breakdown is the Townsend mechanism.
In this mechanism a highly conducting path is es-
tablished between the anode and the cathode after
a long series of successive avalanches travel
through the gap. The time for breakdown in this
mechanism is long compared to the electron transit
time.

Early experimental studies of electrical-break-
down phenomena were carried out by Townsend and

others. ' In these early experiments continuous uv

illumination was used to produce a steady electron
current at the cathode in a parallel-plane gap with
an applied steady electric field. The relationship
between the steady-state yrebreakdown electric
current and the gap length in these experiments is
used to determine the values of the primary- and
secondary-ionization coefficients based on the
Townsend mechanism of breakdown. Experimental
observations of individual electron avalanches and
of streamers have been carried out in electron-
pulse experiments. In these experiments a pulse
of electrons is released at the cathode at the same
time the voltage pulse applied to the gap reaches its
plateau. The synchronization and collection of
data in the electron-pulse experiments became pos-
sible with the development of high-speed switching,

oscillographic, and photographic techniques. '

Oscillographic measurement of the external circuit
current of the gap is used to measure the drift ve-
locities of electrons and ions, ionization and attach-
ment coefficients, and electron diffusion coeffi-
cients. Experimental measurement of the spa-
tiotemporal development of luminosity is used to
measure electron drift velocities, streamer veloc-
ities, and electron diffusion coefficients.

The analytical calculation of the properties of a
fully or partially ionized gas is most generally
carried out by means of the distribution function
f(r, v, f) for the constituents of the ionized gas and
the coupled system of Boltzmann and Maxwell equa-
tions. f,(r, v, f) gives the density of particles of
the ith constituent in the position-velocity phase
space with coordiantes r and v as a function of time
t. Frost and Phelps4 have investigated and developed
techniques for the solution of the Boltzmann equation
for electron avalanches. The technique proceeds
as follows: First binary elastic, rotational, vibra-
tional, excitational, and ionizing cross sections for
electron-neutral-gas-molecule collisions are as-
sumed as a function of electron energy. Then the
electron energy distribution f(&) is assumed to be
spherically symmetric in velocity space to lowest
order (i. e. , thermal velocity» drift velocity).
The Boltzmann equation is solved numerically for
the steady state f(e). The computed f(e) is used to
calculate the electron drift velocity, the ionization
coefficient, and the diffusion coefficients. These
computed transyort coefficients are compared with
experimentally measured values, and the results
of the comparison are used to adjust the assumed
collision cross sections. At high values of applied
electric field divided by pressure (E/p & 70 in ni-
trogen) the electron velocity distribution is no longer
spherically symmetric in velocity space; hence the
Boltzmann equation can no longer be solved using
the spherical harmonic-expansion technique.

Single-electron-trajectory calculations in the
presence of a uniform electric field were introduced
by Itoh and Musha' and used to compute transport
coefficients and electron -energy -distribution func-
tions. In these calculations, single-electron tra-
jectories are followed from the cathode to the anode
while undergoing elastic and inelastic collisions with
neutral-gas molecules. Collisions are decided by
means of their cross sections and a Monte Carlo
technique. Transport coefficients and electron
energy distributions are calculated by averaging
over the sequentially computed single-electron tra-
jectories. Thomas and Thomas have improved this
technique by saving the coordinates of the secondary
electrons in each ionizing collision and returning
to follow each of the secondary-electron trajector-
ies. The single-electron-trajectory Monte Carlo
technique is limited to the study of single avalanches
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with negligible space -charge distortion.
Ward' has introduced the numerical solution of

one-dimensional continuity equations for electron
and ion densities together with Poisson's equation
for the study of electron avalanches. The electron
and ion drift velocities and the ionization coefficient
are assumed to be known functions of E/p, while the
longitudinal diffusion term and the drift-velocity
divergence term in the continuity equations are
neglected. Secondary-electron emission at the
cathode, due to photon and ion impact, is included
in the calculations using experimentally determined
secondary-ionization coefficients. This model has
been applied by Ward to the study of the Townsend-
breakdown mechanism for both low and high over-
voltages. In the low-overvoltage case the calculated
current growth and time-lag curves are in agree-
ment with experiment. In the high-overvoltage case
the calculated current growth curves vs time and
luminous-front velocities are compared with experi-
mental results of Tholl. The primary avalanche
velocity is taken to be the velocity of the peak of the
calculated electron-density profile. However, the
experimental results of Tholl and later experimental
results of Wagner ' measure the velocity of the
leading edge of the luminous region which develops
in their experiments. In Ref. 8, the velocity of
the leading edge of the electron pulse gradually in-
creases during the last 50 nsec of the calculation,
reaching a maximum velocity approximately twice
the electron drift velocity during the last 5 nsec,
while the experimental leading-edge velocity in-
creases sharply. The calculated width of the elec-
tron avalanche measured parallel to the electric
field, before space-charge effects are important,
is about an order of magnitude too large compared
to experimental measurements. There are two
fundamental uncertainties in the application of this
method to high-overvoltage cases where rapid
spatial and temporal variations of space charge and
associated electric field are important. In these
cases the assumed values of the ionization coeffi-
cient and drift velocity, obtained from steady-
state experiments, may not apply because of the
rapid variations. The other uncertainty arises
from the difference scheme used to numerically
solve the continuity equations. The scheme gives
results which depend sensitively on the time- and
space-step sizes in the range of parameters used
in Ref. 8. In particular for the primary avalanche~4
(at t= 45 nsec before space-charge effects and sec-
ondary avalanches are important) when the spatial-
step size is varied from 0. 6 to 0. 015 cm, the cal-
culated electron drift velocity increases from 13.8
to 19.2 cm/p. sec, the calculated avalanche width
decreases from 0. 175 to 0. 07 cm, and the calculated
~umber of electrons in the avalanche increases from
6. 14X10' to 2. 46x106/cm .
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FIG. 1. Position and velocity components for a typical
electron sheet. The applied electric field is also shown.

II. SIMULATION MODEL

The temporal development of electron and ion
populations in a parallel-plane gap is calculated
in the simulation by simultaneously following the
trajectories of a large number of individual elec-
trons. The simulation particles are charge sheets
(see Fig. 1) that carry one or many electron
charges/cm . The model is one dimensional in
position space and three dimensional in velocity
space. The assumption of a one-dimensional posi-
tion space and a one-dimensional electric field
variation simplifies the calculations and is valid for
the low-pressure (p & 40 Torr) experimental condi-
tions which are studied in this work, because high
electron-diffusion rates normal to the electric field
result in cylindrically symmetric linear conduction
channels at these pressures. The radius of the con-
duction channel increases with decreasing pressure.
The electron velocity distribution is assumed to be
isotropic in the plane transverse to the electric
field. Ions released by ionizing collisions and gas
photoionization are assumed immobile because the
duration of the calculations is short compared to
the time scale of ion motion in the gap. This as-
sumption is valid for single-avalanche and streamer

In this paper we present a new computational
technique for the simulation of electrical-breakdown
phenomena. The technique is applied to the simula-
tion of single avalanches and to the simulation of
anode- and cathode-directed streamers. The cal-
culations are the first which quantitatively describe
streamer formation resulting from gas photoioniza-
tion. The technique also accounts for rapid spatial
and temporal space-charge variations. In Sec. II
the simulation model and its computational aspects
are presented. Section III compares the results of
single-avalanche calculations with experimental
results. In Sec. IV calculated streamer formation
in highly overvolted parallel-plane gaps is described
and compared with experimentally measured
streamer formation. Section V presents conclu-
sions.
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FIG. 2. Collision frequencies vs electron energy for
nitrogen at pressure of 1 Torr.

The electron-molecule collision calculations are
carried out at the beginning of each time step to
compute the effect of electron-molecule collisions
between t, and t,.l. The probability P,(t, ) of a col-
lision between an electron and a neutral-gas mol-
ecule between t, and t„& is given by

(t ) I v (t C)o) cat
c k

In Eq. (1) v is the total collision frequency for
electron-neutral-gas -molecule collisions. The
total collision frequency is a function of electron
energy and is the sum of the individual collision
frequencies for elastic exciting and ionizing col-
lisions:

~total ~elastic+ ~exciting+ ~ionizing ~

The collision frequencies used in the calculations
are shown in Fig. 2, as functions of electron en-
ergy, for a pressure of 1 Torr. Collision fre-
quencies for other pressures are given by the prod-
uct of the collision frequency at 1 Torr and the

calculations; however, ion motion must be included
for studies of the Townsend breakdown mechanism.
The gap is divided into cells to calculate the space-
charge-dependent electric field. Time, the inde-
pendent variable in the simulation, is advanced in
equal steps b, t. At each time t, (t„=kn t) a series
of calculations is carried out to determine the elec-
tron positions at tk,q. First, the effects of elastic
and inelastic electron-molecule collisions on the
electron velocities are calculated at tk. Then the
electric field is computed by solving Poisson's
equation in one dimension. The electrons are ac-
celerated by the electric field for a time 4t. Ion-
electron pair release due to gas photoionization is
calculated at less frequent intervals related to the
rate of photoionization. In both actual and the
simulation experiments the total number of elec-
trons in the gap increases over many orders of
magnitude, hence scaling is necessary to limit the
number of simulation particles, each representing
many electrons, that are followed.

Electron-Molecule Collision Calculations

Lt(e) = (14 eV) qx(e)+ (15.5 eV) qt(e). (4)

In Eq. (4) q„(e) and qt(e) are the exciting and ioniz-
ing collision cross sections for electrons of en-
ergy e, and the energy loss in exciting collisions
is assumed to be 14 eV at all electron energies
above 20 eV. The energy loss in exciting collisions
by electrons with energy below 20 eV is calculated
from the cross sections given in Ref. 15. The in-
cident electron loses an energy of 15. 5 eV in an
ionizing collision. The remaining energy in ioniz-
ing collisions is shared between the incident and
secondary (newly released) electrons. Since almost
no experimental data are available concerning the
sharing of energy between incident and secondary
electrons in ionizing collisions equal energy sharing
is assumed. Electron velocities before and after
collision are related as shown in Table I. A new
direction in velocity space is chosen for the in-
cident electron (and the secondary electron in ion-

pressure p. The choice of the value of the time
step ht influences the total number of collisions
that are generated in the computation by means
of Eq. (1). In the limits of time step ht small
compared to the time between collisions
[v(v(ta))bt & 0. 2], however, the total number of col-
lisions becomes invariant to further decreases in
the time step. For example, in the case of Fig.
2, and for all electrons with energies below 100
eV, the maximum collision frequency is v -2
F10 collisions/psec. The time step b, t, as given

by v ~t-0. 2, is 10' p.sec.
Po(ta) is calculated for each electron at each

time tk and compared with a pseudorandom number,
drawn from a uniform distribution on the interval
(0, 1). If the random number is less than P„ then
the electron undergoes a collision; otherwise no
collision occurs. When a collision occurs, it re-
mains to decide which type of a collision it is. The
ratios of particular collision frequencies to the
total collision frequency are formed and ordered in
the following sequence:

t elastic~~total —( elastic ~exalt)as)~ ~total—3/

(3)
A pseudorandom number is generated in the inter-
val (0, 1). The type of collision is chosen accord-
ing to the interval, in the sequence of Eq. (3), into
which the random number falls.

The sources for the collision frequencies used
in the calculations and shown in Fig. 2 are as fol-
lows. The collision frequencies for electron ener-
gies below 20 eV are from Engelhardt, Phelps, and
Risk. ' At energies above 20 eV, exciting collision
cross sections are calculated by using the total en-
ergy-loss cross sections L, of Dalgarno, McElroy,
and Stewart, the ionizing collision cross sections
of Rapp and Englander-Golden, ' and Eq. (4):
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TABLE I. Electron velocities before and after
collisions.

Collision type

Elastic
Exciting
Ionizing

v =velocity after collision
v' =velocity before collision

2 /2
V =V

2 /2 2
V —V VY

V =2(V' —
V&)

2 1

izing collisions) by randomly choosing a direction
cosine (cos8) from a uniform distribution on the
interval ( —1, 1). Then the new velocity components
are computed using Eqs. (5) and (6) along with the
new total velocity already computed:

v„(t,) = v(t, ) cose,

v,(t„)= [v'(4) —v'„(t,) ]' ' .

(5)

(6)

The secondary electron (simulation particle) which
is released in a particular ionizing collision always
represents the same number of actual electrons
as the incident electron (simulation particle) in-
volved in that ionizing collision. When an ionizing
collision occurs in a cell, the number of immobile
positive ions in that cell is increased by an amount
equal to the number of actual electrons represented
by the simulation particle involved in the ionizing
collision.

Electric Field and Electron Motion

The electric field in the gap is calculated at the
beginning of each time step by solving Poisson's
equation in one dimension. After the electron
velocities have been modified by collisions as dis-
cussed above, the electrons are accelerated by the
electric field for a time &t. Collisionless-plasma
simulation models are based on electric field and
electron-motion calculations similar to those used
here. Collisionless-plasma-simulation results
provide a basis for choosing the spatial-cell size
for the electric field calculations and a second
criterion for choosing the time step in the calcula-
tions. Collisionless-plasma-simulation experi-
ence" indicates that a time step bt = 1/4~„ is
small enough to give accurate results in all cases.
co„ is the electron-plasma frequency given by Eq.
(&):

= v n (q /cpm) &&10 = 56&&10 Mn, (&)

where n is the electron density in cm, q and m
are the electron charge and mass in Coulombs and

kg, and ep is the dielectric constant of free space.
The maximum time step given by bt = 1/4~„ is
always larger than the maximum time step given
by collisional considerations for the calculations
described in Secs. III and IV, hence the collisional
time step is used there. Recent calculations 9

Equations (11) and (12) are substituted into Eq. (10)
to relate Eo to V and the ~E,'s giving

- N C

Ep ——V/d — + (N, —i+0. 5)bE; (13)

At each time t», Eq. (9) is used to find the bE, 's.
Then Ep is found using Eq. (13). Next, E~ is cal-
culated using Eq. (12). Finally, the rest of the
E,'s are calculated using Eq. (11), to complete the
electric field calculations.

Once the electric field has been calculated, tak-
ing the effects of both the applied electric field
and space charge into account, the motion of the
electrons during the next time step is calculated
using Eqs. (14) and (15), where E = E (x(t,)):

x(t, , ) = x(t,)+ v„(t„)bt+ —,
'

(q/m) E(bt)',

v(t„,) = v(t, ) + (q/m) Ebt .

(14)

(15)

In Eqs. (14) and (15), t~,~
= t,. + b t, q/m is the elec-

tron charge to mass ratio, and x is the electron
position measured from the cathode. Although the
positions of electron sheets are followed in only

indicate that for accurate results the spatial-cell
size in plasma simulations must be less than the
electron Debye length ~D given by

Z, = (v /(u'„)"', (8)

where v is the mean-square electron velocity.
The cell size ~x= 0. 02 cm used in the calculations
satisfies this requirement m all of the cases de-
scribed in Secs. III and IV.

The electric field E is calculated at each time
t„by assuming that the voltage across the gap is
constant throughout each simulation experiment and
that dE/dx is constant in each cell. The change
in the electric field in the ith cell 4E, depends on
the charge in that cell and is given by Eq. (9),
which is equivalent to Poisson's equation:

1 — charge of each
6p ~g h g

electron sheet
in cell f

(9)
Q, , in Eq. (9) is the immobile positive charge in
the ith cell due to collisional ionization and photo-
ionization. The known gap voltage V is equal to
the sum of the field in each cell times the cell
width, over all N, cells:

N

V= Q E(bx.
~=1

The field values in adjacent cells are related by

E;—E; )+2(bE( g+bEg) .

The field in the first cell is given by Eq. (12),
where Eo is the field at the cathode:
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one dimension, as shown in Fig. 1, each electron
sheet has two velocity components which are also
shown in the figure. Only v„, the parallel compo-
nent of velocity, is affected by the electric field,
as shown in Eq. (14). Both velocity components
are altered in short-range collisions as discussed
above. After new positions and velocities, at
t~,q, have been found for all electrons, time is
advanced and the collision calculations are carried
out for the next time step.

Scaling

When N(t), the total number of simulation par-
ticles, exceeds the maximum allowable number of
simulation particles, which is specified in the pro-
gram input data, then the existing group of simu-
lation particles is replaced by an approximately
equivalent group containing fewer simulation par-
ticles. Each new particle represents several
times as many actual electrons as the old particles.
The old and new groups of particles should be
equivalent, in the sense that their distribution in
phase space is approximately equivalent.

In the simulation program a new group of
"larger" particles is generated to represent the
old, larger group of "smaller" particles by ran-
domly selecting some fraction f of the old group
of particles. Each of the selected particles then
represents 1/f times as much charge and mass
as each of the old particles. This technique has
the advantage of simplicity and the disadvantage
that there is no guarantee that the distribution of
the selected particles in phase space is approxi-
mately equal to the original particle distribution.
This disadvantage can be minimized by choosing
the allowable number of particles and the fraction
f, which is retained after a scaling, in such a way
that the number of particles retained is as large
as possible. The number of particles followed is
limited by the available computer-memory size
and partially determines the cost of the calcula-
tions.

During the early stages of the electron-pulse ex-
periments described in Sec. IV, the number of sec-
ondary electrons due to gas photoionization is
several orders of magnitude smaller than the num-
ber of electrons in the primary avalanche which
develops from the electron pulse. In this case the
charge sheets which are used to represent the sec-
ondary electrons carry a charge/cm which is sev-
eral orders of magnitude smaller than the charge
sheets which represent the primary avalanche. As
secondary avalanches develop from the secondary
electrons, scaling is used to reduce the number of
simulation particles which represent the secondary
electrons.

Gas Photoionization

Experiments by Penney and Hummert 0 have mea-

NC

N~ = Q gg~p &x 8)~Nn f (16)

In Eq. (16) p is the pressure, hx is the cell length,
6j,f is the solid angle subtended at cell j by cell i,
and P, &

is an experimentally measured coefficient
from Ref. 20. The photoionization calculations
are carried out at successive times t~ (t~ = r b, t~).'r. 'r
&t~, the time step for the photoionization calcula-
tions, is chosen larger than 4f, the time step for
collision calculations, so that N~,

~ 1 in Eq. (16).
The radius RGgp of the region where photoion re-
lease is calculated, is fixed in the simulations at
0. 5 cm. A fixed radius allows 8,&

in Eq. (16) to be
calculated and is equivalent to ignoring photoion
pairs that are produced outside a cylindrical region
with radius RG».

The simulation model described in this section
can be used for physical situations where both
space-charge effects and collisional effects are
important in contrast to the spherical-harmonic-
expansion technique of Refs. 4 and 15 and the
Monte Carlo technique of Ref. 6, which are limited
to the study of space-charge-free situations, and
in contrast to the plasma-simulation models of
Ref. 18, ,which are limited to the study of collision-
less plasmas. The simulation model described
here is useful for the calculation of both steady-
state and time-varying electron energy distributions
because all of the electrons trajectories are fol-
lowed simultaneously in time. Since the model
incorporates realistic particle densities, collision

sured the photoionization of a gas due to radiation
emitted by an electrical discharge, The experi-
mental results of Ref. 20 form the basis for the
photoionization calculations which are described
below. In the experiments a point-to-plane corona
discharge is used as a radiation source. Radiation
emitted by the discharge causes gas photoionization
which is measured by the current to a photoelectron
collector located at a distance from the corona dis-
charge. The experimental results show that the
photoionization rate in the collection region is pro-
portional to the rate of ionizing electron-neutral-
gas-molecule collisions in the discharge. Since."he collision calculations described above provide
an estimate of the collisional-ionization rate at all
points in the gap, in the computer simulation, the
experimental data described above can be used to
estimate the rate of photoion-pair production in
the gap.

The photoionization calculations are based on Eq.
(16) which relates N~, , the number of photoion pairs
(photoelectrons and photoions) produced in the ith
cell during a time period 4t~, to ND, the numberDf t

of ionizing collisions in the jth cell during the same
time period:
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FIG. 3. Mean energy 7 and ionization coefficient e vs
time for a simulation experiment where the ratio of the
applied electric field to pressure E/p=300 V/cm Torr,
the pressure p =0.5 Torr, and the initial number of
electrons N(t = 0}= 50.

cross sections, and correctly accounts for space-
charge effects, the results calculated using this
model are expected to be in good agreement with
experimental results, if all the fundamental mech-
anisms are taken into account.

III. ELECTRON-A VALANCHE RESULTS

In both simulated and actual electron-pulse ex-
periments leading to single avalanches, the number
of electrons N in the avalanche increases exponen-
tially with time as a result of ionizing collisions:

tion, because the number of electrons in the ava-
lanche is small in order to reduce computational
costs. The drift velocity, calculated using Eq.
(19), has the same qualitative time behavior as c.,
but reaches steady state in a shorter time.

When space-charge distortion does not occur,
both actual experiments and simulation experiments
show that u/p and v„depend on E/p, the ratio of
the applied electric field to the pressure. When

E~ in V/cm Torr and the gap length d in cm are
adjusted in the simulation experiments, so that
ad = uv„t„& 4, space-charge distortion does not
occur. The multiplication factor (e ~) at t= t~,
when the avalanche reaches the anode, is less
than 55, and the computer-memory economy allows
one electron charge/cm per simulation particle.
Typically the electron pulse released at the cathode
contains 5 to 50 simulation particles.

Figures 4 and 5 show the variation of the drift
velocity v„and the ionization coefficient n divided
by the pressure p, as functions of Ejp. The solid
lines are yublished experimental data, and the
points are the simulation results. The very good
agreement between experimental data and the sim-
ulation results shown in Figs. 4 and 5 indicates
that the collision calculations accurately predict
the growth of electron yulses into electron ava-
lanches. The data generated by the simulation
technique also give the longitudinal diffusion co-
efficient for electrons and the electron-energy-
distribution function in very good agreement with
experiment as shown in Ref. 25. A current-
voltage characteristic for a given gap spacing d
and pressure p can also be obtained by plotting the

where n is the first Townsend ionization coeffi-
cient, and v~ is the electron drift velocity given,
for t&t0, by

200—

u = inIlv(f)/lv(f, ) ]/I ~ (t) —x(t,) ],
v = Ix(t) —7(tQ)]/(t —fQ)

(18)
100

0

50)

where X(t) is the average electron position, and tQ

is the time required for the avalanche to reach a
steady state as shown in Fig. 3. This figure shows
the variation of n and the average electron energy
7 with time. t0 is the time required for the average
electron energy to reach its steady-state value.
There is a time lag between the onset of steady state
for the average energy and the onset of steady
state for the ionization coefficient. The transient
in n occurs because initially, t-to, the number of
accumulated ionizing collisions is small, hence the
ionization coefficient has not reached steady state.
Figure 3 also shows that the mean electron energy
fluctuates, with diminishing amylitude of fluctua-

20—
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I I I I I I I II I I I I I I I

100 1000
-1 -1

E/p, volt cm Torr

FIG. 4. Calculated and experimental values of vz, the
electron drift velocity, vs E/p. Experimental results
are shown as smooth curves. Calculated results are
shown as points. The pressures for the calculations in
Torr are 0.2 for E/p =1000 and 600, 0.5 for E/p = 300,
and 1 for E/p= 150, 100, and 70. The simulation particles
carry one electron charge/cm in all cases. The number
of particles released at the cathode is 5 for E/p=1000;
50 for E/p =600, 300, and 150; 200 for E/p=100; and
250 for E/p =70. Experimental curves are identified
by author.
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10—
technique, compared to the techniques of Refs, 5
and 6, not only takes into account space-charge
effects but also is easier to use for studying the
transient phase of avalanche formation.

IV. ANODE- AND CATHODE-DIRECTED STREAMER
RESULTS

I

L
OI—

I E

t$

0. 5—

0. 1—
Heylen

I I I I I I I I

100 -1 -1
E/p, volt cm Torr

t

1000

FIG. 5. Calculated and experimental values of &/p,
the first Townsend ionization coefficient divided by
pressure vs E/p. Experimental results are shown as
smooth curves. Calculated results are shown as points.
The pressures and initial number of simulation particles
are the same as those in Fig. 4. Experimental curves
are identified by author.

maximum electron current versus the applied

gap voltage assuming that the time constant of the
external circuit is small compared to 1/ctvd. A

current-voltage characteristic is shown in Fig. 2:
of Ref. 26,

When E/p is held fixed but p is increased, ct in-
creases. At higher pressures ad~ 4, and simula-
tion particles with many electron charges/cm
must be used. The calculated values of n/p and

v~ are approximately equal for cases with ed~ 4

(compared to cases with cad &4) as long as space-
charge distortion of the applied electric field does
not occur. Experimental~ and simulation results
indicate that for &d~ 14, space-charge distortion
becomes important. In this case, both n and v„
lose their usefulness because the number of elec-
trons no longer grows exponentially with time, and

v„ is no longer constant in time or space. The de-
tailed effects of space charge can be observed and

measured in the simulation whereas experimental
measurement is difficult.

The simulation technique and the data it generates
describe the full range of dynamic phenomena
for electron avalanches. This technique can be
used to establish the maximum value oi' E/p for
which the Lorentz approximation is valid. This

X
cr

Anode

/Fg
Anode Directed

Streamer
~tL tg~

Secondary Electrons
Released by

Photoionization

/

Cathode-Directed
Streamer

I

Cathode

Avalanche
cr

Streamer

FIG. 6. Schematic representation of the qualitative
description of streamer development given by Wagner.
(Based on Figs. 22 and 27 of Ref. 11,) Anode- and
cathode-directed streamer propagation begins at typist fgg$

when the avalanche position equals 7~&t&~&.

Gas photoionization was first proposed by Rae-
ther~ and by Meek 7 as the secondary mechanism
leading from a single avalanche to streamer for-
mation and electrical breakdown. Quantitative
experimental measurements of streamer forma-
tion in short ( -3cm) parallel-plane gaps have
been carried out by Tholl and Wagner so, st

ner" also gives a qualitative description of
streamer formation, but no quantitative theoretical
calculations, relating streamer formation and evo-
lution to elementary mechanisms, exist in the
literature. The qualitative description of streamer
formation given by Wagner is shown schematically
in Fig. 6. This figure shows that streamer devel-
opment does not begin until the primary avalanche
reaches a critical size (N=10 electrons). The
position 7„«„„where the critical size is reached
is given (as found from experiment D' ) by
1nN(t = 0) + ct.x„«„~= 20. The experimental results
of Penney and Hummert demonstrate that the rate
of photoionization in a gas is proportional to the
rate of collisional ionization, which is in turn pro-
portional to the number of electrons present. The
coefficient of proportionality, ti'tp~x8 in Etl. (16),
is always less than 10; hence a primary avalanche
must contain a minimum number of electrons for
the release of the number of secondary electrons
required for streamer formation.

Figure 7 shows the calculated growth of the num-
ber (per cm ) of electrons in the primary avalanche
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FIG. 7. Calculated number of primary electrons, N&,

and number of secondary electrons, Ns, vs time t for a
simulation experiment where the ratio of applied field to
pressure 8/p=l000 V/cm Terr, the pressure p=i Terr,
the initial number of electrons N(t=0) =500, and the gap
length d =4 cm. Space-charge distortion of the applied
electric field begins in this case at t = 7 nsec when

lnN(t =0) + &x =14.7 and the total number of electrons
N=2. 1 x10 . The growth rates A&= A =1/o'. v&=1.23
nsec ~. The time-step and spatial-cell size used are
~=2.5 x10 @sec and ~=0.02 cm. The photoionization
and luminosity time steps are, respectively, dg&=1x10
@sec and At„=5 x10"4 @sec.

and the calculated growth of the number of secondary
electrons in secondary avalanches for a particular
simulation experiment. All of the electrons in the
primary avalanche grow from the initial electron
pulse by collisional ionization. The secondary ava-
lanches are initiated by photoelectrons and growby
means of collisional ionization. Figure 7 showsthat
the number of primary electrons N~ grows expo-
nentially with time for 0 &5 & 12.5 nsec, and that

N„ the number of secondary electrons, grows ex-
ponentially with time for 4s & t &17.5 nsec. The
growth rates for primary and secondary electrons
are both approximately equal to 1/nv~ [see Eq.
(17)]. The growth rate for N~ is reduced, for
t& 12.5 nsec, by a space-charge field which re-
duces the net electric field in the region of the pri-
mary avalanche. Most of the secondary electrons
are in regions where the net electric field is
greater than or equal to the applied field for t
& 17.5 nsec; hence N, continues to grow at a high
rate. At I;= 17.5 nsec the region of reduced elec-
tric field reaches the anode, and the growth rate
of N, is reduced as the number of secondary elec-
trons in regions of low net electric field increases.

Figure 8 shows the electric field at three suc-
cessive times for the case of the simulation experi-

4ooo:&

20

IE 3000—

. moo—
LaJ

t =12

1000—
I

~j
r

0 1 2

x, cm

FIG. 8. Calculated electric field vs position at t =12,
16, and 20 nsec for the same conditions as Fig. 7.

ment of Fig. 7. This figure shows that a region
of reduced electric field develops and grows in the
simulation experiment. The region of reduced
electric field corresponds to the region of high
electron and ion densities, where a plasma has
been formed, and the electrons have reduced mean

energy and drift velocity. The electric field at the
anode is at first enhanced and then decreased
abruptly when the plasma reaches the anode. The
electric field at the cathode increases monotonically
as the developing plasma moves toward the cathode
also. The electric field shown in Fig. 8 gras cal-
culated assuming a constant applied voltage across
the gap and is based on a one-dimensional calcula-
tion as discussed in Sec. II. The anode field is
- 10' higher than the cathode field at t = 12 nsec
because the unoptimized scaling procedure used
in this calculation does not conserve particles
exactly, resulting, in this case, in an excess of
electrons of -5/p at $= 12 nsec. The effect of the
scaling procedure on the electric field is negligible
compared to the effect of the developing plasma
region and the loss of electrons at the anode. In
this calculation the effect of the external-circuit
impedance on current flow and the resulting modi-
fication of the gap voltage were not taken into ac-
count. These effects can easily be included in the
calculation when the external-circuit parameters
are known.

The light emitted by developing avalanches and
streamers is due to the photons emitted by excited
molecules, when they return to a lower state. In
the computer simulation experiments the number of
excited molecules in each cell is increased each
time an excited collision occurs in that cell. The
density of excited molecules is printed out and
reset to zero at times t „(t„=s b, t„). The excited-

8 8
molecule number density that is printed out at
each time t„gives the number density of excited

8
molecules which have been produced between t„,
and t„. This procedure corresponds to the re-

8
laxation of excited molecules in the experiments,
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I l velocities are normalized in a coordinate system

moving with the electron drift velocity, as sug-
gested by Wagner, ' they are approximately
equal. The normalized anode- and cathode-direct-
ed streamer velocities are given by Eqs. (20) and

(21), respectively:

+V~ = (5g —5g) /Sg ~

+5q = (Uq —Sg)/Vg ~

(20)

(21)
on Avalanche

t Velocity
30 cm/lfsec
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hode-Directed
earner Velocity
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30

FIG. 9. Calculated luminosity vs position and time
for the same conditions as in Fig. 7. The points are
the leading and trailing edges (where the luminosity falls
to two orders of magnitude below the peak luminosity) of
the luminous region at each time. Streamer development
begins at t= 12.5 nsec when lnN(t=0)+&x=21. 3 and the
total number of electrons N =1.42 &&10 .

Experimental ' results show that bg, = I hg, I .
For the data of Fig. 9, 4v, = 2. 1 and ! hp, I

= 1.9.
Figure 10 shows the luminosity which develops

in a simulation experiment, which is identical to
the simulation experiments of Figs. 7-9, except
that photoionization was omitted from the calcula-
tions. Comparison of Figs. 9 and 10 shows that
photoionization is the essential mechanism in
streamer development.

Calculated and experimental anode-directed
streamer velocities are shown vs E/p in Fig. 11
for several pressures. Table II summarizes the
corresponding calculated anode- and cathode-
directed streamer velocities and normalized
streamer velocities. Calculated and experimental
values of the primary-avalanche electron drift
velocity are also shown in Fig. 11 for 50~ E/p
& 1000. Figure 11 shows that the calculated anode-
directed streamer velocity varies exponentially
with E/p at all pressures, in agreement with ex-

with the excited molecules returning to the ground
state with an average lifetime approximately equal
to &t„. The spatial density of excited molecules at
successive times is taken as an estimate of the
spatial density of the light emitted by the simulated
avalanche or streamer at the same times.

Wagner ' ' ' has measured the luminosity of
developing avalanches and streamers, and the
propagation velocities of anode- and cathode-direct-
ed streamers. The streamer velocities are the
propagation velocities of the luminous fronts ob-
served by Wagner and shown schematically in Fig.
6. The boundaries of the luminous region for sim-
ulated streamers are assumed, at each time, to
be the points where the excited-molecule density
falls to two orders of magnitude below its peak
value. Figure 9 shows that both boundaries of the
luminous region propagate toward the anode for
t & t„«„~=12.5 nsec. At t=12. 5 nsec the propa-
gation velocity of the anode-side boundary abruptly
increases, and the cathode-side boundary reverses
direction and moves toward the cathode. The cal-
culated value of the quantity [lnN(t= 0)+ nx]=21.3, in
the simulation, at t= 12. 5 nsec, in agreement with
experimental results' ' which show that streamer
propagation begins when [lnN(t= 0)+ n7„«„~]=20.
When the anode- and cathode-directed streamer

//—

/l

2

OC

on Avalanche
Velocity

30 cm/llsec

10

t, nsec

FIG. 10. Calculated luminosity vs position and time
for the same conditions as in Figs. 7-9 except that
photoionization was omitted from the calculations. The
points are the leading and trailing edges at the luminous
region (determined as described in Fig. 9) at each time.
Space-charge distortion of the applied electric field begins
at )=7 nsec.
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FIG. 11. Calculated and experimental avalanche and
streamer velocities. The initial number of electrons
N(t=0) =500 in all cases. The gap length was d=4 cm
for p = 1 Torr, and d = 3 cm for p = 10 and 36. 5 Torr.
The calculated avalanche velocities are for p=1 Torr.

periment. ' The experimental data of Refs. 11
and 21, shown in Fig. 11, do not show the transi-
tion from avalanche drift velocity to anode-directed
streamer velocity. However, later experimental
data of Wagner show a smooth transition from an
avalanche to an anode-directed streamer in agree-
ment with the calculated results shown in Fig. 11.
The calculated values of ~p, and I &v, I shown in
Table II are approximately equal for all cases
(be, / I &v, I = 1) in agreement with experimental
results ' which also show that &e, = I ~e, I.

The streamer-simulation results strongly suggest
that photoionization is the essential mechanism in
streamer development. Streamers do not develop
when photoionization is omitted from the calcula-
tions. On the basis of the data presented in Figs.

7-9 and Fig. 6 of Ref. 29, which shows exciting
collision densities at successive times, the fol-
lowing mechanism for streamer formation be-
comes evident. Initially the primary avalanche
grows and drifts to the mid-gap region. At the
same time secondary avalanches, owing to photo-
ionization, grow ahead of and behind the primary
avalanche. When the primary avalanche reaches
a size of approximately 10 electrons, space-
charge effects slow its growth. Secondary ava-
lanches continue to grow, both ahead of and be-
hind the primary avalanches, with the result that
the region of high electron and ion density and
high luminosity (plasma region) propagate toward
the anode and toward the cathode. When the plasma
region reaches the anode, the secondary-avalanche
growth is also slowed. The plasma region also
moves toward the cathode resulting in a high elec-
tric field region between it and the cathode.

V. CONCLUSIONS

The computer simulations described are the
first plasma simulations which include realistic
binary electron-neutral-gas-molecule collision
effects, photoionization, and collective interac-
tions among charged particles. Binary electron-
neutral-gas-molecule collisions are the essential
mechanism in electron-avalanche growth. The
simulation results give values for electron drift
velocity, ionization coefficient, longitudinal dif-
fusion coefficient, and electron energy distribution
as functions of time and space for avalanches. The
good agreement between calculated and measured
electron-avalanche drift velocities and ionization
coefficients demonstrates the validity of the binary
collision-simulation tec hniques.

The good agreement between calculated and mea-
sured streamer velocities strongly suggests that
photoionization is the essential mechanism in
streamer formation and demonstrates the validity
of the photoionization-simulation technique. The

TABLE II. Streamer-simulation results.

g/p
(V/cm Torr)

1000
600
450
300

250
200
125

110
75

p
(Torr)

10

36.5

Vg

{cm/ psec)

130
90
77
56

45
43
30

25
18

(cm/ @sec)

400
180
96
60

170
100
36

95
23

~v,

2. 1
1.0
0.25
0. 072

2. 8
1.3
0.20

2. 8
0.28

vc
(cm/ p,sec)

—120
0

55
52

—50
0

23

—48
13

—1, 9
1.0
0.29
0, 072

2, 1
l. 0
0.23

—2. 9
0, 28

&v /l&v t

0. 91
1.0
0. 86
1, 0

1.3
1.3
0. 87

0. g7
1.0



COMPUTER SIMULATION OF ELECTRICAL BREAKDOWN. . . 805

simulation technique developed in this paper can
be extended to study other electrical-breakdown
and plasma-formation phenomena, such as elec-
trical breakdown in nonuniform field gaps, glow
to arc transitions, laser breakdown in gases,
laser-plasma heating, and ohmic heating in Toka-
mak and Stellarator machines for controlled
thermonuclear fusion.
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