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A procedure for calculating cross sections for ionization of electrons in various shells of
an atom differential in both angle and final electron energy is developed. Calculations for
ionization of carbon, copper, and gold for incident energies in the range 100-400 keV are
presented and compared with recent experimental results.

I. INTRODUCTION

Interest in the low-energy spectra of electrons
from scattering of electron beams of moderate en-
ergy (i.e. , a few mac~ or several MeV) was stim-
ulated a number of years ago by Keiffer and Par-
zen, ' who noted that a peak at low energies and

large angle should appear in the energy spectrum
due to electrons that have lost energy via Brems-
strahlung. Subsequent work~' demonstrated rather
conclusively that such a low-energy Bremsstrahlung
peak would be completely masked by inelastic pro-
cesses resulting in energy loss to bound electrons
and by plural scattering even in very thin targets.
A detailed experimental study of these processes
at somewhat lower energies has now been made, 4

A number of new features have emerged from this
work.

(i) For low-Z materials (where the incident energy
is much larger than the K-shell binding energy) the
prominent feature of the spectra observed at angles
&90 is the Mqfller peak corresponding to conserva-
tion of energy and momentum for free-electron

scattering. However, broadening of these peaks
due to binding effects is observable.

(ii) All spectra show a low-energy "tail" in addi-
tion to the Manlier peak. At low incident energies
and large scattering angles these contributions can-
not be separated.

(iii) Low-energy electrons peak at 90' for high

incident energies but this peak shifts to smaller
angles as the incident energy is lowered.

(iv) For high-Z materials (Cu, Ag, Au) much

broader peaks are observed. At low incident ener-
gies and moderately small angles there is a large
component of scattering for final energies above
the Mq/lier energy.

In order to provide an understanding of these
features, calculations of the energy spectra for
all of the elements, initial energies, and final angles
of observation reported in Ref. 4 have been per-
formed. The method of calculation follows the
general framework outlined in Ref. 2. However,
it was necessary to remove some of the approxima-
tions made in Ref. 2, since they are no longer valid
for incident energies in the 100-400 keV range, and
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to extend the calculations to all atomic shells. The
basic formalism, which can easily be adapted to
other cases, is presented in Sec. II. -

A detailed comparison between the experimental
spectra obtained in Ref. 4 and these calculations
are made in Sec. III (for carbon) and in Sec. IV
(for gold and copper). This comparison indicates
that the broadening of Mq(lier peaks and the spectral
behavior of the low-energy "tails" are qualitatively
the same in both experimental and calculated re-
sults. Also, the angular dependence of low-energy
electrons as a function of incident energy is similar
in both determinations. However, no evidence for
large contributions to scattering for energies above
the Mq(lier energy was obtained from the calcula-
tions. We attribute this disagreement between the-
ory and experiment to plural scattering. A brief
discussion of the effects of plural scattering on the
experimental data is given in Sec. V. Also a dis-
cussion of the inadequacies of using plane waves to
describe the free electrons in the theoretical treat-
ment is included in Sec. V.

II. THEORY

Consider an electron of total energy E&, momen-
tum p&, incident on an electron of binding energy I,
and therefore total energy &3= 1 —I. Conservation
of energy is given by the relation

or

dp 2 ~ 1M I
'~(~i+ I -I- ~1 ~ 2) ~ (3)

where u(p;) is the Dirac spinor. The bound-state
wave function 4'2(r ) for an electron of quantum
numbers nlm is represented by a nonrelativistic
hydrogenic wave function:

Energy conservation [Eq. (1)] is implied by the 5

function and g implies that summation and averaging
over spins in the final and initial states, respec-
tively, is to be carried out in evaluating ~M I

2. p,
is the momentum three-vector corresponding to

Equation (3) represents the ionization cross sec-
tion within the following limitations: (a) Ionization
is considered as a two body process, it being as-
sumed that atomic binding effects and the interac-
tion with other electrons can be accounted for by a
suitable choice of initial- and final-state one-elec-
tron wave functions. (b) No radiative effects are
included. Both of these restrictions are not ex-
pected to produce any serious error in the energy
range considered here.

In order to evaluate Eq. (3), assumptions must
be made about the wave functions C,.(r ) used in
evaluating the matrix element. We have adopted
essentially the same wave functions here as were
used in Ref. 2. The incident electron and both final
electrons (1, 1', 2') are represented as plane
waves:

where E; = e, —1 is the kinetic energy of electron i
and where primes denote energy after ionization
has taken place. '

The matrix element for ionization is given in
Eq. (4) of Ref. 2 as

M=Ae fdr fdr'(e'"~ 'I' ' ' '/lr —r'l)

x y~, (r)y„@~(r )@~,(r ')y @q(r ') . (2)

Here 4', (r ) represents the total wave function (in-
cluding spin of electron 1), y„ is the Dirac four-
vector, and the asymmetry operator A indicates
that the matrix element is to be antisymmetrized
by evaluating it twice with the coordinates of 1
and 2' interchanged. In the following, e,' (or E ', )
represents the energy of the detected electron by
convention, whether or not this electron originates
from the incident beam or has been ejected from
the atom.

In terms of this matrix element the cross section
for ionization in which a final electron of kinetic
energy E & is observed in an angular range dQ& is

d(T (2m) cg6gp g

dE gd&g pg

Here o is the Pauli spin vector, v the Pauli spinor,
n the fine-structure constant, and Z the effective
nuclear charge. Inserting the wave functions de-
fined by Eqs. (4) and (5) in Eq. (2), we obtain

~ = 2(2v)'e'@.i (-pa) ([(pg -pg)'-(&g —~2)']

x u (p 2)r„u, (p2) u(p &)r, u(p~) }
~ I ~f

where -p2=p& -p& -p 2 represents the momentum
transferred to the rest of the atom apart from the
ejected electron. The spinor ue(p2) comes from
the bound state and is the momentum representation
of the spin part of the wave function given by Eq.
(5), i.e. ,

1
uB (p2) l. ~ ~ V2 r

2'L 0'' pa

and is formally identical to the spinor of a nonrela-
tivistic particle with momentum p2. The wave func-
tion 4'~ (-pa) is the spin-independent part of the
hydrogenic wave function given by Eq. (5) in mo-
mentum space and is obtained by the Fourier trans-
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do„, (2~)'t,'t,'e'
d'E,'du,' P,

4»») t»-Pd (»») (»-&a&')
(9)

where

A 2[(Pl P2)( Pl P2) + (P2 P1)(P1 P2)

+ ( Pg Px) + (Pa P2) + 2], (10a)

2[(P0 Pi)(PI Pa) + (P0 Pa)(P1 Pl)

+ (P) P2) + (P2 ' Pq) + 2], (10b)

C= [2(P2 Pg)(Pg P2)+(P2 Pg)+(P0 P2)

+(P0 Pg)+(Pg P() +(Pi ~ P2)+(Pg P2)+2] .
(10e)

In Eqs. (9) and (10), P, = (p, , e,) are four-momenta
satisf ying momentum conservation

I IPg+P2= Pg+P2 .

Notethat P0= (p„1 I) is not on-the energy shell.
A further reduction of Eq. (9) can be made by

treating the average momentum dependence of each
electron in a particular shell. For closed shells
using hydrogenic wave functions the average mo-
mentum distribution for a shell of principal quantum
number n has the same form as for n = 1 (K shell)~:

l, m

= 2n'
I
+i00(nq) I

(12)

Using Eq. (11) we define an average momentum
distribution for shell n containing 2n2 electrons as

— =n ~e„,(nq)~
I+„, (q)[

l, m

(ir) ( '+a')' ' (13)

The last relation in Eq. (13) follows from the fact
that

100 nq i (
2 8+Z3)2

5/a
3/3 1

(
2 2)2 (14)

where

a„=Z/137n .

form

~.~ (p2)=(2v) 'Jdre '2'X...( r) .
The cross section for ionization of an electron with
quantum numbers nlm is, then,

Use of Eq. (13) in Eq. (9) makes it possible to
carry out the integration over solid angle dQ 3. In
order to obtain an expression usable for cross-
section computations all quantities contained in Eq.
(3) must be expressed in terms of the independent
variables Ez (initial kinetic energy), E & (final ki-
netic energy), and p, = cos8 (8 is the scattering an-
gle). This reduction is done in the Appendix. The
final result is of the form

d0„3277 e p yp 2

dE (ding Pl

(p0+a„) 0 [(q )+ p2 +a„—2qp2x]

(15)
where the variables p&, p &, and p, can be obtained
from E&, E&, and p, , respectively, via the conserva-
tion relations (1) and (11). —,'a„ is the binding energy
for an average electron in the nth shell and q
=

I p& -p
& I is the momentum transferred by the in-

cident electron. The function G(x, p, , E„E,') is
the same for every shell and is given explicitly in
terms of p, , E» and E& in the Appendix. The inte-
gration in Eq. (15) runs over x= cos5 (where 6 is
the angle between the momentum-transfer vector
q=p& -p &, taken as polar axis, and p 2). This final
integration must be performed numerically.

In order to evaluate Eq. (15) some choice must
be made for an effective value of Z for each shell.
We have used Slater's rules according to which the
binding energy is given by

2 a „=-I& = —,
'

(Z —s)/1 37 n* (17)

For purposes of estimating the average momentum
distribution there are two problems associated with
using this procedure. First, d and f electrons see
much less effective charge than s and p electrons in
the same shell. Second, the elements we are treat-
ing (C, Cu, Au) all contain incomplete outer shells.
We have dealt with these difficulties by using the
form of Eq. (13) for the momentum distribution in
each subshell but have treated d and f electrons in
Cu and Au as separate subshells with the appropriate
values of s and yg". The I. shell in carbon has been
treated by assuming its momentum distribution is
given by Eq. (13) with the appropriate screening
parameters (n* = 2 s = 2. 75). The valence electrons
for Cu and Au have been treated as "extra" 3d and
5d electrons, respectively. Values of s and n* used
in the computations are given in Table I.

x dxEx, p. , Eq, Eq, a„cx, p. , E~, Eq

(»)
for a single electron in shell n. The function
E(x, p, E&, E,', a„) is simply the quantity given by
Eq. (13), i.e. ,
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TABLE I. Slater screening parameters for Cu and Au

used in Eq. (15).

.1s
2gq 2p
3+y 3p
3d

4p
4d
4f
5s, 5p
5d

1
2
3
3

3.7
3.7
3.7

4

0.3
4.15

11.25
21.15
25. 05
39.5
50.9
57.6
71.5

The theoretical developments given above are
similar to those made in Ref. 2 but with the follow-
ing differences. In Ref. 2 the authors' main inter-
est was in the low-energy electrons ejected at large
angles in cases when the incident energy was much
higher than the binding energy. In treating such
cases they were able to make a number of simpli-
fying assumptions. This included (a) evaluating
only the term containing 1/(P& —P2) in Eq. (9) for
a scattering angle 8 2= 0, (b) neglecting all terms
of order 1/P~, and (c) evaluating the cross section
only for K-shell electrons. Here, since we are in-
terested in much lower incident energies and also
in the energy spectrum over the entire range, we
have made no assumptions except that the momen-
tum distribution of each bound electron is of the
form given by Eq. (11).

Most of the theoretical work on ionization in the
range above 100 keV has been devoted to evaluation
of the total ionization cross section. Since the
bulk of the total cross section comes from small
momentum transfers the theory develops along dif-
ferent lines from the matrix element of Eq. (2).
Most of this total ionization cross-section work is
done within the framework of Born approximation,

which in this context means using plane waves for
the initial and final states of electron 1 in the matrix
element and ignoring exchange effects (i.e. , not
antisymmetrizing the matrix element). Both of these
approximations appear justified in computing total
cross sections since the main contributions to the
cross section will be due to large impact param-
eters (small momentum transfer). Hence, provided
the incident energy is several times the binding
energy, exchange effects are small. However, the
work on total cross sections is superior to that of
either this paper or Ref. 2 since more realistic
wave functions for initial and final states of the
bound (or ionized) electron can be used in these
calculations.

Recently theoretical work' on differential ioniza, —

tion cross sections similar to ours has appeared.
The major difference is that in Ref. 12 the attention
is directed towards coincidence processes in which
both (scattered and ejected) electrons are observed
simultaneously. Accordingly, these authors do not
integrate over the momentum of one of the final-
state electrons and in addition confine their treat-
ment to nonrelativistic energies. Apart from these
differences the two approaches are identical.

Our choice of wave functions represents an initial
attempt to assess the effects of binding the Mi|(lier
scattering. However, we expect the treatment to
be inadequate at very low or very high final ener-
gies since for these cases one of the electrons has
a low kinetic energy, and Coulomb rather than
plane waves should be used to describe it. The ef-
fects of Coulomb forces have been considered for
low energies and large scattering angles' to first
order and found to be appreciable. In this work we
have not included these effects although in Sec. V
we make an estimate of how large the errors in
our calculations are likely to be due to their ne-
glect.

I I I I I I I I

CARBON
3 MeV

60

.O2—

c C'
b ~

'Q ~
W Ol.

lN

L shell
(x 0.5

K shell

FIG. 1. K- and L-shell contribu-
tions to (1/Z)(do. /dEj' dO) (b/atom sr
keV) for scattering at 3-MeV incident
energy at 60' on carbon, showing the
Mgller peak at -235-keV scattered
energy (Ef ) and the low-energy "tail"
below 50 keV.

0
lo IOO 200

E, (keV)
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III. CROSS-SECTION CALCULATIONS FOR (Z = 6)

The experimental results for carbon given in
Ref. 4 show that at large incident energies and
large scattering angles the spectral distribution
may be resolved into two contributions. One of
these is a peak at the MPller energy given by

Ey cos g

1+2Egsin 6

The other contribution is a low-energy component
which occurs generally at energies below 50 keV,

FIG. 2. K- and L-shell contributions to (1/Z)(d|T/dEf dO)
for scattering at 100-keV incident energy at 60' on carbon.

rises steeply with decreasing final energy, and can-
not be separated from the "Mg/lier peak" for small
angles of scattering or low incident energies. Our
calculations show the same behavior. In Fig. 1 we
show the individual K- and L -shell contributions to
the spectra for scattering at 3 MeV and 60 and in
Fig. 2, the spectra at 100 keV and 60'. Several
things are apparent from these results. The low-
energy contribution (at least for final energies above
10 keV) is due almost entirely to scattering from the
K shell. At high incident energies the two contribu-
tions are well resolved, and furthermore the con-
tributions in the Ml|(lier peak are approximately
equal to the Mg/lier cross section for the given
shell. The effect of the momentum distribution of
the bound electron is to broaden both K- and L-shell
distributions. No deviation of the peak energy from
the lgdller energy given by Eq. (16) is apparent
since the K- and L-shell binding energies are
smaller than 1 keV for carbon. We have shown the
individual MS'lier contributions for K- and L- hsell

scattering in Figs. 1 and 2 as constant cross sec-
tions of arbitrary width in order to illustrate that
the area under the peaks is approximately equal to
the Mq(lier cross section for both K- and f. -shell
contributions.

A comparison of our results for carbon at 100,
200, and 400 keV incident energy and 60' scattering
with the experimental results of Ref. 4 is shown in
Fig. 3. There appear to be three major differences
between the experimental and computed results.
First, the peak heights observed are much smaller
than those calculated. While part of this is due to

IOO keV
60 l.2—

I

200 keV
60

Cl

~ 2 .8—

I

Cyb~
Ul

0
IO

ooo J,
20 50 40

E, (keV)
IO 20 50 ,40

E, (keV)
50 60 TO

0.3—
0
OP

0.2—
0
0

FIG. 3. Spectra of scattered electrons
at 60' on carbon for 100-, 200-, and
400-keV incident electrons. The smooth
curves are the calculated spectra; the
circles are the experimental data of
Ref. 4.

Ol o n I o
20 40 60

E, (kev)
80 IOO
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TABLE II. Contributions to Mufller scattering (in b/sr)
for carbon obtained by integrating over the spectral dis-
tribution of scattered electrons for given incident energy
and scattering angle.

z,'/e
100 keV Mgtller

cRlc ~

expt.

200 keV Miler
cale ~

expt.

400 keV Mgkler
calc.
expt.

3 MeV MItgller

calc.
expt.

20'

156
146
190

62
38
42

14
12
14

40'

8.7
8.6
9.8

3.2
2. 8

3.3

1.2
1.0
1.4

60'

21
21
16

6.6
7.0
6.3

2. 9
2. 9
2. 5

0.85
0.85

instrumental broadening, the differences appear to
be larger than would be expected on the basis of the
1-2-keV instrumental resolution. Second, there is
a shift of approximately 3 keV toward higher energy
in the measured position of the Mqlller peaks. Final-
ly, the tail of the distribution at low energies is
much larger than the calculations indicate and there
is a larger contribution in spectral regions between
the low-energy tail and the My'lier peak in the ex-
periment.

Despite the difference in spectral shapes the total
energy-integrated cross section at a particular
angle in both the calculations and experiment is in
fairly good agreement with the Miler cross sec-
tion. Table II shows a comparison between the
Ms'lier experimental and calculated cross sections.
The integrated values presented here are somewhat
uncertain at low scattering energies or small angles
for both experiment and calculated values since the
tail and peak contributions tend to merge. The
procedure adopted to obtain integrated values was
to use only the peak contribution, provided it could
be separated from the low-energy contribution, and
otherwise to arbitrarily extend the integration only
to 10 keV on the low-energy side. The table indi-
cates the integrated theoretical and experimental
cross sections are approximately the same and
agree with the Mg/lier values to within about 20-
30fo.

In the vicinity of the Manlier energy it is not nec-
essary to carry out the calculations in full detail.
The reason for this is that near the Manlier energy
most of the contribution to the integrand in Eq. (9)
comes from values of $2«a„. Thus provided I p~I,
p&, and Ip~I are all much larger than a„ it is a good
approximation to set p& = 0 in the large parentheses
in Eq. (9). When this is done Eq. (15) reduces to

~@1d~l ~ f 1 q &R q -u11)'+ ~!1' 11~ +&11' "~l 1')

I I I I I III

IOO keV
3MeV(xlo )

r

I.O

200 keV

60»
90

400 keV

O. l

90

20
30

I 20

20'
30

l2

30

0

60
II

,OI-
IookeV I

I I I ll
lo

I II
Ioo

200 kev IO

EI' {keV)

IOO
400 kev IO

I I I, IIII
SMeV (xlO') lO

IOO

IOO

FIG. 4. Low-energy spectra at various angles for scattering on carbon for 100-, 200-, 400-keV, and 3-MeV incident
electrons.
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l6.0
GOL D
400 eev
40'

I2.0

9 8.0

FIG. 5. Individual shell contribu-
tions to scattering from gold for 400-
keV electrons at 40'.

4.0

0
40 80 I20 160

E, (keV)
200 240 280

x (E 1)~( 1 1 ~i 2E&+1
IE E ) EE

(19)
Equation (19) was evaluated numerically for all

cases where the full calculations of Eq. (15) were
carried out. It was found that Eq. (19) was adequate
to represent the cross section near the My/lier peak
(to within 5 or 10/q accuracy) in all cases. How-
ever, this simpler form cannot be used for very
low or very high (near E,) final energies. Use of
Eq. (19) underestimates the low-energy tail at en-
ergies above 10 keV and overestimates the cross
section for values of Ej close to Ej. This is not
surprising since Eq. (19) diverges for E,' =Ei and
or Es =0

Calculations of the low-energy electron spectra
have been made for all of the experimental cases
treated in Ref. 4. These data have been plotted in
Fig. 4 on a log-log plot similar to Figs. 10—13 of
Ref. 4. The results show the same general behavior
for the angular dependence of low-energy electrons
as a function of incident energy as experiment. Note
that the peak cross section is at about 60' for 100-
keV electrons but shifts towards 90' with increasing
incident energy. The calculated cross sections at
a given energy and angle are generally about a fac-
tor of 2 smaller than those measured. The dis-
crepancy between calculation and experiment is
largest at 120' where the calculated cross sections
are always much smaller than at 30'. In the ex-

.06

GOLO 400keV
40

.04

Cs

.02
LLI

o
-I N

FIG. 6. Calculated and observed
spectra for scattering from gold at
40' for 400-keV incident electrons.
The smooth curve is the calculated
spectra; the circles are the experi-
mental data of Ref. 4.

oo ooo

Ioo 200
E,

' (kev)

oooo oo

500
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.6
GOLD
400 ke V

60

0
.4

Cyb~ p
Q

LIJ
Q 2 o

—IN

FIG. 7. Calculated and observed
spectra for scattering from gold at
60 for 400-keV incident electrons.
The smooth curve is the calculated
spectra; the circles are the experi-
mental data of Ref. 4.

20 40 60
E~ (keV)

80 IOO

perimental results, spectra at 30' and 120' have
comparable values.

IV. CROSS SECTIONS FOR CU(Z = 29) AND AU(Z = 79)

The spectra for scattering at a given angle for
heavier elements are much more complex than that
of carbon treated in the Sec. III. This complexity
arises since electrons lying deep within the atom
will have large binding energies and broad momen-
tum distributions which will tend to shift the contri-
bution to the cross section at the Mq(lier energy
towards lower energies and to broaden the spectral
distribution. Figure 5 shows the calculated spectral
distribution of scattered electrons from the various
shells in gold at 40 with 400-keV incident energy.
The figure indicates the effects of binding on the
spectra. For K-shell electrons there is practically
no contribution to the scattering at the Mqiller energy
but only a low-energy component. The major com-
ponents of the low energy "tail, " however, come
from the n = 2(L) and n = 3(M) shells. The M -shell
contribution near the MII'lier energy is the first shell
to show evidence of a peak in that spectral region.
The peak is shifted to lower energy but the binding
energy (-3 keV) is so small that the shift is not
striking. The outer shells z =4, and 5 behave al-
most as free electrons (broadened by their momen-
tum distributions) and contribute approximately to
the total cross section in the ratio of the number of
electrons contained in the shell ~~. Note, however,
that a low-energy contribution is still present for
n = 4 (N-shell) electrons.

The spectral distribution for Au at 400-keV inci-
dence energy and 40' is compared in Fig. 6 with
the experimental data of Ref. 4. The comparison
indicates that, as for the carbon data, there is con-

siderable broadening of the MI(lier peak and of the
low-energy tail, presumably due to plural scatter-
ing.

For a 60' angle of observation the experimental
results indicate that the peak in cross section barely
rises above a background contribution, which be-
comes larger at low energies. The calculations
show the same behavior as illustrated in Fig. 7 for
400-keV incidence. In this case there is a slight
(- 2 keV) shift of the peak toward lower energy in
the calculation and a larger shift (-6 keV) in the ex-
perimental results. The calculated low-energy
contribution in gold is larger in Figs. 6 and 7 than
that observed. This is true for all other cases
where low-energy data are available experimentally,
and would seem to indicate that for the heavier ele-
ments plural scattering tends to smear out the
low-energy tail rather than to add an additional con-
tribution.

The data of Ref. 4 indicate that for low-incident
energies (100 and 200 keV) and small final angles
(20', 40') additional peaking of the cross section
occurs at energies above the Mgller energy. Also,
the cross section per electron is larger for copper
and gold than for carbon, owing to this high energy
component. The calculations do not show this ef-
fect. In all cases the spectral distribution falls
off rapidly at energies above the Miller energy, and
the cross section integrated over the range near the
Mdller peak is approximately equal to the Mg/lier
cross section. The cross sections for C, Cu, and
Au are shown for 100-keV incident energy at 20' in
Fig. 8. The results at 200 and 400 keV and at 40
are similar to these results and indicate that the
major ffect of binding is to broaden the spectral
distribution near the MIIller energy. None of the
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FIG. 8. Spectra for scattering of 100-keV electrons at
20' from carbon, copper, and gold.

calculations show any increase in cross section
above the Mq/lier energy so that the observation of
this must either be due to plural scattering or to the
fact that the plane waves used in our calculations
are not sufficient to describe the scattering for
cases where one of the electrons has high (and the
other low) energy For 4.00-keV incidence no high-
energy component is present in the experimental
results.

In Table III we show the integrated cross sections
as calculated for Cu and Au for 20' and 40' and
compare them with the Miler values. The 60'
case is not included since it is impossible at that
angle to separate the MqAler peak value from the
low-energy background. The table indicates that
the cross sections are reasonably close to the
Mq(lier values even for heavy elements at low inci-
dent energies. This is surprising since, as shown
in Fig. 5, the contribution for inner shells is ap-
preciably broadened for these elements.

and at higher energies than calculated for 40' and
20', and the low-energy tail has a smaller mea-
sured cross section than predicted.

(c) At low-incident energies and small scattering
angles both gold and copper show large cross sec-
tions at energies above the Mq(lier energy which
are not predicted by the calculations reported here.

Although a detailed analysis of the plural-scat-
tering effects will not be attempted a few remarks
are in order. First, for the size of the foils used
in the experiment (-10-60 p. g/cm ), elastic scat-
tering following an inelastic event will always be
important for low final energies ( & 100 keV). We
attribute the discrepancies between the calculated
and measured cross sections for carbon in the low-
energy tails and the shift and broadening of the
Mq/lier peak observed at 60 to this effect.

For the higher-Z materials the effects of plural
scattering will be even more severe both because
thicker foils were used and because an electron of
given energy will undergo a large average deflec-
tion in an elastic collision for a higher-Z material.

The observation of large cross sections for en-
ergies above the Mgller energy observed for Cu

and Au at lower energies and angles is more diffi-
cult to understand. A tentative explanation of this
is that appreciable elastic scattering occurs before
inelastic scattering takes place. Since the mean
free path for inelastic scattering is large this would

mean that the first (elastic) scattering would produce
part of the angular deflection and the second (in-
elastic scattering) would produce a contribution at
the angle of observation with energy higher than the
Mq(lier energy. One would expect an effect of this
kind to be largest at low incident energies (where
both inelastic and elastic cross sections are large)
and at small scattering angles (where the energy
loss in Mq(lier scattering is small and thus the en-
ergy difference between inelastic and elastically
scattered electrons is small). This is consistent
with the experimental results.

TABLE III. Contributions to Mgller scattering (inb/sr)
for copper and gold obtained by integrating over the spec-
tral distribution of scattered electrons for given incident
energy and scattering angle.

V. PLURAL SCATTERING AND COULOMB EFFECTS

The comparison between theory and experiment
given in Secs. III and IV reveals the following
discrepancies.

(a) For low-Z targets (C) the Mqlller peak at 60'
is observed at a higher energy than calculated and
the low-energy "tail" has a larger measured cross
section than predicted for all angles.

(b) For larger-Z targets the Mq(lier peak is ob-
served at lower energies than calculated for 60'

E(8
100 keV Mufller

Cu
Au

200 keV Mgller
Cu
Au

400 keV Mufller
Cu
Au

20'

156
136
125

62
91
38

14
13
12

40'

8.7

8.7

3.2

1.2

1.2
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In the theoretical treatment outlined in Sec. III,
plane waves have been used for all electrons except
the initial bound atomic electrons. Actually, the
use of plane waves for slow scattered or ejected
electrons is a poor choice since these electrons are
actually moving in a Coulomb field of charge - Z.
An estimate of the effects of replacing the plane
waves in our formulation by Coulomb waves can be
made as follows.

First, we assume that for high final energies
(E,) only the direct term in the scattering contri-
butes (we ignore exchange effects). The matrix
element for scattering then reduces to

I=(e,(ra) e"'a@,(r,)), (20)

where q=p& - t) & is the momentum transferred in

the scattering. Next, we use nonrelativistic hydro-
genic wave functions corresponding to K-shell elec-
trons for the initial-state electrons and plane waves
for the final-state electrons and evaluate the square
of this matrix element integrated over all angles of
ejection. This may be done analytically'4 and yields
the result

"fM /'dn',

3a [a„+(q -P a)'] '[a a+ (q+P a)a]'

where p 2 is the momentum of the ejected electron.
The analogous expression for this quantity using

Coulomb waves has been derived previously. " It is

I ~~ ~ad&, 2 a„q (a„+3q +p a ) exp( —(2a„/p a)tan '[2a„p a/(a„+q pa )]]-
3pa (1-e "'""a)[a„'+(q-pa)']'[a„'+(q+pa)']' (22)

In Eqs. (21) and (22) a„ is the quantity defined by Eq. (14). Although the derivation of these equations ap-
plies only to K-shell electrons the fact that the momentum distribution is the same for all shells using
screened hydrogenic wave functions means that the ratio of Eqs. (21) and (22) will provide an estimate of the
effects of using Coulomb waves for the ejected electron rather than plane waves for scattering from all
shells. This ratio is

(f IM I d&a)c,„„m„87a„q a„+3q +p a exp( —(2a„/p a) tan ' [2a„p a/(a„+q -pa )]j

8ma„
q»a& &(I -an a„/P a) (24)

Equation (24) implies that the calculations pre-
sented here will not be valid for final electron en-
ergies near the incident energy and will underesti-
mate the cross section in this spectral range. This
equation may be used to give a rough indication of
the effects of Coulomb forces on our calculations.
For example, for gold at 200 keV and 40' scattering
the calculated cross sections at 160 keV and 180
keV final energy are 1.80~10 and 8.4&&10

b/srkeV, respectively. Use of Eq. (24) leads to a
different enhancement factor for the contribution of
each shell, the effect being largest for the inner
shells since a„ is large and p~ small. The average
enhancement factors are 16 and 40, respectively,
at these energies, leading to corrected cross sec-

If q-p a»a„, then the ratio given by Eq. (23) re-
duces to unity. This is the condition for My'lier
scattering and indicates that the use of plane waves
for describing the ejected electron is justified pro-
viding p2» a„. However, scattering at energies well
above the Manlier energy corresponds to large mo-
mentum transfer q but small values of p~. For
q»a„, q» pa the ratio in Eg. (23) is

tions of 2. 9&&10 a and 3. 3&&10 a b/srkeV. These
values are still lower than the experimental cross
sections.

The above analysis indicates that Coulomb effects
may tend to substantially increase the cross sec-
tions calculated in this paper for energies above the
Ma(lier energy, and that this effect may be responsi-
ble for the peaking observed at the high-energy side
of the Ma(lier energy for low incident energies and
20' and 40' scattering for copper and gold targets.
Further analysis of this effect would require more
detailed calculations using Coulomb rather than
plane waves in the formulation of the equations given
in Sec. III, and will not be attempted here.

APPENDIX

To perform the integration over directions of mo-
tion of the knocked-out electron, we first introduce
the four-vector Q = p, —p,'. In Egs. (9) and (10) we
then eliminate p& and p2 using p&=p& —Q and pz=pz
—Q. The quantities A, B, and C are thus ex-
pressed by the four-vectors p&, Q, and p, only. We
choose our polar axis along the space part q of Q

(i.e. , along the momentum-transfer vector) and
we let p& be in the x-z plane. The direction of p 2

is specified by the polar angle 5 = arcosx and the
azimuthal angle y.
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cos"q dy
ge+b cosp (A1)

where n has the values 0, 1, or 2 and m the values

When all four-vector products are performed,
the integrals over y will all be of the standard form

1 or 2. After some tedious algebra the cross sec-
tion can be written as the single polar angle integral
given in Eq. (15).

The function G(x, p, , E, , E~) is given by

G = Gi + G2+ G3,

where

Gi ——(1/Q )([Ps(3y —1) —2qy]f&&IP2 x + [(2e~ez+ ~ Q —'

1) q —2(e&+ E&)uzi&y]pax

+ [pl I 2 (1 —y ) + 2eset&2 + &e~ ——,(&&2+ 1)Q ]J,
G,=(Y/X'")[- ce,'(1+Q')+-', Q'+2+(1+Q')qp', x J+(1/X'")[--', ee, +-,'Q'+-, qP2x]+-, ,

G3=(1/Q )((1/X' )[A@2(1 —Q )+-,' Q —2+(Q —1)qp2x] +[(e,'Ez+ —,
'

Q —1)+(q -P,y)bzx]],

I I
i Ei+ 1) 61 Ei+

u~ = [E;(E;+2)]'",

Q = 2(&sec —1 pqP&-p), ,

Y= 2(&qe2 —1 pqp~yx), —

I
&2=Ei —Ei -I+1,

q=(I )+I i 2&itic)—

y = (I I'u)/q-

X=a +bx+cx

&=4[&i —e2) +(pih2y) 1 ~
b= —8(e&&2 —1)f,p, y, c =4pfpa'.

Note that G, gives the contribution from the direct term of the scattering amplitude. G& correspondingly
gives the contribution from the exchange term and G, the contribution from the interference term.
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