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A general expression for the calculation of pressure broadening for vibrational-rotational
lines is derived in the strong-collision model. Classical trajectories and a peaking approxi-
mation are used to calculate a unitary scattering operator avoiding perturbation expansions,
impact-parameter cutoffs, and straight paths. The latter approximations are not expected to
be good when short-range potentials dominate the collision interaction. Use of intermolecular-
potential parameters determined from thermodynamics and a simple theory of dispersion
forces for 02 calculations gave excellent agreement with experimental data on the magnitude,
temperature, and quantum-number dependence of the linewidth parameter.

In an earlier paper, hereafter referred to as I,
a theory for pressure broadening in a, strong-col-
lision model gras developed. General formalisms '

give expressions for the width and shift in terms
of matrix elements of the scattering operator for
binary collisions integrated over the impact param-
eter. The scattering operator, a time-ordered ex-
ponential of a phase integral for the interaction po-
tential, is generally evaluated in a perturbation
expansion. The justification for this procedure is
that the main contribution to the integral over im-
pact parameter occurs when the phase integral is
smaller than unity. The same arguments are
used to justify straight-path trajectories and hard-
sphere impact-parameter cutoffs for evaluation of
the phase integral. However, for collisions be-
tween neutral atoms or molecules it frequently hap-
pens that a large contribution to the integral over
impact parameter occurs when the phase integral
is on the order of„or larger than unity. In such
a case, the integral over impact parameter from
zero to the hard-sphere cutoff (extrapolation for-
mulas are used for S-matrix elements) are com-
parable to or even larger than the integral over

large impact parameters where the perturbation
expansion and straight-path approximation are
valid. In this payer the scattering operator is cal-
culated to all orders and the phase integral is evalu-
ated using curved trajectories determined by a
Lennard-Jones (LJ) potential; avoiding any hard-
syhere cutoffs or arbitrary extrapolation formulas.
This procedure is described for general vibrational-
rotational lines with the microwave spectrum of 03
presented as an example. Oxygen is a. good candi-
date for testing the theory; it is a nonpolar mole-
cule with a very short interaction range; a large
body of experimental line shape data exists; and
the intermolecular potential has been partially de-
termined by thermodynamic measurements. While
many of the approximations used in this calculation
are very well suited to oxygen, all of them are
generally applicable to any pressure broadening
process where strong collisions dominate.

I. LINE SHAPE

The spectral distribution of power emitted or
absorbed by a gas, P(u&) is given as
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P((u) = XE((~)(4(u'/3c'),

where N is the number of radiators in the gas and

E(&u) is a quantity called the spectrum or line shape.
Under the impact approximation the spectrum is

E((u) = ( —I/n ) Im Tr [d(~ —I,,+ bA)
'

p d l,
where the trace is taken over the unperturbed in-
ternal states of the radiator. The operator d is
just the radiators' dipole moment, p is the density
operator for the radiators' internal states, Bnd

I.o is the Liouvill, e operator which is diagonal on
the unperturbed internal states with eigenvalues
corresponding to transition frequencies. The re-
laxation operator A. is not in general diagonal and,
when two or more transitions occur with frequency
separations on the order of their half-widths, the
contribution of off diagonal elements of A to the
spectrum can become significant. Baranger has
shown that if the intermolecular potential is ro-

tationally invariant (i. e. , no external fields) the
equation for the spectrum is considerably simpli-
fied. The degenerate m dependence is accounted
for and the spectrum is given by a trace over an
m independent or "'reduced" line space

E((z) = ( —I/z) Im Tr [d' (ur —Lo+ iX)
'
p] .

In the classical-path approximation, matrix ele-
ments of A. Rre obtained by averaging over the im-
pact parameter b and the velocity v:

y= J' "
nvf(v) X'(v) dv,

X'(v) = 2w J bz" (5, v) db,

(4a)

(4b)

where n is the perturber density and f(v) is Max-
we].lian velocity distribution. The matrix elements
of X"(5, v) in the reduced-line space of symmetric
rotors are given by

J 1 J
(

I)z+J'-M-M g n b b

AM+ hf& Q b 8

where a, b, n, and P denote sets of other quantum
numbers (i. e. , vibration, other angular momenta).
A general form for the intermolecular potential
which is a good approximation for many molecular
colllslons ls

where x is the magnitude of the intermolecular
separation and y, 8, q are the Euler angles which
orient the radiator with respect to the perturber.
The terms qb, q&, Vb(b), and V, (b) are scalars
while f (x, 8, qr) operates only on rotational states
and go operates on vibrational states. We use a
classical path approximation with perturber tra-
jectories determined by the central potential,

(Vx) which gives rise to scattering in a plane;
thus X and y are unchanged by the collision.

In Paper I it was shown how the unitarity (expo-
nential form) of the scattering operator can be re-
tained by introducing a projection operator 0' and
a strong -collision "peaking'" approximation. The
projection operator will only couple states for which
the frequency corresponding to their energy separa-
tions is much less than the inverse of the collision
duration time. In most cases this has the effect
of "'diagonalizing" the scattering operator on vibra-
tional states and matrix elements of exponential
terms are simply calculated as the exponential of

matrix elements. The "peaking" appr oximation
replaces the time-dependent 8 by a constant 80

which can be chosen to retain the correct value for
the phase integral. This eliminates time-ordering
restrictions and leaves a simple form for the scat-
tering operator which can be expanded as a series
of rotation matrix elements,

&=exp&-bl:&0& 8b+&~nl&f(xb, &o, vo)]j

where the vibrational contribution is treated as
diagonalized by O'. The rotation from molecule-
fixed to space-fixed axes explicitly displays the
terms which depend on the angles of molecular ori-
entation, yN, 8N, yN and so operate on rotational
states, and scalar terms which depend on collision
variables, g„8„y,. The constants Ko and K& are
integrals of t/0 and V& over classical trajectories.
The angles X~, cp~ are not affected by a collision in
a central field, while 8~ is the polar angle at closest
approach in a coordinate system where the impact
axis is parallel to the figure axis. The calculation
of Ko, Kg, Rnd 8~ Rs functions of b, p 1s R simp]. e
application of classical orbit relations which were
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discussed in Paper I. The expansion above is a
very general result which will be evaluated on sym-
metric rotor basis functions to obtain a general ex-
pression for the relaxation matrix. Reduction of
the general expression for simpler specific cases
will be demonstrated later. Matrix elements of
the scattering operator can be written in the form

xS '(a J (9)

The reduced matrix element, (a J', I I D I I b J, )
does not depend on M' s or K's and mainly serves the
purpose of allowing for coupled representations.
Substituting this form into E(l. (5), noting that

SK N
' does not depend on M, or M„and using the

follow ing identity,

where

~ ( )N, J, Jg J„
JyMg -M, Mg M~

(Xb, Hb, q)b )S ' (a J,K, , b JbKb),

(8)

-M. pM. -M, pM,

J~, 'U

SKIN�)

(a Ja K, , b Jb K„)

., ~

(
z. z, z,

] I
z. z. t

I

—= ( —1) ' [(2J,+ 1)(2Jb+ 1) ]
a 1

and the orthogonality of 3-J symbols, gives a gen-

eral expression for the reduced relaxation operator,

J~ Jg Jg'0 ,Jgita
x Q B (X» 8» Pb) & „N (X» 8» Pb)SK&N'(aJ, K„bJ, Iib) SK „' (oJ,K, pJbKo) .

~N K & "p
1 1 g 1

a a& 2 2

NpKp

In most cases the intermolecular potential only depends on two angles 8, y, and the expansion of the scat-
tering operator can be made with a, 5N0 and for some important cases (linear molecules and nonpolar per-
turbers) the potential depends only on the polar angle & and the expansion can be made with &K05N0, These
& functions can be introduced directly giving rise to the following sequence of simplifications in the general
result:

@ NjN0 (Xb& ~b r Pb ) +N(N~ (X'b ~ ~b ) 'Pb) KgNg (c(JaKa i b JbKb) SKIN ((N JaKa i p JSK)o
NyNjKg

N~Kp

~No Z SK o
' (a J', K„bJbK) SK 0'(o' JaKa, pJoKo)

1 3

~KO Soo («aK. b JbKb)S00 (o' JaKa~ p JSKS) ~ (12)

For linear molecules a simplification occurs in Eq.
(9), when K, and Kb are set to zero,

elements,

'N=((2J+»«"]f f' f,"~:N (Xo, &0, ~0)

= 4&$

(13)
where linear rotor basis states are implied. In

general, the expansion coefficients are calculated
from the orthogonality relation for rotation matrix

x S(Xo 80 rPo) dXosm dHodyo ~ (14)

The case of expansion in I.egendre polynomials was

developed in detail in Paper I. The treatment of
vibration as diagonal, although representing the
most common case, is not general. Accider+al
degeneracy of overtones in different modes and
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60.306 59.59 I

functions are even under exchange while the elec-
tronic wave function is odd which requires odd
parity for the rotational wave functions. Rotational
states formed by the direct coupling of pure rota-
tional, and spin angular momenta

~

Num)=(-1)"-'-" g (2m+1)'~'
M&MS

x M M NM, SM 16

62.4B6 5B.447

43l

I I B.750 56.267

FIG. 1. Microwave absorption spectrum in the 60 GHz
region. The allowed magnetic transition (AV=a 1) are
indicated by the solid arrows.

are sufficiently accurate for line-shape calculations.
These states are odd under exchange only for odd
values of N. The energies of the levels are de-
termined roughly by the value of N, since BN(N+ 1)
is much larger than g for values of N greater than
unity. Each of these levels is in fact a triplet cor-
responding to values of the total angular momen-
tum, J of N and N~ 1. Magnetic dipole transitions
(denoted N+) are allowed between J= N+ 1 initial
states and the J= N final state as shown in Fig. 1.
These transitions give rise to the microwave ab-
sorption spectrum in the 60-GHz region.

Table I summarizes measurements of the line-
width parameter y„ /P at 300'K. Discrepancies
among the values reported are so large that least-
squares fitting for N quantum-number dependence
is not very meaningful. Trends within each experi-
ment show a decrease in linewidth as N varies from
1 to 5 but show no systematic variation as N in-
creases beyond 5. With the exception of the 1+

strong coupling of degenerate modes with rotation
can require more complicated analysis. In these
cases it is necessary to expand the scattering op-
erator in a series of products of rotation matrix
elements and Hermite polynomials for the normal
modes involved.

II. O2 MOLECULE

The oxygen molecule is paramagnetic in its ground
electronic state, 'Z . The total electronic spin
S= 1 is coupled to the internuclear axis and the spin-
rotational Hamiltonian is given as

H = BN + (2A./3) (3S, —8,) + p, N ~ S, (15)

where N is the end-over-end rotational angular
momentum. The constants B, X, and p, have been
determined' by least-squares fitting microwave
transition frequencies to a formula derived from
Eg. (15).

Since the oxygen (16) nuclei contain an even num-
ber of nucleons, the total wave function for the oxy-
gen molecule has an even parity under exchange of
its identical nuclei. The Born-Oppenheimer ap-
proximation gives the total wave function as a prod-
cut of nuclear, electronic, vibrational, and rota-
tional parts. The nuclear and vibrational wave

TABLE I. Linewidth parameter y/P (MHz /Torr for
T =300 'K.

LineSa 12
Refs.

7 13 14 16

1,
3»

5,
7.
9,

11.
13.
15
17
19»
21»
23»

1
3
5
7
9

11„
13
15
17
19
21
23

l.96 2. 07
1.56 1.80
1.68
1.42
1.60
1.54

1.50

2. 20 1.96
2.23 1.71
l. 96 1.86
1.92 2.05
1.93

l. 97

l.77

1.5S

1.38
l.10

0.99 0.87

1.97
1.26

1.92 1.41 2. 09l.96
l.60 1.99
1.70 2. 01 1.82 1.10
1.64 1.94 2.00 1.97 .83

1.97 1.34
1.86 1.87
1.99
1.82 1.76
1.92 l.62

1.26
1.29

0.83

1.74
1.61
1.62
1.67
1.46

1.86
1.43
1.39

N, means J=N +1 J=N transition, while N mean. s
JMN —1 J=N transition.
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lines where experimental data is scarcest, no sys-
tematic difference occurs between N+ lines. The
following is a summary of the data for the linewidth
parameter for resolved (low pressure) Oz lines at
300' (symbols are from Fig. 4):

1„(~ ) 2. 20, 1.96, 1. 38 MHz/Torr;

1, (& ) l. 97 MHZ/Torr;

3„(O ) 1. 81 MHz/Torr (average of 10 points);

N„(&) 1. 64 MHz/Torr (average of 49 points)

for ¹5
where 1 Torr equals 133.3224 N/m No experi-
ment reported a line shift and only one experiment
(Hill and Gordy) reported measurements of line
width at different temperatures. The ratio of line-
widths at 90'K to linewidths at 300'K was 2. 8
+0. l.

III. CALCULATION

very slight complication in the numerical calcula-
tions an exponential representation for the exchange
term can be substituted by an approximation due to
Hill,

4[(o/~)" —(o/~)'] -828 000e ""' ' —4. 5(o/x)' .
(21)

For the case of O„self-broadening thermodynamic
measurements give values for eo/k of 113.2 'K,
for o of 3.433 A and a ratio e,/e 0 of 0.2389.

In practice the value of cy was treated as an
adjustable parameter. This form for the intermo-
lecular potential is used for numerical integration of
K, and ~, after a change of variables removes the ap-
parent singularity at xo. It should be noted that the
LJ potential can give rise to orbiting, resulting in very
long collision times. This is a clear violation of
the basic assumption of the impact theory, but it
has been shown' that orbiting cannot occur for
velocities such that

pv /8@0&0. 2 . (22}

A simple theory of dispersion forces' for linear
nonpolar molecules predicts a contribution, VD&s

to the intermolecular potential,

Vngl3 4 kV 1 [ (X + 3 (X(Q[[ QJ ) P2(COSH) + ' ' ' ]
(i7)

v is the resonance frequency (lowest allowed elec-
tronic transition}; o.„and n~ are components of the
polarizability tensor parallel and perpendicular to
the internuclear axis and n is the average polariza-
bility, 3(o.„+2o.,).

It is known that repulsive exchange terms also
contribute to the intermolecular potential. How-

ever, for molecules as complex as 0, quantitative
descriptions of these terms are not possible. The
empirical LJ potential where an x ' term repre-
sents exchange has been used with some success
in kinetic theory,

v~ (v) = —Q C„V" .
I

n=0
(23)

The density n is given by the ideal gas law as
P/KT and the average in Eq. (4a) integrates ana-
lytically,

This restriction prevents the use of a Gauss-
Hermite quadrature rule for performing the veloc-
ity average [Eq. (4a)], but would only impose a
fundamental restriction on the calculation at cryo-
genic temperatures. The integration is performed
analytically by least-squares fitting of vX'(v) to a
polynomial of the thermal velocity variable
5'= nmv /16k:

V„,(~) = 4 [(v/~)" —(o/~)'] . (i8)
800

Interpreting the r term as arising from dispersion
the intermolecular potential is written as

V(&) &OV zg (&) + & g VLg(r) P2(cos)() + ' ' '

where eo and 0 can be determined by kinetic theory
from viscosity and second-virial-coefficient mea-
surements. The ratio e,/eo is determined by com-
parison of Eqs. (17}and (19),

1

O

700

600

&i/co=(~ -~ }/3~. (20)

The scalar term, coV„~(r) contributes to the broad-
ening indirectly by determining the collision tra-
jectories. The hyperelliptic orbit integrals which
result from the polynomial form of &OVLJ constitute
a significant numerical simplification. However,
the angle-dependent term, V& = E'y Vz z appears ex-
plicitly in the scattering operator and with only a

500

i50 500 450

(K)

600

FIG. 2. Plot of vy~~ T/P vs the thermal velocity P
(vr mv /16k). The solid lines denote the linear least-
squares fit to vy~~ T/P.
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2„'(+)
~

=(2N+1)'(2N+1+2)
I

N N+1 1 N 2J N

O

N

4.0—

3.5—

I

20

I I

25 30

/K (K)

I

35

FIG. 3. Linewidth parameter y N {yN /P) vs potential
parameter e&, at T=90 K. Plots are for N~=l~, 3+, 5,
and 7+.

It can be seen that y„ is real, giving zero line
shift. This agrees with present experimental re-
sults for resolved lines in which no line shift is
observed. y~ is averaged over velocity and im-
pact parameter to obtain the linewidth parameter.
Figure 2 is a plot of v y, (v) T/P vs 7 (thermal
velocity proportions. l to v ), where the solid line
represents a linear least-squares fit. The coef-
ficients obtained are used in Eq. (24) to obtain the
temperature dependence for the linewidth param-
eter y . This procedure is accurate if the devia-
tion from the fit is small in the region where the
Maxwellian distribution is large. For values of
5 below 150' the linear fit underestimates the
computed result. For T = 300 K this region is not
heavily weighted and the error is unimportant.
However, for T = 90'K it is expected that this pro-
cedure will underestimate the linewidth parameter.
The ratio, y (90'K)/y (300 K) was calculated to
be 2. 5 for all lines which is slightly less than the
experimentally observed ratio of 2. 8.

The linewidth parameter (half-width divided by
pressure) y2(

' is plotted against e,/K in Figs. 3

Cp 3m 5m
+ —C+ CT+ ~ ~ ~

T 8 ' 64 (24)

The integral (4b) over the impact parameter is
performed using a 40-point extended Simpson's
rule.

2.5

IV. RESULTS

The rotationless microwave transitions of 0, oc-
cur in pairs characterized by quantum numbers
S =1, N, =N~=N =Nz ——J, =J,=N, 'U, ='U =0, while
J and Jz can assume values of N+1. The vibra-
tionaj. contributions cancel, and since the potential
contains only a second-order Legendre polynomial
the scattering operator is expanded in even ordered
Legendre polynomials. Denoting the diagonal ele-
ments of the relaxation matrix by y2( (width and
shift for low pressure, resolved lines), a very
simple form is obtained,

l
O

N

2.0—

l.4—

57—

1 N N+1 1
(41+1) N+1 N 24)

00

where for the coupled representation

I.2
25

I

30

e, /K (K)

FIG. 4. Linewidth parameter y z (yz /P) vs potential
parameter e&, at T=300'K. Plots are for N~=1~, 3„5,
and 7+, The experimental data are represented by ~ for &„
+for 1, O for 3~, anaverageof10 points, and &for N~
(N «5), an average of 49 points. See Table I.
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and 4. Figure 3 is for T = 90'F while Fig. 4 is
for 300'K and the points marked represent the
experimental data summarized in Sec. II. The
dashed line in Fig. 4 is the value for && determined
by the simple theory of dispersion forces which is
in excellent agreement with most of the measure-
ments.

The excellent agreement of these results with
the resolved line data on linewidth magnitude,
temperature, and quantum-number dependence in-

dicates the importance of using a strong-collision
model when large values of the phase integral are
important. Straight-line perturber trajectories,
series expansion of the scattering operator and
impact parameter cutoffs are likely to be invalid
approximations in such a case. Expansion of the
scattering operator in spherical harmonics and
the use of curved trajectories, while generally a
more complicated procedure is straightforward
and for the case of linear molecules, simple.
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Lower bounds to the convergence radii of the 1/Z expansions are reported for some low-
lying states of the isoelectronic series of the helium and lithium atom. It is proven for the
first time that the 1/Z expansion converges for the ground state of the helium atom. The in-
vestigation of the 1 S and 1 P„states of thelithium atom indicated poor convergence proper-
ties of the 1/Z expansion for systems with more than two electrons. The Brillouin-Wigner
perturbation expansion of the ground state of the helium atom is shown to converge if 1/(Z
—0.) is used as perturbation parameter for 0= 0.34.

I. INTRODUCTION

Different kinds of perturbation theoretical ap-
proaches have been used extensively in the quantum-
mechanical treatment of electronic wave functions
and energies of small atoms. Since the perturba-
tion equations cannot be solved explicitly in this
case, one has to use approximate methods of evalu-
ation, e. g. , variational techniques. Most common-
ly used is the Hylleraas-Knight-Scheer (HKS) varia-
tional perturbation method'~ which has been suc-
cessfully applied to treat the Rayleigh-Schrodinger

perturbation expansion (RSPE)3 ' and the Brillouin-
Wigner perturbation expansion (BWPE) of several
electronic states of first-row atoms.

In connection with the use of the HKS method or
a related technique we meet two problems of prin-
cipal interest. (a) Since the variational perturba-
tion procedure yields only an approximation to the
nth-order wave function and energy, it is important
to establish error bounds for these quantities. (b)
A rigorous justification for the use of perturbation
theory its'elf must be given, i. e., to prove the con-
vergence of the usually unknown exact perturbation


