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We have extended the theory of the high-frequency Stark effect in atomic spectra to treat
cases of multiple interacting upper levels and of strong electric fields and resonances, where
perturbation theory is inadequate. We have also included the effects of a static external mag-
netic field both in the perturbation theory and the more general treatment. Numerical calcula-
tions are presented for the 4922- and 4888-A lines of He z for several field strengths and fre-
quencies. The new theory is used to infer the frequency and strength of a microwave electric
field applied to a steady-state helium discharge with no magnetic field; excellent agreement
is obtained between the calculated and the observed spectra.

I. INTRODUCTION

In 1961 Baranger and Mozer proposed using the
high-frequency Stark effect as a diagnostic tool to
study oscillating electric fields in plasmas. ' Such
electric fields induce atomic transitions involving
more than one quantum which produce "satellites"
of allowed or forbidden spectral lines. The fre-
quency (or frequency spectrum), intensity, and di-
rection of the electric fields in the plasma can be
determined from the intensities, frequencies, and
polarizations of the satellites. Theoretical treat-
ments of the high-frequency Stark effect, based on
second-order time-dependent perturbation theory,
have been given by Baranger and Mozer, ' by Rein-
heimer, and by Cooper and Ringler. Cooper and
Ringler also demonstrated agreement with experi-
mental results for low electric field strengths.

There are, however, important disadvantages of
the perturbation calculations mentioned above.
First, it is difficult to extend them to include
higher-order satellites (higher-order multiple
quantum transitions) which are important at high
electric field strengths and near resonances. Sec-

ond, Stark shifts of the levels, which change the
spectral positions of the satellites, become in-
creasingly important as the field strength grows,
and they must be calculated separately, again using
perturbation theory. An approach which is valid
at high field strengths or near a resonance is that
of Autler and Townes, which avoids the usual per-
turbation treatment, and which is able to calculate
Stark shifts and higher multiple quantum transi-
tions.

In the last three years, numerous authors have
applied the Stark effect to the study of high-frequen-
cy electric fields in plasmas. ' In two of these
experiments, ' the electric field strengths appear
to be so high that the validity of calculations based
on perturbation theory is questionable. Recognizing
this, Kunze et al. have modified the perturbation
theory by adding a phenomenological damping con-
stant and by extending the calculations of the in-
tensities of the lowest-order satellites to fourth
order. Cooper and Hicks have estimated the range
of validity of perturbation calculations and have
pointed out possible pitfalls in using the high-fre-
quency Stark effect in plasma diagnostics. '
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In many laboratory plasmas in which one would

like to use this spectroscopic technique, not only
are strong high-frequency electric fields present,
but the plasma may also be permeated by a magnet-
ic field. This situation has not been treated by
any of the theories mentioned above. Cooper and
Hess have pointed out one simplification introduced
by the magnetic field; by simply inspecting the
Zeeman pattern of the satellites it is possible to
determine the relative directions of the electric and
magnetic fields, and if the electric field is circu-
larly polarized, the sense of the polarization. This
technique has also been applied by Scott et al. '

There is a clear need for a comprehensive theo-
retical treatment of the high-frequency Stark and
Stark-Zeeman effects which is valid for strong
electric and magnetic fields, and for arbitrary
electric field frequency. We develop such a theory
in Sec. II of this paper by extending the method of
Autler and Townes to include more than two upper
levels and the interaction of a magnetic field with
the excited atom. Unfortunately, the usefulness
of the theory is somemhat restricted because the
resulting set of equations must be solved by a com-
puter. Since in many cases the perturbation theory
is adequate, in Sec. III we extend it to include the
effects of a magnetic field and illustrate its use in
calculating the high-frequency Stark- Zeeman effect
of the 4922-A line of He r. In Sec.IV we display
numerical results of the general theory, and in Sec.
V me compare the theoretical calculations with ex-
periment for the case of no magnetic field and in a
situation in which the perturbation theory fails.

II. MULTILEVEL THEORY

A. Equivalence of Schrodinger's Equation to
Infinite Set of Linear Equations

We start from the time-dependent Schrodinger
equation for an atom in external magnetic and elec-
tric fields, and split the Hamiltonian into three
parts:

i)=H(r, t))c)—= (Ho+H)+Ha))I).

In Eq. (I) and in the rest of this paper all energies
are expressed in angular frequency units. Ho is the
time-independent Hamiltonian for the unperturbed
atom (no external fields) and is assumed to have a
known orthonormal set of eigenfunctions (U&) and
corresponding eigenvalues ((dJ}:

HoU&
—-&&U&, j=1, 2, . . .

In general, Ho mill have an infinite number of eigen-
functions, but for any single calculation only a finite
number N will be physically important (their choice
will be discussed in Sec. IV). H, represents the
interaction energy between the atom and the exter-
nally applied static magnetic field B and is time in-
dependent. It will often be possible to pick the fU&j

to be eigenfunctions not only of Ho but also of H1.
In this case

(Ho+ H)) Ut = &et U&, (dt —= &dt + m& o)z, ,

where ~1, is the Larmor frequency

(4)

())(r, t) = E T, (t) U (r), (8)

where the T's are time-dependent coefficients to
be determined. Substituting this expansion into
Eq. (I) we obtain

~ N

i Z UtT) ——Z (o)t+H)+Ho)Ut Tt .
/~1 /~1

We multiply on the left by U&, integrate over all
space, and use the orthonormality of the U's to get
(we interchange j and j' for convenience)

~
N

iT&=(d&T&+ E (o&» +P», e'"'+P» e '"')T&. ,
gt (8)

mhere we have defined the following quantities:

o.t t. (j
~

H)——
~

j') —=jd r Ut H) Ut. ,
(8)

Using Floquet's theorem of differential equations, "
we can expand the time-dependent coefficient T& as

-lst Q C -(s4)t
)S (IO)

where X and the C's are time-independentunknowns;
the C's are in general complex, and X is real. Sub-
stitution of this expression for T& into Eq. (8)
yields

e-t(x+s~)t Q & C +-(()&+su&)t
gS (dg

N
e-(s~t p+ -t(s-))ttt

9's & dS' + gj'

p- -t(s+ ut)])-()t (II)
Since this equation must be valid for all times, we
may equate coefficients of equal powers of e '"' to
give

(&&)g
—s(d —X)Cts+ Z (Attn Ct ~ s+ Ptp Cg ~

j'~1

and m& is the magnetic quantum number of eigen-
state j. H2 represents the interaction energy be-
tween the atom and the externally applied electric
field. The electric field is assumed to vary har-
monically in time mith frequency w, thus allowing
separation of the time and space dependence of Ha.

H2(r, t) = Hm(r)e'"'+H2(r)e '"' . (5)

We next expand the wave function
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X' =—X+ meed,

1
j$ j $+m& j (13)

where m is any positive or negative integer, will
also comprise a solution. We will refer to solu-
tions related by Eqs. (13) as a "set." There are
an infinite number of solutions within each set but
every solution in a set contains the same physical
information, i.e. , corresponds to the same wave
function P, as can be seen by noting that the expres-
sion for Tt [Eq. (10)] is invariant under the sub-
stitution given by Eqs. (13).

B. Discussion of Exact Solution

We have shown above that solving Schrodinger's
equation [Eq. (1)] is equivalent to solving the infi-
nite set of equations (12) for X and the C's. Given
a solution of Eqs. (12), substitution of X and C»,
j=1,. .. , N, and s= —~, . .. , ~, intothe expression
for g gives a solution to Eq. (1). Since the Hamil-
tonian H has been defined over an N dimensional
space made up of the eigenstates of Ho, the com-
plete solution of Eq. (1) must consist of N linearly
independent g's. We have seen above that the solu-
tions of Eq. (12) within a single set give the same
wave function tjP; thus there must be N different sets
of solutions to Eq. (12). We denote the different
sets with the index "i":

+Ptt. Cti s, ) —0,

j= 1, 2, . . . , N, s = —~, . . . , + ~ . (12)

This set of equations was solved by Autler and
Townes in terms of an infinitely continued fraction
for the special case N=2, n=0 (no magnetic field),
and P = P (linearly polarized electric field). As
pointed out by Autler and Townes, once any single
solution has been found to the set of equations (12),
the new variables

lationship between the C's by noting that condition
(15) requires that the right-hand side of Eq. (16)
be independent of time. This will be true if and
only if

N oo

~~ Ct, *..Ct. = Xt ~« ~.o= ~« ~ ~.o (17)

OCt

8 tt tt Q-Ct e-tsttt
jc] $c~ oo

(19)

Since both sets of wave functions, Qt;] and fU&],
form an orthonormal basis for the N-dimensional
vector space at any time t, the matrix v' must be
unitary for all t. For a unitary matrix v we must
have 7 7 = 1. Evaluating this condition in terms of
the matrix elements v'&j we have

Z e-'""' Z Z ct", , „c (20)

The constants lxt] are arbitrary and we have chosen
them to be 1 (this choice determines the normaliza-
tion of the C's).

Using (17) we can rewrite (16) as

(16)

and thus show that at any time f the fgt] form an
orthonormal set of solutions to the time-dependent
Schrodinger equation. Furthermore, the ((;]form
a set of stationary wave functions (the probability
density tjtt gt is independent of time when integrated
over all space) and hence represent the stationary
states of an atom in the presence of a static mag-
netic field and an oscillating electric field; by sta-
tionary we mean that an atom in state g; a,t time
t= to will remain in that state indefinitely.

To derive a second relation similar to (17) we
start by rewriting Eq. (14) as

-tx t5 Ct . -ts(at
U+;=e j,e j 0

j=l
i=1, .. . , N. (14)

for all t. Since the right-hand side is independent
of t, the left-hand side must be also. This will be
true if and only if the C's satisfy the condition

(it
~
i) e-t tXt-t, t ~ )t Q e-tsktt

Q=S —S ~
1

Ct, s-s Cts ~

$ w &tot

(16)

From the above expression we can get a useful re-

Before discussing the interpretation of the wave
function gt, we will examine its mathematical prop-
erties and from them prove two relations between
the C's which will be useful in Secs. IIC and IIDs
We start from Schrodinger's equation Hgt=i apt/af
and its Hermitian conjugate gt,H = —i ag, ./at which
together imply

d
dt dt
—(i'

~
i) -=— d t g, g = 0.i

We can use Eq. (14) to evaluate gt

Z C,'.*, , „Ct,= 5tt, d„o . (21)

As is shown by Eq. (19) above, the set of wave
functions (gt) which solves the time-dependent
Schrodinger equation represents the rearrangement
of the eigenfunctions (U;] into a new set of functions
which span the same N-dimensional space as the
(U&]. The nature of this rearrangement changes in
time since v is a function of time, but at all times
the new set of functions form an orthonormal set.
We shall assume that the (gt} have been chosen such
that in the limit H„Ha- 0, gt - U, . This choice is
not necessary but will lead to simplifications in
Secs. IIC and IID. When no external fields are
present an atom can be characterized by the set of
stationary states represented by the wave functions
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JU&e '"&'}. Each such statehas a well-defined ener-
gy +&, an allowed dipole transition between two
such states produces a single spectral line. In the
presence of an external oscillating electric field and
a static magnetic field the stationary states of the
atom are represented by the ((,}or linear combina-
tions (with time-independent coefficients) of the

Qr, }. As can be seen from the form of the Qr,}and
expression (19) there is no set of states whose
members are both stationary and can be character-
ized by a unique energy (i. e. , have a simple expo-
nential time dependence). As a result spectra pro-
duced in the presence of an oscillating electric field
are more complicated than in the field-free case:
A single line (allowed or forbidden) which would
exist in the field-free case is replaced in the field-
present case by an infinite series of spectral lines.

C. Transition Rate of Atom in Presence of Static
Magnetic Field and Oscillating Electric Field

In the presence of a static magnetic field and an
oscillating electric field, the state of an atom, both
before and after a transition, will be described by
a wave function of the form (14). However, in many
cases we can assume that the final state k is negli-
gibly affected by the electric field. As can be seen
from the perturbation solution for X and the C's
[Eq. (A8) in the Appendix], thiscondition willoccur
if all states k' coupled to the state k by a nonzero
electric dipole matrix element I3», also satisfy
Ice'„—~~. j» IP». ) and co. In addition, if we assume
that a representation of the unperturbed eigenstates
has been chosen such that both Ho and II, are diago-
nal operators, then the final state k can be de-
scribed by the wave function

(22)

We define S(u&„)d~,d 0 to be the number of photons
emitted into solid angle dA/sec with polarization
e, and with frequencies in the range ~y to (L)y+d(Joy.

In the Appendix we calculate the photon emission
spectrum S";(&u„) for transitions from an upper state
i to the lower state k of Eq. (22):

(24)

Here N, is the number of atoms in the state i, ¹ is
the number of final states, and K& represents the
probability that the state i is occupied by atoms in
the ensemble and has the normalization

(26)

The value given to K& in any particular problem
will be governed by physical considerations. In the
calculations presented in Secs. III and IV we have
assumed that

K, =1/N, i=1, . . . , N (26)

i.e. , that each of the states $, is equally populated
by atoms in the ensemble. In the limit of no exter-
nal fields where g, - U;, Eq. (26) is just the as-
sumption that the N eigenstates (U,}are in thermal
equilibrium at a high temperature. Such a situation
occurs in most laboratory plasmas when random
collisions (and not radiative transitions) are the
dominant mechanism inducing transitions among
states with different values of i and when the aver-
age kinetic energy of the colliding particles is large
compared with the interlevel energy spacing of the
N states. Then the energy levels are "degenerate"
with respect to collisional excitation and deexcita-
tion, and the effect of collisions will be to maintain
equal populations. In the presence of external
fields, energy levels of the N states are shifted rel-
ative to each other by energies of the order of ~ and
X, —~, (the latter quantity will be shown in Sec. III
to be of the order of &uz, and P& IP;& I /v', &), but we
still expect collisional processes to maintain equal
populations if the mean kinetic energy of the collid-
ing particles is much greater than these energy
shifts. We can make the analogy of assumption (26)
and high-temperature thermal equilibrium more
explicit by considering a consequence of Eq. (26).
From Eq. (19), the probability that an atom in the
state i is also in the eigenstate U& is

2

S((Q)y) = g Q 5((dI, + (dy —X( —S(d)
2gnc ~

~„~ '= E e-'""' Z c,'*, „c,', (27)

N.

gk gk Cf Cl* (23)

&u&~
=—v& —a)I, . The matrix element $& contains the

dependence of the transition rate on the direction
and polarization of the emitted photon and is defined
in Sec. III, Eq. (36). The total photon emission
spectrum 8 from an ensemble of N, atoms populat-
ing the N states Q,}will be expression (23) summed
over final states, averaged over initial states, and
summed over photon polarization:

and is time dependent. Then W&, the probability
that the eigenstate j is populated by the atoms in the
ensemble, is given by Eq. (27) averaged over the
states i:

(28)

the latter equality follows from Eqs. (26) and (21).
Thus Eq. (26) implies that the probability that the
spatial eigenstate j is populated by atoms in the en-
tire ensemble is time independent and the same for
all j even though the probability that a single parti-
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cle in the stationary state i is in the spatial eigen-
state j is time dependent.

c' (29)

where we have used Eq. (17) to simplify the result.
We can also calculate the energy of a particle in
state g& .

(i
(

H
[
i ) —= t d x t/i q

i—
N oo 00

= E E ~~, ~c,',~'+s~ Z e '""c,",„c,').
y=& s=- Q co

(»)
The particle energy oscillates in time due to the
interaction of the atom and the external electric
field. If we average Eq. (30) over the period of the
electric field, T= 2m/~, we get

t
Z' N

C,', f
'(~, + s~).Tj g s f ga-oo

(31)

We could equally well obtain the above equation
by using the following model. We consider an en-
semble of atoms populating the state i. We assume
that each atom in the ensemble has "eigenstates"
characterized by the "quantum numbers" (i, j, s);
such a state has a spatial dependence U& and an en-
ergy X;+su. The probability that the state (i, j, s)
is populated by atoms in the ensemble is assumed
to be IC&, l . In this model Eq. (29) represents the
normalization for the probability and Eq. (31) rep-
resents the ensemble-averaged energy. If we ex-
tend our ensemble to include atoms in the states
(g, , i= 1, ... , N), then the probability of the state
(i, j, s) in the enlarged ensemble will be ~ CJ, I

multiplied by the probability that the state i is pop-
ulated, i.e. , K&, and the average energy of an
atom in the enlarged ensemble will be

Z„=Z Z Z Z, ~C,', i'(X, +s(o).
f-"1 )=1 s=-~

(32)

Atoms in the ensemble undergo transitions be-
tween the states {(i,j, s), i = 1, . .. , N, j= 1, .. . , N,

D. Physical Model

We now construct a physical model of the time-
averaged behavior of an ensemble of atoms in the
presence of a time-varying electric field. Such a
model is useful in describing the solution to the
Schrodinger equation (14) in terms of simple phys-
ical processes between the atom and the oscillating
electric field and leads to correct theoretical pre-
dictions of atomic spectra when the variation of the
differential transition rate [Eq. (A5) in the Appen-
dix] over times of the order of &u

' can be ignored.
We first note that from Eq. (16) (setting i'=i),

and s = —~, . . . , +~) owing to interactions with
quanta of the external electric field. An interaction
consists of the emission (absorption) of a quantum;
the new state (i', j', s') after the interaction will have
i' =i (each state i is stationary) and s' = s —1 (s'
= s +1), i.e. , its energy after the interaction will
have been decreased (increased) by the quantum
energy. Since the field quanta carry angular mo-
mentum of 1 (in units of h), the state after an inter-
action will differ in the index j from the state before
the interaction (bl —= I' —I = +1, /=- orbital angular
momentum of the spatial eigenstate U&).

In this model the energy of the state (i, j, s), X,
+ s(d, has the following interpretation: T'he energy
difference between &u, (the energy of state i in the
limit H, , H2-0) and X, +s&u is the result of the
Stark shift of the energy levels, the Zeeman split-
ting, and the exchange of quanta with the electric
field. We assume that a representation of the (U;f
can be found such that both Ho and Hj are diagonal;
then the Zeeman shift of state i is m, ~~. We must
now decide which member of each set of solutions
to choose for each P, . From Eqs. (13) it is clear
that each member of the set will have a different
value of X&. If we choose that solution in each set
for which 4E=—X& —m, (dl, —~& goes to zero when the
electric field goes to zero, then we can interpret
~E as the Stark shift, and s as the net number of
electric field quanta absorbed or emitted by the
atom in the state (t',, j, s). Under this assumption as
the electric field goes to zero, we have

C~, 6~6o, X] (u)+ m](u~ .
We can now see the significance of this particular
choice. Another member of the set would have the
property that a different coefficient C~, (oo 0) would
remain finite in the weak-field limit. Such a situa-
tion would not change the physics, since X&+oco is
invariant for all members of a set, but would not
yield such a simple interpretation; s —o would be
the net number of quanta absorbed or emitted in
state (i, j, s).

Finally, we note that an atom in the state (i, j, s)
can undergo a spontaneous radiative transition to
a state with lower energy with which it has a non-
zero dipole moment. In such a transition, the en-
ergy of the resultant photon will be X, +su minus the
energy of the final state; hence, the optical spectra
of atoms in an oscillating electric field will consist
of "satellites, " a given satellite being determined
by fixed values of i, j, and s. The intensity of such
a satellite would be given by K, IC&, I times the
transition rate from U& to the lower state. How-
ever, as can be seen from the correct expression
for the total photon emission spectrum (24), this
simplified model only works in the special case that
we can ignore cross terms (those with j' cj) in
Eq. (23). Circumstances under which cross terms



COMBINED ZEEMAN AND HIGH-FREQUENCY. . . 495

can be ignored often occur and are discussed in the

Appendix.

III. EXTENSION OF PERTURBATION THEORY TO

INCLUDE STARK SHIFTS AND MAGNETIC FIELD

EFFECTS

A. Transition Rate for Two-Quantum Transitions

in Nonhydrogenic Atoms

If we consider the weak-electric-field limit of the
wave function of Eq. (14), then we can derive an

expression for the transition rate which is valid for
weak electric fields and which is the generalization
of Eq. (1) of Cooper and Ringlero to include a static
magnetic field and Stark shifts. We assume that
the magnetic field B lies in the z direction. We
consider three atomic states: i, j, and k; an elec-
tric dipole transition from i directly to k is assumed
to be forbidden. In the presence of an oscillating
electric field E, an atom in the state i may be pic-
tured as decaying to the state k by a two-quantum
transition in which it exchanges a quantum of energy
Nco with the electric field, exists transiently in the

intermediate state j, and undergoes a dipole transi-
tion to the state k with the emission of a photon of

energy h&u, . The photon emission spectrum I;(&u,)
for the photon emitted in a two-quantum transition
as described above is

emitted photon, and U& is the spatial part of the
eigenfunction of the state j.

j-(n, I —1, m"), m" =-I+I, . . . , l —1

k - (n', I —2, m'), m' = —l + 2, .. . , I —2.

(37)

This includes most transitions of interest in plasma
diagonostics. Now consider two special cases:
First, a linearly polarized electric field whose
azimuthal angle with respect to B is random in time
and, second, an electric field which is circularly
polarized and perpendicular to B. In either case,
due to the time-averaged azimuthal symmetry of
the electric field, we can average over the azimuth-
al angle in evaluating Ig& ~ . If the photon is emitted
at an angle ~ with respect to B, then for photon po-
larization parallel to & ("m" polarization) we have

I
&ll'=-'(lxll'+ lyll') cos'tI+ lz,"I'sin'e, (38)

and for polarization perpendicular to B ("o" polar-
ization) we have

B. Special Cases

We will restrict our discussion to transitions be-
tween states with quantum numbers:

i-(n, I, m),

2

'~(~ )= o 5(~ -~ a-~~ ~»CO@ S

2+ac I

&ll'=-'(lxll'+ lyll')' (39)

/2

(34)

This equation is the weak-electric-field limit of
Eq. (23); its derivation and a discussion of the as-
sumptions made in deriving it are given in the Ap-

pendix. In the above expression the upper sign
corresponds to absorption of a quantum from the
electric field, the lower sign to emission of a quan-
tum to the electric field; +; is the second-order
correction to the energy of atomic state i due to the
Stark shift (the Stark shift of state k is assumed
negligible),

~g ((0(y~+ (d) ((d (J ~
—&d)

(35)

$;-=JdxU„e,* r U, , (36)

where r is the position vector of the electron, e, is
a unit vector in the direction of polarization of the

and the summation is over all intermediate states
j0

The matrix elements P&& are proportional to the

electric field strength; they are defined in Sec. II,
Eq. (9) and expressions for them are given by Eqs.
(5V) and (58) for linearly and circularly polarized
electric fields. The matrix element $& is defined by

x&, y&, and z& are the matrix elements of the cor-
responding coordinates.

1. Linearly Polarized Electric Field

We first consider a linearly polarized electric
field

E(t) = Eocosv(t —to)
I Eol = ~2 E (4o)

If f is the angle between the electric field and the
magnetic field, then after averaging over the corre-
sponding azimuthal angle, we have

~

y
~

eE; ' [-,'(Ix', I'+ Iy','I')sin't;+ Iz', I'cos'I].

(41)

To obtainS "„,' (&o„), the total photon emission spec-
trum for two-quantum transitions from the states
((n, I, m), m = —I, . . . , l} to the states ((n', I —2, m'),
m' = —I + 2, . .. , I —2], we must average Eq. (34)
over the initial states i which, for simplicity, are
assumed to be equally populated, sum over the final
states k, and sum over both polarizations. After
evaluating all matrix elements and performing the
summations, we can write 3„",' (&q„) as
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s",'- (~„)=,, —E,'. ~R"„',-'~'~B„",', ~', ,, (16m, , sin'8+6~, icos 8+6&, icos 8)

sing 2 2 . s sing
~ 2 2

+ 2(6E g icos 8+6 g icos 8+66 g Osln 8)+ 2(66) icos 8+6) icos 8+6Eg Osin 8)2 2 ~ 2

(d; k (0 —&d~ h)~z 6 Q3+ (Oz tfF

cos f sin f sin f+ 2 (660 g +660 g) + I is (66-1,-1+&-1,1)+ I s2 (6&g g+ 6g g) . (42)
~;& +(d ' ' ((O~yk&d —(d~) ' ' ((0;yk&U+(dg) ~p

We have evaluated the necessary matrix elements
by using expressions from Bethe and Salpeter.
R"„,' is an integral over the radial eigenfunctions,

B„"", f=~-'dr R„., (~)R„,(~), (43)

and g; is the statistical weight of the state i. The
coefficients e „,, are defined as

=—~ &a~s 5(&6 ~Is (44)

where m» —=m; -m~, etc. As can be seen from Eq.
(44) a term in Eq. (42) proportional to e . „pro-
duces a component of the Stark-Zeeman pattern with
frequency

&y
= (d

~ y + (d
~

+ co + (m (q + m») (dg
S (45)

Spectral lines described by terms within [ ~ ~ ],~ in
Eq. (42) are polarized parallel to B; those from
terms within I ~ ~ ],~ are polarized perpendicular to
B. The "F" in the subscripts indicates that a dipole
transition from i - k is forbidden. Equation (42) is
the generalization of Eq. (V) of Ref. 3; it implies
the usual two "satellites" of the forbidden line, each
Stark shifted and split into a Zeeman pattern. If
cu, & ~J, +~ gives the "far satellite" and —~ gives
the "near satellite, " each named according to its
proximity to the allowed line (j-k).

Two conclusions about the Stark-Zeeman pattern
can be drawn from Eq. (42). First, for a given di-
rection of observation 8, as the angle between the
electric and the magnetic fields is varied from 0 to
2 ~, some components will appear and others will
disappear. It is therefore possible, as has already
been pointed out, ' to tell the angle between the
electric field and the magnetic field by simgle in
selection of the Zeeman pattern of the satellites.
Second, the total intensity of a satellite (the sum of
the intensities of a.ll Zeeman components) will de-
pend on ~~ and therefore on B. For components
with m&J =0, the magnetic field dependence is very
weak since &u,„=~o, and ~~, = &u» (the angular fre-
quency separation between the states i, j and the
state k is approximately 4&&10" rad/sec —in the
optical frequency range —which is the value of the
Larmor frequency for B= 10 G). For components
with m„&0, the magnetic field dependence will be
significant if co~ is of the same order of magnitude

as the other terms in the resonant denominators in
Eq. (42).

2. Circularly Polarized Electric Field

We now consider an electric field which is cir-
cularly polarized and perpendicular to B=Br:

E(t) =E,(x cosset+ y sin&et) . (46)

The upper sign corresponds to right-hand circular
polarization (electric field rotation in the same
sense as a free electron in the magnetic field) and
will be denoted by RHC; the lower sign corresponds
to left-hand circular polarization (electric field
rotation in the same sense as a free positive ion)
and will be denoted by LHC. A calculation similar
to that given above for the linearly polarized elec-
tric field will give the transition rate. However,
it is simpler to note that the matrix elements given
by Eq. (58) produce the following selection rules
for transitions from state i to state j via absorption
or emission of a quantum of the electric field: If
the electric field is RHC and a field quantum is
emitted, or if E is LHC and a field quantum is ab-
sorbed, m, &

=+1; if E is RHC and a field quantum
is absorbed, or if E is LHC and a field quantum is
emitted, m&& = —1. In either case, m» is unaffected
and may be 0 or +1. With these selection rules the
photon emission spectrum for circularly polarized
electric fields can be easily found from Eq. (42) by
the following prescription: (a) Set f = —,

'
m. (b) Multi-

ply the right-hand side by 2. (c) Retain only those
terms which fit the selection rules given above.
For instance, if the electric field is HHC, then
select only those terms with +co in the resonant
denominator and m&& = —1 in the coefficient q for the
far satellite (absorption of a quantum from the
field), and only those terms with —Id and m;, =+ 1
for the near satellite (emission of a quantum to the
field). As in Sec III 81 above, "far" and "near"
refer to the special choice ~, &&a~. (d) Theresulting
expression will be S„",' and can be written in a
form similar to (42).

C. Ratio of Intensity of Satellite to Intensity of Allowed Line

It is convenient to calculate and useful to know
not only the absolute intensity of a satellite but also
the ratio of the intensity of a nearby allowed transi-
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tion. We can write the photon emission spectrum
of the allowed dipole transition (j-k) in a fashion
similar to (42):

2
".'r'i'(~. ) =

2 @ e
—(~ —I)

I

~".r'i'I '
2il'k Q g~

&&([p, cose8+p, cos'8+2qesin 8],„
+(ni+n i ].~}, (47)

( )
N;dQJd(u 8;((u„)
N;dQfd&d, S, (&u„) '- (48)

¹ represents the population of state i, etc. , and
the upper (lower) sign corresponds to the upper
(lower) sign in expression (42). If we assume that
the states i, j are in thermal equilibrium in the
high-temperature limit (kT» I mI~ I ) then N;/NJ
=g,. /g, , and S,(8, g) reduces to

2 2

240P' (2I -I)

The square brackets are the same as in Eqs. (42)
lor the equation equivalent to (42) in the case of a
circularly polarized electric field] and (47). By
using only selected terms within these brackets, one
can use Eq. (49) to compare the intensity of any
forbidden component with any allowed component.

As an example of the use of Eq. (49) we show in
Fig. 1 the results of calculating the ratio of the in-
tensities of components of the Zeeman pattern of the
satellites of the forbidden line (4'E- 2'P) to the
intensity of the central "rr" component (mfe =0) of
the 4922-A a, llowed line of Hei (4 D- 2'P) for vari-
ous configurations of electric and magnetic fields
with 8 = —,

'
v, &uo = 5.63 cm ' (4'D —4'E separation

in He z), &v =2. 35 cm ' (electric field frequency
= 70. 5 GHz), (u~ = 0. 33 cm '

( I B I
= 7 kG), and E~,

= I kV/cm.
We now discuss each part of Fig. 1 in turn.
(a) We have E tlB; /=0. The remaining nonzero

terms in Eq. (42) are only very weakly dependent
on I 8 I through ~;, and ~;,. The pattern resembles
a normal Zeeman triplet, with the 0 components of

where q„,.e = m, e5(&u„—cu;„—&u,e). A term in Eq. (47)
proportional to g, produces a Zeeman component
of the allowed transition with frequency ~, = ~J~
+~»+m»~&. The same convention for the polariza-
tion of the emitted photon applies; the subscript A
signifies "allowed ."

We define S,(8, g) to be the ratio of the number of
photons emitted per second in "forbidden" transi-
tions (i-0) into the solid angle dQ to the number
emitted per second in "allowed" transitions (j-k)
into the solid angle dQ:

each satellite 8 of the intensity of the m component.
(b) E i B and is random in azimuth; g = e rr. The

intensities of all forbidden components depend on
I Bj through resonant denominators; the net effect
is to increase the total intensity of a satellite (the
sum of the intensities of all Zeeman components)
by a factor of

I (d~y + &8 l (d~y +&8t' 2 2

2 ((d;r 6 (d +(d~ j (d~~ 6 td —&d~
(50)
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FIG. 1. Normal Zeeman patterns of the satellites of
the forbidden transition 4 E 2 'P of He r, calculated from
perturbation theory and showing both 0. and 7r polarization
for various configurations of the electric field, all for
direction of observation perpendicular «B, field fre-
quency of 2.35 cm ~, and magnetic field strength of 7 kG.
&A, =O corresponds to the allowed line 4 D 2 P; the
vertical dashed line denotes the position of the forbidden
4 E 2 P transition. Shown are (a) E parallel to B, {b)
E perpendicular to B and random in azimuth, (c) E per-
pendicular to B and left-hand circularly polarized, (d)
E perpendicular to B and right-hand circularly polarized,
and (e) E random in direction.
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over its intensity in the absence of a magnetic field.
In the limit B-0, the stronger 0 components of a
satellite become equal in intensity to the w compo-
nents, and the weakest (central) o component ap-
proaches —,

' the intensity of either of the other two

o components.
(c) and (d) E l. B and is circularly polarized. The

intensities of all forbidden components again depend
on B through resonant denominators. In the limit
B-O, the intensities of the m component and the
stronger o component become equal; the weaker o

component approaches ~ of the intensity of the
stronger o component.

(e) Finally, if E is entirely random in direction
we must replace coseg and sins' in Eqs. (42) and

(47) by their average values

(sin'g)„= (1/4m) J sin jd0= 3,
(cos'g)„= (I/4v) J cos'gdQ=-,' .

N

g (n„.C, ,+ P,', .C,. ..&+ P,, C, , &)
y' =1

+ ((dg —s(gp —X) Cg~ = 0,

1y 2p ~ ~ ~ yN

s=-S, . . . , +S. (53)

Equations (53) can be viewed as an eigenvalue equa-
tion:

to assume that even for strong fields the probability
of absorbing s photons becomes negligible for ) s ~

sufficiently large. Since this probability is propor-
tional to I C;, I we assume that

C,, =O for ~s
~

&S, j =1, 2, . . . , N . (52)

Then the infinite set of equations (12) is reduced to
a finite set:

X D=XD, (54)
With these substitutions, Eq. (49) reduces in the
limit 8-0 to the expression for random fields (S,)
given by Baranger and Mozer [Ref. 1, Eq. (I)]:

6k' (2l —1) ((u„+~)'

If ~-0, the Zeeman patterns of the two satellites
merge; the resulting pattern consisting of three ~

components and five o components is the Zeeman
pattern of the "forbidden line" produced by the
quasistatic fields of the ions in a plasma.

Several authors have treated the dc Stark-Zeeman
effect, among them Brochard and Jacquinot, who
derived the same selection rules as given above and
calculated the Zeeman pattern of the forbidden line,
and Deutsch et al. , who have performed extensive
machine calculations on the dc Stark-Zeeman effect
in Her.

IV. NUMERICAL CALCULATIONS

In this section we present results of numerical
calculations using the theory given in Sec. II.

We do not have an analytical solution to the infi-
nite set of equations (12). Instead, we use a nu-
merical method of solution suggested by the physical
interpretation.

For weak electric fields, the multiple absorption
of s photons becomes less likely as I sl increases
(negative values of s correspond to emission) since
the larger values of I s I correspond to higher-order
terms in the perturbation series. The probability
of the absorption of one photon is given by second-
order perturbation theory, two photons by third-
order theory, etc. As the strength of the electric
field increases, the probability of multiple absorp-
tion also increases, and higher-order satellites
will become observable. However, it is reasonable

where D is an N(2$+ 1)-dimensional column vector
whose elements are in a one-to-one correspondence
with the coefficients C&„j=1, 2, ~ ~ ~, N and
s =-S, . .. , +S; X is an N(2$+1)xN(2$+1) matrix
whose elements are chosen so that the set of equa-
tions represented by (54) is the same set given in
(53). One can easily show that X is Hermitian when

H is Hermitian. I et Z represent the unitary matrix
which diagonalizes X; we have

ZtXZ =X', (55)

where X' is the diagonal matrix whose nonzero
elements are the eigenvalues of X and also the solu-
tions for A. . The columns of Z are the eigenvectors
of X; they are solutions for D and hence for the
C's. We can construct a solution for Eq. (1) from
each of the N(2$ +1) eigenvalues and eigenvectors
of X. As discussed above, only N of these solu-
tions are to be used in the complete wave function
and, as before, the solutions may be divided into N
sets, each set now containing 2S+1 members. For
the infinite set of equations (12), all of the solutions
within a set can be found from any one member of
the set by using the transformation (13); this will
only be approximately true in the case of the finite
set of equations (53) because of the approximation
made in truncating the matrices. We must be care-
ful in selecting which eigenvalues and eigenvectors
to use. As one method we could choose the solution
in each set most accurately fulfilling condition (52)
above, or we could choose the solution described in
the previous section where s has the physical mean-
ing of the net number of photons absorbed or emitted
and X& —~&m& —ur, is the Stark shift. For low elec-
tric fields these two choices will be the same.

In order to identify which eigenstates of Ho need



COMBINED ZEEMAN AND HIGH-FHEgUENCY. . .

to be included in the expansion of the wave function

(, it is helpful to consider the perturbation solution,
Etl. (34). Because of the resonant denominators,
for a given initial state i, the most important in-
termediate states j to consider are those for which

I tc,ql —tc is smallest and P, &
is nonzero. However,

for strong electric fields, all nearly intermediate
states should be included even if P,~ is zero, since
multiple quantum transitions may be important and
two states i and j can be coupled through other in-
termediate states. For instance, for the 4388-A

1 1He t (5 D- 2 P) line the 5G level must also be in-
cluded, since it introduces satellites and stronglrong y
affects the position and intensities of the satellites
originating from the 5D and 5E levels. If there are
intermediate states for which I tc, &

l
& tc and P,z is

nonzero, then states for which Ico&zl»~ can be
neglected unless very strong fields are present or
great accuracy is desired. The best method to de-
termine whether a particular state need be included
is to perform the calculations with and without the
state and compare results. Similarly the appropri-
ate value for S [the limit of the summation in ex-
pansion (12)j can be found by increasing its value
and noting the effect on the results.

In order to calculate the matrices o. and P', and
the unperturbed energy levels aoz, we need to know
the unperturbed wave functions (U& j. Since, except
for hydrogen, these wave functions are not known

manyexactly, an approximation must be made. In man
cases hydrogenic wave functions may be used to
calculate the dipole matrix elements n and P', and
measured values may be used for the unperturbed
energy levels.

For hydrogenic wave functions the H& term is
diagonal if the external magnetic field is chosen
along the g axis. If the total electron spin of the
atom is zero, then H&=~&X„where I., is the z
component of the orbital angular momentum of the
excited electron. Ha, the interaction energy of the
high-frequency electric field, is

a, =-(i E/e)=+ lel(r E/a), (56)

where p, is the electric dipole moment. For linear
polarization of the electric field, E(t) = K, costct and

~~~ =~i~ ~ =(lel/2g)&~lr E.l~'& (57)

For circular polarization perpendicular to the ma, g-
netic field, E(t) =E, ,(xcostct+y sintct) and

(58)

The upper sign corresponds to right-hand circular
polarization and the lower sign corresponds to left-
hand circular polarization relative to the magnetic
field.

We have confined our calculations to helium, but

the theory can be used for any element, as long as
the unperturbed energy levels are known to suffi-
cient accuracy and the necessary matrix elements
can be computed.

We have used our theory to investigate extensively
two optical transitions of parahelium, the 4922-A
(4 D-2 P) and 4388-A(5 D-2 iP) He t lines.
For the upper levels in these two cases, the only
states which need be included in calculations for
electric fields E, & 20 kV/cm and fretluencies
~, (dL, &V5 GHz are the 4P, D, and I', and the 5P,
D, F, and G, respectively. The lower states (n=2)
are negligibly affected by the electric field because
the 2P, m = 0, a 1 states are not coupled by the P

'
matrix elements and the 2P levels are widely sepa-
rated from any other levels. However, the 2P lev-
els are split by the magnetic field.

For our calculations, we have used Martin' s
values"'~ for the eigenvalues of Hp and hydrogen-
like eigenfunctions for the (U,).

In the calculations which are presented below, we
have not included a magnetic field. This is because
a thorough treatment of the effects of a magnetic
field was given in Sec. III and the new phenomena
which arise when the perturbation treatment is not
valid are similar to those which are shown below
for the case of electric field alone. That is, higher-
order satellites and Stark shifts become important.

Figures 2 and 3 show calculated Stark profiles of

0.
2.5

FIG. 2. Calculated Stark profiles in the vicinity of the
4922-A spectral line of He z for the case of no ma n t'

ae and a linearly polarized electric field of frequency
1.17 cm ~ and for various electric field strengths all f
derection of observation perpendicular to E. Each profile
is the result of folding the theoretical line spectrum with
an instrument function of FWHM of 0.2 A and is shown
plotted logarithmically; a single decade is shown in the
figure by a double-ended arrow. bA=O is the unperturbed
position of the allowed line 4 D 2 P; a denotes tiie unper-
turbed position of the forbidden transifion 4 ~E 2 P.
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5.0

0.
GF

s~ (II)
2.0

He 4922 A and He 4388 A for an electric field fre-
quency of 35. 1 GHz (1.17 cm ') for various field
strengths. This frequency was used because it is
the one used in the experiment described in Sec. V.
In the calculations we have set S= 10 for E, ,
~ 5 kV/cm and $= 15 for stronger fields. The re-
sulting matrix X has then been numerically diago-
nalized using a CDC 6600 computer. Since for
strong electric fields there are a great many satel-
lites which contribute significantly to the spectrum,
the main features of the spectrum are more easily
seen if the multitude of theoretical lines predicted
by our calculations are "smoothed" by folding with
an "instrument" function. To obtain the profiles
shown in the figures we have used the function

I 10-4x' /(x2+a ~)

FIG. 3. Calculated Stark profiles in the vicinity of the
4888-A spectral line of He z for the case of no magnetic
field and a linearly polarized electric field of frequency
1.17 cm ~ and for various electric field strengths, all
for direction of observation perpendicular to E. Each
profile is the result of folding the theoretical line spectrum
with an instrument function of FWHM of 0. 2 A and is shown
plotted logarithmically; a single decade is shown in the
figure by a double-ended arrow. &&=0 is the unperturbed
position of the allowed line 5 D 2 P; az and denote
the unperturbed positions of the forbidden transitions,
5 E 2 P and 5'G-2 P, respectively.

0.5cm'

10 ~—

+
m1P-&

I.

oem�'

Z.oem'
Xocm'
4.O cm'

Ocr''

ment function, the profile for no electric field.
For low field strengths the profiles calculated by

using the multilevel theory of Sec. II agree with the
perturbation theory: The pattern consists of a strong
allowed line and "far" and "near" satellites sepa-
rated by twice the field frequency. For higher elec-
tric field strengths other satellites appear and grow
until they dominate the spectral pattern. The addi-
tional satellites are due to multiple photon transi-
tions from the upper set of states to the 2I' level.
In Fig. 2 the allowed line (4 D- 2 P) has satellites
associated with it which are due to an even number
of yhotons being absorbed or emitted from the ex-
ternal field, while the forbidden transition
(O'E- 2'P) has associated with it satellites due to
an odd number of yhotons being emitted or absorbed;
these additional satellites are separated from the
positions of the corresponding transitions by even
and odd multiples of the field frequency, respective-
ly. Figure 2 also shows the effect of the Stark shift
of the 4D and 4F levels: The satellites of the forbid-
den line and the satellites of the allowed line (as
well as the allowed line itself) appear to "repel*'
each other as the field strength is increased. The
allowed line and its satellites are shifted towards
longer wavelengths and the satellites of the forbidden
line are shifted towards shorter wavelengths.

The spectra shown in Fig. 3 for the 4388-A line
are more complex than those of Fig. 2 due to coupling
of the 5'D and 5'E levels to the nearby 5'G level.
This coupling not only modifies the positions and
intensities of satellites arising from the 5 D and
5 I' levels but also produces an additional group of

where x is the distance in angstroms from a line
center and a has been set to give a full width at
half-maximum of 0. 2 A. This instrument function
produces a line shape which is often observed ex-
perimentally for nonhydrogenic lines: Gaussian at
the center and Lorentzian in the wings, with a weak
continuum background. The half -width and back-
ground chosen are approximately those of the ex-
periment described in Sec. V. In each figure the
profiles are plotted lined up behind each other and
the intensity of each profile is plotted logarithmical-
ly. The first profile in each figure is the instru-

1P0

E~, (kv/cm)

FIG. 4. Calculated intensity ratio 8, of the far satellite
of the forbidden transition 4 E 2 'P to the allowed line
4 D —2 P in He r as a function of rrns electric field strength
for several electric field frequencies, for a linearly polar-
izedelectric field E, andfordirection of observation per-
pendicular to E.
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able to satellite intensities. One might also see
only a single satellite if the field frequency is close
to the energy separation of the 4D and 4F levels;
then the near satellite will be buried in the "wings"
of the allowed line. For these reasons we empha-
size that unless the features of the spectrum are
clearly identifiable, extreme caution must be ob-
served in using the perturbation calculations or
Figs. 4 and 5.

The amplitude of the electric field can also be
determined by measuring the Stark shift of the
lines. ' It is usually most convenient to measure
the total Stark shift, which we define as the change
in the separation of the forbidden and allowed lines
(compared with their separation with no external
fields). The Stark shift of the allowed line can also
be used if one can determine its unshifted position.
For low fields Eq. (35) can be used to find the Stark
shifts; for high fields the theory of Sec. II must be
used. From Eq. (35) we can see that for linear po-
larization the Stark shift is proportional to

and therefore for & I , '& I it is a rather weak func-
tion of the frequency. Thus in this case a precise
knowledge of the frequency is unnecessary; for
other polarizations, however, the dependence of
the Stark shift on the frequency is stronger.

V. EXPERIMENT

We have experimentally studied the effect of a
linearly polarized high-frequency electric field on

eigenstates of He z by observing optical transitions
in the vicinity of two allowed lines, which we mill
refer to as

case I: 4922 A (4'D, etc. -2'I'),
case II: 4388 A (5'D, etc. -2'P),

and by comparing the observed spectrum with the
spectrum calculated by using the methods of Secs.
II and IV. In both cases there is no magnetic field.
Figures 2 and 3 of Sec. IV show the theoretical pro-
files predicted by the multilevel theory of Sec. II
for cases I and II for the experimentally measured
electric field frequency and for various field
strengths.

A. Apparatus

Figure 7 shows the apparatus used in the experi-
ment. We generate the high-frequency electric
field in a cylindrical microwave cavity and apply
it to a helium plasma produced by a dc discharge
in a quartz capillary which threads the axis of the
cavity. The cavity (0. 609 cm in diameter and 0. 865
cm in length) oscillates in the TMoqo mode with the
electric field parallel to the axis of symmetry and
electric field strength maximum along the axis of

the cavity. Mode identification was verified by
calculating the resonant frequency of cavity plus
quartz capillary, which agreed to within 1% of the
measured frequency, 35. 2 6Hz, and also by mea-
suring the relative electric field intensity as a func-
tion of position along the axis of the cavity. This
latter measurement was done by measuring the
change in resonant frequency of the cavity-quartz-
capillary system as a small quartz plug was pushed
into the cavity down the inside of the quartz capillary.
The calculated electric field intensity variation
over the inside cross section of the capillary (o. d. ,
0. 85 mm; i. d. , 0. 40 mm) is & 5% of the value on
the axis. In operation with a plasma, helium flow
is maintained continuously through the capillary:
typically, the pressure at the high-pressure end
of the capillary is 3 Torr, and pressure at the low-
pressure end is 1 Torr. Other typical discharge
parameters are current 3. 5 mA; current density,
4 A/cms; average dc electric field strength, 300
V/cm; and electron density, 1 x10" cm ~. The
electron density is determined by measuring the
change of resonant frequency of the microwave
cavity due to the presence of the plasma. The
field frequency is much greater than either the
plasma frequency or the electron collision frequen-
cy, so that the microwave field has no noticeable
effect on the plasma. Further details of the experi-
mental arrangement are given in Ref. 3. Two
changes should be noted, however. The cavity is
now excited by a 10-%cw klystron. With the higher
power and electric field the satellites are no longer
buried in the wings of the allowed line; this permits
the experiment to be run cw and obviates the need
for phase-sensitive detection. The light intensity
at a given wavelength is now measured by use of
standard photon- counting techniques. Peak inten-
sities in Figs. 8 and 9 represent & 104 counts/sec.
For a single experimental point, counts were taken
for 10 sec.

B. Comparison of Theory and Experiment

For a direct comparison of the theoretical cal-
culations with our measured line profiles, we have
folded the theoretical results, which consist of a
discrete line spectrum, with a realistic "instrument
function" obtained from measurements taken on
the same apparatus but with the microwave power
turned off. Most of the observed broadening was
instrumental. Figures 8 and 9 show comparisons
of experimental results with various theories, all
calculated for observation at right angles to the
direction of the electric field and for a peak field
strength of 5. 0 kV/cm (3. 54 kV/cm rms). In all
cases &&= 0 is the position of the allowed line in
the absence of the perturbing electric field. All
"bumps" on the theoretical profiles are produced
by one or more satellites and not by irregularities
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in the instrument function. All satellites stronger
than 10 ' of the total intensity of the pattern were
retained in the calculations (the number of satel-
lites so kept is noted in the discussion of each fig-
ure).

Figure 8 shows a comparison between experi-
mental and theoretical results for case I. The
multilevel theory outlined above, the Autler- Townes
theory, and the perturbation theory of Baranger
and Mozer all give nearly the same results for the
predicted spectrum; the major discrepancy between
them comes from the neglect of the Stark shift in

the perturbation calculation. The slight difference
between the Autler-Townes and the multilevel
theories is due to the retention of the 4P energy
level in the latter. In both cases we have included
18 satellites. Agreement of the multilevel theory
with experiment is excellent, and even the other
two theories agree quite well with experiment for
this field strength. The close agreement of the
perturbation calculations and the multilevel calcu-
lations, which we expect to be much more accurate,
indicate that the perturbation calculations can still
be trusted for this line at this frequency and field
strength. The value so obtained was 5 kV/cm peak
field with an estimated error of less than 500 V/cm.

Case II, shown in Fig. 9, is a much more severe
test of the various theories owing to the following;
(a) The matrix elements P' increase with n, hence
the effect of a given electric field is greater on the
4388-A line than on the 4922-A line. (b) The energy
levels of n= 5 are closer together, so that more
satellites (i. e. , higher-order transitions) become
important. (c) For n = 5 there is a G energy level
very near the I" energy level, and the two interact
strongly.

In Fig. 9 we compare the measured line profile

4922 He I
Mul t i - l ev el

———Aut I er Townes
~ + Experiment

Perturbo tIon
theory

lA
C"
OP

Ol

0

.00I

-2.0
I

-1.0 0
6, ) (A)

I

I.O 2.0

FIG. 8. Comparison of experiment and various theories
for case I (4 D, etc. 2 P), 4922-A He r for the case of
no magnetic field and a linearly polarized electric field
of frequency 1.17 cm ~ and rms electric field strength of
3.54 kV/cm, and for direction of observation perpendicu-
lar to the electric field.

for the 4388-A line with theoretical ones calculated
from our multilevel theory and from the Autler-
Townes theory, using the field strength derived
from the measurements on the 4922-A line. Agree-
ment between the multilevel calculations and the
measured data is very good, whereas experiment
and the Autler-Townes calculations sharply dis-
agree, not only in satellite positions and intensities
but also in the Stark shift of the allowed line. This
disagreement graphically illustrates the need to
include additional upper levels, since this is the
only significant difference in the two theories.
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4388 He I
pattern emitted by an atom in an oscillating elec-
tric field we solve the equation

i = [H(t)+H'j4,94
(A1 )

IO
-I

where H(t) is as defined in Eq. (1) and H' is the
particle-radiation field interaction operator
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FIG. 9. Comparison of experiment and various theories
for case II (5 D, etc. 2 ~P), 4388-A He x for the case of
no magnetic field and a linearly polarized electric field of
frequency 1.17 cm ~ and rms electric field strength of
3.54 kV/cm, and for direction of observation perpendicu-
lar to the electric field. The sets of vertical lines labeled
5 D, 5 I', and 5 6 indicate the positions and relative in-
tensities of spectral components originating from those
levels.

. ~ dF„i+ y& ——~) I&H y&. (A2)

Multiplication of Eq. (A2) on the left-hand side by
p„and integration over all space yields an equation
governing the time development of the coefficient

(AS)

e e
A ~ p+ —A~"

hm, c c

p is the momentum of the optical electron, A is the
vetor potential of the radiation field, and A'" is
the vector potential of the external magnetic field.
At any time t, the solutions of the equation i (Syj
&t) = H(t) p form a complete orthnormal set. Hence
we may expand C (t) as 4 (t) = g„r~(t) y ~(t), where
the sum is over the complete set of the y's. The
p's explicitly contain both atomic and radiation
field quantum numbers and hence differ from the
solutions of Eq. (1) (g's). Substitution for C (t)
in Eq. (Al) yields

Perturbation calculations, not shown, disagree even
more strongly with measurements. In the Autler-
Townes calculations we include 42 satellites; 58
were used in the multilevel calculations.

In Fig. 9 we have also indicated the major satel-
lites originating from the three upper levels, 5'D,
5'E, and 5'G. Each vertical line in the figure de-
notes the average position and relative intensity of
the narrowly separated satellites which result from
transitions from upper levels with differing mag-
netic quantum numbers.
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APPENDIX

A. Calculation of Transition Rate for Atom in Static Magnetic
Field and Oscillating Electric Field

In order to.calculate the theoretical radiation

F~= Fq + Fa +. ~ ~, F~ =pa(o) (1) (o)

rI, ' = —z f ' dt (k )H' )i), etc.
(A4)

We now specialize to the problem of spontaneous
emission of a single photon y in the atomic transi-
tion g& -g~, where P& and g» are given by Eq. (14)
and Eq. (22). Then we have

'l(td~+ (dy)t fI (r) A

N
e-gx(t Q P gt ass&t P ( )-A

j= 1 s& a

where ~& is the radiation field state function; ~,

the matrix element (I H' I) involves integration
over both atomic and radiation field variables.

We assume that at f = r the system (atom + radi-
ation field) is in a state C = y, [ r, ( r) = 5«]; then

I r„(t) I is the probability that the system, . initially
in state i at t= 7, will by time t have undergone a
transition to state k by emitting or absorbing pho-
tons from the radiation field. If we consider a
time interval, t —v, small compared with the life-
time of state i, then we can solve Eq. (AS) by
iteration:
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denotes the presence of photon y, Ao denotes that
no such photon is present. By substituting p, and

y, into Eq. (A4) and performing the time integra-
tion we have

N N

Ir'" I'= z z &j'IH'I» &~IH'Ij& g p c,', c,',*,. e-"'"''"-"'""'"'
S= $~ wOO

4sin p [(~„+~~ —&, —s~) (t —7)] sin —,
'

[ (~„+ur,'- X, —s'&u)(t j)]
(~.+ "~- ~~ —») ((dy+ Mp —&( —s (d)

where the matrix element &
lH' t& now denotes inte-

gration only over atomic variables.
As a function of „ tI',"'

l consists of a series
of "peaks" with centers +,= &, +s& —, ' and widths
=1/(t —r) Fo.r ~(t —T)»1 the peaks are narrow
relative to the interpeak spacing & and we can
approximate lI'„' '

I by

Iran" I'= f d~„Z 5(~, +~, ~, s~)1,",
where II", is the number of photons emitted in transi-
tions from state i to state k into solid angle dQ
with v„= &, +su —u~ during the time interval (r, t):

I„"-=f"' d&. Irl" I'p(~. )

N N 00

&j'IH'l~& && IH'Ij& ~ c,', c,',*„

I'

tion) and p(&„)yields

&k IH'
I j& = i (2''/hv~, )'t' ~,'„$,',

p((o„)=v~'„/8 pc',

where v is the system volume, the magnetic field
has been assumed to lie in the +z direction, and
where we have defined the following quantities:

(dg„—= (oq —(u,', &I —= f dPr Ug (Hp +Hg) Ug, etc.

&&
——fd r U» e„* r U& .

Then we have

e d~
dA( = d~~ p Q &~5(~I, + &~ —X( —s&)Sc $=

-f(d($ S )T $4) (S S )t
p(~„)dA;

i(s —s') pp

p (&o„) is the density of photon states per radian solid
angle and , = ~& + s & —'„+ 4, where b, is chosen
to satisfy 1/(t —T) «~«~. In performing the inte-
grations above we have used the sharply peaked
nature of the integrands by evaluating p(~„) and
the matrix elements at the peak center and then
letting b -~. Of more physical interest than

is its time derivative, the differential transi-
tion rates:

—Ir,"'I'=2a f d~„g g &j'IH'lu& &nlH'lj&
dt

xQ g C&, C&... p((u„)dQ
S~wOO $ mOO

x [e '" "' ' 5(~„(g' Z,. —s )].
(A5)

The differential transition rate given by Eq. (A5)
is a rapidly varying function of time for frequencies
for which the approximations above hold [(u» (t —r) '
» (lifetime of state i) '], and hence of more
experimental interest is the time-averaged differen-
tial transition rate ~&. Evaluation of the matrix
elements in Eq. (A5) (using the dipole approxima-

I
m &yq &g'q $ &5g C» C& ~ . (A6)

The integrand of expression (A6) gives the photon
emission spectrum S(e„):

es (&u„)=,P pp„5(~', + ar„—X, —s&u)
2 7TSc

~~ is the Stark shift of level i due to the electric
field and is quadratic in the electric field amplitude.

B. %teak-Field Limit

If the electric field is weak, then we can get an
explicit expression for the solution of Eq. (53).
We set S= 1 (higher values correspond to multiple
quantum transitions which we expect to be rare
for weak electric fields) and diagonalize the matrix
X. The resulting expression for A. and the C's are
power series in the small parameters P',

&
..

x, = ~,'+ ~,'+ o(l pl '),

c' =5 5 + "~" + "-'~» +o(lpl')(&u' + v) (~' —&u)

. p lp~~l', ltI~;I'
(A8)

(+g g+ ~) (~Iy —&)
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In deriving the above expressions we had to as-
sume l p', &I «

I ~'„[, and also that ) w', , +~I »O([ p[);
these assumptions will be discussed in Sec. C of
the Appendix.

The resulting expressions for the 1(&d„) willcon-
tain cross terms of the form $&$&P,&;P&*.

&
.In many

cases of physical interest (discussed in Sec. C
of the Appendix) $~ (&~, P,', P,.',; ~ 5&, In this case
Eq. (A7) reduces to

2

8,". (v„)=
~ &u„'6(&u„—ruI„—&d, ) &&

'
27TSc

+ (d 5((d —&d &,
—(0 —&d) Z r 2

s
sk s

(&d + &d)j fj

8(&d ~. ~ &
&d)

Y Y ik &
+ (~1 &u)2j ij

+ O(~P~ ). (A9)

The spectrum given by expression (A9) consists
of three spectral lines: a line resulting from a
dipole transition from i to 0 with resulting photon
energy , = ;k+ &s, and two weaker "satellites"
with energies &„=+&k+ &; + & which result from
two-quantum transitions (one quantum absorbed
from or emitted to the electric field). If a dipole
transition from i to k is forbidden (g& = 0), but the
dipole matrix elements P,', and $',. are nonzero,
then the spectrum is composed of just the two
satellites and we have Eq. (34). If $& Wo then,
to lowest order, S(&d„) is just the usual spectrum
for an "allowed" dipole transition from i to k.

C. Validity of Perturbation Theory

We now discuss the assumption made in deriving
Eq. (A9).

(i) The form of Eq. (A9) depends on the assump-
tion that the cross terms of the form

k k+
P; & P;,

(~~ ~ &d)(~~ ~ ~)

can be ignored in the final expression for the spec-
trum S. Before discussing situations in which this
assumption holds, we note that due to the form
of the denominators in Eq. (A9), the leading con-
tribution to the satellite intensities and positions
will come from terms in the sums involving inter-
mediate states whose energies lie close to the
energy of state i. More distant states will have
less effect and states for which the energy separa-
tion w, j is much greater than the energy separation
of the nearest states can be ignored in computing
the satellite intensities and positions. Similarly,
cross terms for which j and j do not both repre-
sent states near to the state i can be ignored, since
they will not significantly modify the result given
in Eq. (A9) for the frequency spectrum.

We can identify two cases in which the assump-
tion that the cross terms are negligible is valid.

(a) First, if for a given initial state i and final
state k there exists only a single intermediate state
j which is "near" to the state i and for which the
matrix elements $&' and PI& are both nonzero, then
the assumption is valid. This situation occurs
for the singlet helium lines 4388 A (5'D-2'P) and

4922 A (4'D- 2'P) for a linearly polarized electric
field with either no magnetic field or polarized
along the magnetic field, or an electric field circ-
ularly polarized perpendicular to the magnetic
field. In the above cases, for a proper choice of
coordinate system, each initial state (n, I=3,
m= —3, ~ ~ ~, 3) is coupled to only a single one of
the nearby intermediate states (n, l = 2, m = —2, . . . ,
2) by the matrix element P,'&.

(b) Second, cross terms can be ignored when
the time-averaged electric field is axially sym-
metric with respect to the magnetic field. Then,
in a coordinate system with z axis along the mag-
netic field, the cross terms vanish when an average
is taken over the aximuthal angles of the electric
field and of the emitted photon.

(ii) IP&'& ~« I~,.&l, i. e. , the weak-electric-field
approximation. If the electric field is not weak then
the problem must be solved numerically by the
methods of Sec. II. The validity of the perturba-
tion theory as the electric field increases is further
discussed in Sec. IV.

(iii) i &d'&& a &dl »
I P&& ~ . If this condition is violated

then the perturbation expansion (A8) is no longer
valid, since one of the "small" terms (~ P') be-
comes comparable to the leading term. Since
resonant denominators of the form , ,j + also
appear in the perturbation expressions for higher-
order terms ([sl & I), we can no longer be sure
that the higher-order terms which were ignored
in calculating Eq. (A8) will be weaker than the
terms kept.

As noted by Autler and Townes, ' perturbation
theory also breaks down if a higher-order reson-
ance condition is satisfied. If we consider the case
most often used in plasma diagnostics where a
dipole transition from i-k is forbidden and a di-
pole transition from j-k is allowed, then in the
weak-electric-field limit for which perturbation
theory is valid the condition for an nth-order
resonance can be written as

)~j i~ jI)
n 3y 5p ~ ~ ~ ~

As can be seen from the above resonance condi-
tion, an nth-order resonance occurs when the
Stark-shifted position of the nth satellite of the
forbidden transition i- 0 (the forbidden transi-
tion has only odd-numbered satellites) is separated
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from the Stark-shifted position of the allowed
line j-k by a distance of the order of l„~e".
Then the intensity of this satellite (which would
normally be much less than the intensity of the
allowed line) can be comparable to the intensity
of the allowed line. Numerical calculations
show that when a resonance occurs two spectral
lines separated by a distance of the order of
~;&I&" appear at approximately the position of
the allowed line predicted by the perturbation
theory. A similar situation occurs at the pre-
dicted positions of the far and near satellites,
where a higher-order satellite of the allowed
line (which has only even-numbered satellites)
can be comparable in intensity to the generally

much more intense first-order satellites. For
weak electric fields the separation between the
two lines in each pair is very small and will not
be seen in a real experiment with finite resolving
power and broadened spectral lines. For stronger
electric fields, the separation will be observable
only for the lowest-order resonances. If the sep-
aration cannot be resolved, then each pair will be
observed as a single "satellite" with an intensity
equal to the sum of the individual intensities and
an average position given by an average of the po-
sition of each component weighted by its intensity;
numerical calculations with the theory of Sec. II
indicate that the sum intensity and average posi-
tion are given correctly by Eq. (A9).
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