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A momentum-transfer theory is used to obtain an expression for the drift velocity of an ion

in a multicomponent gas mixture.

This is combined with an approximate calculation of the

partition of the ion energy in the mixture to yield a formula for the drift velocity in terms of

the drift velocities in the pure component gases.

Positive deviations from Blanc’s law at

high fields are predicted, of magnitudes that should be easily measured experimentally.

I. INTRODUCTION

The purpose of this paper is to find an expression
for the drift velocity of an ion in a gas mixture, in
terms of the drift velocities in the pure component
gases. Despite its obvious practicality, the prob-
lem has apparently been little studied, except at
very low electric fields where the drift velocity is
directly proportional to the field strength. In this

regime Blanc’s law''? holds,
1/Kuix=21; 5,/K; 1)

where the x; are mole fractions and the K; are the
mobilities in the pure component gases at the same
total number density as the mixture. K the ion re-
tains its identity in the mixture, deviations from
Blanc’s law are usually small.® The behavior at
higher field strengths does not seem to be known.
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Deviations from Blanc’s law might be expected for
high fields, where the drift velocity itself becomes
approximately proportional to the square root of
the field strength. *

Since we consider only the binary collision limit
and seek only a composition dependence, any the-
ory that counts collisions correctly should suffice.
We therefore use a simple momentum-transfer
theory rather than the elaborate Chapman-Enskog
kinetic theory. Difficulty arises only when we need
to know how the mean ion energy is partitioned
among thermal energy, drift energy, and random-
field energy. An approximate answer to the en-
ergy partitioning problem is obtained by an exten-
sion of Wannier’s®® high-field theory to mixtures;
this suffices to produce the desired final result.
Unfortunately, no suitable experimental results
exist for comparison with the theory, but sample
calculations on K" ions in H,+ N, mixtures show
positive deviations from Blanc’s law at high fields
of about 20%, which should be easily detectable ex-
perimentally.

II. MOMENTUM-TRANSFER THEORY

By Newton’s second law, the electric field trans-
fers momentum to the ions, but since the ions are
not accelerated on the average, the momentum
must be transferred by collisions to the gas mole-
cules. It is easy to show that in one collision the
momentum transferred to a gas molecule by an ion
has a7 component parallel to their relative velocity
v, of

6-5”: “';r (1 - cos®) ’ @)

where p is the reduced mass of the colliding pair,
and 6 is the deflection angle in relative coordinates.
If we average over many collisions, we expect all
the random components of V, to average to zero

and only the nonrandom drift velocity to contrib-
ute. The average momentum communicated to the
gas per collision is therefore proportional to pv,

X (1-cos®), where v, is the drift velocity. The
average number of collisions an ion makes per unit
time per unit volume with impact parameter in the
range db is Nv,(2mb db), where N is the number den-
sity of gas molecules and v, is the mean relative
ion-molecule speed. The total momentum trans-
ferred per ion to the gas is therefore proportional to

poNT, [i° (1= cosé)2mb db . 3)

For ions of charge e in a field of strength E we must
then have

Euv,ND, o~ (1-cosé)2mbdb=eE , @)

where £ is a proportionality constant of order unity.
The total momentum transferred per ion to a gas

mixture is just the sum of the momenta transferred

to each species in the mixture, provided that only
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binafy collisions are considered. The generaliza-
tion of Eq. (4) to a mixture is therefore

vy 20w N, ;Q;=€E | 6)

where we have defined a momentum-transfer or dif-
fusion cross section as

Q=27 [, (1-cosé,)bdb . ®)

We now make the approximation that the mean rela-
tive speed is proportional to the rms relative veloc-
ity,

By (u2 V2 (7)

The constant of proportionality can be absorbed into
the parameter £, and will remain constant as long
as the velocity distribution functions do not change.
But the ion distribution function does change as the
field strength is changed, and so (7) is only an ap-
proximation, although probably a good one. It is
easy to show that

Wi =% + (Vi) ®)

where (v? is the mean squareion velocity and (v2)
is the mean square velocity of molecular species j.
The only condition on the validity of Eq. (8) is that
the velocity distribution function of the molecules
be isotropic.

Combining the foregoing results, we obtain

£0a 205 [mM,/ (m + M )]0 +(VE)EN,; Q= eE
o)
where m is the ionic mass and M ; the molecular
mass. The only remaining problem is to find (VZ)
which has both thermal and drift components. At
low fields (v® is entirely thermal, and energy
equipartition gives

(v® -+ (V3) =8RT(1/m+1/M;), (10)

from which we obtain
£04(0) 23, [mM,/(m + M,)]'/# BRT)/2 N; Q= eE .
1)
The drift velocity in pure gas j of density N equal to

the total density of the mixture is given by one term
in this sum,

£v,,(0) [mM,/(m + M) 2 BkT)/2NQ,=¢E . (12)
Combining Egs. (11) and (12) we obtain
vd(o)zj [xj/vdj(o)]= 1,

where x,;=N;/N is the mole fraction of species j in
the mixture. This expression is equivalent to Eq.
(1), Blanc’s law.
For high fields (v?) has a negligible thermal

component, but it would not be correct to take (2%

= vdz, because collisions randomize part of the ion
energy, which on the average then consists of a part
visible as drift motion plus a random part. For a

13)
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model of constant mean free time between collisions
and angular scattering pattern independent of speed,
Wannier®® has shown that in a single gas the ion en-
ergy is

m (v® =mvi+ Mol R (14)

the last term being the random part of the field en-
ergy. Moreover, at intermediate fields the thermal

and field energies are simply additive. 56 As an indi-

cation of the general applicability of the approxima-
tions embodied in Egs. (7) and (14), we note that
their substitution in Eq. (9) for a single gas leads
to an explicit formula for the field dependence of the
drift velocity which is remarkably successful in its
predictions of dependence on physical parameters,
and even predicts absolute magnitudes with fair ac-
curacy. >®

Thus the problem is now reduced to finding the
generalization of Eq. (14) for mixtures, which is
done in Sec. III. But we can always write the re-
sult formally as

m ¥ =mvi+Mvi, (15)

where M is some sort of average mass of the gas
mixture. Then Eq. (9) becomes, for high fields,

a7\’ 2
oD (28 () @, eE . 6)

which leads to the mixture rule,

) -o2a ) o

This result is quite unlike Blanc’s law in appear-
ance. Here the reciprocals of the squaves of drift
velocities are added with respect to a peculiar sort
of mass fraction.

For intermediate fields we assume that thermal
and field energies are additive,

(%) + (V3) =3kT(”—11 +A%;>+v3(m1;M). 18)

From this plus Eq. (9) we readily obtain the result

(1 2_2x( 1 \2['m+M‘ , kT ]1/2
v,,(E)) T N, ®)) Lm M, T MviE)
| kT |V?
X 1+W] , (19)

which reduces to Blanc’s law for low fields and to
Eq. (17) for high fields.

III. PARTITION OF ION ENERGY

To find M we use the moment equations derived
for high fields from the Boltzmann equation by Wan-
nier. For ions in a single gas these are °°

1—13 9(9)
Qv+ 1)< @E/m)r

vsP,,(coss)>

HAHN

o

=v(+s+1)}v*tP,  (cos9))

+(v+ 1) = v)(v°'P, 4 (cos9)) , (20)

where the pointed brackets represent averages over
the distribution function, v and s are integers, 7 is
the mean time between collisions for ions, 9 is the
angle measured from the electric field direction, the
P,(cos9) are Legendre polynomials, and

I,,,(8)= (v/v')’ P,(cosk) (1)

in which V' is the ion velocity after collision and « is
the angle between Vv and v/. These equations are
quite general, subject to the condition of high field
and to some temporary cutoff procedure to prevent
divergences for interaction potentials that nominally
extend to infinity. It is a simple matter to trace the
derivation of Eq. (20) from the Boltzmann equation
for a mixture; the only change is that the left-hand
side becomes a summation,

@vi1) 2 x,<1_15 +(0)
J

€E/m)r, v®P,(cos9) , (22)

where 7; is the mean time between ion collisions in
pure gas j at the same total density as the mixture.
For ion collisions with species j the factors of

I, ,(6,) are given by®®

v/v" = (mP+ M2+ 2mM ;cos8;) 2/ (m + M) (23)

cosk = (m +M;cosb,)/ (m®+ M2+ 2mM ;cosb, )2 .
(24)

The moment equations from which we find the ion
energy correspond to s=1, v=1and s=2, v=0:

)

> GM; <(1 - cosb,)

7 m+M; \(E/m)T; (vcosS)>=1, 25)

s x;mM; [(1-cosf;) o\

S Gt M7 <(eE/m)T, v>—(vcos8). (26)
In order to evaluate the averages in Eqs. (25) and
(26) we invoke the special properties of a model—we
assume that both (1 - cosé,) and 7, are independent
of v, whereby the averages of products split into
products of averages. Alternatively, we can con-
sider the splitting of averages of products into prod-
ucts of averages as a reasonable approximation for
any ion-molecule interaction, and that this approxi-
mation happens to be exact for a special model. In
either case the two equations can be combined to
yield

Zjﬂiw’j_z‘Q;@zFZ M—Q,(vcoswz.
7 (m+M;) 7 (m+M;)

(27)
The momentum-transfer cross sections @; arise
from the averages ((1 - cos6,)/7;). Noting that
(vcos9)=v,, we see that Eq. (27) reduces to Eq.
(14) in the case of a single gas.



5
0.4 T T T I
L E/N =100 Td 4
o I | | |
[o] 0.4 0.8
MOLE FRACTION N,
FIG. 1. Predicted deviations from Blanc’s law for K*

ions in Hy+ N, mixtures at E/N=100 Td and 300°K. The
solid curve is that given by Eq. (19), and the upper
dashed curve is the result obtained from the same equa-
tion with thermal energy neglected.

Comparing Eq. (27) with Eq. (15), we see thatM
can be identified as the following average:

M=2;0;M;/20;, (28)
where the weight factors w; are
W;=x;M;Q;/ (m+M;) . (29)

This result holds at all field strengths if the thermal
and field energies are additive. It is more conve-
nient to express the @; in terms of drift velocities via
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Eqgs. (9) and (18)writfen for a single gas. The w;
can then be put in the useful form

x; (_m 3/2( 3kT )“/2
wj_Eng (m+M,> 1+ijdf : (30)
IV. RESULTS

The mixture rule we propose for all fields consists
of Eq. (19), with M given by Eqs. (28) and (30). Al-
though Eq. (19) is simple to use for either low or
high fields, it must be handled for intermediate
fields by numerical methods or expansion tech-
niques. Nevertheless, the information needed con-
sists only of the temperature, the composition of the
gas mixture and the molecular weights of its com-
ponents, and the drift velocities in the pure compo-
nents at the same temperature, density, and field
strength as the mixture.

Although no data exist at present for testing our
results, it is interesting to examine the effects pre-
dicted. We present two examples, based on exist-
ing measurements in pure gases: K'in H,+ N, mix-
tures®® and in N,+ O, mixtures.®! The results for
H2+N2 mixtures are shown in Fig. 1, reported as
mobilities at standard gas density, where mobility
is defined by v,= KE. Although Blanc’s law is fol-
lowed at low fields, deviations up to about 20% are
predicted for E/N=100 Td (1Td=10"V cm?). At
100 Td the thermal energy is not yet negligible, as
shown by the upper dashed curve, and Eq. (19) was
solved by iteration. For N+ O, mixtures, the devia-
tions from Blanc’s law are quite small even at E/N
=300 Td, as might be expected for a mixture of two
such similar gases. The maximum deviation from
Blanc’s law at 300.Td is predicted to be less than
0. 05%.

These examples show that easily detectable devia-
tions from Blanc’s law are to be expected at high
fields, when the species in the gas mixture are suf-
ficiently different. It is hoped that the present re-
sults will serve to stimulate experimental work on
ion mobilities in gas mixtures at high electric
fields.
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