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culated density dependence (and hence the calcu-
lated pressure) to the location of the minimum of
the potential, is potentially even more useful in
that the second virial coefficient depends more on
the shape of the bowl than on its location. How-
ever, we feel that this feature of the calculations
will be useful only when more definitive calcula-
tions have been done, because the possibility that
all the variational calculations (including the pres-
ent one) have a wrong density dependence (even

if the correct potential were used) cannot be ruled
out. It is certainly true, for example, that dif-
ferent calculations, e.g., that of Massey and
Woo! and the present one, both using the LJ po-

tential, produce rather different density depen-
dence, and we do not feel that the density depen-
dence of the calculations done to date is sufficient
to warrant any statement as to which of the po-
tentials is most accurate.

ACKNOWLEDGMENTS

The author is indebted to Dr. J. A. Barker,
Dr. M. L. Klein, Dr. T. R. Koehler, and Dr.
I. J. McGee for useful discussions. The hos-
pitality of the Chemistry Division of the National
Research Council Laboratories, Ottawa, while
this manuscript was in preparation is greatly ap-
preciated.

*Work supported in part by a grant from the National
Research Council of Canada.

TPresent address.

W, E. Massey and C. W. Woo, Phys. Rev. 164, 256
(1967).

%W, L. McMillan, Phys. Rev. 138, A442 (1965).

3D. Schiff and L. Verlet, Phys. Rev. 160, 208 (1967).

‘R. D. Murphy and R. O. Watts, J. Low Temp. Phys.
2, 507 (1970).

5J.-P. Hansen, Phys. Letters 344, 25 (1971).

3. A. Barker and A. Pompe, Australian J. Chem. 21,
1683 (1968).

PHYSICAL REVIEW A

VOLUME 5,

"M. V. Bobetic and J. A. Barker, Phys. Rev.
B2, 4169 (1970).

D. E. Beck, Mol. Phys. 14, 311 (1968).

L., W. Bruch and I. J. McGee, J. Chem. Phys. 46,
2959 (1967).

7,, W. Bruch and I. J. McGee, J. Chem. Phys. 52,
5884 (1970).

Up, J. Leonard (unpublished).

2R, D. Murphy and J. A. Barker, Phys. Rev. A3,
1037 (1971).

3E. K. Achter and L. Meyer, Phys. Rev. 188, 291
(1968).

NUMBER 1 JANUARY 1972

Growth of He3 Layers from Surfaces of Nearly Saturated
Solutions of He3 in Superfluid He*

W. F. Saam
Deparvtment of Physics, The Ohio State University, Columbus, Ohio 43210
(Received 7 September 1971)

The problem of the growth of the He® phase from a free surface of a nearly saturated solution
of He® in superfluid He? at zero temperature is considered. Using a Fermi-liquid theory modi-
fied to account for the finite thickness of the He® phase by introducing a distortion of the Fermi
surface, we find that the number of He® layers N. 1, in the He® phase increases as the He® chemi-

cal potential pu3 approaches its bulk value ug as Ny ~ (u) —#3)-1/ 2,

This prediction is in agree-

ment with recent experimental results of Guo, Edwards, Sarwinski, and Tough.

I. INTRODUCTION

Here we consider the problem of the growth, at
zero temperatures, of He® layers from a free,
plane surface of a nearly saturated solution of He?
in superfluid He*. In order to understand the na-
ture of this problem, it is useful to look qualita-
tively at what happens as He® atoms are added to a
bath of superfluid He* which has a free, plane sur-
face, and which initially contains no He®. Both ex-
perimental'~® and theoretical® evidence indicate the
existence of bound states for the He® atoms on the
He® surface. As shown by Guo, Edwards, Sarwin-
ski, and Tough, ® as the He® atoms are added at

0 °K they first fill up the surface states until ap-
proximately one layer of He? is deposited on the
He® surface, Subsequently, added He® atoms spill
over into the bulk He*, increasing the bulk He® con-
centration from zero toward its limiting value of
6. 6% at the phase-separation curve. Now, the
point on the phase-separation curve at T=0°K is
the point at which the He® chemical potential u, is
equal to its value uJ in pure bulk He®. As u; ap-
proaches ug, then, some of the He® atoms being
added begin to build a second layer of He® on the
surface, followed by a third, and so on. A phase
of pure He® grows on the surface of the solution,
the number of layers N, in this phase approaching
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infinity as py= pJ. And, as Nj—, X, in the
substrate approaches 6.6%. There is no possibility
of a metastable solution with X;> 6. 6% being formed
in the substrate since the initial He® layer on the
surface acts as a nucleus for the growth of the He®
phase.

We will use this picture, drawn by the experi-
mentalists, as a starting point for our theory. Our
goal is a somewhat limited one: We want to deter-
mine the asymptotic behavior of N; as ps— uJ. For
very small Ny (N, < 1) the zero temperature ver-
sion of Andreev’s noninteracting two-dimensional
Fermi-gas theory®* seems to be quite adequate for
determining N, as a function of uz. ° For slightly
larger N, Fermi-liquid corrections become im-
portant and could perhaps be discussed in terms of
an effective-potential theory.® The treatment of
small values of N, (roughly N, 3 10) is not at-
tempted here.

It seems reasonable to expect that the properties
of a very thick surface He® film (N, > 1) will be ‘
describable in terms of a quasiparticle picture not
very different from that used for pure bulk He®, and
it is on this idea that our calculation is based. We

-argue that the dominant effect of the finite thickness
of the He® film is to produce a slight distortion of
the Fermi surface of bulk He®. This distortion is
characterized by introducing transverse (for mo-
tion parallel to the surface) and longitudinal effec-
tive masses differing from the bulk effective mass
m¥ by terms of order N;'. This idea, coupled with
the assumption that the important He® quasiparticle
states in the system are, for large N,, completely
separable into bulk and surface states, leads to the
result that Ny~ (ud — 5)*/2 for u, very close to ud.
The proportionality constant is a measure of the
distortion of the Fermi surface in the film. This
asymptotic behavior for N is in agreement with
recent experimental results of Guo, Edwards,
Sarwinski, and Tough. 3

II. THEORY

We commence the development of our theory with
the assumption that a Fermi-liquid theory for the
He® atoms is valid for all N;. Such a theory in-
volves, in principle, no more assumptions than
those used in the theory of finite Fermi systems
applied to nuclear matter.® Adding He® atoms to
the system is then equivalent to adding quasipar-
ticles to states (enumerated by index 1) on the
Fermi surface. Hence, if N; is the total number
of He® atoms,

AN, an n, [ B¢
—i-5, i i Ny AL 3 _1) 1
Ous 7 Bug Zz; 9¢, (3#3 ’ @

using the usual expression for the quasiparticle
distribution function
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;=0 (L3 —€;) . (2)
The €, are the quasiparticle energies, and the de-
rivatives are taken at zero pressure, zero tem-

perature, and constant surface area A. ©(x)is de-
fined by

()= 1 for x=0
OW=10 tor x<0.

Defining the density of states at the Fermi surface
by

o
Wug)= -2 =3 6(pg—e,), 6)
1 %€
and writing

9¢; _ 9¢, 9N
oy O8Nz dug ’

we may easily put (1) in the form

ONs _ _y iy 8¢
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When N, is very large, we assume that we may
separate the set {1} of quasiparticle states into one
set of states associated with the pure He® phase and
another associated with the He®-He* mixture sub-
strate. Then an equation like (4) holds separately
for the number N, of particles in the He® phase as
well as for the number of He® atoms in the sub-

strate. We then have
N, o, 0¢,
= f—
e/ (12 5 5 ®

Here, and in the following, the sum over states
refers to states in the He® phase only. v (u,) is
the density of these states at the Fermi surface.
To specify N, we define it in terms of the bulk He®
number density n3, by

NSEAngéa NL ’ (6)

where A is the area.
new density of states

Then, in terms of N, a

VL(Ha)EV(#s)/An%S (7
and an average of 9¢,/aN,,
9€ - 9, O9€
OGN\ 5y 91,y 9%
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over the Fermi surface, (5) may be put into the
form

Z—JE'::VL(#3)/(1+VL(“3) <§I£\f:->> . ©

Note that in (9) the term v, (u3)¢ 9€,/8N,) plays the
role of a Fermi-liquid factor.

Before proceeding further, we introduce the
thickness d of the surface He® film by

N,=Angod . (10)
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From (6), N, and d are related by
Ny=ns/%d . (11)

With these preliminaries out of the way, we can
now introduce our model for a thick He® film. For
a thick film, we expect the important states I to
be rather like the quisiparticle states in bulk He?,
but that the effective mass m*% for motion parallel
to the surface differs from that for motion perpen-
dicular to the surface m¥, and that both differ by
a term of order 1/N, from the bulk He® effective
mass m*., We write

mp=m* (1+az/Ny),
mi=m* (1+ay/Ny), (12)

where a; and a, are constants having order of mag-

nitude 1. A quasiparticle state located near the
Fermi surface will have energy
pz pa
e 4L PT
€ €D+2m§ +2m’; (13)

€p is just the difference between u; and the Fermi
temperature,

€= k3—kp Ty, (14)
and when BL +_§T is on the Fermi surface,
pz ) pz
Lo, (== =kp Tp. (15)
[(27}12 <2m*1‘">:|'Fermi surf ace BOF

The term ¢, represents a sort of quasiparticle
mean-field energy. We expect that its dependence
on d~ N is determined predominately by potential
energy effects, and that as a consequence it devends
on NZ as

€o=€o5(1=b/N3), (16)

where b is a constant and €5 is the bulk value for
€. The argument for this dependence is the one
given by Landau and Lifshitz.” The effects of this
N;, dependence of ¢, are small compared to those
due to our assumed N, dependences of the effec-
tive masses [Eq. (12)], and we neglect them hence-
forth. The momenta p; and p, depend upon the
size of the film according to

_2mnl 2nnl _ 2mnl’

pL d NL”:;”s ’ PT \/Z ’ ( )
where I and I’ are integers. Hence,

Opr_g %u__tu .

8N, ' 8N, N, ' (18)
Combining (12), (13), and (18), we obtain

Be by . Py mra, py m*ag

ON, thL+2m§ NZ +Zm’;‘,2 NZ C

(19)

It then follows that (here V=Ad)

on, 0¢ 2V e 2 )
—r =1 _ -3 3 -£r __fL
1 9¢; 0N, (2mh) 4po (kB Tr 2m¥%  2m¥%
><<_ ph, ph ey Pp omtar “T) . (20)
miN, 2my Ny 2mi Np

The integral may be done in a straightforward
fashion, and we find
oy 9§ _ V (2m%) @m})2 (kg Tp)?/?
7/ 8€, O8N, 7o’ 3N,

_mray __’"*“T> 21
X<1 2m¥ N, miN, )~ (21)

We now want to expand the effective mass terms in
(21) in powers of 1/N;. Doing this and using V
=Ad=ANn;5' %, we obtain

. o, 0¢, A(2m*)3/? C)
ony 8¢ _ s/2 (1 _
9€, ON; S3minmi)°n’ (ks Tr) 1 NZ) >

(22)

1

where, for brevity, we have written
C=3a; (ap—1ay) . (23)

We must now treat the term &y Tp.
1/N%, €,=¢€4s, We have

uS = wg=ky T: —kTr+0(1/N3) . (24)

Since, to order

ud and T% are the bulk He® chemical potential and
Fermi temperature. Hence,

(“0 -u ) 3/2
(kg Tp)*' %= (kp T3)*'* (1 —W)

o_
~ (kg TS)3/2 (l_ﬁﬂ‘s__ﬂoi)_Jr,,,) .
2%y T2

(25)
Further, since

kg T% =1 2(37%ngy)%/3/2m* | (26)

we may combine (22)~(26) to find

an, o€ C  3(ud-pu,)
oy 8 _ 425 (1 _C
20 9e, any, ~Anab (1 NI 28,1 > &)

for large N;.
The density of states v, (u;) is easily determined
to be

* 40 1
vp(ug) = n_.,zz::‘wpﬁg NL[ 1+ O(Tv})}

gt N [no(}v}:)]. (28)

Putting (27) and (28) in (9) and noting that

¢ -1 - 9n, 9¢€
L\ = E hddd Bas B
v (i) <3NL> AT 4 b€, Ny’ (29)

we arrive at
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8N, __3N C 3(u-u ))
=k — 30
g ZkB TF /(NL+ 2k5 TF ’ ( )

keeping only the most divergent terms as Ny - o,
It is easily verified that (30) has the solution

_[3ksT3C )1/2
o= (2(.“3"#3) ’ (31)

Equation (31) is the result at which we were aim-
ing. The parameter C [see Eq. (23)] is a measure
of the deformation of the Fermi surface due to the
finite thickness d. The square-root divergence is
thus, in our model, a purely quantum effect. Had
we ignored the quantum character of the problem,
€, would have served as our chemical potential, and
we would have gotten, directly from (16), a cube-
root divergence as do Landau and Lifshitz. "

III. DISCUSSION

The form of the result (31) is in agreement with
the experimental results of Guo, Edwards, Sarwin-
ski, and Tough® when the constant C has the ap-
proximate value

SAAM 5

C=3a; (ar —1a;)~0.3 . (32)
A rough check on the consistency of our theory
can be made by looking at the entropy per particle
S, of the He® phase (the “surface” entropy). In our
theory, S, differs from the value S, for bulk He?

due to the Fermi-surface distortion. We easily
find
ar+3ay 1
Ss=330 [1 +_]\7L— +O<J—\7‘i“>:| . (33)

Experiment® confirms the form of Eq. (33). It is,
however, not very meaningful to attempt to extract
a value for the coefficient aT+%aL from the ex-
perimental data since our theory treats the surfaces
of the He® film in a very crude fashion. The de-
tails of these surfaces will certainly be important
in determining the coefficient of the 1/N, term in
the brackets in (33).
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The experimentally observed spectrum for superfluid liquid helium has properties which are
characteristic of a sound spectrum but in disagreement with the predictions of a naive use of

the single-particle-Green’s-function approach.

It is argued that the dynamical origins of the

spectrum are closely related to those which give rise to the sound propagation in normal
liquids, and therefore that the helium spectrum should be sought in structures and formalisms
that would be used to study sound in normal liquids.

1. THEORY VS EXPERIMENT

The condensate density is not a parameter which
we can vary independently, but we can judge its
relevance to the helium spectrum indirectly by con-
sidering the effects of increasing density or tem-

perature. In both cases the condensate density
may be presumed to decrease, since the kinetic
energy of the liquid is increasing. The relevant
observations are (a) The spectrum measured at
saturated vapor pressure by neutron scattering?
shows very little shift (but considerable broaden-



