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The above implies

[ ve@ar=0 . (10b)
This, however, contradicts the fact that V7(r) is
non-negative. We then conclude that the factoriza-
tion of the correlation function in the form given
by (8) is unlikely to give a valid representation of
its nonlocality.

In contrast as already indicated, our derivation
of (7) does not involve a separable approximation
for the correlation function, and the validity of the
resulting pair of coupled equations does not depend
on the separability of the correlation function. The
coupling potential V, given by (7b) is obtained by
solving the inverse problem corresponding to the
phase-shift matrix (3), and it differs from the one
given by (8). Equations (7) are to be viewed as
replacing the second-order optical potential by a
pair of coupled local Schrodinger equations, and
insofar as elastic scattering is concerned the
separability of the correlation function is a suf-
ficient but not necessary condition for their equiv-
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fen

alence.

In conclusion, we have shown that the small-
angle limitation due to the use of the eikonal ap-
proximation may be removed without involving a
separable approximation for the correlation func-
tion, and the second-order optical potential is es-
sentially equivalent to solving a system of two
coupled local Schrodinger equations with coupling
potentials which are related to the correlation func-
tion through an Abel integral equation. We wish
to stress that the above conclusion specifically
refers to the second-order optical potential, which
as already indicated depends only on the one- and
two-body densities. Including higher-order terms
in the optical potential would lead to a different
system of equations than (8), and this deserves
further research. The above results are quite
general, and they may, if conditions are appro-
priate, be equally well applied to any elastic scat-
tering by a many-body system.
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By analyzing all existing frequency data of the oxygen molecule in microwave, submilli-
meter, and infrared spectroscopy, a new set of values for molecular parameters is obtained.
Our values are By=43.100518, By =—1.44962 X107, B,=—-1.57 x1071, 3,=59.501342, 1
=5.847 %1075, po=—0,252586, and py=—2.464x 10”7 in GHz.

I. INTRODUCTION

Since the electronic ground state of the Q!¢ O'®
molecule is ®Z;, each rotational level is a triplet.
Theory of this fine structure is given by Kramers,®

Hebb,? and Schlapp.? Many experiments have been
performed in microwave spectroscopy® to measure
the energy separations within each triplet, but
Zimmerer and Mizushima’ and West and Mizu-
shima® remeasured most of these lines with an ac-
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curacy of two parts in 107,

A refined theory including the effect of centrifugal
stretching was developed by Mizushima and Hill’
and applied to accurate microwave data.’® How-
ever, there was an arithmetic error in West and
Mizushima’s paper,® and the values of molecular
parameters they proposed were incorrect. Tis-
cher® and Wilheit and Barrett? corrected the mis-
take and proposed revised sets of values for the
molecular parameters.

Recently Waters'® measured one more micro-
wave line, McKnight and Gordy'! measured N=1-3
transitions in submillimeter wave spectroscopy,
and Evenson and Mizushima!? measured N=13-15
and N=21~ 23 transitions using a new technique
of laser magnetic resonance (LMR). In view of
these new data we have determined a new set of
molecular parameters in this paper incorporating
both old and new data.

II. THEORY

After making the Born-Oppenheimer approxima-
tion, the effective Hamiltonian for nuclear motion
is

H= gvlb"'ﬁrot ’ (1)
where ﬁm contains the vibrational kinetic energy

and the adiabatic potential. The rotational Ham-
J

(0| B[0)=Bo, Z [(0|B|0)|" (By-E)* =By,

v
v'#0

(0 ]X]0)=n,, 2_32<olilv><vl,ﬁ10>wu—
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iltonian is

H,.=BN?+23(352-8% +(iN.§, @)
where the first term is the rotational kinetic en-
ergy and the others are the Kramers and Schlapp

coupling terms.!® Suppose we know the eigenvalues
and eigenfunctions of H, :

I}viblv>=Ev| ’U), (3)

then multiplying |v) by |NSJM), which are the
eigenfunctions of N2, §2, J%, and J,, we obtain
the basis functions which are used to construct the
matrix of . The resulting matrix is almost di-
agonal except for nondiagonal matrix elements of
H,,, between different vibrational states and the
matrix elements of the Kramers term between N
states and (N +2) states.

The effect of A,,, can be treated by means of
degenerate perturbation theory. It has been shown®
that an answer correct to the third order of H,, can
be obtained by first treating all excited vibrational
states in terms of a space contraction operator, and
then diagonalizing the matrix for each rotational
state. This procedure is the same as the one we
took before®~" and equivalent to the method taken
by Wilheit and Barrett.’ Thus, the paper by Mizu-
shima®® guarantees that existing formulas are cor-
rect to the third order if we take

Z (0|Blo)(w|B o) (o' |B|0)[(Bo-E)E - BT By 221 (0|80} |*(Bo-B) =B,

)

Ev)-1=7\l ’

(0] 210y=ho, 232(0| ik | 0)¢v| B|0) By ~E) =y

In each of the resulting triplets it is known that the highest state is an eigenstate of N?and J° such that
N=J, but the other two states are not eigenstates of N 2, In order to express energies of these states, it
is convenient to introduce an effective “quantum number”  such that »= N in the highest state and that N—-=»n

in the limit of A/B- 0 in the other two states.

Then we have the following:

E(@=N=n)=Bynn+1)+ B n?(n+1)%+ Byn®(n+ 1 + 32+ 300+ 1) = g — pyn(n+1), (5a)

E(=n-1)=By(n® - n+1) + By(n* - 2 + Tn® = 61+ 2) + By(n® - 3n° + 18n* — 312 + 33n% ~ 18n+4)

—3hg—5A; WP —n+4) =% py (0 = Tn+4)+{[ By(2n 1) + By(4n® - 5%+ 4n - 1)

+ By(6n° = 15n* + 321° - 331% = 181 —4) =2 o(2n = 1) =X (Tn® =T +4) (6n - 3)?

— o~ 30120 =32+ 0 —4) P +4[ng+ a1 (® —n+ DPnn -1)@2n -1)2}/2,  (5b)

E(W=n+1)=By(n®+3n+3)+ By(n* + 61° + 19%% + 307+ 18) + B,(n® + 9° + 48n* + 153%° + 279% + 270n + 108)

—Ing = 301 (0%+ 30+ 6) — % uy (T2 + 210+ 18) = {[ By(2n + 3) + By(4n® + 19n® + 321+ 19)

+ By(6n° + 45n* + 1521° + 27902 + 270n + 108) — X (20 + 3)™1 = x4 (72 + 21% + 18)(6n + 9)™

— o =5 11 (2n® + 9+ 210+ 18)]% +4[ Ao+ A (0% + 3n+3) 2 (n+1)(n+2) (2n+ 3)2 /2. (Bc)
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TABLE I. Observed and calculated frequencies of

oxygen lines (GHz).

TABLE II. Molecular parameters of oxygen molecule

Transition Observed Calculated
n,J=W',J' frequency® frequency
56.264 778(M)
1,2 1,1 {56_264766(“,) 56.264 758
58.446 600 (M)
3,4 3,3 {58.446580(Z) 58. 446 580
5,6 5,5 59.590 978(Z) 59,590 979
7,8 1,7 60.434776(Z) 60.434778
9,10 9,9 61.150570(Z) 61.150 567
61.800 169(W)
11,12 11,11 t61.800155(Z) 61.800 167
13,14 13,13 62.411223(Z) 62.411 234
15,16 15,15 62.996 6(H)® 62. 997999
17,18 17,17 63.568520(Z) 63.568 542
19,20 19,19 64.127 777(W) 64.127 790
21,22 21,21 64.6782(H)® 64.678 920
23,24 23,23 65.22412(Z) 65.224 076
25,26 25,25 65.764744(W) 65.764 760
1,0 1,1 118.750 343 (M) 118.750 330
62.486 255(Z)
3,2 3,3 62. 486 255 (M) 62.486 267
5,4 55,5 60.306044(Z) 60. 306 065
7,6 7,7 59,164 215(Z) 59.164 211
9,8 9,9 58,323 885(Z) 58.323 883
11,10 11,11 57.6114(H)® 57.612492
13,12 13,13 56.968 180 (W) 56.968 214
15,14 15,15 56.363 393 (W) 56.363 397
17,16 17,17 55.783 819(W) 55.783 805
19,18 19,19 55.221 372(W) 55.221 362
21,20 21,21 54,671 145(W) 54,671 141
23,22 23,23 54.129 4(H)® 54,129 962
25,24 25,25 53.5994(H)® 53,595 682
27,26 27,27 53.066 8(Wa) 53.066 802
1, 1 3, 3 430,985 277 (M) 430.985 276
13,13 15,15 2496, 283 (E) 2496. 283
21,21 283,23 3865.81(E) 3865.810

*(E) See Ref. 12, (H) see Ref. 7, (M) see Ref. 11,
(W) see Ref. 6, (Wa) see Ref. 10, (Z) see Ref. 5.

bLine not included in fit.

III. DETERMINATION OF MOLECULAR PARAMETERS

An unweighted nonlinear least-squares program
by Marquadt* was employed to fit 25 accurately
measured microwave frequencies and three (in-
directly) measured submillimeter and infrared

frequencies to Egs. (5a)-(5c¢).

The variance of

measurements estimated from the 28 residuals
and seven parameters is

6.39x 10 (MHz)%/(28 —7)=3.04x 10™* (MHz)? .

The results of our best fit are given in Table I, and

the values of the molecular parameters are given

(GHz).
Wilheit and
Parameter Barrett Butcher et. al. Present Work
By 43.100589 43.10059(27) 43.100518(3)*
By —~1.4x10 —1.454 (4) X107 ~1,449629(9) x10"4
B, =157 (11) x1071°
Ao 59.501346 59,501 342(7)
A 5.845x107° 5.847(3) x10°°
Ho ~0.2525917 © =0.2525865(10)
y —2.455x10"" —2.464(20) X107

*The statistical uncertainties quoted are approximately
two standard deviation limits and do not include explicitly
experimental uncertainties of the frequency measure-
ments. The standard deviations were estimated from the
last iteration of the nonlinear fitting procedure based upon
Taylor-series expansion about the estimated values.

in Table II. Other less accurately measured mi-
crowave frequencies, including that by Waters, 1
are also shown in Table I.

To achieve greater comparability with the fit of
Wilheit and Barrett, the three indirect measure-
ments are excluded and the variance of the mea-
surements becomes (approximately)

6.39x1073 (MHz)?/(25 - 7)=3.55x 10" (MHz)? .

The corresponding variance obtained from Table I
of Wilheit and Barrett’s paper for the same 21 lines
and four parameters is

8.5x10° (MHz)%/(21 -4) =5, 05x 10" (MHz)? .

Not only is our fit better for the microwave lines,
but also our values for the molecular parameters
should be more reliable, since infrared data were
included.

1V. DISCUSSION OF ROTATIONAL CONSTANTS

The values we obtained for By, By, and B, are
essentially the same as those obtained by Evenson
and Mizushima.!? These values are considerably
different from those proposed by Babcock and
Herzberg, ® but reanalysis'® of their data showed
that the values they originally proposed should be
revised, and the final values agreed with ours with-
in their experimental accuracy. Recently Butcher,
Willetts, and Jones!” measured the pure rotational
Raman spectra of oxygen and proposed B,=43. 10063
£0. 00027 and B;=(-1.454+0.004)x 10" GHz. They
did not, however, include corrections to the rota-
tional triplet levels due to x; and u;. The cor-
rected values are given in Table II and are also
in good agreement with our values.

*Partially supported by NASA Contract No. AAFE L~

58, 506.
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Accurate calculations of the frequency-shift cross section for collisions of two hydrogen
atoms are presented for a range of temperatures.

The relative populations of the hyperfine levels of
atomic hydrogen are controlled by spin-change
processes occurring in collisions of two hydrogen
atoms.!'? These processes are important in the
theory of the hydrogen maser.?=% Crampton® ob-
serves that knowledge of the spin-change and fre-
quency-shift cross sections are important in setting
the limit of accuracy of the hydrogen maser as a
spectroscopic tool and as a primary frequency
standard. Cross sections for H-H collisions have
been calculated previously' —3:6~° but they either did
not take proper account of the nuclear symmetry or
used potential-energy curves of uncertain accuracy.
The interaction potentials corresponding to the ap-
proach of two hydrogen atoms in their ground states
X'z} and %3} are now known to high precision.!®
These potentials have been used by Allison and
Dalgarno'! to calculate the rate coefficients for spin
change. These calculations have been extended to
give precise values of the spin-change and frequency-
shift cross sections over a broad range of tempera-
tures.

The spin-change and frequency-shift cross sec-
tions can be written®

o*(k) =%§ @1+ 1) sin?(nf = n¥)[1 = (= 1)+W/D0/2)]

and

Nk =klz i’; @1+1)sin2(mé - [1 - (- 1]
1=0

where 2= uv/f, u is the reduced mass, v is the

relative velocity, and 14, n% are the phase shifts
corresponding to the elastic scattering of two hy-

TABLE I. Values of the spin-change and frequency-shift
cross sections for various temperatures.
T 7 o A
CK) A% A&?% A&7
10 1.9 1.8 -27.3
20 5.6 9.9 —~34.8
30 9.3 16.8 -33.0
40 12.5 20.9 -29.3
60 16.8 24.5 -22.0
80 19.1 25.9 ~16.2
100 20.5 26.3 -11.7
125 21.6 26.3 - 7.5
150 22.2 26.0 ~ 4.4
175 22.6 25.7 - 2.2
200 22.8 25.4 - 0.4
225 22.8 25.0 1.0
250 22.8 24.7 2.1
275 22.8 24.4 3.0
300 22.7 24.2 3.8
325 22.6 23.9 4.5
350 22.5 23.7 5.1
400 22.3 23.2 6.0
450 22.1 22.8 6.7
500 21.9 22.4 7.3
600 21.5 21.8 8.0
700 21.1 21.3 8.5
800 20.8 20.9 8.8
900 20.6 20.6 9.1
1000 20.3 20.3 9.3




