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An error in an earlier paper [Phys. Bev. 124, 983 (1961)]is corrected. This error oc-
curred in the derivation of nonlinear transport equations from a generalized Fokker-Planck
equation, and took the form of neglecting certain fluctuations. When these are accounted
for, the resulting transport equations contain fluctuation-renormalized transport coefficients.

Some years ago one of us presented a statistical
mechanical theory of nonlinear and non-Markoffian
transport processes. ' The main result of that paper
was an exact generalized Fokker-Planck equation
for the probability distribution of a set of dynamical
variables, together with formally exact expressions
for various quantities in the equation.

In that paper it was claimed that nonlinear trans-
port equations for the average values of macro-
scopic variables could be obtained easily from the
Fokker-Planck equation, and some results were
given. Our purpose here is to point out an error
in this part of the earlier paper and to show how
correct results can be obtained.

The error was as follows. In deriving transport
equations for average values, it was asserted that
when the dynamical variables were macroscopic
one could safely neglect fluctuations from the
average values. Specifically, the average of a
function was approximated by the same function of
the average. We have found that this is not correct;
even though the fluctuations are of a microscopic
order of magnitude and are not seen in ordinary

macroscopic experiments, they have a striking ef-
fect on the transport equations. In particular, they
cause a "renormalization" of the transport coef-
ficients that appear in the Fokker-Planck equation.
The phenomenon can be described loosely as a non-
linear mixing of thermal noise with a macroscopic
relaxation process.

The nature of the error and the structure of the
corrected transport equations are illustrated here
by considering a simple example. Instead of using
the exact general. ized Fokker-Planck equation of
Ref. 1, we use a simple special case in which ir-
relevant details are eliminated; this allows us to
focus attention on the main point. A future article
will present a more detailed analysis. (The relation
of the equation used here to the exact Fokker-Planck
equation has been discussed, in a different context,
by Kawasaki. }

Let a denote the numerical values of a set (a„
a2, . . .} of dynamical variables. The probability
density of these variables at time f is g(st; t}. The
average values of the variables at time t are given
by
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c,(t) =(a„t)=J daakg(a;t) .
We suppose that these variables have been chosen
so that their averages vanish at equilibrium and
their equilibrium second moments are

(akari eq) = ~kr ~

We are concerned here with the transport equations
for these average values. In particular, we seek
transport equations of the form

—„c,(t) = F„(fc,(t ')}),

where the right-hand side is a functional of the
average values.

According to the results of Ref. 1, the time
evolution of g(a; t) is governed by a generalized
Fokker-Planck equation, which contains nonlocal
and non-Markoffian transport coefficients, and
various nonlinearities. To illustrate the effect
these nonlinearities produce in the derived transport
equations, we consider here the much simpler
Markoffian- Fokker-Planck equation

8 8
g(a; t) + Q [v,(a) g(a; t)]

8 8
g(a; t) —F„(a)g(a; t) . (4)

8&x

This equation corresponds to Eq. (33) of Ref. 1, in
the limit that the memory kernel is sharp in time.
The quantities p~ are transport coefficients. The
velocities v„(a) describe a streaming motion in a
space, and the Fk(a) are thermodynamic forces.
We assume, for simplicity, that the forces are
linear, Fk(a) = —a„, and that the streaming velocities
are quadratic in deviations from equilibrium,

vk(a) = ++ Vkl m at am ~

The coupling constants V» obey certain symmetry
conditions,

Vklm Vkml ~ +k Vkkm ~m kmm

arm+ Vrmr+ V~ar =0.

These can be justified by requiring that this Fokker-
Planck equation has the equilibrium solution

g(a: eq) -exp(- —,
'

Qk a', ).

We consider only a special initial density g(a; 0),
Gaussian with the equilibrium second moments but
with nonzero initial average values c,(0),

g(.;0)-. p(- —,'Z, [.,—;(0)]'}.
Thus the initial probability density is simply a dis-
placed equilibrium density.

To get a transport equation for the time-dependent

average c,(t), we multiply Eq. (4) by ak and perform
several partial integrations,

—c,(t) = —rlkck(t) +(vk(a); t }.rt (9)

This equation contains the average of the streaming
velocity.

Next, we apply here the same approximation that
was used in Ref. (1) to get transport equations. We
replace the average of the streaming velocity
(vk(a); t) by the streaming velocity vk(c(t)) at the
average position in a space, and we obtain the non-
linear transport equation

8
ck(t) = —rlkck(t)+p g Vk,„c,(t)c (t).

l m

(10)

where c,„(t) denotes the second cumulant

c,„(t)=(a,a:t) —(a„.t)(a; t) . (12)

At t= 0 and at equilibrium (or infinite time), the
second cumulant is just

c&.(0)= cr.( )= ~r. ,

and avk(t) vanishes because of the condition $„Vk „
= 0. If the second cumulant actually maintained its
equilibrium value for all times, then Eq. (10) would
be exact. But this is not so; it turns out that extra
fluctuations build up and then decay as the system
relaxes toward equilibrium. The approximate
Eq. (10) must be replaced by the exact form

—c,(t) = —rlkck(t)+ Q Q V„„[c,(t)c„(t)+c,„(t)],
r

(14)

and we must relate the second cumulant c, (t) to the
average c„(t).

This will be done by a perturbative method. Let
us assume that the nonlinear coupling constants are
small,

v„=0(x),

Our goal is an expansion in powers of X of the
functional on the right-hand side of Eq. (3).

An equation for c, (t) can be obtained by the
same procedure used to get the equation for c„(t).
The Fokker-Planck equation is multiplied by ara,
partial integrations are performed, and terms
arising from the time derivatives of c, (t) and c (t)
are subtracted. The result is

8

8t
—c,„(t)+(q,+ rl„)c,„(t) 2', f,„—

= Q Q V, [c„(t)+c„(t)c &(t)+ c&(t) c „(t)]

This result, which is a prototype of the transport
equations "derived" in Ref. 1, is not correct. The
quantity that was neglected in this approximation is

~v, (t) =gg V„„c,„(t),
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+ V „[c,„(t)+c„(t) c, (t)+ c (t) c,„(t)], (16) ds P„„(s)c„(t s) +—0(&'), (22)
where c ~(t) denotes the third cumulant

c „,(t) = (a„a„a„.t& —(a„a„;t&(a„ t&

—(a„a~; t&(a„; t& —(a„a~; t& (a; f&

where

n „0

(s) 2P Q V V e (n~-+nm)s+. . .
m

(23)

+ 2(a; t&(a„; t)(a„ t& . (17)

Again by following the same procedure, we can
get an equation for the third cumulant,

a—„c.„,(t)+ (rl. + ri„+ q, ) c,(f) = V{ ) . (18)

c,.(f) = 6,.+ O(~), c.„,(i) = O(~).

This means that, to terms of first order in X, Eq.
(16) may be replaced by

8

sf
c (&)+ (n$+ n ) c$ (f) —2n/ 6$

=PE V,„,[&., c„(t)+6.„c,(f)]

+ V„„,[6„c„(f)+ ,6„c()]i+ O(~'). (2O)

%'hen this equation is solved as an inhomogeneous
first-order differential equation, the result is

c,„(t)=6, +2L(V,„+V „,)

The second cumulant has a contribution of order ~

which arises from nonlinear mixing of equilibrium
thermal noise with a macroscopic quantity. The
relaxation of c„(i) induces extra correlations in

c, (f).
When this result is substituted into Eq. (14), and

the symmetry conditions (6) are used to combine
terms, we find

8—c, (t) = —q„c,(t) + Q Q V„, c, (t) c (t)

The curly brackets on the right-hand side contain
the average, and also the second, third, and fourth
cumulants —but the whole quantity is of order X.

Let us expand the second and higher cumulants
in powers of A. %hen the equations governing
their time dependence are solved, and the initial
distribution (8) is used to fix their initial values,
we find

The kernels P~„(s) are additional non-Markoffian
transport coefficients, associated with the linear
part of the relaxation.

Evidently this calculation can be carried out to
higher orders in X, although the results get pro-
gressively more complicated. In particular, the
kernels g,„(s) have additional contributions of order
A. , X, and further terms, nonlinear in the averages,
appear in higher orders of ~. At least in principle,
however, we have available a method for generating
an expansion in powers of A of the functional de-
scribing the time evolution of c(t).

If we had assumed a more general initial prob-
ability density than that given by Eq. (8), then we
would have found extra terms in the transport equa-
tion for c,(t) describing the relaxation of initial
nonequilibrium correlations.

The main result of this derivation (to second
order in X) is the "fluctuation renormalization" of
a linear transport coefficient. Results analogous
to this have already been found, although by quite
different methods. For example, mode-mode
coupling theory leads to similar conclusions. Lin-
ear-response theory has been applied' to essentially
the same Fokker-Pl. anck equation studied here, and
the same renormalized transport coefficient was ob-
tained. Finally, the Brownian motion of a nonlinear
oscillator has been investigated. ' (In this calcula-
tion, the nonlinearity appeared in a nonlinear driving
force in the transport part of a Fokker-Planck
equation, rather than in a streaming velocity. )
Again, the bare transport coefficient was renor-
mal. ized by the nonlinear mixing of thermal noise.

In summary, we have presented a corrected
derivation of a nonlinear transport equation, starting
from a simple-model Fokker-Planck equation con-
taining a quadratic streaming velocity. Nonlin-
earities provide a coupling between thermal fluctua-
tions and the decay of a nonequilibrium average
value, and this coupling gives rise to a renormaliza-
tion of a transport coefficient.
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