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The Ly&/Lps, LV3/Lpa, Lq/Lp&, Lp5/Lo&, Lp&/Ln&, and Ll/Lu, radiative-transition probabil-
ity ratios have been measured for 13 elements ranging in atomic number from 62Sm to 92U.
This has been accomplished by bombarding the elements with an electron beam of constant
energy and flux, and counting the x-ray photons emitted by a given electronic transition. The
corrected measured ratios are compared with the results calculated on the basis of the rela-
tivistic-Hartree-Fock-Slater (RHFS) potential and those calculated on the basis of the rela-
tivistic-screened-Coulomb QSC) potential. In general, values calculated on the basis of
RHFS potential are favored except for the Ll /Le& ratio where the measured values and those
obtained from a RSC-potential calculations are in excellent agreement and are as much as 40%
lower than the values obtained assuming a HHFS potential, The L,y2/Lp3 and Ly3/Lp3 values
obtained with a RSC potential are as much as an order of magnitude greater than experimental
values at high Z, and are not included in the graphs. The estimated error of the experi-
mental results is from 10 to 15%. Other experimental values are also included for compari-
son.

INTRODUCTION

The Lp3/Lp4& LV1/Lpl» L&R/ LQlq Lp215/L&tq
and I.P2 ts/Lnz radiative-transition probability ra-
tios have recently been measured for a large num-
ber of elements ranging in atomic number from
lanthanum to uranium. ' Work has been extended to
cover the less prominent transitions in the same
range of atomic number. Previous work on these
less prominent L x-ray transitions, ~ '3 has never
been carried out for the rare-earth elements, and
their recently tabulated values are mere extrapola-
tions.

Recent relativistic calculations of L x-ray tran-
sition probabilities were carried out by Babushkin, '4

Scofield, and by Rosner and BhaQa. Scofield
and Rosner and Bhalla assumed that the electron
states are in a self-consistent central field derived
from a relativistic-Hartree-Fock-Slater (RHFS)
potential~~:

Ze eV(r)=- + —,4'"p(r )dr
p

res

4' p(r ) dr e[(81/8w—)p(r)] ' . (1)

Babushkin carried out his calculations for electrons
in a relativistic-screened-Coulomb (RSC) potential;
he made use of Dirac wave functions screened by

Burns's prescription. ' Babushkin's numerical re-
sults are given as intensity ratios rather than rela-
tive transition probabilities and for comparison
rvere transformed to transition probabilites by the
relation

F(c)
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FIG. 1. Calculated correction factors Ffc) applied to
the transition probability ratios plotted as a function of
atomic number. Corrections account for differential ab-
sorption, ref lectivity of the crystal, and the efficiency
of the detector. We have the following: A=Lp5/Lo&,
B=Lp6/L&l, C =F2/Lp3 Lp$/Lp3, D=Ll/Log, and E
=Lg/LPg.

I'; = I;/k(u,

where the subscript i indicates a transition of ener-
gy Sco] ~

A retarded radiation field was assumed in all the
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Element

62Sm

65Th

„Ho
6g TIQ

7~Lu

72Hf

73Ta
74M

77Ir
YgAU

83Bi

gp Th
g2U

(Ly2/L p3) 100

16.5
16.0
21.5
25.3
27. 2
25. 7
19.6
18.7
26. 6
25. 2
35.8
41.7

(Lys/L p3) 100

22.3
32.4
29.2
30.8
33 ~ 2

26.0
20.6
27. 2
40.0
48.6
45.0

(L0/L Pg) 100

1.95
1.36
1.57
1.79
1.60
1.49
2.40
2. 14
2. 81
3.45

(LP5/L n g) 100

0.39
0.69

0.72
1.02
2.20
3.11

5.90

(LP6/Ln()100

0.66

0.57
1.08

1.27

1.20
2.00
1.69
1.73

(Li/Ln, )100

2.39
2.64
2. 82
3.11
3.48
3.06
3.79
3.38
4.81
3.96
4. 83
5.19
4.93

~From ref. 1.
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FIG. 3. Ly5/I p5 transition-prob-
ability ratio plotted as function of
atomic numbers Z. The curve label
and the symbols have the same desig:-
nation as in Fig. 2.
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mA throughout the experiment.
A modified high-angle single-crystal goniometer

was used to scan over the region of interest, and
for each sample, the studied transitions were mea-
sured in steps of 0.005' in the Bragg angle 28.
At each position, the number of counts were record-
ed for a period of 60 sec. At least four runs for
each transition were taken and averaged.

Rather than comparing peak intensities as one
normally does where the widths of the characteris-
tic lines are very nearly the same, here the areas
under these curves were considered proportional
to the transition probabilities because the width of
the measured lines did not appear to be all the
same. For example, the widths of the Ll lines
are significantly larger than those of the La~ lines.

In elements where two characteristic lines were
not far enough apart to be mutually free from con-
tributions arising from the Lorentzian tails as-
sociated with x-ray characteristic lines, or were
not completely resolved as is the case with Lya
and Ly, lines in elements with Z ~ V4, the two lines
were unfolded and the overlapping portions were
measured and their undesired contributions elimi-
nated.

One of the difficulties in measuring weak and
medium transitions in the L spectrum of medium-
and high-atomic-number elements is the presence
of extremely strong lines that could completely

overshadow these weak ones when they happen to
be close together as is the case with Lg and Le& in
5sSm and 5,Tb. Another difficulty is the presence
of very weak transitions whose values have never
been measured or calculated, and whose contribu-
tions when they happen to be in the proximity of a
medium transition is hard to estimate. Thus, the
value reported for LP5 in 75Re is probably high be-
cause of contributions from LP,5 and LP7. Similarly
the value reported in Ref. l for I,P, of uranium is
probably in error because of contributions from
Lcrr —Pz and Lrrr —Prv, v transitions. Still another

'

problem arises when one of the L-absorption edges
falls too close to one of the emission lines under
study, which is the situation of the L», — absorption
edge and the Lp5 transition in 75Ta. For the ele-
ments, &Lu»zHf, and ~,Ta the most probable values
of Lps, from Fig. 6, had to be subtracted from I p&

in order to obtain a value of the ratio Lq/Lp, for
these elements. To obtain the values of Lys/LP5
and Lya/Lp5 for gold, measurements were made
for the I ya/L p4 and Ly 5/Lp5 from which, with the
help of the most probable value of Lp5/Lp5 from
Ref. 1, the desired ratios were calculated. All
these steps, which cannot be avoided under the
present experimental conditions, introduce addition-
al errors.

To reduce the effect of self-absorption in the
anode material, a process complicated by photo-
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FIG. 4. Lq/LP& transition-pro&-
ability ratio plotted as a function of
atomic number Z. Curve 1 is from
Ref. 14, and curve 2 is from Ref.
15, and the symbols have the same
designation as in Fig. 2.
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FIG. 5. LP5/La& transition-
probability ratio plotted as a func-
tion of atomic number. The curves
numbers and the symbols have the
same designation as in the previous
figures e

ionization, ~ the energy of the electron beam was
kept at a practical low value and the take-off angle
was set at 15'. The mean depth of formation of
x-ray characteristic lines was calculated from pre-
viously measured values'0 and the fact that such
depth is inversely proportional to the electron den-
sity of the material traversed. Further corrections
were made for the counter recovery time, for dif-
ferential self-absorption, for absorption in the 4Be
x-ray-tube window and in the air path, for the re-
flectivity 8, of the calcite crystal, and for the ef-
ficiency E, of the, 4Xe-filled Geiger-Muller counter
as a function of the photon energy. The correction
factor is

E(c)= (Bp', )
I exp+(Z, p;p, t~) exp(p, p, t, csc+), (3)

where p, &, p&, and t,. are, respectively, the mass
absorption coefficients, the mass densities, and

the thicknesses of the material traversed by the
photons before reaching the counter. Here p, , is
the mass-absorption coefficient of the target mate-
rial for its own characteristic lines. p, is the target
mass density, t, is the depth of formation of char-
acteristic lines, and 4 is the take-off angle. The
values of the mass-absorption coefficients were
obtained from the tables of McMaster et gl.
Equation (3) was computer solved for all the report-
ed transition-probability ratios of the elements
studied. The values of the correction factor for
the indicated ratios are shown in Fig. 1. The cor-
rection factors for Lya/Lps and for Lys/Lp, are

nearly the same for all the elements except »Au,
where the L»-absorption edge lies between Ly2
and Ly3. Only one correction curve is shown for
these two ratios.

Several sources contribute to errors in the ex-
perimental results. The most important ones are
(a) counting statistics, (b) systematic errors, (c)
voltage and current instabilities, (d) tungsten and
carbon contamination of the sample under study,
(e) spectrum unfolding, (f) difficulties in evaluating
the background radiation because of the complex na-
ture of the I. spectrum, and (g) errors in evaluating
E(c). To reduce statistical errors, the spectrum
of each element was measured several times, and
the average values are reported. Systematic errors
were also reduced by alternating the stepping direc-
tions of the Bragg angle for successive runs. An
average value of E(c) was used by drawing smooth
curves through the calculated values. An error
analysis was carried out for all the measured ratios.
These were found to be between 10 and 15% for all
the measured quantities, and their magnitudes are
indicated by error bars in the appropriate graphs.

RESULTS AND DISCUSSION

The corrected numerical results of this work are
presented in Table I, as transition-probability ratios.
This table also includes ratios previously reported
in Ref. 1. Transitions originating at each of the
three L subshells are reported as fractions of the
most prominent transition to that particular sub-
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FIG. 6. LP6/L&& transition-prob-
ability ratio plotted as a function of
atomic number Z. The curves num-
bers and symbols have the same
designation as in the previous figures.
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Configuration-Space Hamiltonian for Heavy Atoms and Correction to the Breit
Interaction*
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The lowest-order configuration-space Hamiltonian {CSH) for a heavy atom is constructed from
quantum electrodynamics by a variational procedure. A variational potential function 0 is intro-
duced which in effect allows some freedom in the choice of the definition of the difference be-
tween electrons and positrons. The optimization of 0 results in a nonlinear equation from which
it is shown that 0 is probably not small for relativistic electrons. The procedure results in a
CSH which contains a new two-body interaction which is relativistic in origin and which is appar-
ently of the same order of magnitude as the Breit interaction when acting between relativistic
electrons.

.I. INTRODUCTION

In the first paper of this series (I) the problem
of the extraction of a configuration-space Hamilto-
nian (CSH) for a. heavy atom from the usual quan-
tum-electrodynamic (QED) formulation of the prob-
lem was discussed. A review of the existing situa-
tion was presented. The fact that the most obvious
generalization of the Schrodinger CSH, a sum of
single-particle Dirac Hamiltonians with simple two-
body interactions, leads to difficulties' (Brown's
disease) was reviewed. The three-electron poten-
tial interactions were derived for the situation
where there are only a few electrons (i.e. , where
Nn «1, here N is the number of electrons). The
assumption was then made that the derived form
applies even when there are many electrons and that
the total energy residing in the three-body poten-
tial would then be the sum of this form over all
different triplets of electrons in the atom. In that
case it was possible to show that the total three-
body energy is of the order of a few rydbergs, a
small part of the total energy of the atom.

We now return to the problem of the CSH of a
heavy atom retaining only lowest-order terms.
For example, we shall find the leading two-body
potential will be of order e but there will be cor-
rections to the two-body interaction of order e and
smaller. These will be neglected. For this rea-

son we shall never encounter renormalization prob-
lems here. However, extension of this work will
run into these problems and it is not obvious how

they will best be handled. We shall also neglect
three-body potentials because of the author's pre-
vious work. ' This is not completely justified since
the three-body results described in I depend on the
form of the two-body potential and this form changes
in the many electron system considered here from
the form for the few electron system in I. Thus our
neglect of the three-body potentials here is not
rigorous and will have to be reinvestigated subse-
quently.

A method for obtaining a CSH would be to expand
the Fock-space wave function in an infinite series
of terms. The first has N electrons, the second
N+ 1 electrons and one positron, and each addi-
tional term has an extra pair. The amplitude func-
tion of the first term may then be considered the
wave function of the atom. We can then obtain an
infinite set of equations coupling all the amplitude
functions. We could eliminate all but the first,
thereby obtaining the required Hamiltonian but this
procedure would result in an intractable operator
(if it exists at all). We take the point of view here
that the elimination of even one other function would
complicate the resulting CHS beyond the point of
usefulness. Therefore we seek an expression for
the Fock-space wave function which contains only


