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Photoionization calculations in the noble gases Ne(L shell), Pr(I and M shell), Kr(M and
N shell), and Xe(M, N, and 0 shell) using Hartree-Fock (HF) wave functions for the outgoing
photoelectron are reported. Total cross sections- are presented and compared with experiment.
Subshe11 cross sections are also given and unusual features are pointed out in an effort to stimu-
late direct measurements of subshell cross sections via the technique of photoelectron spectro-
scopy. The relation between our work and the intrachannel coupling of the Fano continuum con-
figuration-interaction theory is discussed. The asymmetry parameter p of the angular dis-
tribution of the photoelectrons, 1+p P2(cosp), is calculated in HF-length, HF-velocity, and
Hartree-Slater (HS) approximations. The results show remarkable agreement among the p 's
resulting from the several approximations despite the rather different cross sections they pre-
dict. Good agreement with recent experimental results is found and the need for further ex-
perimental work is pointed out. Extremely oscillatory behavior of the energy dependence of
P is found and the reasons for such behavior are discussed.

I. INTRODUCTION

The ionization of an atom by incoming photons,
the process of photoionization, is of importance in
plasma physics, atmospheric, space, and astro-
physics, as well as in the area of radiation phys-
ics. At energies below about 10 keV the cross sec-
tion for photoionization is equal to the photoabsorp-
tion cross section since other processes which
lead to attenuation of photons, such as Compton
scattering and brehmstrahlung, are negligible.
Until recently, essentially all of the measurements
were of the absorption of photons, but advances
in experimental techniques over the last few years
have begun to stimulate direct measurements of
the distribution of photoelectrons in energy and
angle. Thus, data are being obtained on the
photoionization of individual atomic subshells in
addition to the previous total-cross-section re-
sults. Most of these recent and forthcoming ex-
periments, as well as much of the previous data,
concern the noble gases, which, being monatomic
gases at room temperature, are relatively simple
to work with in the laboratory. It is therefore of
interest to have theoretical estimates of the total,
subshell, and angular cross sections in the noble
gases.

In this paper we present results of calculations
on neon, argon, krypton, and xenon. These cal-
culations have been performed with a threefold
purpose in mind. The first is to provide a back-
ground for the interpretation of experimental re-
sults. The second is to provide detailed, reason-
ably accurate data on subshell cross sections and

photoelectron angular distributions to aid experi-
menters in choosing which subshells and energies
to investigate. The third is to obtain results using
essentially the best possible single-particle wave
functions (Hartree-Fock functions with complete
exchange) for all of the noble gases, to discover
where such a calculation is adequate and where
further refinements in the theory, such as inter-
channel coupling, "' are important. Thus, these
calculations are to be considered a first approxi-
mation to a description of the photoionization pro-
cess. They are carried out in such a way as to
make them amenable to successive improvements
using the Fano continuum configuration-interac-
tion theory. "' The details of the wave functions
employed, along with some discussion of the theory
of total and subshell cross sections and photoelec-
tron angular distributions, are presented in Sec.
II. We have performed calculations on Ne 2s and

2p subshells; Ar 2s, 2p, 3s, and 3p; Kr 3s, 3p,
3d, 4s, and 4p; and Xe 3s, 3p, 3d, 4s, 4p, 4d, 5s,
and 5p subshells. The total and subshell cross sec-
tions are presented and compared with experiment
and other calculations in Sec. III. Phase shifts and
angular distributions are given in Sec. IV. Section
V gives a discussion of all results and concluding
remarks.

Recently a study somewhat similar in scope to
ours has been carried out by Amusia, Cherepkov,
and Chernysheva who considered multielectron
correlations in the final state using the random-
phase approximation, starting with essentially
Hartree-Fock wave functions. This work comple-
ments ours since it is concerned primarily with
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total photoabsorytion cross sections, while we are
mainly interested in subshell cross sections and
angular distributions. In another sense, however,
the work of Ref. 1V is an advance over the results
we report since it deals with multiyarticle effects.

II. THEORY
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If the wave function of an atom is represented in
the form of an antisymmetric product of single-
particle wave functions, the cross section for pho-
toionization of an electron in the nlth subshell is
given in the dipole approximation by

o„,(e) = —,
' 1/'o(a', [N„,(e —e„,)/(21+ 1)]

&& [lR, , 1+ (l + 1)R, 1,1].
Here e„, (in rydbergs) is the binding energy of an
electron in the nlth subshell, n is the fine-struc-
ture constant (- ~~~,), ao is the Bohr radius (5. 29
x 10 ' cm), N„, is the number of electrons in the
subshell, and e (in rydbergs) is the energy of the
ionized electron, i. e., hv= e —E„„where hv is the
energy of the incident yhoton. The radial dipole
matrix elements are

R, „,= f, P„,(r)rP, „,(r)dr, (2)

where P„,(r)/r and P, „1(r)/r are the radial parts
of the single-particle wave functions of the initial
(discrete) and final (continuum) states, respective-
ly, satisfying the normalization conditions

In our calculation we consider both forms of the di-
pole matrix element since their difference provides
us with an estimate of the accuracy of our results.
There is some indication, however, that the length
results are more reliable.

The angular distribution of the photoelectrons
ionized by polarized light incident on the with sub-
shell js given by

«„,(~) o„,(2) [1+p(e) P2 (cos(/()],

where y is the angle between the polarization direc-
tion and photoelectron direction, and P2(x) = —,'(3x
—1). Unpolarized light can be considered as the
incoherent superposition of two polarized beams
with one polarization direction lying in the plane
defined by the incident photon beam and photoelec-
tron directions, and the other perpendicular to it.
For unyolarized light the angular distribution of
photoelectrons from the nlth subshell will then be

«.&(~) o.&(~) [1 ——2'p(e) P2 (cos8)]=A+8 sin 8,' 2

J, P„,(r)'dr= 1, (3)

(r) ~- / ~-1/4sin[e1/2r l ~-1/2 l 2~1/2r

+ o, (~) + 5,(~)], (4)

with o,(e) =argI'(1+1 —ie ), and 5,(e) is the phase
shift. This normalization of P„(r) is the usual
normalization of continuum wave functions yer unit
energy range.

The matrix element given by Eq. (2) is known as
the dipole length matrix element. If exact wave
functions are used, this will be the same as the
dipole velocity form of the matrix element given

where 8 is the angle between the incident photon
beam and the photoelectron direction. Equations
(6) and (7) can be obtained from quite general con-
siderations, depending only on the absorption of
radiation occurring via an electric dipole process.
Deviation from the form of these equations implies
the presence of absorption via processes other
than electric dipole. ' The "asymmetry parame-
ter" P(a), however, does depend upon the details
of the calculation. Specifically, for LS-coupled
antisymmetrized products of single-particle func-
tions the asymmetry parameter is given by

l(l —1)R, , 1+ (l+ 1) (l+ 2)R', ,+, —6l(l+ 1)R, ,+1 R, , 1cos(t',+,(e) —$, ,(e))

(2l + 1) [lR, , 1+ (l+ 1)R, „1]
(6)

with

&(.1(&)-=51,1(&)+o1,1(&) (9)

The radial part of the wave function of the con-
tinuum electron, P„(r), ionized from the nlth sub-
shell is obtained by solving the Hartree-Fock (HF)
equation in the frozen core of the positive ion with ( e r ('(r)) a„(r) + rr (r) = 0,d' l(l+1)

(10)

an nl' hole. We consider only the P multiplet
since this is the only one optically accessible from
the S ground state of a noble-gas atom. This equa-
tion can be written generally for the noble gases
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FIG. 1. Total absorption cross sec-
tion for Ne; data points: closed circles,
Ref. 2; open circles, Ref. 44.
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+ ~ Y (nl', nl') 5 „,,~+ [f Y (nl', nl')

+~s Y (nl', nl')j 5,+,. ,), (11)

V (r) = (2/~) X(y) +Q„~„,P„,(~),
with

(12)

Z is the nuclear charge, and X„, is the off-diagonal
parameters to ensure the orthogonality of P„ to the
P„, of the final-state ion core. The term (2/x)X(v)
in Eq. (12) is the exchange interaction between the
photoelectron and the ion core. The detailed form
of X(r) for the various photoionization processes
which we consider is given in the Appendix.

For the discrete orbitals in the wave function for
the residual ion, as well as for the initial state,
we have several possible choices. A reasonable
choice is HF functions for the neutral atom and the
ion, so as to include the effects of core relaxation.
Such a scheme, however, yields initial and final
states in different basis sets which renders it un-
acceptable for further theoretical improvements
owing to the complexity involved. Further, the
wave functions for the ion cores of Kr and Xe with

where

V(x) = (2/x) f Z —2 Q„Y0(ns, ns) —6 Q„Y (np, np)

—10K„Y (nd, nd)+ Y (nl', nl')

inner-shell holes are not readily available. Thus,
for our purposes, we use the same discrete orbit-
als in both the initial and final state. In particu-
lar, we employ Hartree-Slater (HS) functions as
tabulated by Herman and Skillman ' since they are
central-field functions and further members of the
basis set can be easily generated. We use the HS

rather than, say, the HF orbitals appropriate to
the neutral atom because although the HF wave
functions probably approximate the initial state
more closely, they are most likely inferior for the
ion core so that there does not seem to be any ob-
vious advantage in using HF orbitals of this type.

Performing a Hartree-Fock calculation for the
continuum orbital is then equivalent to diagonalizing
the intrachannel coupling matrix in the Fano for-
malism starting with a basis of HS discrete and
continuum orbitals so that, in a sense, this cal-
culation represents a first step in the systematic
improvement of the simple HS results. Further
refinements such as interchannel coupling and con-
figuration interaction in the initial discrete state
could then be macie using the results of this paper
as a starting point.

III. CROSS SECTIONS

A. Total Cross Sections

The computed values of the total cross sections
are shown for Ne, Ar, Kr, and Xe in Figs. 1-4,
where they are compared with available experi-
mental data. Although the use of double logarith-
mic scales tends to deemphasize the disagreement
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FIG. 2. Total absorption cross sec-
tion for Ar; data points: closed circles,
Ref. 2; open circles, Ref. 44.
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between the present theoretical and the experi-
mental results, it does show that the gross struc-
ture of the experimental photoionization cross sec-
tion is reproduced quantitatively by theory over a
very wide range of photon wavelengths.

In Ne, there is good agreement, about 10%%uo, at
most energies between the theoretical and experi-
mental values of the cross sections. Autoionization
processes have been ignored in the present calcu-
lations, but there is nevertheless very good agree-
ment between the values of the cross section found

using the length formulation and the data of Samson~

in the near-threshold region. The difference be-

tween length and velocity results for Ne remains
quite constant at all energies, being about 15%%up.

At the L& edge, the theory predicts a jump of about
5%%uo, but this does not appear in Samson's data. The
data of Ederer and Tomboulian, 26 however, are in
good agreement with the length results in this ener-
gy region and do show a jump at the I

& threshold.
From the L edge down to about 100 A, Samson's
data lie between the present length and velocity re-
sults, and tend towards the velocity values at the
shorter wavelengths.

Agreement between the experimental and length-
formulation values is also good for the first few
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FIG. 3. Total absorption cross sec-
tion for Kr; data points: closed circles,
Ref. 2; open circles, Ref. 44.
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FIG. 4. Total absorption cross sec-
tion for Xe; data points: closed circles,
Ref. 2; open circles, Ref. 26; triangles,
Ref. 44.
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electron volts above threshold for Ar, Kr, and Xe.
All three sets of theoretical HF curves show an
initial rise in the cross section of the same mag-
nitude as is found experimentally. However for
these atoms the difference between the length and
velocity results for the outer-shell contribution is
much greater than in Ne, being about 50%. The
experimental data appear to fall off more rapidly
than either length or velocity curves and reach a
minimum value some 10-20 eV before the theo-
retical curves. It is not clear whether this is due
to the s-subshell cross section being too small,
or to the theoretical Cooper minimum occurring at
too large an energy, or some combination of these
effects. In Xe, where there is a second Cooper
minimum due to the 4d subshell, there is good
agreement in the energy range between the two
Cooper minima.

At photon energies higher than the Cooper mini-
ma, when the inner-shell contributions begin to
dominate the total cross section, the agreement
between length and velocity values improves, and
in general there is closer agreement between the-
ory and experiment.

Apart from those spectral regions where one
particular subshell contributes predominantly to
the total cross section, little can be inferred di-
rectly at present from experiment as to the validity
of the subshell calculations. In fact a major aim
of this work is to stimulate experimental measure-
ments of subshell cross sections via the technique
of photoelectron spectroscopy. One must resort
therefore to a comparison of the various theoretical
results to obtain some guide to the over-all ac-
curacy of the present calculations. This will be
considered in Sec. III B5.

B. Subshell Cross Sections

The total subshell photoionization cross sections

(I- I+ I plus &- I —I channels) resulting from our
HF calculations are given for the 2s and 2p in Ne
in Table I; Ar 2s, 2p, 3s, and 3p in Table II;
Kr 3s, 3p, 3d, 4s, and 4p in Table GI; and Xe 3s,
3p, 3d, 4s, 4p, 4d, 5s, an6 5p in Table IV. Re
present the results in both the length and velocity
formulations to provide an estimate of the uncer-
tainty. In Secs. III Bl-IIIB4, these data, are dis-
cussed in detail

1. Outer Subshe/ls

The results of our calculations for the Ne 2p- ed
transition are presented in Fig. 5 along with the
HS results. The HF-length (HF-L) and the HF-
velocity (HF-V) cross sections agree reasonably
well with each other, with the HF-L always larger
than HF-V. The HS data are also in fairly good
agreement, being closer to HF-L near threshold

~ (Ry)

0
0.5
1.0
1.5
2.0
3.0
4.0
6.0
8.0

10.0
15.0
20. 0
30.0

HF-L

5.44
7.80
8.23
7.98
7.50
6.44
5.43
3.76
2.63
1.89
8.72 —1
4. 28 —1
14 33 —1

2p
HF-V

4.96
6.89
7.12
6.78
6.30
5.28
4.35
2.91
1.97
1.37
6.04 —1
2.93 —1
9.43 —2

HF-L

2. 84 —1
4.40 —1
5.24 —1
5.70 —1
5.89 —1
5.81-1
5.43 —1
4.52 —1
3.70 —1
3.04 —1
2.00-1
1.37 —1
7 ~ 10 —2

2g
HF-V

2.53 —1
3.68 —1
4.82 —1
5.27 —1
5.46 —1
5.39 —1
5.04 —1
4.17 —1
3.39 —1
2.78 —1
1.78 —1
1.20 —1
6.13—2

TABLE I. Hartree-Fock results for the photoionization
cross sections, in Mb, for individual subshells in Ne, as
a function of the photoelectron energy &, in Ry. HF-L and
HF-V refer to calculations in the length and velocity formu-
lations.
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and nearer HF-V in the higher-energy region.
The situation is substantially different for the

outer-shell np- &d transitions in Ar, Kr, and Xe
which are shown in Figs. 6-8. The most striking
feature of all three of these figures is their great
similarity to each other as well as their differences
from the Ne results. This is due to the fact that
although these are all outermost p subshells, Ar,
Kr, and Xe have a Z value just below the value re-
quired to bind a new d orbital in the atom's ground
state. Thus the character of the ed continuum or-
bitals is similar for Ar, Kr, and Xe but rather dif-
ferent for Ne.

A maximum occurs near threshold in each case
with HF-L more than 50/~ larger than HF-V in Ar,
increasing through Kr to almost V0% in Xe. The

HS results show a much higher and narrower peak
somewhat closer to threshold. A Cooper minimum

appears in all of these cases with the minimum oc-
curring at highest energy in HF-L and lowest in
HS. In the energy region just above the Cooper
minimum, the HF-V cross section is greater than
HF-L, and the over-all agreement between the dif-
ferent approximations is much better at the higher
energies than at the lower. At higher energies the
HS results are close to the HF-V while near-
threshold agreement with HF-L is better in all
three atoms, similar to the trends found in Ne and
in the experimental data.

The 4d- ef photoionization cross section in Xe,
shown in Fig. 9, is the only other transition we
have considered that has a Cooper minimum. Here

TABLE II. Hartree-Fock results for the photoionization cross sections, in Mb, for individual subshells in Ar, as a
function of the photoelectron energy &, in By. HF-L and HF-V refer to calculations in the length and velocity formula-

tions.

q (By)

0.0
0.5
1.0
1.5
2.0
3.0
4.0
6.0
8.0

10.0
15.0
20. 0
30.0

HF-L

2.46+ 1
2.57+ 1
2.98+1
1.97+ 1
9.13
1.12
3.64 —1
7.22 —1
8.34 —1
7.66 —1
4.73 —1
2.89 —1

. 1.36- 1

l.85+1
1.91+1
1.73+ 1
9.74
3.69
4.08 —1
5.08 —1
7 ~ 77 1
7.29 —1
6.08 —1
3.51 —1
2+231
1.11—1

HF-L

7.20 —2
2. 26 —1
2.95 —1
3.42 —1
3.61 —1
3.59 —1
3 ~ 37 1
2.79 —1
2.30 —1
1.90 —1
1.18 —1
7.94 —2
4.21 —2

HF-V

3.98-2
1.48 —1
2. 28 —1
2.72 —1
2.92 —1
2. 95 —1
2.76 —1
2. 28 —1
1.85 —1
1,50 —1
9.17 —2
6.17—2
3.36 —2

HF-L

7.57
4.03
2. 94
2. 67
2. 59
2.53
2.43
2.14
l. 92
1.70
l. 26
9.86 —1
6.42 —1

HF-V

7.27
3.85
2.79
2. 52
2.43
2. 36
2. 25
1.97
1.74
1.54
1.12
8.66 —1
5.51 —1

HF-L

3.18 —1
3.35-1
3.33-1
3.24 —1
3.14 —1
2. 91 —1
20 72 —1
2.45 —1
2.27-1
2. 11—1
1.75 —1
1.47 —1
1.08 —1

2s
HF-V

3 ~ 23 1
3.42 —1
3.37 —1
3.28 —1
3 ~ 17» 1
2. 93 —1
2.72 —1
2.44 —1
2, 24-1
2.08 —1
1 y 72 1
1.44 —1
1~ 04 —1
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local minimum is not a zero minimum because the
variation of overlap occurs primarily in the outer
part of the discrete wave function. The major part
of the matrix element comes from the intermediate
and inner part of the discrete function where the
continuum solution does not change much with en-
ergy; the major portion of the matrix element is
thus relatively constant.

A similar effect occurs in the Xe 4p- Ed transi-
tion, but it is much less pronounced and obscured
by the addition of the 4p- es channel as is shown
in Table IV.

Figure 12 shows results for the photoionization
of xenon in the vicinity of the 3d (M& 5) thresholds
together with the experimental results of Deslat-
tes. The agreement between HF-L, HF-V, and
experiment is quite good, while the HS curve is
quite far off, giving only the correct qualitative
behavior. Here an adjustment was made in the
calculated cross sections for purposes of compari-
son with experiment: The spin-orbit splitting of
the M4, subshell into 3ds~q and 3d, ~z (M4 and M, )
components has been introduced by weighting the
cross section for this subshell by 0. 4 and 0. 6, re-
spectively, and uniformly translating the individual
contributions to the experimental thresholds. This
adjustment is made to show how realistic nonrela-
tivistic calculations can be used as an aid to inter-
preting experimental results. The correction for
spin-orbit splitting assumes that the radial matrix
elements [Eqs. (4) and (5)j are insensitive to the en-
ergy splitting.

All of our results for inner subshells show good
agreement between HF-L and HF-V, as seen from

the tables, and, in general, with HS as well. This
indicates, but by no means proves, that these in-
ner-shell cross sections are probably fairly reli-
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FIG. 10. Low-energy region of Kr 4s and Xe 5s subshell
photoionization cross sections.
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iltonian and the HS-model Hamiltonian so that it
amounts to the HF exchange potential minus the HS
exchange. The HF photoionization matrix elements,
at continuum energy E, is then given, in the length
formulation, by

F-L ItHs+ ~ d e ass s.z
~
[I 2' 2 ]-1/2z

g g 6 E «)
~ EFS

(16)
and in the (modified) velocity formulation by

RHF-v RHs+ g d «RHs n l 6

—&nr

x[1+F'Z', ,]-"', (17)

R~ being the HS matrix element at energy E and

«„, the ionization energy of the photoelectron. Note
that the appearance of the factor (e —e„,)/(E —e„,)
in the velocity matrix element means that length
and velocity must differ when only the final-state
wave function is improved.

The exchange potential in the noble gases is gen-
erally repulsive so that V is repulsive and its di-
agone. l matrix element is positive. Since the matrix
element V, , is a continuous function of the energy,
it will then be positive for a range of energies with
e near e'. Then, from Eq. (15), K. .. will be posi-
tive for a range of energies around the diagonal.
As in second-order perturbation theory the energy
denominator greatly enhances the mixing coeffi-
cient for the wave function, Eq. (14), andphotoion-
ization matrix elements, Eqs. (16) and (17), for
«close to E so that, apart from an over-all nor-
malization factor, the difference in matrix element
between HF and HS is largely the effect of config-
uration interaction with nearby levels.

At the Cooper minimum, for example, where the
HS matrix element vanishes, the interaction for «

& E has a positive energy denominator with a nega-
tive R", so that its contribution is negative, while
for «+ E, R", is, of course, positive and the ener-
gy denominator negative so its contribution is neg-
ative also. Thus the HF matrix element is nega-
tive so it has not yet reached the Cooper minimum.
Hence, the Cooper minimum moves out to greater
energy. The extra factor in the velocity matrix
element enhances the contribution for «& E but
diminishes the «E effect so that, since the HE

matrix element is much larger below the minimum
than above, the AH

v is not quite as large (in mag-
nitude) as Rs ", and it will reach the minimum at
a lower energy. This is borne out by all of our re-
sults for transitions where Cooper minima occur,
Ar 3P- &d (Fig. 6), Kr 4P- ed (Fig. 7), Xe 5p- ed
(Fig. 6), and Xe 4d- ef (Fig. 9). In the threshold
region, most of the interaction is with «& E, since
for these transitions very little of the oscillator
strength is in the discrete so that the total effect

Q

Q

0
M

Cl) .8
0 ~

~g s0

0 Q0
0

bG

Q

0 g)

M

«() o
M ++cd

M

Q5

Q
0~ M

~ M

~ M Q
s

M" A

Q
Q ~

M g0
Q

bG

cd Q)

~ W Q
0

~W g00
4
S

Q

0+
o o

M
Q

Q 80

M
cd

g

I

O

I

00

I

00

I

CO

L

I

CO

CD

I

CD

I

00

I

CD
CO

I

CD
O

Cg

I

00

I

O

00

I

L

I

00

I

CD

I

O

I

CO

LQ
O

Cg

I

00

I

LQ

CO

+
CD

LQ

LQ

O

I

00

I

LQ

00

I

CD

I

CQ

I

CD
L

I

CD

I

CO
O

I
LQ
CD

CD

O

I

00

I

CD

I

LQ
CO

CQ

O

I

L

I

O
CD

I

CD

I

CQ
O

I

O

I

CD

I

LQ

00

I

O

I

L
00

I
O
CD

I

O

+
CD
LQ

I

O

+
O

O

I

CD
00

I

O

CQ

I

CD

I

00

I

00

+

I
LQ

I

00

I

CD

I
CD
LQ

O
O

I

00

I

00

I
LQ
00

I

O

I

O

I

CD

I

LQ

I

O
CO

I

CO

I

LQ

O O
CD

I I
O N

~ ~

I

CO

I

LQ
LQ

O

I

O

I
CD
LQ

I

O
00

I
00
CD

O

I

00

I

O

I

O

O
00

I

O

I

00

I

CD

O

I

00

I

CD

I

00
CD

CQ

I

LQ

I

CD

I

O
O

I
00
00

CD

O
O

I

QO

I

00

O
CD

I

LQ
O

I

O
CD

I

CO

I

CD

LQ

CV

I

Cg

CD

I

CO
00

O
LQ

I

CD

CO

I

CO

LQ

I

O
O

0
CQ

I

O
CO

I
00

I

00
L

00

I

CO

I

CD

I

CD

I

LQ
O
CO

I

00

I

00

I
LQ

I

00

I

O
00

LQ

I

00

I

O
00

I
00

O
O

O
O

I I

00
O

~ ~



238 D. J. KENNEDY AND S. T. MANSON

50

Ar 3p =ed

40—

30

/

/
/ g LENGTH

//'
/

20

10

I « I I I I I I I I I I

0 0.5 1.0 1.5

PHOTOELECTRON ENERGY (RYDBERGS)

FIG. 13. Ar 3p- ed photoionization cross section;
using HS orbitals, dot-dash line; using HF Ar orbitals,
dashed line; using HF Ar' orbitals and taking dipole matrix
element with Ar 3p orbital, solid line.

on velocity is greater than on length. However both
R," and the energy denominator are negative and

K, ~ is positive, which make the contribution posi-
tive, which partially cancels the negative R~ .
Since the effect is greater for velocity than length,

expect Rz ~ to be larger than R&
threshold, for the above transitions, which is in-
deed the case.

For inner shells, as well as l- l —1 transitions,
most of the oscillator strength is in the discrete.
Then, since for «E the contribution is positive
and enhanced for length over velocity, the positive
HS matrix element is increased more for length
than velocity. This shows that in these cases length
will generally be larger than velocity, which our
results show. These arguments are not exact since
occasionally K, ~ can be negative, and we have
omitted consideration of E far from E. Thus, in
certain cases velocity may be larger than length,
but not very often and not by very much. We find
this behavior for Ar 2s- zp alone among inner
shells.

5. Comparison with Other Calculations

There has been, in the past, no unanimity on what
constitutes a Hartree-Fock calculation. There have
been two difficulties; First, various possible

choices can be made for the potential in which to
solve for the final continuum state, as discussed in
Sec. II. Second, the complexity of the HF equation
for a continuum orbital is such that numerical er-
rors can crop up fairly easily.

As to the first point, Fig. 13 shows the results of
three different HF calculations for the Ar 3p- Ed
transition; the ed wave function being solved for
self-consistently with complete exchange in the
residual ion field of HS orbitals, HF Ar orbitals,
and HF Ar' orbitals. The HF-V curves are in fairly
good agreement with each other, while there are
moderately large differences among the HF-I re-
sults indicating that the various approximations are
substantially the same at intermediate distances
from the nucleus but much less so at the outer edge
of the atom. For these reasons, then, the agree-
ment among the several approximations will be
better for inner shells for which the details of the
outer edge of the atom are less important.

Concerning numerical accuracy, we have per-
formed a number of checks in an effort to be sure
our work was free of numerical blunders. We
varied the integration range and mesh size by more
than a factor of 2 and found differences in calculated
cross sections and wave functions of less than
O. 1%. We calculated the photoionization matrix
elements at each iteration of the self-consistent-
field calculation to ensure that they converged
completely. Our HF equations were checked
against those reported by other workers. An error
was found in an equation given in a Ne calculation,
but it is unclear whether this was a typographical
error or a real error in the calculation.

Finally, we have compared our results for the
Ar 3p photoionization with the continuum orbital in
the field of Ar' HF functions to a similar calcula-
tion by Lipsky and Cooper. The Lipsky-Cooper
results are actually from a close-coupling calcula-
tion, but the coupling has almost no effect. This
comparison is shown in Fig. 14, where it is seen
that the two calculations give essentially exactly
the same results. This convinces us that our re-
sults re free of numerical blunders.

Comparison between our HF results using HS
orbitals for the residual ion field and the calcula-
tions of Starace, who actually performed an intra-
channel calculation starting with a HS basis, is
shown in Fig. 15 for the Ar 3p- Ed transition and in
Fig. 16 for Xe 4d- af. Formally, the two methods
are exactly equivalent; differences can be ascribed
only to numerical errors in one (or both) of the
calculations. The comparisons show excellent
agreement near threshold but substantial disagree-
ments at photoelectron energies of a rydberg and
higher. A possible reason for this is the energy
cutoff introduced by Starace in solving the integral
equations for the K matrix; neglect of the energies
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FIG. 16. Xe 4d ~f photoionization cross section;
using HS orbitals, solid line; results of Ref. 30, dashed
line.

ciable amount, however. ~3 It may be that one must
include a significant portion of the channel for nu-
merical accuracy. In any case, we feel that in
view of this, it is probably best to carry out infer-
channel coupling starting with HF functions, i. e.,
with each channel diagonalized, as suggested by
Altick.
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FIG. 15. Ar 3p ed photoionization cross section;
using HS orbitals, solid line; results of Ref. 30, dashed
line.

above the cutoff would almost certainly affect the
matrix elements at the higher energies more than
the lower ones near threshold because of the energy
denominator in Eq. (14). Attempts to increase the
cutoff energy, by as much as a factor of 2, have
not changed the intrachannel results by any appre-

IV. ANGULAR DISTRIBUTION OF PHOTOELECTRONS

The asymmetry parameter p(e) which determines
the angular distribution of photoelectrons [Eqs.
(6) and (V) j, is a function of the photoionization
matrix elements and of the continuum-wave phase
shifts, given by Eq. (8). Physically, the nature of
the angular distribution of the photoelectrons is de-
termined by the angular structure of the continuum
wave function representing the ejected electron.
For initial s electrons there is only a single final
channel, a p wave, so the angular distribution does
not vary with energy, p always being equal to 2.
For electrons with nonzero initial angular momen-
tum, l say, there are two allowed channels l ~1
which can interfere, and since the electron ampli-
tude in the two allowed channels varies with en-
ergy, the interference, and thus the asymmetry,
will also change with energy. Such changes can be
characterized by variation of the difference in phase
shifts with energy. Before turning to a discussion
of P(e) then, it is of interest to investigate the cal-
culated phase shifts.

A. Phase Shifts

The phase shifts of the continuum wave functions
(with respect to Coulomb waves) are plotted in
Figs. 17-20. The s- and p-wave phase shifts de-
crease monotonically from their threshold values
(Figs. 1V and 18) while the d- and f-wave pha;-'e

shifts are increasing at threshold as seen in Figs.
19 and 20. The general behavior of the phase
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be important for Xe but not for the others. A
further indication of the lack of triplet-singlet mix-
ing in Ne and Ar comes from transition probability
measurements ' which find only one optically al-
lowed state of the above type, the 'P, rather than
the two one would find if there were significant
mixing. This has important implications for the
accuracy of our angular distributions which shall
be discussed later.

B. Angular Distributions: Asymmetry Parameters
0 0 I 2 3

PHOTOELECT RON E NER G Y (RYDB ER GS)

FIG. 20. f-wave phase shifts.

limited by the fact that we have not included two
important effects in the theoretical treatment:
coupling of the final states (essentially a close-
coupling problem) and deviations from I.S coupling
due to the spin-orbit Hamiltonian. These effects
have been investigated recently in xenon by I u and
Fano' '" and were found to be of considerable im-
portance; coupling between channels is strong, and
I.S coupling to a great extent breaks down. This
is also evidenced by the fact that the states leading
up to the outer p'~ and p ionization thresholds
in xenon have rather different experimental binding
energies ' with respect to their respective
thresholds, indicating differing wave functions and
mixing between P and 3P levels. Our treatment
does not consider spin-orbit effects so we get no
such differences. These experimental energy dif-
ferences ' are quite small (but increasing with
increasing Z) for neon, argon, and krypton, which
is not unexpected in view of the Z dependence of
spin-orbit effects. Thus, we expect the mixing to

The asymmetry parameters P describing the
angular distributions found in the HF-L, HF-V, and
HS approximations are shown in Figs. 21-27.

For inner p subshells, Ar 2p (Fig. 21), Kr 3p
(Fig. 22), and Xe 3p, 4p (Fig. 23), it is seen that
the P's all have essentially the same energy depen-
dence, falling rapidly from their threshold values
to a minimum at a photoelectron energy of about
8 eV, and then rising slowly to a constant value of
approximately 1. 5 in all cases. Although p depends
both on the ratio of the dipole matrix elements in
the two allowed channels and on the phase shifts,
it is found, on examination, that the matrix-ele-
ment ratio varies only slowly with energy. Thus
most of the energy dependence of P is carried by
the cosine term in Eq. (8), and the variation in p is
due mainly to the variation of the phase shifts with

energy. In the near-threshold region the changes
in the phase shifts with energy arise largely from
the changes in the Coulomb phase shifts 0„& rather
than the 6„&. At high energies, since the matrix
elements R„q each fall off with photoelectron en-
ergy & as e " ', where l is the angular momen-
tum of the initial state, and since the phase-shift
difference remains nearly constant, I3 approaches
essentially a constant value.
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phase shifts with energy, the increasing behavior
of P near threshold is a consequence both of an in-
creasing cosine term and of the fact that for these
outer P subshells the ratio of the dipole matrix ele-
ments is negative below an energy of about 50 eV.
The 5„q phase shifts are varying far more rapidly
with energy for outer P subshells, than for inner,
tending to further enhance the oscillatory behavior
of the P's. Further rapid variations of g with en-
ergy are also caused by the change in sign of the
d-channel matrix element (indicated by the exis-
tence of a Cooper minimum in each of these eases)
which changes the sign of the cosine term. Experi-
mental confirmation of this oscillatory behavior
would be very desirable.

The 8's for these outer p subshells show re-

markable agreement among the various approxi-
mations despite the rather different cross sections
each predicts (Figs. 6-8). Some differences show
up because the Cooper minimum, where P for P
shells goes through a zero, occur at a different
energy in each approximation; these differences
get progressively greater from Ar to Xe since
these energies become more widely separated.
Nevertheless, except for this energy shift, even the
results in the simple HS model are quite good.

The asymmetry parameter for these outer P
shells also tends towards a value of about l. 5 at
the very large energies, similar to the inner-shell
behavior. This is a consequence of the fact that,
at the higher energies, the argument of the cosine
term in E)l. (8) is such that the cosine itself is
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FIG. 25. Asymmetry parameter p, for
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In the love-energy region, data points
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The oscillations in the asymmetry parameter
follow closely the oscillations of the cosine term
in the expression for P [Eg. (8)], whose argument
changes by - —', & from threshold to 8 Ry in the HF
approximation. For the first rydberg above thresh-
old the variation is due mainly to the Coulomb phase
shifts; from 1 to 8 Ry it is due mostly to the shape
resonance in the f-wave channel. Above 8 Ry, the
only major variation of P with energy occurs prin-
cipally because of the Cooper minimum and the as-
sociated change in sign of R„&. An experimental
study of this case would be extremely desirable.

C. Comparison with Experimental P(e)'s

Recently there have been a number of experi-
mental determinations of the angular distributions
of electrons arising from the photoionization of the
noble gases. ' In general these experiments
have confirmed that the angular dependence of the
photoelectron spectrum is given correctly by Eq.
(7). But so far there have not been measurements
over a sufficiently large energy range to determine
the over-all energy dependence of the asymmetry
parameter P. The measurements in the noble gases
that have been reported' '" "have, except for
one, been concerned only with the outer shells of
Ar, Kr, and Xe. These points are shown in the
inserts in Figs. (24), (25), and (26), respectively.

The experimental points show a considerable
scatter but the more recent measurements of
Morgenstern et a/. , Vilesov and Lopatin, "and

Carlson and Jonas do tend to agree with each other
and with the theoretical results.

The data of Morgenstern et al. is the most extensive
available, and in all cases it lies between the results of
the HS calculation and the HF calculation, in general
somewhat closer to the HF. While most of the ex-
perimental data confirm that the anisotropy of the
photoelectrons increases with increasing photoelec-
tron energy in the near-threshold region, the data
of Refs. 12 and 14 appear to reproduce the exact
shape of the p(e) curves for the 3p, 4p, and 5p sub-
shells of Ar, Kr, and Xe, respectively. As P
varies quite rapidly at small energies, due to the
fairly rapid change in the phase shifts, it is pos-
sible that at a given energy value, the present the-
ory would predict a value of P that is substantially
different from the experimental value, due to dif-
ferences between the experimental and theoretical
thresholds. It would be of great value, therefore,
if the experimental data were extended beyond the
threshold region and the energy dependence of P
determined over a wide range of photoelectron en-
ergies.

In Kr, Krause has determined P for photoelec-
tron energies from several hundred eV to the keV
range for 3p and 3d subshells. At fairly high en-
ergies (~200 eV) there is satisfactory agreement

between theory and the data of Krause for the 3p
and 3d subshells, as seen in Fig. 22, and in par-
ticular the data reproduce the high-energy trend
of the theoretical values. We have shown only the
data points below 25 Ry. Higher-energy experi-
mental values of P have been found by Manson and

Cooper to be in agreement with the HS results
which are remarkably close to the HF results.

At this point it is worthwhile to consider, from
a theoretical viewpoint, the accuracy of the calcu-
lated P's since there are not yet enough reliable
experimental data to provide a reasonable assess-
ment. As has been shown, the P's are rather in-
sensitive functions of the details of the radial wave
functions. Thus, as long as the conditions for
which the expression for p [Eg. (8)] was derived,
e. g., LS coupling and the dipole approximation,
hold, it is expected that our P's will be fairly ac-
curate. On the other hand, when LS coupling
breaks down, our expression for p will not neces-
sarily be correct. If the deviation from LS cou-
pling is small, it is reasonable to suppose that the
expression for P will still be a good approxima-
tion. As we discussed in connection with quantum

defects, this is the case for Ne, Ar, and Kr. In

Xe, however, the deviation is significant, so that
the P's predicted for Xe may be only a zeroth ap-
proximation, although the available experimental
data show no strong evidence of such a deviation.

Some attempt has been made experimentally to
distinguish between the asymmetry parameters de-
scribing photoelectrons that leave the ion in differ-
ent spin-orbit states in atoms other than noble
gases. While one set of experimental results on
Cd indicates that an LS-coupled model does not
describe the observed angular distribution of photo-
electrons, observations by the same experiments
on Hg, which is much heavier and should show
even further deviations from LS coupling, fail to
show any effect of this in the p's of the two states
split by the spin-orbit interaction. Further work
on this matter is in progress.

V. CONCLUSIONS

Sections I-IV indicate substantial agreement be-
tween experimental photoabsorption cross sections
and the theoretical Hartree-Fock results presented
in this paper, except in the regions just above the
Ar 3p, Kr 4p, and Xe 4d and 5p thresholds; HF-
length and HF-velocity cross sections are also in
good agreement in all but these energy ranges.
Many interesting features of the individual subshell
cross sections, which do not appear in the total
photoabsorption measurements because they are
sums over all energetically accessible subshells,
have been emphasized, since the possibility now

exists of investigating such features, unhampered
by the background of the other subshells, via the
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technique of photoelectron spectroscopy.
The angular distribution of photoelectrons and

associated asymmetry parameter 9 which we cal-
culated were found to be in good agreement with

recent experimental work. Further, HF-length and
HF-velocity calculations predict asymmetry pa-
rameters which are substantially the same, and
even the HS results are in fairly good agreement
indicating that large-scale calculations in the HS

approximation would be useful. Such calculations
are in progress. Unfortunately experimental data
in the noble gases exist only in the threshold region
(e ~ 10 eV) except for the M shell of Kr. In the in-
termediate energy region, where a rapid oscillatory
behavior of the asymmetry parameter was found,
no experimental work has been reported. Such
measurements would be extremely useful, not only
to compare with existing calculations but also to
enable one to work backwards and determine ex-
perimentally the differences between the phase
shifts in the two outgoing channels as well as the
ratio of matrix elements in each.

Since this paper is aimed primarily at photoelec-
tron spectroscopy, rather than total absorption
cross sections, we have used a single-particle
model of the atom. This makes the interpretation of
the results in terms of individual subshells simple
and unambiguous. Further, the expression which
is employed for the asymmetry parameter [Eq.
(8)] has been derived only for single-particle wave
functions. While more sophisticated calculations,
like those of Amusia et al,. ' for example, appear
to yield better total cross sections, a further im-
provement in the theory of the angular distributions
would involve an extension of Eq. (8) to multichan-
nel or correlated wave functions.

APPENDIX

In this Appendix we present the exchange terms
that were used in the solutions to the HF equation
in order to allow others to check our calculations.
In particular we give the form of X(r), that appears
in Eq. (12), for the various nl'- el transitions,
using the same notation as in Sec. O.

(i) For n'p &s,

X(x) =Q„Y (ns, es) P„,+g„(1——', 5„.„)Y (np, es) P„& +Q„Y (nd, es) P„~;

(ii) for n'p- &d,

X(r) =g„—,' Y (ns, ed) P„,+g„[(-', —
3 5„,„)1' (nP, ed)+~& Y (nP, ed) P„~]

+ Lt [ Y 0(nd, e d) + +7 Y (nd, e d) + 7 Y (nd, e d) ]P„z, (A2)

(iii) for n'd- Ef,

X(g) = Q„7 Y (ns, ef ) P„,+g„[~z Y (np, ef ) + ~ Y (np, ef )]P„~

+g„[(P—26„, „)Y (nd, ef ) +~ Y (nd, Ef ) + ~3 Y (nd, ef )]P„z,' (AS)

(iv) for n'd- ep and n's- ep,

X(r) =Q„(—,
' ——', 5„. „5,. ) Y (ns, ep)P„,+Q„[Y (np, ep)]P„

+Q [(3 3 5 5
$

~ 2) Y (n'd, ep) + q Y (nd, ep)] P„~ . (A4)
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Distributions in Energy and Angle of Electrons Ejected from Molecular Hydrogen by
0.3-1.5-MeV Protonse
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Cross sections for the ejection of electrons, differential in electron energy and angle of
emission, have been measured for energetic protons on molecular hydrogen. Electron-energy
distributions are presented for ten angles between 20 and 130 deg for each of five proton ener-
gies between 0.3 and 1.5 MeV. The results are compared with calculations based on binary-
encounter theory, the Born approximation, and the Faddeey equations. Qualitative agreement
with the latter provides supporting evidence for the inclusion of a long-range electron-proton
interaction in the collision theory for proton energies as high as 1.5 MeV.

I. INTRODUCTION

Measurements of cross sections, differential in
electron energy and emission angle, for the ejec-
tion of electrons in ion-molecule collisions provide
information concerning the ionization process.
Comparison of these cross sections to theoretical
ones is a test of the reliability and limitations of
the theoretical treatments used to describe the
ionization process and, hence, provides informa-
tion concerning the relative importance of various
types of interactions which enter into a complete
description of ionization by fast charged particles.
Several different theoretical approaches have been
used to calculate double-differential electron-ejec-
tion cross sections' ' for incident protons. In gen-
eral, the nature of these calculations restricts the

range of validity of the results to apply to protons
with velocities greater than several times the ve-
locity of the electron in the first Bohr orbit of the
hydrogen atom. Previous measurements of double-
differential cross sections for ejection of electrons
from molecular hydrogen were limited to protons
with a maximum energy of 0. 3 MeV, 7 in which case
the velocity of the proton was only about 3. 5 times
the velocity of the electron in the first Bohr orbit
of hydrogen. In our work, we have extended the pro-
ton energy range to 1.5 MeV in order to obtain cross
sections which may be compared more reliably to
values calculated using high-energy approximations.

II. EXPERIMENTAL METHOD

The apparatus and experimental technique used
for our measurements have been described in de-


