
2214 ROACH, KE TT E RSON, AND KUC HNIR

but also from the calculation by Maris of the mag-
nitude and frequency dependence of our zero-pres-
sure data and from the explanation by Jackie of the
shoulder in our data, is that all these theories require
an assumption of anomalous dispersion to account
for our data. This has to be interpreted as very

strong evidence for anomalous dispersion. Whether
this dispersion should be described by a quadratic
or a cubic term in the energy spectrum remains
to be determined; more detailed theoretical cal-
culations using both descriptions would be very
desirable ~

*Based on work performed under the auspices of the
U. S. Atomic Energy Commission.
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The pair distribution for normal He atoms in the vicinity of a metastable 2 S He atom is
calculated in the zero-temperature limit, from first principles, using a variational Jastrow
wave function and the Percus- Yevick integral equations for fluid mixtures. From this pair
function, the "bubble radius, "coordination number, and energy per metastable atom are
calculated.

Spectroscopic studies of the infrared emission
and absorption spectra of neutral localized excita-
tions, created in liquid helium by electron beams
with an energy of the order of 10' keV, have identi-
fied these as metastable excited states of He atoms
and He~ molecules shifted only very slightly in en-
ergy from their free atomic or molecular val-
ues. For the atomic states, Hickman and Lane,
by extending the calculations of Jortner et a/. ' for
an excess electron in liquid helium to include the
interaction of a helium core with both the excited
electron and the liquid, have shown these observa-

tions to be consistent with the existence of a cavity
surrounding the excited atom. '

The purpose of this paper is to study these "bub-
ble states" from first principles, for the special
case of metastable 2 8 atoms (hereafter symbol-
ized by He*) which have been observed at concen-
trations greater than 10 atoms cm 3 by the Rice
University group. ' The calculation presented here
could be extended to other excitations if the pair
interaction between such excitations and normal
He atoms were known.

The Hamiltonian for a system of N, normal and
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V,»(x) = ar e ""—er +-,'ye '", &&6a ,0 (2)

where n = 0. 3, q = 1.4, y = 1.54, 7 = 1.43, and & = 20
(all in a. u. ). Because of the very low He* concen-
tration we have omitted the potential energy term
for pairs of such atoms from the Hamiltonian.

We write down a trial ground-state wave function
of the Jastrow type to describe this system at
T=O'K,

N1 N1 N2

~ =rr f»(.')rr rj f (" ) (3)

i,& j k=1

Defining the He* concentration X= Nz/N and the
number density p = V/N, with N= N, + N2, it is easily
verified that the energy expectation value per atom
is, using Eqs. (1) and (3),

E p(1 —X')

N 2

2 I

x)~ g„(r) V Inf„(r)+V»(x) d r2 3

t 2m

N2 2'S He atoms can be written

N1+N2 N1 N1 N2

V, '+ Z V„(r,)+ Z Z V,p(r, ,),2m k= 1 )=1

(1)

where V«(r) is the pair potential between two nor-
mal He atoms, which is generally taken to be the
familiar Lennard-Jones 12-6 potential. V,a(r) is
the interaction potential between a metastable and

a normal He atom. This potential has an attractive
well for separations of about 2~, followed by a
high repulsive "bump" around 4ao of several thou-
sand 'K, through which the tunneling probability
for normal He atoms, with an average kinetic en-
ergy of about 12'K, is quite negligible. Con-
sequently for V,2 we may use the potential given by
Fitzsimmons, Lane, and Walters, which in-
corporates in the long-range part adjustable param-
eters fitted so as to join smoothly to the theoreti-
cally determined short-range part and to give cal-
culated diffusion coefficients in agreement with

experiment. Specifically,

In particular we have used the PY1 mixture equa-
tions to determine g&q(r). In the limit N, «N these
equations decouple and

F&.(~) = p J ~»(l. -e l) l. ~»(e) —F»(e) )d", (6)

where Y,&
=g„.e '& —1 and h, z

= g, &
—1, with j,

j= 1, 2. h» —Y», corresponding to the pure liquid
in this low-He*- concentration limit, was taken
from Francis's work' based on Schiff and Verlet's
wave function in conjunction with the more accurate
PY2XS integral equation. For f,2(&) we have chosen
a simple one-parameter form which corresponds
to the WKB solution at zero energy for tunneling
into the dominant (repulsive) part of the potential
(2):

f,2(r) =e ~ &'2& ~, U, 2(y) =C(,'qr+1—)e"" . ('I)

Equation (6) was solved by iteration for various
values of the variational parameter C and then the
second term in (4) was minimized to determine the
optimum C. The corresponding g, 2(r) allowed us
to determine the "bubble radius" ~, as the distance
from the origin to the first peak of g» and the co-
ordination number v around a He* impurity,

&'"m$ n

v=4»p r'g»(r) d~,

where r
„

is the position of the first minimum of

g, z(&'). Also shown in Table I is the energy per He*
atom in the liquid for several values of C around
the optimum value, as given by the second term in
(4). The calculations were performed for two
densities, p = 2, 2 x 10' atoms cm, the normal
density of liquid He at 0 K, and p=2. 41x10 atoms
cm

In Fig. 1 we compare the g»(x) calculated here
for p=2. 2x10 atomscm 3 with g„(&) and with

TABLE I. Energy per He* atom, coordination number,
and "bubble radius" from g1&(y) corresponding to several
values of the variational parameter C at two densities.

-k2
+p~(I —~) g»(r); 2

~'icy„(r)+V»(~)

where the radial distribution functions are
(4)

g, ,(
l
r r'

l ) = v'—J'
yo

dx"" '&/ J y,'dx' (5)

(r, r' are not integrated over in the numerator).
With go from Eq. (3), Eq. (5) is identical to the
expression for g, &

in a classical binary fluid with
the identifications p U;&(r) = —2lnf ~(&') for the inter-
action potentials, and therefore (5) may be approxi-
mately calculated by any of the approximation
schemes used for classical fluids.

po
—2.41 x 1022

250
300
350
380
410

atoms cm
43. 17
37.00
35.64
36.03
37.00

c E/x, ('K)

pa=2. 2&&10 atoms cm" 3

250 32.35
300 27. 96
340 27.30
365 27. 61
400 28. 65
500 33.52

31
34
34
35
35
38

33
34
35
37
37

11.3
11.6
11.8
11.8
12.1
12.6

11.1
11.6
11.8
11.8
12.1
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FIG. 1. Comparison of g~2(x}
at p=2. 2x10 atoms cm for the
optimum C =340 with p(~}/po as
given by Hickman and Lane (Ref. 5)
and with gqq(x) for the pure liquid
as calculated by Schiff and Verlet
(Ref. 6).
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p(x)/po as given by Hickman and Lane. " Hickman

and Lane predict a slightly larger bubble radius and

we feel this may be due to their use of the strongly
repulsive free-electron helium pseudopotential
rather than the nonlocal pseudopotential. Experi-
mental verification for either g,2(x) from line-shift
measurements would require a 2'P-1'S interac-

tion potential valid at large x.
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