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to the second line in f; means an interchange of
identical particles. Therefore the second term in

1947

(B1) is also symmetric, Thus ‘Isw is a symmetric
tensor.
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A kinetic equation is set up for a system of particles interacting with nonadditive intermolec-
ular forces. Bogolyubov’s functional assumption is used. After linearizing in the gradients,
the kinetic equation is solved by a Chapman-Enskog method. Using the expressions for the
stress tensor and heat current obtained in an earlier paper, the contributions of nonadditive
forces to the shear and bulk viscosities and thermal conductivity are explicitly obtained. The
results obtained are independent of density expansions.,

I. INTRODUCTION

In an earlier pa.per1 we obtained the hydrody -
namical equations of a system of particles interact-
ing with nonadditive intermolecular forces. Ex-
plicit expressions for the stress tensor and heat
current were given, in terms of the intermolecular
potential.

It is the purpose of this paper to obtain general
expressions for the linear transport coefficients of
a system of particles which interact with nonaddi-
tive forces. We obtain these expressions making
Bogolyubov’s assumption, 2 namely, that the distri-
bution functions of more than one particle are func-
tionals of the single-particle distribution. Thus,
no expansion as power series in the density is used.
Therefore the results that are obtained are inde-
pendent of whether the density expansions exist or
not.. In this paper we generalize to our case the
method proposed by Garcfa-Colfn, Green, and

Chaos?® of obtaining linear transport coefficients
without recourse to density expansions.

In Sec. II we start from Liouville’s equation to
obtain the generalization of the Bogolyubov-Born-
Green-Kirkwood-Yvon (BBGKY) hierarchy to the
case of systems that interact with nonadditive
forces. Taking the first equation of this hierarchy
and making the Bogolyubov functional assumption,
we obtain the kinetic equation. We then proceed to
linearize the kinetic equation in the gradients of the
system.

In Sec. III we solve the linearized kinetic equation
by the usual Chapman-Enskog method.

In Sec. IV we use the expressions for the stress
tensor and heat current obtained in I, together with
Bogolyubov’s functional assumption and the solution
of the linearized kinetic equation, to compute the
transport coefficient of this system, namely, the
shear and bulk viscosities and thermal conductivity.
We find the explicit contributions to these coeffi-



1948

cients due to nonadditive forces.
II. KINETIC EQUATION

Let us consider a one-component system com-
posed of N particles of mass m enclosed in a vol-
ume V. The Hamiltonian of the system is taken in
the form

2

L b 1

: 2m 2 Z (pl.7+

ZZJZ/ wtjk .

i#j#k

(2.1)

For the meaning of the symbols the reader is refer-
red to L
The Liouville equation of this system is

]
2= (H; Fyl,

(2.2)
with [a; b] denoting the Poisson bracket of @ and b.
Integrating this equation over the arguments
Xgs1s+++s Xy, we find, in the usual way, the gen-
eralization of the BBGKY hierarchy, namely, that

aéfts :[Hs;fS]+f[iZj;l. (p(!qi—asd“

1% e =
+§ LZ/ w(qi’ q,l’qsd); fs+l:, dxsd
i#]

s
+fj[ ZII W@u qs+1 )qsez);fs+2]dxs+1dxs+2 ’ (2' 3)
i=

withs=1, 2,.. Here the function f denotes the
reduced distribution function of s particles, and
H,, the Hamiltonian of s particles, is given by

Hs(xl,...,xs)
5 bl 5 2
= =232 = Wi . (2.4
2 a3 2 Pistg Zilﬂ 2t Wigy (2. 4)

E. BRAUN

5
It should be mentioned that in obtaining the hier-
archy given by Eq. (2. 3) we have taken the limit
N=-o, V~c N/V finite. In particular for s=1,
Eq. (2. 3) becomes
af(p,d;t) P = . ,=
i—%&— +§; Vo fi(p,q;1)
fdxa Vool|d -] [V, f2(B, & %25 )]
+ J"(dxadx3 RAZIC as)]
* [_V.pfa(ﬁy a, X2y X35 t)] . (2 5)

Now we make Bogolyubov’s functional assumption
namely, that the distribution functions of more
than one particle are time-independent functionals
of the one-particle distribution function
fs (xl 3 .

Xss £)=Ffs (xl: ceey X ‘fl(x; t))s

(2.6)

This assumption will be valid only in the so-called
“kinetic stage” of the evolution of the system to-
wards its equilibrium state. By substituting Eq.
(2. 6) into the BBGKY hierarchy, Eq. (2.3), and
eliminating the time derivative of f; by means of
the equation corresponding to s =1, one can, in
principle, obtain the explicit form of f; as given by
Eq. (2.6). This problem and those related to the
existence of the kinetic stage for a system interact-
ing with nonadditive forces will be discussed in a
subsequent paper. For the time being we will as-
sume the the f, are determined.

Substituting Eq. (2. 6) into Eq. (2.5), we obtain
the equation

A AL AN TEANCATAY

+ II dxzdx3[€qw (E, aa, &3)]- [gpfa(x, X2, X3 ,f1)] =V (xlfl) . (2.7

This is the kinetic equation for a system of particles
interacting with nonadditive forces. Here we have
denoted x =(p, q). ¥(x|f;) is a nonlocal functional
of f1 .

By linearizing the functional ¥ one obtains the
following linearized kinetic equation to first order
in the gradients®:

aa—];‘ﬂpz' Vofi= ¥ (x |£1(Q))

-
far v, 12 @) @ -9 (58,

(2. 8)
In this expression ¥(x |f,(q)) is evaluated for the
local distribution function f; (), and ¥'(x, x’17,@))
denotes the functional derivative of ¥ taken at the
point x”=(q’, p’) and evaluated for the local distri-
bution function f; (q) .

We would like to stress the fact that the linearized

kinetic equation given by Eq. (2. 8) was obtained
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without making any density expansion.
III. SOLUTION OF LINEARIZED KINETIC EQUATION

We proceed now to solve the linearized kinetic
equation that was obtained in Sec. II. We will use
the method of Chapman and Enskog. This method
will be valid only in the “hydrodynamic stage,” in
which the only variables that change in time are
the macroscopic variables that describe the system.
Thus, we make the assumption that the one-particle
distribution function f; is a time-independent func -
tional of the macroscopic variables, namely, of the
average concentration n(a; t), the average local

|

€(d |f1)=(1/2m) [ dp ®2f, (x; t) + 5 [dpdp,dR @(R)f5(d, 4+

+%-fd5d52d§3d;dﬁw (;5 R)fB (qy a—Ry q_R+;s 5) 52, -53 'fl) .

Here ®=p-m U is the thermal momentum.

If the system under consideration is not far from
the equilibrium state, we can write for the one-
particle distribution function

f1=fi" (1+ @), (3.5)
where /i’ denotes the one-particle distribution func-
tion in equilibrium and ® represents the separation
from the equilibrium state. The function @ will be
taken up to linear terms in the gradients of the
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velocity u(q;?), and the average energy density
€(q |f;). Therefore, one has that
filxs O=f1(x|n (@5 0),8(@; 1), €@ ), @1

where 7, U, and € are given by [see Eqgs. (3.6), (3.7)
and (3. 27) of 1]

n(q; t)= [fi(x; tydp, 3. 2)
W(q; )= (1/n) [db (B/m)fi(x; b), (3.3)
and
q _.! i;, .132 ifl)
a q (3.4)

-

macroscopic variables.
Substituting Eq. (3.5) into Eqs. (2. 8) and (3. 2)-
(3.4), we find to zero order in the gradients

¥ (x |fi”(q))=0, (3.6)
n(@; t)= [ap £ (x; 1), 3.7
W(3; t)=(1/n) [db (B/m) A (x; t), (3.8)

and

- >

€@ |f)=€@ | @))= (1/2m) [dp @3 (x; t) +3 [ dpdp,dR ¢ (R)f,(q, 4+ R, B, ba | F{¥ ()

T e > >

+%+ [ dpdp,dpydtdRw (T, R)f3(d, 4-R, d-R+T, b, Dz, bs | F{2(3)) . (3.9)

In Appendix A we show that the solution to Eq. (3. 6)
is given by the local Maxwellian distribution function

(P-mu)
2mé :

n
17 (%5 )= (g7 exp( -

(3.10)

Here z and 1 are the local values of the particle
density and average velocity, respectively. Equa-
tion (3. 9) together with Eq. (3.10) will give us the
relation between the energy density and the tempera-
ture 6.

If we now substitute Eq. (3. 10) into the hydro-
dynamical equations obtained in I [see Egs. (3.5),

J

-

r

(3.19) and (3. 26) of I], we obtain the Euler equa-
tions, valid to zero order in the gradients,

- v, (nl), (3.11)
Du -
nm Bt——:—qu, (3.12)

(3.13)

In these equations we used the fact that p=nm. The
local equilibrium pressure, denoted by p, is

p=nb- + [dpdp,dRR ¢’ (R)f,(4, A+ R, P, P2/ F{¥(3)) - + [dpdp,dpsdT dR R [Vew (T, R) ]

Xfﬂ(a; a+R’ a+R_;y B’ 521 53 Ifl(m(a)) .

(3.14)
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In equilibrium, the equation of state has this form.,
The contribution of nonadditive forces is given by
the last term on the right-hand side. This expres-
sion for the equation of state may, of course, also
be obtained directly from the partition function of
the system in equilibrium.

Substituting again Eq. (3. 5) into Egs. (2. 8) and
(3. 2)—-(3. 4) and keeping terms that are linear in
the gradients, we obtain the equation

af (0) 5 " _ -
5t v B, 710 | (e, 2 0 (@)
LY AL
X“"‘”‘(“%E"(__))a’a

= Idf)"l"(x, P A A, P e, D)

(3.15)
and the subsidiary conditions
S/ (B) @ (p)=0, 3. 16)
de;p; ()2 ()=0, (3.17)
and
fdﬁ'e'(a, P’/ @)@, 5 )2, )
i Id""'@, | 19(@))
o . [ 8f, @
x(q'—q)-(——v~—af5 ) =0 . (3.18)
q q'=q

Equation (3. 15) is an inhomogeneous integral
equation for ®. The solutions of this integral equa-
tion must satisfy the conditions given by Egs.
(3.16)—(3.18).

One can eliminate (9f,'”/8¢) in the left-hand
side of Eq. (3. 15) by means of the Euler equations.
This is a well-known procedure and we just quote
the result (see Ref. 3):

- >

B(®)- V, Inn+ G(P)- Volnb+A(p): Va+B(P) V- U

_ fdﬁl v’ (x, E’}fl(m(a))

x PP e, (3.19)

_ j @’ ¥, 2| O @) (E -DACB
(3. 20)

- - @2
&)= 110 g5 - 5~ r )

§i<a+

nK

—fdx'v(x,x'lfi“” @) (@ -

0)12 3 -
(g5 - 3) AOE), @2

== [1'2(D) o
K(p)= 112 g

_% f ax' ¥'lx, x| 1 9@) S 1,9 (D)
(3. 22)
B(p)=Lf,"” (p)

_?s%fdx'w'(x,x'lfl‘°’(a)) FHE -2 A (BN

(3. 23)
In these expressions we have set
A
p _n<an g (3. 24)
ap
B=x (55> 3. 25)
2
_ @ 3 B
L—<1_3m9> (I_ancv)’ (3. 26)
1/ 3¢
e (), .20
and
e’p=00-30°T, (3. 28)

. (3. 29)
are symmetric traceless tensors. Here T is
the unit tensor.

Due to the fact that we are dealing with a one-
component gas, no diffusion is present. There-
fore, the coefficient of 3,, Inn must be equal to
zero, i.e.,

D(p)=0. (3. 30)

This is discussed in Appendix B,

In order to obtain the solution of the integral
equation, Eq. (3.19), we mention the following
properties of the nonsymmetrical kernel
¥ (x, "1 £, 9(q)) (the proof for our case is exactly
the same as the one given in Ref. 3): (a) The
right eigenfunctions with zero eigenvalue of the
kernel are 1, p, and p®. (b) The left eigen-
functions with zero eigenvalue of the kernel are
1, @ and E'(x'1 /,'(d)). This last quantity is the
functional derivative of the total energy E,evaluated for
the local Maxwellian distribution function f;‘® (q).

These two properties of the kernel establish as
consequence the existence of a solution of the in-
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tegral equation, Eq. (3.19), and the fact that this
solution is undetermined up to an arbitrary linear
combination of the five solutions to the homogeneous
equation. However, this undeterminacy is re-
solved with the aid of the subsidiary conditions
given by Eqs. (3.16)-(3.18). Therefore, we may
write the solution of the integral equation, Eq.

1951

(3.19) as follows:

-
-

®(p)=8 () - v,In6 +@a (®?) P°®: V1

+® (03 v, d (3.31)

The scalar functions §, @, and ® satisfy the follow-
ing integral equations:

R .
A6 gy -2-L) & - W e X AC@ T D) g - 5) AOB)

f(O)( )0 (P

=J’d5'*1"(x, A (D) e AO(B)S (2, (3.32)

1 J’dx ¥ (x, | A9(F) S°S £, @ (H") Idp ¥ (% | ADD) 00 £,O(D) @ (@), (3.33)

LA <5>—%f ax' ¥ (x, | A0(@) @'+ (@ -DAVE) f &' (e, B A () ACE) & (02) .

(3.34)

Also, the functions G, @, and ® must satisfy the following subsidiary conditions in order to ensure unicity

of the solution:

[ab ;@B @2 g (#3)=0,

[ap 7, O6) ® (¢%)=0 ,

and

(3. 35)

(3.36)

- -

> - - - 1
Idp,€l(q’ 7l A ACB) @ (0 ) =- = oo fdpdpzdex ¢ (R) f; (&, 3+R, B, ba, | A®(D))

- - 1
P (R _ ©)(x=ry _
x @' (@ -af 10 - 755

Xfal(a,a—ﬁ,a—ﬁﬂ‘i *y 52»-53! x, ]fl(m(a)) 5,' (a' )

For our purposes, we will assume that the scalar
functions G, @, and ® are determined. Thus, the
solution to the linearized kinetic equation [see Eqgs.
(3.5) and (3. 31)], which dependon G, @, and ®
will be considered as known.

It should be mentioned that the §, @, and ®
functions that we defined above, are not the same
G, @, and ® functions defined in Ref. 3. In fact,
although the integral equations which the functions
satisfy have the same formal structure, the kernels
are not the same. In our case the kernels take in-
to account the nonadditivity of the intermolecular
forces.

In Sec. IV we will obtain the transport coeffi-
cients of the system.

IV. TRANSPORT COEFFICIENTS

We are now in a position to evaluate the transport
coefficients of the system. We will start with the

dp dp,dpsdT dR dx’ w(F, R)

VO®) . (8.31)

.
expressions for the stress tensor and heat current
obtained in I [see Eqgs. (3.20) and (3. 28) of I].
Using Bogolyubov’s functional assumption [see Eq.
(2. 6)] and Eq. (3.1), these quantities take the fol-
lowing form.

The stress tensor is

— S e

P =P +P,+P,, (4.1)
with
- 1 .
Pﬁ;;f dp® @ £1(@,D | n 4, 9, (4.2)
. = RR ,
P«F—zJ dpdpadR-R—qo (R)
Xfo@d+R, B, D | /), (4.3)

P,=-3/ dbdp, dpsdT dRR[Vyw(F, B)]
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%f3(@ 4 -R,4-R+%,B, P2, Ps | f1) . (4.4
For the heat current we have
§=5,+3,0+52480.:3,2, (4.5)
with
g« =jd§—i— (;; @B [T e, (4.6

J

- -

- 2 B
8,0=-7 f AP dp,dpsdt dR R [Vew(F, R)]- [m*inz

|on

1«0+ = © .
g, v —gjdpdpadR — ¢RI T+ R, B, D2 [ A1),
(4.

s 1 RR [_?; G
g,%= 4Jdpdpng¢(R) R m+ =

sz(q’ q+R) p, p2 ‘fl) ’ (4 8)

R B R S
gwm:-éjdpdpz dpﬂﬁ‘dREw(r, R)

2> > > =

Xfs@ 4 -R,§-R+7%,p, D2, Ds | f1), (4.9

=

]fa(q, R, q R+I', P, Do, p3|f1 . (4-10)

We now substitute in these expressions f;= f1(°’><(1 +®), expand in powers of the gradients, and use the

relations

A=Ak AV f a5 F

G B[ AC@) A

)&(dq, p)

YA
ax'f{ G 2 AN -F) (————f1 - )) , i=2,3 (4.11)
9q =1
-
8£,'® oS ®® 3\= 1 @' (R) 1= =1 oz
Tog =D Valnn (g -5 ) Valné Nol» =555 Jdpdpzdex (ﬂ}({ L [R(§ -§)F ¢
D Lp = T 2 (0
+%3 vqﬁ], (4.12) sRHG -d) @' 1A
szl((—i’ (:f+R, ﬁ! 52’ x,|f1(0)(q)) ’ (418)
and Eq. (3.31), to find the following results for the
stress tensor (see Appendix C for the details): n&h, =t [ dpap,dpsap ' ar dRg (T, R)
P=pl -om(D -5V, 0T ) =2V, 0T X[(R-6")?%-4R%e"*1 1B Nale D
(4.13) <fy'@ d-R d-R+7, B, B B 5[ AV @)
The local equilibrium pressure p is given by Eq. (4.19)
(3.14), and the deformation tensor D with compo- W 1 =
nents D;; by Nu(2) =304 dpdpzdp3dr dRdx'g:(T, R)
D i(ﬁ’ﬁiﬂ) (4.14) <[Re(§'-DR-F - 3RHT'-T) -0 4(5")
7 2\eg; 9g; ) ) . e = o = e e e - -
ro < f'(d, §-R, d-R+T, B, Ba Ps, [ AV()) .
The coefficient of shear viscosity 7, is (4. 20)
Ny = 0S8y, 0l + 0y, &y (4.15) In these expressions g;(T, R) is [see Egs. (2.11)
and (A13) of I]
with 0 5
- = csch dw
@ 1 (0) gl(rs R):'— Ry 5'5' ’ (4. 21)
T ==T5,, dpeti'Y(pa(e?), (4.16) .
where 6 is the angle between the vectors r and R.
- =0 (R) The contributions to the shear viscosity due to
T’-f“)‘ +zo dpdpzdp dR R nonadditive forces is given by Egs. (4.19) and
(4.20). There will also be contributions due to the
X[(R-8 ")2-LR%0'? /,'(p Na(e'?) nonadditive forces to the other terms of the shear
viscosity, because the kernel of the integral equa-
Xf£,'(d, §+R, D, pa B | A V() , (4.17) tions [Eq. (3.33)] that the function @ satisfies con-
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tains the nonadditive forces. Moreover, the func-
tional derivative f," will also contain contributions
of nonadditive forces.

The coefficient of bulk viscosity 7, is given by

(2) 2

N2= Ny +77w(1>+77(¢2()z) + MR + N 5 (4.22)
with

1 . -
== g J’dWafz“”(p)m(@z), (4. 23)

Noth =15 fdﬁ dby dR ' R ¢' (R) f{OF') ®(¢'?)

X fi@a+R, B, 5 0 | V@), (4.24)

1 - - - - ->
Neday= %—efdp dp, dR dx' R ¢'(R) &' (|7’ -Q) £{0F")

Xfé((i,a+§,§7-§2:x’|f{m(&»: (425)

N =% Jdb i, dbs dp dF dR R® (%, R) f{”(F')
X@(@'Z)fs'(ﬁ,a-ﬁ,a"ﬁ+?,5,5z,53,5' |f1(°)(ﬁ)),
(4. 26)
N5y =% [ db db, dbs dF dRdx' R®g,F, )& @ -9

Xfl(O)(f)l)fé(a’a—ﬁ,a ‘ﬁ‘*?,ﬁ;'ﬁz, 581 x,‘flfm(a)) .
(4. 27)
The contribution to the bulk viscosity due to non-
additive forces is expressed in Eqs. (4.26) and
(4. 27), and is also present in the function ®, and in
the functional derivative f;.
For the heat current 3 we find the following re-

sults:
J=-2¥,0, (4. 28)

where the coefficient of thermal conductivity A is
given by

_ (W) L4 (@) 4 (2)
A=A+ A0y A2 T Au() T Ae(2)

W D) (2 L@
+ Xy + My F A+ Az - (4.29)

Here
1
A== 67,;:9—_[ @ o* 117F) §(67), (4.30)

1 - — - - >
Aoty =— Gm—efdﬁ dp, dp’ dR ¢(R) ¢-¢' fi°@)

x§(e'?) f3@T+RD, 5,7 | A0@), (4.31)

1 - - -
":%F - mjdﬁ db, dR dx’ ¢(R) @ (al _q)@:z

X 0@ f4(4, T+ R, B, Bay 27 | @), (4.32)
1 - ’ R — el - -
7\«(7%1)): -12—1%9—,( ap d‘f)z ap’ dR ?L;_) R: (P+®5) R- @’

Xf1"®) 8" FYG, G+R, D, B2, D | £0@)),
(4. 33)

(2) ¢'(R)

1 - - > >
M(aﬁmldﬁdﬁzﬂ*dﬁf' 7 R (C+®y)

Xﬁ- (ar _a) (przf-{ﬂ)(-ﬁl)

-

X f3@, G+R, B, P2, 2| 17@), (4.34)

w(l);—m

AW 1 fdﬁ 0B, dby 0 dit ' w(E, D)

x &6 ;@) g(¢'?)
Xf1@,§-R,-R+F, 5,0, 55,0 [ A7@), (4.35)
ALy =~ 3—6—%@[@ by dpy & dR dx' w(F, B)

%6 @ -7 "2 @)

xf3(@,3-R,q-R+%,5,0., 03, ¢ | A0@) , (4.36)

7\;2()1)=§% f‘fﬁ df’a dﬁs dt dﬁ d'f)-' [Gr w(f, ﬁ)] (E’ +5z+53)

X.f'@, ffm(.f)') (3(0)’2) f:;@ya - ﬁa a - ﬁ+?’ .IS, 52; 53’5, If](.m(a)) ’ (4- 37)

Ny =% [ db dby dbs dF dR dx’ [V, w(F, R)]* (@ +6,+0s)

The contributions to the thermal conductivity due to
nonadditive forces is given by Eqgs. (4. 35)—(4. 38),
and is also manifested in § and in f3.

It should be mentioned that the expressions ob-
tained above for the transport coefficients are gen-

eral, in the sense that they are valid independently
of density expansions.

In a forthcoming publication we will discuss the
density expansions of the transport coefficients, and
obtain the effect of the nonadditivity on the triple-
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collision part of these quantities. In doing that we
will solve explicitly the integral equations, Eqgs.
(3. 32)-(3. 34) for the scalar functions §, @, and ®.
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APPENDIX A

In this Appendix we show that the local Maxwellian
distribution function given by Eq. (3.10) is the solu-
tion of Eq. (3.6).

E. BRAUN

5
In fact, we use the relations®
Fale, x| V@) = £10B) (% Bo) Cal|T-To)) (A1)
and
F3le, 2, 25| AP @)= F0B) £1% B2 f{0PBs)
X Gy~ -0, (A2

where G, and G are the pair- and friple-correla-
tion functions, respectively, and fl‘oef, is the true
equilibrium distribution function. Substituting these
expressions into the left-hand side of Eq. (3.6), and

using Eq. (2.7) we find that

(x| £10@) = f db, dR ~——R [V, £2.6)] £28@,) GR)

ek

In this expression we also used Egs.
(2.11) of L.

The first term in Eq. (A3) vanishes because the
integrand is odd in R. In the second term of Eq.
(A3) we note the following properties of Gj:

Gs(f, R)=Ga("¥', - ﬁ) . (A4)

The same relations hold for the g functions [see
Eqgs. (2.5), (A13), and (Al4) of I]. Therefore, the
two remaining integrands in Eq. (A3) are odd in R
and in T, respectively. Thus the right-hand side
of Eq. (A3) vanishes.

(2.8) and

APPENDIX B

In this Appendix we will discuss the vanishing of
D{), given by Eq. (3.20). It can be shown that
D®) can be written in the form?

—f Gy dx’ ¥ (xy, x| FO@)
Xps'(ﬁ—q 0@

_Idxl o (x’ x! iffﬂ)(a)) (a/ _a) f{O)(ﬁ/)

oo flO
BE) -1

(B1)

By substituting the explicit form of the functional ¥
[see Eq. (2.7)] we find that the integral
Jax"¥'te, =" | A2(@NE -DAE)=Y," G ,

B2)
where the tensor G is given by

=fd§2d§dx'—-——w(}l’:) R -d)

1ACE@) ACB)

Xflzy(x’ X2y X

dBy dR dF [R gy(F, RB) +7 g,F, B [V, FOD)] £0@) £ UDs) G5F, R) .

(A3)

—
—2fdﬁzd§3dfd§dx’[$,w(?, B -q)
x| ACE@NACE) -

By the argument given in Appendix A of Ref. 3, we
have

fdx/le(x, X2

Xfal (x: Xay X3y (B3)

| AENE -DADE

=aR+bp+cPs, (B4)

where a, b, and ¢ are scalar functions of R, p, p,,
n, and 6. Using the same argument we obtain

Jax'f3 &, x5 x5 x| A(ENT -D)APHB)
=dp +ePa+ fP s+ jT +ER . (B5)

Here d, e, f, j, and k are again scalar functions of
R; IT, p’ p27 p3’ n, and 4. Therefore,

— - -»(p,(R)—» - - -
G =] dp,dR 3 R(@aR+bp +cpy)
-2 [ dR,ab R RenlF, R+ Tl F, B

X (P +ePy+ fPs + jT +kR).  (B6)

Here we used Eq. (2.11) of I.

The first term of Eq. (B6) was worked out in
Ref. 3, so we shall just quote the result. We pro-
ceed to analyze the second term. For this purpose
we consider the following integral:

M = [drdRRR F(T, R), (B7)
with F having the properties
F(¥, R=F(R, ), F(f, R =F(-7, -R) . (B8)
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Integrating in (B7) first over r, we find that
H(R)= [arF(F, B)= [ar F(-T, -R)
= [afF(F, -R) =H(-R) .
Thus
H(R)=H(|R]|). (B9)
Therefore,
M= [aRRRH(|R|)= % [dRRZH( BT

=1 [aTdRR*F(F,W)T. (B10)

Here I is the unit tensor. Analogously, we find
that
[ ataREF F(F,R)=1 [ dfdBRR-TF(F,B)1.
(B11)

Using these results, we can express G in the fol-
lowing form:

G=6(»T, (B12)
where the scalar function G(p) is
G(p)=% [ dB,dRR¢’(R) a(R,p, p,)
-% [ dD,dD.dT dR[R? kg, + v%jg,
+R- T (kg +jg)].  (B13)

Therefore, combining Eqs. (B1), (B2), and (B12)
we find that

) /= p -
'D’(ﬁ)=+’f‘;9& % J dby G(ps)+ V,G(p). (B14)

We now prove a theorem which is a generaliza-
tion of the theorem given in Appendix A of Ref,
3. The theorem is D(P)=0 if -

a(R’ P»ﬁz) = JC(R;pZ)flm) (ﬁ),
k(p’ pZ’ Ps; .f: ﬁ) = 3 (-f: -R’) PZ} ps)flw) (-}5)!

j(pJPZ; Ps: F; ﬁ) = 3(?,§:Pz: pa)fl(O)(iS)-

(B15)

|

-~

1 . e o
Pw=—gfdpdpzdpsdrdﬁﬁ(ﬁgw){fs(--~

Here X,y, £ are arbitrary functions of their argu-
ments such that

[ dP,dRRo’'(R) % (R, p,) #0,

f dP,dPydT dR[R?dg,+v2 e g, (B16)

+R. T (8g,+28)]#0.

In fact, if Eqs. (B15) hold, we have from Eq.
(B14) that

ﬁ(ﬁ)“(%fd52d§R¢l(R)3C(R,Pz)

2 - e
_EIdpzdpsdrd-R'[stgﬁ r2eg,

(0) P
VR F (S 2] ) LD B R

ST, (ra)] 0, (B17)

because the last bracket vanishes.

The reciprocal of this theorem is given in Ref.
3.

Thus, it is enough to show that a, &, and j are
proportional to £, (P) in order to prove that D(P)
=0. Without a density expansion of f, and f; we
have not been able to show these properties of a,
k, and j. In a forthcoming paper, in which we
discuss the density expansions of f; and f;, we will
show that a, %, and j are proportional to £° (),

and thus, that D(P)=0.
APPENDIX C

In this Appendix we will sketch how one can ob-
tain the contribution to the transport coefficients
labeled in the text with the index w [see Eqs. (4.19),
(4.20), (4.26), (4.27), and (4.35)~(4.38)]. The
other contributions to the transport coefficients are
formally obtained in Ref, 3,

Let us consider first, the tensor ’13’,0. Substituting
Egs. (4.11), (3.31), and (4.12) into Eq. (4.4) we
find that

O@) [ a5 A @06

x[§(e2)§ . ¥, m6 + & (e V i+a(6'y)7,. 1]

@2 3
2mo 2

* Idx'fé Gooy & | A2@) @ =D AV D) [‘v' 1nn+(~— —) v, o+ . m]} 1)

The first term in (C1) gives
-+ [ dBdP,dBy dFARR - (Vo) (- -+ | AV(@)T,
(€2)

r

and this is the contribution to the local equilibrium
pressure [see Egs. (3.14) and (4.13)].

The second term in Eq. (C1) vanishes. In fact,
if we use Eq. (2.10) of I, one obtains that this term
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is of the form
[[dbdb,dD,dFdR (---) RRG'].V, m6e. (C3)
However, the bracket must be an isotropic tensor

of order three. Thus, it must be of the form of a
scalar times the tensor ¢, ,,* which is an antisym-

|

metric tensor in the first two indices. But the in-
tegral is symmetric in the first two indices. There-
fore the only solution is a scalar equal to zero.
Using the same argument, the coefficients of ﬁq 1nn
and V, Ing in Eq. (C1) also vanish,

The third term in Eq. (C1) is

[-2 [ abdB,dBedFdRap' sy (- B'| AV @A F) & (072) g, (F, TR0 ]: V3. (c4)
[
If we make - 218, [D- 3V,- 07, (&)
RR=RR+ %RZ.I*, (C5) with n%, given by Eq. (4.19).

where R°R is a traceless symmetric tensor, we
find that the part containing $R®*T must vanish.

Therefore, we are left with
-% [apdp,dd,dFdRdD'(-- )RR ¢ 0 ']:V 1

and the tensor in the bracket must be a symmetric
isotropic tensor of order four, i.e., of the form*

AB; ;851 + M (05505, + 81,059 . (Ce)

In the usual way, we find (see Ref. 3) that this
term is

|

[-(2/36) [ dDdD,dPs,dTdRdx'f; (..

The contribution of A vanishes.® The contribution
of the term containing R°R T is of the form

[ [dbdD,dbsdFdRdx'(---)R°R]V,- T
Thus the bracket must be an isotropic tensor of
order two. But the only isotropic tensor of order
two is proportional to I. Therefore the bracket
must vanish, By the same argument the contri-

bution of S°ST vamshes The contribution of the
term containing TTis

With the same argument it is found that the fourth
term in Eq. (C1) is

-2n®, V.41, ((of)

with n'%;, given by Eq. (4. 26).
In the last term of Eq. (C1) we use Eq. (C5) and

G -9 =5+ 106" (@ -DI+XK, (9)
where S°S is a symmetric traceless tensor [see Eq.
(3.29)] and A an antisymmetric tensor. Thus, the

last term in Eq. (C1) is

o x| A @)gy (F,B) A B (ROR+ 3RFD(S°S+ £ 67 (' - Q)T+ A)]: V4.

—
-2 772)2()2) 6 EI ’

with &}, given by Eq. (4.27). Finally, the con-

tribution of the term containing R°R $°S must be an

isotropic tensor of order four, which gives

-2Myly [D
with 7{%%, given by Eq. (4. 20).
The explicit expressions for the heat current are
obtained using the same arguments as those given
above,

* Also at Facultad de Ciencias, Universidad Nacional
Auténoma de México, México.
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