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The hydrodynamical equations for a system of particles interacting with nonadditive forces
are obtained. General properties of these forces are discussed and explicit expressions for
the contribution of these nonadditive forces to the stress tensor and heat current are given.

I. INTRODUCTION

In the last decades the attention of many authors
has been centered in the development of nonequi-
librium statistical mechanics for dense media.
The aim was to start from Liouville’s equation
and develop from it the general description of a
macroscopic system in a nonequilibrium state.
Thus, the equations of hydrodynamics were de-
rived!’? and expressions for the stress tensor and
heat current densities in terms of molecular vari-
ables obtained. Furthermore, Bogolyubov® set
up a program for the foundation of the kinetic
theory of dense gases. In this program a method
was proposed to generalize the well-known Boltz-
mann kinetic equation to describe the approach
to equilibrium of a dense gas. Pursuing this
method, various authors®~® showed that a kinetic

equation can be obtained by a cluster expansion

of the nonequilibrium distribution functions. This
procedure leads to an expansion of the transport
coefficients in powers of the density.

On the other hand, the generalized Boltzmann
equation was solved” without making any reference
to a density expansion, and in this way general
expressions for the transport coefficients were
obtained.

Another method for obtaining transport coeffi-
cients in dense gases has been developed.® In
this method general expressions for the transport
coefficients are obtained in terms of equilibrium
time-correlation functions. It was also shown
that the results obtained using this method are
equivalent to those obtained using the kinetic
equation,

It should be mentioned, however, that all the
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work done has been based on the assumption that
the potential energy of the system of particles is
pairwise additive, i.e., is of the form

22T (a-g),
i#j

where @(1q; - q,1) is the intermolecular potential
between the molecules situated at the points CL-
and q; .

The calculation of nonadditive corrections to the
energy of systems of interacting molecules has
been done by several authors.® For example, the
He-He-He system was studied by Rosen, ° who
used valence-bond theory, and by Shostak, :* who used
a linear-combination-of-atomic-orbitals molecu-
lar-orbital (LCAO MO) analysis. Recent calcula-
tions made by Bader, Novaro, and Beltran- Lopez'?
and by Novaro and Beltran-Lopez, ** which seem
to be correct to the Hartree-Fock limit, show that
nonadditive three-body effects may be appreciable
for small distances between the molecules.

Therefore, it one tries to develop explicit ex-
pressions for triple collision effects on transport co-
efficients, 1*~'® one has to take into account nonaddi-
tive intermolecular forces between the particles
of a dense system.

It is the purpose of this series of papers to
develop the nonequilibrium statistical mechanics
of systems that interact with nonadditive forces.

In this paper we obtain the corresponding hydro-
dynamical equations. In Sec. II we discuss general
properties of the nonadditive forces. In Sec. III
we obtain the hydrodynamic equations, and by so
doing we derive the expressions for the stress
tensor and heat current densities in terms of the
interaction potential. We give the explicit con-
tributions due to nonadditive forces between the
particles.

II. NONADDITIVE FORCES

In this sections we present some general prop-
erties of the nonadditive forces. Let us consider
three particles which we call 1, 2, and 3 (see
Fig. 1). The potential energy u of the interaction
of these three particles is given by the expression

FIG. 1. Positions of
particles 1, 2, and 3.
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u=¢(|q-4|)+ o(|d-dl)

+ o(|de- G )+ (@i, 4o, &) . (2:1)
Here ¢(|q;-q,!) is the pair potential between

the particles situated at §; and q;, and w(q;, q,
ds) is the nonadditive potential between the three
particles. It is the properties of the function
w(d;, 4z, ds) and its derivatives which we now
discuss.

Because of translational invariance, this func-
tion is of the form

W(El, dz, ﬁa)=w(ﬁz—&1, 45— d1); (2.2)
i.e., the function w depends on the vectors
r=0,-q;, R=Q3—q; . (2.3)

In fact, it depends on T/, IRI, and 6, the angle
between T and R. Therefore, we have that

w(x, R)=w(R, ). (2.4)
Furthermore, we can also write
w(-%, -R) = w(%, R) . (2. 5)

Now we cgnsider the time derivative of the total
momentum P of the system, in the absence of ex-
ternal forces. One finds that

d - - > ->
P=— 20 Vo 0(la;-3;|)

dt all pairs

- EEE %/»qi w(ai ’ al; ak)

all triplets

(2. 6)

As is well known, the first term on the right-
hand side vanishes. Consider any triplet of par-
ticles, say, 1, 2, and 3. Then in the second term
on the right-hand side of Eq. (2.6) there appear
terms of the form

§q1w+ €q2w+ -Vzaw . (2.7)
But, using Egs. (2.3), one finds that
VW=~ V,.w—V’Rw s
(2. 8)
quu):V,u), Vq3w=VRw.

Therefore, we see that the terms of the form (2. 7)
vanish. Thus, in the absense of external forces,
the total momentum of the system is conserved.

From Egs. (2. 8) we also see that the nonadditive
force on any particle of the triplet, say, 1, is equal
to the negative of the sum of the nonadditive forces
on the other two particles:

(—Vq w):—(——e w—-e ZU) .

e o 2.9

This is a generalization of Newton’s third law to
the case of nonadditive forces.
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From Egs. (2.8) we see that the forces on the

particles are given in terms of V w and VRw These

quantities can be written in the form

Vew=RA, (T, R+ Thy(T, R) (2.10)

and

V,w=Rey (T, R)+Te, (T, R), (2.11)
where h1 , hy, &1, and g, are scalar functions of

T and R In Appendix A we calculate these functions
explicitly in terms of the derivatives of w, and show
that

Ry (T, R)=g5(R, T) 2.12)

and

hy(F, R)=hy(R, T)=£1 (T, R)=g, (R, T). (2.13)

With these properties we can now demonstrate
the conservation of the total angular momentum.
In fact, by taking the time derivative of the total
angular momentum T of the system, in the absence
of external forces, one finds that

L1-2 T8 axF, 0(la-4,)

dt alt pairs

- DX0 §xXV,w(q;, 4y, Q) -

all triplets

(2.14)

The first term on the right-hand side vanishes.
The second term is a sum of triplets of the form

qlxvalw+q2><quw+q3>< Vg W
== QX (V,w+ Vew)+ Qo XV, w+q X Vew
q1) X Vg w

=(Qp~qy) XV, 0+ (G -

=.fX(§gl+;g3)+ﬁX(-f{h1+ Thy)
=TXR(g1-15)=0 .
Here use was made of Egs. (2.3), (2.10),
and (2. 13). Thus,

the total angular momentum of the system is con-
served.

(2.11),

III. HYDRODYNAMIC EQUATIONS

In this section we obtain the hydrodynamic equa-
tions for a system which interacts with nonadditive
forces. We shall follow the method developed by
Irving and Kirkwood. !

Let us consider a one-component gas consisting
of N molecules of mass m enclosed in a volume V.
The Hamiltonian of this system will be taken in the
form

noE LSS e
Hin om 2 ‘Zij ‘P(|qi—%l)

in the absence of external forces,
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1 ¥ e o E 2
g%ellé w(qiyqj’qk)szi; Ek‘*’U’ (3.1)

where p; is the momentum of the ith particle, U is
the interaction potential of the system, and the rest
of the symbols are defined in Sec. II

Let Fy(xy,..., xy; t) be the distribution function
of our system in phase space. «x,;=(q;,p,;) stands
for the momentum p; and position q; of the ith parti-
cle. Then, the Liouville equation of the system is

By y(- BT, Fys¥, U-%, Fy).  (3.2)
a; a; by

at 7 m
As was shown in Ref. 1, the time derivative of
the expectation value of any dynamical variable
alxy,s .., xy) is given by

E : ~/D; = - -
o (‘1;FN>:Z'_/<‘;,}J['tia‘vqu'vpiaéFN> ,
(3.3)
where the expectation value of &, (a; Fy), is cal-
culated by means of the expression

(o Fy)
=f Ol(xl,...,

An) Fy(®y, o ooy 8 dxye e dxy,

(3. 4)
with dx;=dq; dp;.

As is well known, the hydrodynamic equations are

obtained by making « equal to
mZ/ 6(61 - a) ’
i

Eﬁié(ai_a) ’

i

5 2L 5, - +5 20 o(d -4, o(d, -
7 zm i 2 Tt7 (p Q¢ qj qj

+_LL2 w(q” qquk)ﬁ(qk q)
i#; #k

successively. The first equation, the equation of
continuity, is obtained by setting o equal to

my;6(q; —q) in Eq. (3.3). The result is

5 P 0= =T, [p(@; DF; 0], (3.5)
where the mass density is

p(q;)=m [ dpf1(d,B; 0, (3.6)
and the local velocity 1 at point § is given by

p@E; WG D= [dBBAG, B; ) - (3.7

Here we have used the following definitions of the
reduced distribution functions in phase space

Fyxy eoo,xgt)

=V dxgy - dxyFylxy, ..., xxt), (3.8)
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and in U space obtaining
— 9 > - g = ’»*~ - ->
fo=/0)Fs, -9 = [p@ )3 0)]=- Vq°?<—g‘n% 6(d: - @ FN>
with v = V/N.
Next, we take in Eq. (3.3) ‘Z_:<[>—/ Vo; Pisty EZ Ve wuk] 0(d; —q); F >
- ! J#i f,j;ﬁi
a:Zi p; 0@ -9, (3.10) (3.11)

J

Here ¢;;=¢(1d;-4;!) and w;;,=w(d;, §;, d,). The first two terms on the right-hand side of Eq. (3.11) have
already been worked out, so that we will just quote the result [see Eq. (3.20) below)]. The last term of Eq.

(8.11) is
EZE V wuk O(ql ) >

2 itj#R
- L{DDDIG,, wy) 060+ @, i) 0, D+ (F,y w1 0= D); Fa
¥
1 = - - - - = - > -
=5 ZER? {(qu,- Wijn) [6(G,— ) - 0(F; -]+ (Vq” W) [5(q]. - -0d;-D1}; FN> . (3.12)
7
Here we have symmetrized in the second line, set
(3.13)

ﬁkﬁﬁk—qi, Eﬁ=6,-—§,- ’

and used Eqs. (2.8). Expanding the differences of 6 functions, which appear in Eq. (3.12), as Taylor ser-

ies in powers of §,; and §;;, we find that
K=—$q { 6< ”:'sz[%u(vqk wifk) (1‘%611:: V toe +“;—‘( Qki V) ) 6(@"&)
SACAIRY (ERE- T AIRE. XCT A AL a@—@]m}}
(3.14)

=-9,. BP0+ P2@G; ).

The tensors P! and P2 are the contributions to the stress tensor due to the nonadditive forces. Introduc-
ing two 6 functions, 6('&,” -R) and 8(d;; — T), and two integrations in the definitions of the P tensors, and us-
ing the property given by Eq. (2. 2) of the nonadditive potential, we obtain

P(I) q, = __222<fjdr dR o(ak;—R) (q“ )

itjtk
XL 0 )] (1= R Ty o (R T e ) 085 Fir)

= - S Sd’fdﬁ E[GR wF R)] <1—§ R- $q+--- +——1’—(—I_i- V)l >
n!

x <% DI 6@ -5 6@, - F) 6, - 1); FN>

i j#r

SS dF 4B dF &5, 0 BT 0, B)]
x(l

In obtaining this last expression we used the defini-
tions given by Egs. (3.8) and (3.9).
"The function f;(q,d - R, —R+7, D, Dy, Dg; t), con-

l
0'1[»-‘

-

ﬁ v : 1 (‘ﬁ'eq)"d*"')fa@,a“ﬁ,Q'§+i5,-§z’§3;t) . (3'15)

NI»-

f
sidered as a function of the coordinates §, ﬁ, and
T, is a slow function of § but a sensitive function of
the relative coordinates R and T. Thus, we may
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write

-

PG 0=~k [ dF aR dp b, df, B » wEF, B)

-

X f3@ G- R, §-R+F, 5, Dy Pg2) . (3.16)

In an analogous way we can obtain an &xpression
for P2, which turns out to be equal to DL’

P(z) P(1) (3'17)

Thus the total contribution Bw to the stress tensor,
due to nonadditive forces, is
P,=2P0, (3.18)
with P® given by Eq. (3.16).
The equation of motion, Eq. (3.11), may then be
written in the form
DGt o .3
D80 3,560,

IGH) (3.19)

where the total stress tensor 3(6; t) is given by

P=P,+P,+B,, (3. 20)
with
B@0)=0/m) [ 381, B;0) (3.21)
B,@;0)=-1 [dp ap, dRRR/R) ¢ R)
sz(a, a‘*’R, 5’ ﬁz;t) . (3- 22)

The total derivative D/Dt operator in Eq. (3.19)
is given by

D 3

-

Ft:57+u'vq’ (3.23)
and the thermal momentum by
=p-mil . (3.24)

In Appendix B, we show that the tensor Fw isa
symmetric tensor. Thus, the total stress tensor
is symmetric.

To obtain the energy equation we put in Eq.
(3.3

2
a= ZB_‘DJ‘_ @G- Q)"' EZ <P:15(?11 q)

2m

LS5 wiye 6@, -9 -

itjth

(3. 25)

After a lengthy, but straightforward, calculation
analogous to the one made in obtaining the equation
of motion, one finds the equation of energy in the
form

€@; 1)
p@; 1) o7 (p((.1 t)> -, 9@;t)

-B@G; 0 :Va@G; ) . (3.26)

In this equation, the energy density €(§;¢) is given
by

€@ 1)=1/2m) [dp e, (@ B;0)
+4 [db dby dR @ R) 2§, G+ R, D, Dy )

+% [dp dp, dp, dF dR w(¥, R)

Xfo@ G-R,§-R+% 5,50 B50) . (3.27)
The heat current§ is given by
§=8,+3 458450+ g2 (3.28)
with
9@ ) fd’ ;—i— % 1@, B; 1), (3.29)

-
-

- 1( = 0 T+R.D.D
PG 1)= Efdp @by dR -~ ¢(R) £,@, G+ R, B, Ba 1),

(3. 30)
§PG 1=~ —J’d‘ dp, dR ¢’ (R) ER_E [%Jr%]
Xfo@ 4+ R, B, Bas £, (3.81)

50 0= 1 [ b s, a5, ax o 2w, )

Xfs@ G-R,§-R+%,5,Ps D5 ?), (3.32)
3@ (g t)=-§ Idﬁdﬁzd@dwﬁ

xR [ Vpw(F,R)] - [% +%— + %3—]

X fy (4, §~R, G- R+7F,5, 0,09 1) . (3.33)

The contribution to the heat current is given by the
expressions (3.32) and (3.33).

To summarize, we have obtained the hydrody-
namical equations of a one-component system of
particles that interact with nonadditive forces. The
explicit contributions of these forces to the stress
tensor and heat current were obtained.

In the following paper!” we set up a kinetic equa-
tion for this system and by solving it we obtain the
contribution of the nonadditive forces to the trans-
port coefficients.
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APPENDIX A

In this Appendix we calculate explicitly, in terms
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1

FIG. 2. Nonorthogonal base (T, ﬁ) and orthogonal base
@, 9.

of the derivatives of w, the functions hy, h,, g,
and g, given in the expressions

Vaw=Rh (F,R)+T hy(%,R) (A1)
and
Vw=Rg (F,R)+Fg (F,R). @a2)

Consider three particles 1, 2, and 3 as shown in
Fig. 2. The vectors T and R are also shown. They
form a nonorthogonal base in the plane. The gradi-
ent V,w is

(A3)

where 7 and § are unit vectors, forming an orthog-
onal base in plane polar coordinates. Therefore,
to express V,w in the base (¥, R) we have to change
the expression (A3) to that base. From Fig. 2 we
see that

b=af-8R, (a4)
with R 2 unit vector in the direction of R. We have

h=cos#, (A5)

and therefore

h

@= i g =coto. (A6)
Also,

B=a cosf+sinf=csch . @)
Thus

6=cotg » - cscoR. (A8)

Finally,

E. BRAUN

5
= .1 (?1 cotf ai>_* csch dw
WETL e Ty a0 Ry 06 °

(A9)
Analogously,
= _§l <§ﬂ;_ cotd M) _ s csch dw
VeW=Rp\%r "R 0 YR 00
(A10)

Comparing Eqs. (A9) and (A10) with Egs. (A1) and
(A2), we see that

i -1 (e cote su) (at1)
he (F, )= - 220 B (A12)
(¥ B)=- 20 20, (A13)
&(T,R)= % (%% + cc;i %} (A14)

Using the property given by Eq. (2.4) we readily
obtain Eqgs. (2.12) and (2. 13).

APPENDIX B

In this appendix we show that the tensor fw, the
contribution to the stress tensor due to nonadditive
forces, is a symmetric tensor,

From Eqgs. (3.16) and (3. 18) we see that

-~

Pw(a§t)

=-% [dTdRdD dp,dp,R[ Vu(T R)]

Wl

-

st(qya_ﬁya_ﬁ'*';)ﬁyﬁbﬁii;t)
=-% [dTaRapdp.ap,RI(
XfS(a:a__R'.ya_ﬁ'{“F’ﬁr

(B1)

The term con-
The other term

Here use was made of Eq. (2.10).
taining %, is obviously symmetric.
is
-5 [ df dRAPdDdD,RT by (1, )
st(a,a'ﬁ; a_ §+F7 5)52)53;t)
and interchanging the integration variables ¥ and

R, and using Eq. (2.13), it is found that this term
is equal to

-3 [drdRdpdp,dp; TR 1, (T, R)

> >

Xfa(a,q‘;, Tl—-f'Fﬁ,ﬁ; 27p3;t)
= —% [ dtdRdpdp,dp; T Rh, (T, R)

XfS(a$E—R, q—R+r) p’-§29-§3;t)

because the interchange of T and R from the first
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to the second line in f; means an interchange of
identical particles. Therefore the second term in

1947

(B1) is also symmetric, Thus ‘Isw is a symmetric
tensor.
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A kinetic equation is set up for a system of particles interacting with nonadditive intermolec-
ular forces. Bogolyubov’s functional assumption is used. After linearizing in the gradients,
the kinetic equation is solved by a Chapman-Enskog method. Using the expressions for the
stress tensor and heat current obtained in an earlier paper, the contributions of nonadditive
forces to the shear and bulk viscosities and thermal conductivity are explicitly obtained. The
results obtained are independent of density expansions.,

I. INTRODUCTION

In an earlier pa.per1 we obtained the hydrody -
namical equations of a system of particles interact-
ing with nonadditive intermolecular forces. Ex-
plicit expressions for the stress tensor and heat
current were given, in terms of the intermolecular
potential.

It is the purpose of this paper to obtain general
expressions for the linear transport coefficients of
a system of particles which interact with nonaddi-
tive forces. We obtain these expressions making
Bogolyubov’s assumption, 2 namely, that the distri-
bution functions of more than one particle are func-
tionals of the single-particle distribution. Thus,
no expansion as power series in the density is used.
Therefore the results that are obtained are inde-
pendent of whether the density expansions exist or
not.. In this paper we generalize to our case the
method proposed by Garcfa-Colfn, Green, and

Chaos?® of obtaining linear transport coefficients
without recourse to density expansions.

In Sec. II we start from Liouville’s equation to
obtain the generalization of the Bogolyubov-Born-
Green-Kirkwood-Yvon (BBGKY) hierarchy to the
case of systems that interact with nonadditive
forces. Taking the first equation of this hierarchy
and making the Bogolyubov functional assumption,
we obtain the kinetic equation. We then proceed to
linearize the kinetic equation in the gradients of the
system.

In Sec. III we solve the linearized kinetic equation
by the usual Chapman-Enskog method.

In Sec. IV we use the expressions for the stress
tensor and heat current obtained in I, together with
Bogolyubov’s functional assumption and the solution
of the linearized kinetic equation, to compute the
transport coefficient of this system, namely, the
shear and bulk viscosities and thermal conductivity.
We find the explicit contributions to these coeffi-



