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Torsional crystal measurements of qp„have been made for pure He and for three He3-He

mixtures Q3 =0.005, 0.047, and 0. 100) over temperature intervals which included their re-
spective g points. The precision of the measurements for the mixtures was greater than that
of any previous A.-point qp„measurements. Doubly reduced plots of qp„versus T showed a
slight but definite tendency for such curves to rotate clockwise about the (1, 1) point with in-
creasing x3 up to about 0.05. Values of q were derived from the measurements by computing
p„asa function of T . For each mixture, both q and dq/dT were continuous across Tz+3).
No tendency was manifest for such curves to develop discontinuities as x3 decreased. It was,
therefore, inferred that both q and dq/dT of pure He4 are continuous across Tq(0). A further
result obtained here is that, up to x3=0.100, the A. viscosity of the mixture qz(x3) bears a
linear relationship to the ~ temperature of T), |x3).

I. INTRODUCTION

Although measurements of the viscosity of liquid
He have been carried out for more than 60 years
over a wide range of experimental conditions,
good reasons for further investigations still remain.
First of all, there is a wide divergence among
published viscosity values g below 1.3 K. ' Second,
while there is much better agreement near 2 K,
the question concerning the continuity of g and/or
dt's/dT across T~ remains unanswered and the ex-
isting data are rather sparse near T,.

One experimental problem in obtaining viscosity
data in the neighborhood of T~ is the determination
of the temperature of the sample fluid. For T( T„
the very high heat-transport properties of liquid
He4 makes it an ideal heat-reservoir material. But
very close to T~, its heat-transport properties
rapidly decrease and, above T~, they are poor.
If the sample fluid and bath reservoir are both
He', then they mill both pass through their X points
at about the same time. This mill destroy the iso-
thermal environment of the sample fluid, making
it difficult to obtain a precise unambiguous temper-
ature.

To overcome this difficulty, the X point of the
sample fluid can be depressed below that of the
reservoir. Then the reservoir maintains excellent
heat-transport properties on both sides of the &

point of the sample fluid. This can be accomplished
by keeping the sample fluid at a higher pressure
than the bath, but this method can result in other
difficulties. ~ Another may to depress the & point
is to add some Hes to the sample fluid. This
method, which was used in the present investigation,
enables highly reproducible measurements to be
made on the sample fluid in the immediate vicinity
of and across its & point. However, the data are

then measurements of the He'-He' mixtures, rather
than of pure He'.

This last point is not a disadvantage, of course.
In the first place, such data on the mixtures are
of interest in themselves. The only previously
published viscosity values of Hes-He' mixtures in
temperature intervals which include their respec-
tive ~ points are the rather sparse data of Dash
and Taylor. ' Staas et al. ' reported viscosity values
as a function of temperature for Hes-He4 mixtures
over a wide range of concentrations of Hes, but all
of these latter measurements are below the & points
of the respective mixtures T„(x,). Their absolute
values also appear to be about 20%%ug too low. A

fairly comprehensive list of references to previous
work can be found in Ref. 5. In the second place,
the present measurements turned out to be so
precise that some inferences about pure He' could
be obtained by extrapolation from the dilute mix-
tures. These inferences, which concern the con-
tinuity of q and dq/dT across T,(0), could not be
made from the available data for pure He .

In this investigation, using the torsional crystal
technique, measurements were made of gp„as a
function of temperature for pure He and for He-
He mixtures containing three different concentra-
tions of He: x, = 0. 005, 0. 04'7, and 0. 1005. Here,
p„is the normal density of the mixture and x, is
the mole fraction of He atoms in the mixture.

After examining some alternatives, it was de-
cided that a very useful way to compare results
for different concentrations of He3 was to make
doubly reduced plots of the data. In these plots,
not only the temperature but also the ordinates
are expressed as multiples of the X-point values.
On such a plot, the X transition is always located
at (1, 1). The use of such plots for the mixtures
and pure He in the present investigation enabled
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us to determine the (1, 1) point more accurately
than had been done in Ref. 6. In fact, we were
able to determine a temperature correction for
data given in Ref. 6.

Furthermore, the availability of accurate values
of the normal density of pure He enabled the vis-
cosity tu be derived from our measured values of

np„. An examination of the g-versus-T* plots
established the inference that there is no discon-
tinuity in either g or dg/dT across T„(0)for pure He .

II. EXPERIMENTAL PROCEDURE AND APPARATUS

A piezoelectric cylindrical quartz crystal was
immersed in the liquid of interest and driven in a
torsional mode of vibration at its resonant frequen-
cy of 11 kHz. The logarithmic decrements were
then determined as a function of temperature by
measuring the crystal resistance at resonance.
This method of measuring the viscosity was first
used by Welber and Quimby. 7 As a result of a
number of refinements in the apparatus, the sen-
sititivy and precision of the method have been great-
ly improved. '

A silver crystal holder served as a support for
four pure-silver electrode quadrants that surround,

FIG. 1. Torsional crystal suspension system prior to
placement in sample chamber of Fig. 2.

but do not contact, the crystal (Fig. 1). The crys-
tal was 0. 53 cm in diameter by 1V. 7 cm long and
was supported by two nylon threads at its central
displacement node. The space between the elec-
trode quadrants and the crystal surface (about
0. 5 mm) was filled by the mixture of interest, and
it was this portion of the total amount of fluid
(about 0. 75 mole) in the copper sample chamber
which provided the measured decrement.

The crystal resistance was measured by capac-
itance coupling to the electrode quadrants, which
thereby eliminated the need for a mechanical con-
tact. These quadrants were connected to one arm
of a modified Schering capacitance bridge by small
electrical wires running inside a capillary tube
from the sample chamber to room temperature.
A PAR two-phase lock-in amplifier was used to
detect the null bridge balance for small driving
voltages (4-9 mV) across the crystal at the crys-
tal resonant frequency.

The low-temperature apparatus used in this in-
vestigation (see Fig. 2) was originally designed
for measurements near 0. 1 K rather than specifical-
ly for measurements near 2. 0 K. However, some
minor modifications made it suitable for the X-
point measurements for which it was used. By
drilling a number of holes in the bottom of the brass
chamber of the apparatus, the middle chamber
(which surrounds the sample chamber), could be
filled with liquid He from the bath reservoir. Thus
the liquid He in the middle chamber was in contact
with the copper sample chamber and served as a
heat exchanger between the reservoir and the sam-
ple chamber. In this way, the temperature of the
sample chamber was regulated by the temperature
of the liquid He in the reservoir. The tempera-
ture of the reservoir was controlled by a Texas
Instruments Bourdon tube pressure gauge (TIBTPG),
a Texas Instruments pressure controller (TIPC),
two pumping systems for the reservoir, and an
auxiliary He gas supply. The latter was bled into
the reservoir system at a rate determined by the
TIPC. The TIBTPG sensed the vapo' pressure of
the liquid He in the middle chamber with a sensi-
tivity better than one part in ten thousand. Tempera-
ture changes less than 0. 1 mK could be detected.

The temperature controller functioned as follows:
The TIBTPG was set to provide a zero error signal
at a given vapor pressure corresponding to the
temperature at which data were to be taken. If the
vapor pressure in the middle chamber deviated
from the chosen setting, the TIBTPG produced an
error mgnal which was sensed by the servomech-
anism in the TIPC and accordingly adjusted the flow
of He gas into the reservoir system and pumping
lines. This method of sensing the vapor pressure
of the middle chamber and using the flow of He4

gas into the reservoir systemtochange the tempera-
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tion was prepared was limited only by the accuracy
with which the pressures could be determined from
the TIBTPG. This was better than 2% for the 0.005-
mole-fraction mixture which was the least accurate.
However, this, in general, was not a true indication
of the accuracy of the composition in the sample
chamber during the measurements. The sample
volume was comparatively large —,

' mole of mix-
ture) and the liquid nearly filled the entire sample
chamber except for a capillary. This procedure
kept the error due to vaporization very small.

After the data were taken, the composition of
the 0. 005- and 0. 100-mole-fraction samples was
checked to ensure that no leaks to the He reser-
voir had occurred during the course of the measure-
ments. The contents of the sample chamber were
collected during warmup to room temperature, and
a random sample analyzed with a CEC No. 621
mass spectrometer designed to do simple gas analy-
sis. The results of this analysis were 0. 005 and
0. 1005 mole fractions, respectively. The resolu-
tion of the spectrometer was +0.0003 for the
0. 005-mole-fraction mixture and + 0.002 for the
0. 100-mole-fraction mixture. '

Due to the presence of a capillary plug (which
was noticed on filling the sample chamber), the
composition of the 0. 047-mole-fraction mixture
had to be determined in an entirely different way.
It was determined by comparing the absolute
values of gp„with values determined in a previous
experiment on a sample of slightly lower, but
known composition. We estimate the uncertainty
in composition of this mixture to be+0. 001 mole
fraction.

III. DETERMINATION OF NORMAL DENSITY OF MIXTURES

The physical quantity measured in the usual
"viscosity" measurements of liquid helium is qp„.
In order to obtain p, it is necessary to have p„.
Measurements of p„arequite difficult, but Dash
and Taylor' showed that the normal density of
He -He mixture could be computed using the rela-
tion:

p„(T»,xz) =ceps+ [p„(T*,0) +y o~po], (1)
1+ye~

where T» = T/T, is the reduced temperature of the
mixture; 63 the volume fraction of He3 in the mix-
ture equals x3(V~/V~); 64= 1 —6~; M3 is molar
mass of He'=3. 01603 on the C' scale; V)„=x3V3
+x4V4, V3 is the partial molar volume of He in
the mixture which is 35. 920x10 m /mole at
T=2. 0 K; V4 is the partial molar volume of He
in the mixture [here taken equal to the molar volume
of He at T~(0)=27. 3870x103 m~ (Ref. 9)]; p~

~3/V3 83. QV kg/m'; and y = 0. 796; p,' is the
density of pure He at T~(0) = 146. 2 kg/ms; Ti(0)
is the accepted X point of pure He which is equal

Here, p4(T"), the total density of liquid He4 at T*,
has a maximum at T*=1.00276 and changes very
little for 1 ) 1.00276. A small correction for
the thermal expansion coefficient [- 0. 01 near T,(0)]
has also been included, and the density of pure He
at T~(0) has been taken as 146. 2 kg/m~.

In summary, then, the following equations were
used to calculate p„:

p„(T', ,) = a,p, +1
' [p„(T*,0)+ye,p', ],1+y 63

eg=x, /[x3+0. 76244(l —x3)],

04=1 —63, y = 0. 796, p3(T») = 83.97,

p„(T»,0) = 146. 207[1 —0. 01 T~(1.002 V6 —T*)]

x [1 —2. 411 V5(l —T*) ' ]

= 146. 207[1 —0. 01T, (1.00276 —T») ],
1& T*&1.00276

= 146. 207, T*& 1.00276.

to 2. 1720 K; p„(T»,0) is the normal density of
liquid He at a, value of T*(0) equal to T»(x~) of the
mixture. Note that the experimental temperature
corresponding to T» in the term p„(T*,0) is
T„(0)T»eT,(x,)T".

Subsequent to the publication of Ref. 3, improved
measurements of several of the quantities used in
the computation were made. To begin with, the
value of V, used by Dash and Taylor was 35. 552
&&10 m . This value was based on a value of
38. 456&&10 ms for the molar volume of pure He
at 2. 0 K, a convenient temperature near T~ of
the mixtures. Subsequently, Kerr and Taylor re-
measured this quantity and obtained a value of
38. 854&&10 ms. The value of V3 has therefore
been adjusted proportionately, and used in com-
puting 6 3.

Using the same apparatus in which the improved
measurements on He were made, Kerr and Taylor
later measured the molar volume of He . It should
be noted that we follow Dash and Taylor in using
the value of the molar volume of pure He at T~(0)
for V4.

For dilute solutions of He, the term involving
p„(T",0) is the largest of the three terms contribut-
ing to p„(T»,x3). Clow and Reppy'i showed that for
Tq(0) —T & 0.06 K, Pgp4 = 1.438 [T~(0) —T] i 3. Soon
afterwards, Tyson and Douglass 2 determined the
value of the exponent to be 0. 666+ 0. 006. There-
fore, the following expression was used to compute
p„(T*,O) when T &1:

p„(T*,0) = p4(T»)/1 —1.438[T~(0) —T]0'88 }.
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FIG. 3. Computed normal density vs T* for x3=0.005.

A graph of p„(T",so) computed from this formula is
shown in Fig. 3 for the 0. 5% solution.

IU. RESULTS AND DISCUSSION

The measured values of gp„versus T for the
three He -He mixtures and for pure He are shown
in Fig. 4. The results show clearly that pp„is a
monotonic decreasing function of He concentration.
Although this behavior is to be expected qualita-
tively since the addition of He decreases the den-
sity of the mixture, the viscosity itself decreases
monotonically with He concentration at any fixed
value of T —T~(x,) within the range of temperature
and composition considered in this investigation
(see Fig. 6).

The functional dependence on T of all the gp„
curves seems to be qualitatively similar, so some
quantitative measure of the similarity among dif-
ferent concentrations would be of interest. As was
indicated in the II troduction, doubly reduced plots
provide such a measure. A doubly reduced plot is
one on which both the ordinate and the abscissa are
expressed in multiples of the respective values of
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the unreduced quantity at T,(x,). It should be noted
that, on such a plot, the transition between the
normal and the superfluid state is at the location
(1, 1) for all concentrations. A superscript * is
used to distinguish a reduced quantity from the cor-
responding unreduced one.

A plot of (qp„)*versus T* is shown in Fig. 5(a)
for pure He4, for a mixture containing —,'% He and
for another mixture containing 10%%u Heo. Data for
the 4. V% mixture are not included because they
fall very close to the 10% data and would make it
more difficult to discern the change in the curves
as a function of concentration. On this plot, the
curves are indeed very similar for all the mix-
tures. However, there is a clear tendency for the
curves to rotate clockwise about the (1, 1) point
with increasing xs up to -0.05.

An expanded and smoothed ('lip„)*-versus-T* plot
is shown in Fig. 5(b) for the —,"% mixture. The ex-
perimental X point for the —,"% curve could be deter-
mined to less than a 0. 1 mK. (Of course, this is
not the accuracy. ) The absolute temperature of the
measurements is known only to within 2. 0 mK.
Similarly, the precision of the values of (1)p„)is
-0. 05%, whereas the accuracy was not determined.

The precision of the results for the mixtures is
clearly very much better than for pure He [see
Fig. 5(a)]. In particular, it was possible to deter-
mine T,(x )ofrom expanded Fig. 4 curves with
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FIG. 6. Viscosity as a function of experimental tempera-
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reasonable confidence when x3 was nonzero. There-
fore, the values of T~(x~) which were used to analyze
the data and to determine T*(x,) were obtained from
such curves. This procedure was clearly unsatis-
factory for pure He, so that T,(0) was obtained by
extrapolating the value of T~(0. 005) to zero con-
centration of Hes. The determination of T~(x,) and

T~(0) was described in Sec. II.
For the mixtures, the values of (gp„)at the &

point (gp„),were determined from smoothed ex-
panded plots of the curves in Fig. 4 by noting the
ordinates corresponding to the values of T,(x3).
It was decided, that for pure He4, a better estimate
of (qp„)~could be obtained by plotting x~ against
the (7}p„)~'sfor the mixtures and extrapolating to
zero He concentration.

It should be noted that these procedures yield
only the experimental values of (qp„),and T~(x~).
However, these quantities are the ones which are
relevant for comparing results among different
concentrations, since the "true" absolute values
were not determined.

The absolute values of (qp„)in the present ex-
periment appear to be about 0. 14 p, Pgcm too
high (about 4'//~ too high at T~ for pure He ) com-
pared to the values reported in Refs. 5 and 6 which
are probably more reliable. (A comparison at
lower temperatures leads us to believe that the
crystal was slightly cocked in the present ex-
periment. ) With regard to the temperature, we
conclude that approximate values of temperature
on the T~8 scale can be obtained by subtracting
1.7 mK from the experimental temperatures on
the abscissas of Figs. 4 and 6.

It has also been possible to use the present re-
sults to correct the absolute temperature on the

T,s scale shown in Table I of Refs. 5 and 6. The
correction is based on a finding that the pure-He
data from these earlier measurements can best be
made consistent with the present data if the X point
in these references is moved from the high-tem-
perature side of the data gap to the low-temperature
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FIG. 7. g vs T~ for g3 ——0.005.

side. In these references the location of the X

point of pure He was somewhat uncertain due to
the absence of data over a 2-mK inverval which
included T~(0). The X point was taken to be near
the high-temperature side of the data gap partly
because this side of the data gap corresponded to
a measured experimental temperature of 2. 1'72 K.
The present investigation has demonstrated that
our experimental temperature could not be used to
determine the X point of pure He more accurately
than within a few mK. Thus, the aforementioned
X point in Refs. 5 and 6 could actually have been
anywhere within the data gap, and some other fac-
tors would have to be considered in deciding where
the X point lay.

A doubly reduced plot of the pure-He data from
Ref. 5 was made and compared with the data from
the present investigation. It was found that the two
plots could be made nearly identical if the X point
in Ref. 5 were moved from the higher-temperature
side of the data gap to the lower-temperature side.
We have, therefore, concluded that the results of
Ref. 5 should be corrected. This correction re-
quires that 1.4 mK must be added to all tempera-
tures listed in Table I of Refs. 5 and 6. With this
correction, the temperature values listed in the
table are the absolute temperatures on the T,8 scale
with T,(0) at 2. 172 K.

The viscosity of the mixtures was also of interest.
This quantity was derived from the pp„values by
using the calculated values of p„. The variation of
p„with T(x3) is so great near T~(x~) that serious
errors in q could result from small errors in the
absolute temperature. The ref ore, p„was com-
puted as a function of T"(x~), which we know much
better than T(x~) absolute. Figure 6 shows q
versus T(x, ) for pure He and for three mixtures.
The results show that, as was mentioned earlier,
q decreases with x, at a given value of T —T„.

The reader should note that this conclusion is
not meant to be extrapolated for T(x, ) & T,(x~), to
values of T(x~) —T,(x,) larger than those shown in
Fig. 6. In addition, it should be kept in mind that
the computation of p„(W,x~) cannot be reliably
extrapolated to values of T~ and x, outside of the
range used here.
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Figure 7 is an expanded plot of q versus W for
x3= 0. 005. This curve shows that neither r] nor
dq/dT is discontinuous across T,(x~). The con-
clusion to be drawn from this figure is that the
sharp changes in gp„across T) are due entirely to
p„. Figure 8 shows, in a less precise manner,
that this is also true for the 0. 100 mole fraction.

The significance of the apparent slight change
in slope of q versus T~ at a temperature about
1 mK above the X point is not clear. However, as
can be seen from Fig. 5(b) and from an expanded
plot of the —,"% curve in Fig. 4 (not shown), it can
be stated with confidence that this break in the
slope of the g-versus-T~ curve cannot be due to
an improperly determined X point.

Another point worth noting is shown in Fig. 9.
Let 'g„(x~)denote the viscosity at T~(xs) for a He3

concentration given by x3. Then k ig. 9 shows that
the dependence of q, (x~) on T~(xs) is well fitted by
a straight line. This result does not seem to have
been published before now. It has been mentioned
earlier that T~(x~) is closely approximated by
(1 —xs)2~'T~(0) (Ref. 3). Therefore, it may be con-
cluded from Fig. 9 that

q, (x,) —q, (0) =A(1 —x,"')T„(o),

where A. is a constant equal to the negative of the
slope of the line in Fig. 9.

Finally, we wish to set forth our reasons for
believing that q and dg/dT of pure He are con-
tinuous across T,(0). Of course, the obvious
points that q and dq/dT are very smooth across
T~(x~) for the —,' % mixture and that —,' % is only a
small amount of He3, are important parts of the
argument. However, the case is somewhat stronger

R 25~5 Pure He

~25.0-
x3

- 24. 5-

24, 0—
x =. 1005

~ 23.5
3

~ 23.0-,'

C) I

= 22'5
2. 02 2. 04 2. 06 2. 08 2. 10 2, 12 2. 14 2. 16 2. 18 2. 20

Lambda temperature, T~(x3)58 e)(

= .905

FIG. 9. Viscosity at X point as function of g temperature
for pure He4 and three He3-He mixtures. [The straight
line was drawn through points corresponding to x3 = 0.005
and x3=0.1005 (the most reliable points). For pure He,
T&(0) was obtained by adding a correction to T&(0.005);
q&(0) was obtained as follows: First, a plot of gp„against
x3 was extrapolated to zero He' concentration; then, this
value was divided by the accepted value of p„atTz(0),
which is 146.2 kg/m .]

than this. First of all, the value of T,(0) was ob-
tained by adjusting T'(xs) to zero concentration of
Hea and (gp„),was obtained by extrapolating the

(qp„)curve for the mixtures, as explained previous-
ly. The doubly reduced plots of (gp„)versus T for
pure He using these values blend smoothly into the
curves for the mixtures [taking into consideration
the comparatively poor precision of the He data
near T'(0)]. The same behavior is evident for the
10% solution as shown in Fig. 8. Second, there
does not seem to be any tendency for p to become
ill behaved as x, decreases. The normal density,
of course, does have a discontinuous slope at
T,(xs). We feel that, taken together, these facts
indicate strongly that q and dq/dT are both likely
to be continuous across T'(0).

Rote added in manuscript. After this manuscript
was submitted, it was called to our attention~s that
our data for x3= 0. 005 are consistent with the
existence of a weak discontinuity of the form 1 —g
=A(1 —W), where n&1. Anexaminationof Fig.
7 shows that if such a discontinuity in dg/dT exists,
it is so small that an order-of-magnitude increase
in experimental precision would be required to see
it on a plot of g vs. T.
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Multiphoton transitions are discussed for the case of a resonant driving field strong enough
to produce saturation. The atomic system is described in general terms, and the possibility
of inversion asymmetry is allowed. The equations of motion for the density submatrix refer-
ring to the pair of resonantly coupled states are found by expanding the full atomic density
operator in harmonics of the field frequency, and then systematically reducing the equations
of motion which result. The effective n-photon coupling parameter and the shift in resonance
frequency emerge naturally from this reduction.

E(t}=(I/W2} e, [$(t)+ $*(t)],
where

8(t)= 8 e '"'

We introduce the quantities

(E, —E,)/a-=,

x -=( p ~ eo)/5&2,

(Ia)

(1b)

(2b)

where p is the dipole-moment operator, which, in
order to allow for the possibility of inversion non-
symmetric cases, ' may be allowed to have diag-
onal as well as off-diagonal matrix elements. The

In this paper we shall consider the problem of an
atom driven by an external field which induces
transitions between a particular pair of atomic
states by means of an n-photon excitation pro-
cess. ' ' The field will be allowed to be strong
enough and near enough to resonance to cause ap-
preciable saturation, and hence it will be necessary
to describe the state of the system in terms of a
density operator which may have large off-diagonal
components. We shall develop the analysis in a
systematic way, by expressing the density operator
in terms of a suitable expansion in fieM harmonics,
and identifying large and small terms. The equa-
tions of motion for the 2& 2 submatrix referring to
the pair of resonantly coupled states then emerge
directly from a straightforward reduction of the
equations of motion for the full atomic density ma-
trix.

Let us consider a general atom w'ith energy eigen-
states Ij) and corresponding eignevalues E&, driven
by the electric field

equations of motion for the atomic density matrix
in the case of collisional relaxation6 are then

(
+i(o„+x o~,(t) —~ „n,d (0)

dt

where the time dependence of o'(t) and p "'(t) is

e-fnsd

and

(Ga)

p'"'(t) -e '""' for y= 1, . . . , n —1, n+ 1, . . . . (Gb)

=t($(t)+ $*(t))[x, p(t) j„,(2)

where ~ is the mean collision frequency, and n&
'

is the mean thermal occupation number for the state
Ij).

We wish to consider the case in which the field
induces resonant transitions between a particular
pair of states, 10) and I1), by means of an n-photon
absorption process, i.e. ,

(a)l 0 g(d

We shall assume that no other pair of states is
similarly coupled (for any value of n) by the driving
field. In that case the time-dependent density op-
erator may be expanded in a harmonic series in
the field frequency w, where the large components
are the slowly varying diagonal terms n&(t) and the
off-diagonal terms oscillating at the frequency an&,
and where the terms oscillating at the other har-
monic frequencies may be assumed small. The
dens&ty operator thus has the expansion




