5 EFFECTIVE-RANGE THEORY FOR VAN DER WAALS...

p wave, the Born approximation yields the same
phase shifts as those obtained from a Schrodinger
analysis.

We have just noted the substantial agreement be-
tween the Born approximation and Schrodinger theo-
ry for the case of van der Waals scattering. The
fact that the Born approximation works so well for
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long-range forces has been discussed in previous
articles.™® Basically, the long-range forces give
additional contributions precisely because of their
long-range character; but at long ranges the poten-
tials are arbitrarily weak, and therefore the leading
terms are obtained exactly in the Born approxima-
tion, just as found above.
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Absolute cross sections are reported here for the ionization of K atoms having laboratory
energies in the range 20—-1000 eV when interacting with Hy, N, O,, and CO molecules. The
range of energies covered, E, and the corresponding cross sections oy for each of the four
target species are as follows: for O, 20<E <1000 eV, 8x107¥< gy <1,1x1071 cm?; for N,,
50<E <1000 eV, 2.5x1071 <5y, <4x 10717 em?; for CO, 100<E <1000 eV, 2x10™ <0y < 2.3
%1071 em?; for Hy, 150 <E <1000 eV, 6x10720< gy <8x 1071 cm?,

I. INTRODUCTION

This paper describes the measurement of the
absolute cross sections for ionization of K atoms
on impact with diatomic atmospheric constituents.
The cross sections are presented as a function of
K-atom velocity from near threshold for the reac-
tion to 1000 eV. From conservation of energy and
momentum considerations, the threshold energy
E, in the laboratory system for the ionization pro-
cess is

E;=M\Eo/(My+M,) , (1)

where E; is the amount of energy required to ionize
potassium (4. 3 eV) and M, and M, are the respective
masses of the target molecules and potassium pro-
jectile atoms.

There are a number of reasons for choosing the
alkali metals for the projectile atoms. The alkali-
metal atoms are, in the first approximation, hy-
drogenic and therefore perhaps more amenable to
analysis than other species. The fact that they are
condensible made it possible to build a charge-
transfer-type fast-atom accelerator which has little

or no slow-atom contamination in the beam., The
alkali-metal atoms have large resonant charge-
transfer cross sections, and they can be detected
using surface ionization techniques. The choice of
potassium for the initial measurements is appro-
priate because to date it is the only alkali-metal
atom whose surface ionization behavior has been
investigated as a function of energy for the range
0-1000 eV. =% There exist a number of recent
measurements of low-energy ionization cross sec-
tions involving neutral targets and projectiles in the
range from threshold to a few hundred eV.*"!* How-
ever, very few of these include alkali-metal atoms.
In particular, for the ionization reactions considered
here, no previous data appear to exist below 150

eV. For H,, N, and O, comparison is possible

with the data of Bydin and Bukhteev! which span the
range from 150-2200 eV. In addition there are the
higher-energy data of Kikiani et al.'® which go from
3 to 15 keV.

II. EXPERIMENTAL APPARATUS
A. Vacuum System

Figure 1 is a schematic of the over-all experi-
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FIG. 1.

mental setup. It consists of the fast-atom acceler-
ator, and a collision chamber which contains the
detection apparatus, The two systems are connected
through a straight-through valve which permits
isolation of either system. In addition, just before
entering the collision chamber, the fast-atom beam
undergoes final collimation by a vertical slit 1,27
mm wide by 10 mm long. This slit also serves to
permit the accelerator chamber to be differentially
pumped relative to the collision chamber. Both
chambers are evacuated by 6-in. mercury diffusion
pumps. Typical background pressures are 1x10-8
Torr in both chambers. During experimental mea-
surements when the collision chamber is backfilled
to 1x10-% Torr of target gas, the accelerator cham-
ber pressure does not exceed 1x10-7 Torr.

B. Accelerator

The fast-atom accelerator is of the resonant
charge-transfer type. K ions are obtained from a
thermionic zeolite source. These ions are acceler-
ated to a selected energy between 5 and 1000 eV
and then resonantly charge exchanged by interaction
with a crossed beam of K atoms emitted from an
effusion oven operated at 300 °C. The resulting
fast-beam flux is typically 10°%-10'° sec-! corre-
sponding, respectively, to the lower and upper en-
ergy limits of the accelerator. The entire acceler-
ator assembly is enclosed in a liquid-nitrogen-
cooled manifold to reduce thermal-K-atom back-
ground in the fast beam. The success of the design
is such that when the fast-beam flux at the exit
aperture of the accelerator is 10® to 10'° sec-?, the
thermal-atom flux, measured when the ion source
is turned off, is less than 10* sec~?.

AUXILIARY
ION SOURCE
CYLINDRICAL
ANALYZER

ELECTRON

CENTER OF \ MULTIPLIER

ROTATION

SURFACE IONIZATION
DETECTOR

DETECTOR PLATFORM

Experimental schematic.

Figure 2 schematically shows the important de-
sign features of the accelerator including parts of
the assembly which are directly cooled by flowing
liquid nitrogen through them. As is shown, the ac-
celerator consists of the ion source, extraction
lens system, two double-aperture lenses, an einsel
lens, charge-transfer region, deflection plates,
and beam chopper.

The ion source consists of a small bead of po-
tassium zeolite about 3 mm in diameter and 0. 5
mm thick which is fused onto a strip of Pt mesh
whose dimensions are approximately 3 mm by 20
mm. The source is heated to approximately 1000
°C by passing about 10 A of dc current through it.
The procedure for fabricating the source was first
described by Weber and Cordes.

The extractor lens system forms the ions from
the source into a beam and accelerates them to
about 200 eV. The voltages used for the extraction
1enses are shown. The two double aperture lenses
essentially determine the fast-beam energy, al-
though the exit aperture of the second lens may still
be a few volts below that of the entrance aperture
of the einsel lens. The double aperture lens voltage
ratios are about 3 and 2.4, respectively, as shown
in Fig. 2.

The einsel lens assembly then focuses the re-
sulting beam into the charge-transfer region for
maximum fast neutral flux at the target. The outer
apertures of the einsel lens are held, together with
the charge transfer region, at the same potential
as the desired fast-beam energy. The inner aper-
ture of the einsel lens is varied to produce the de-
sired focus.

The charge-transfer region consists of a slotted
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cylinder through which the beam from the effusion
oven passes. Chilled surfaces surround the charge-
transfer cylinder and precollimate the beam to min-
imize deposition of potassium on the cylinder.

The thermal effusion oven is of the crinkly-foil
type'” and consists of two chambers. The first
chamber is the reservoir in which a capsule of po-
tassium is placed and packed in a small wad of steel
wool. The second chamber is connected to the
reservoir and contains the crinkly-foil effuser. The
reservoir is typically operated at 295-300°C and
the effuser chamber at about 400 °C.

Finally, the beam chopper performs a number
of functions during data-taking operations. We have
used it during calibration of surface ionization de-
tectors for fast-atom detection where phase-sensi-
tive detection was required, as an on-off beam flag,
and to overcome electrometer drift by modulating
the fast beam and measuring the amount of offset

in output on a strip chart recorder superimposed on
drift during “on times.”

C. Detection System

Figure 1 also schematically shows the detection
system. It consists of an electron multiplier,
Faraday cup, cylindrical analyzer with attached
electron multiplier, and a surface ionization detec-
tor. Each detector is preceded by twin collimating
apertures of 3.18-mm diameter which are 2. 54 cm
apart. The collimating apertures are all fabricated
of copper beryllium which has a low work function
and which therefore eliminates the possibility of
“cold surface ionization” of fast-beam particles at
the apertures. The detectors are mounted on a
precision machined platform which rotates about
the center of rotation indicated and is externally
actuated. A movable externally actuated auxiliary
ion source is mounted to one side of the entrance
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slit to the collision chamber. This source can be
moved in front of the entrance slit to provide an
ion beam which intersects the detector rotation
axis. This ion beam is used to calibrate the ion
detectors. The auxiliary ion source consists of
an einsel lens preceded by a K zeolite ion source.

The electron multiplier monitors the fast-K-atom
profile and, in particular, monitors the fast-beam
flux during adjustment of the accelerator focus for
maximum intensity. Its effectiveness for this pur-
pose has been previously described. 18

The Faraday cup is an absolute detector which
permits calibration of the cylindrical analyzer-
electron multiplier combination.

The cylindrical analyzer is a 63, 5° instrument.
The analyzer separates the K ions produced in col-
lisions with gas-target atoms from the accompany-
ing fast neutral atoms which enter the detector and
provides energy analysis. It is designed so that all
ions produced in the 21-cm-long interaction region
which pass through the detector collimator apertures
are focused onto the electron multiplier. This fea-
ture was verified by monitoring the electron mul-
tiplier first dynode current and comparing this cur-
rent with the current measured by the Faraday cup
when it was moved in front of the beam, This com-
parison was made both using the auxiliary source
as an ion source and by measuring directly ions
produced by stripping of K on O, gas atoms. The
outer cylinder of the cylindrical analyzer has an
opening machined in it to permit neutrals entering
the analyzer to escape without striking analyzer
surfaces. The opening is covered with a nickel
grid having an optical transmission of 98%.

The surface ionization detector consists of a
0.0127-mm-thick tantalum ribbon preceded by a
90% transmission nickel grid for ion collection.
The grid is placed 1.25 mm in front of the ribbon, 3

III. EXPERIMENTAL PROCEDURE

In order to measure the cross section for ioniza-
tion of K onimpact with gas target molecules under
single-collision conditions, it is necessary to mea-
sure a number of quantities. In particular, this
cross section is given by

L =Logpl , 2)

where I, is the total number of K ions produced by
ionization, ], is the incident fast atom flux, p is the
target gas density, ! is the length of the collision
region, and ¢y, is the required cross section. For
our experiment, /was 21 cm.

The density p is calculated from the target gas
pressure measured with a glass enclosed Bayard-
Alpert gauge. The manufacturer’s experience with
gauges that have been compared with absolute
standards is that generally the “off-the-shelf” gauge
reads within 20% of the absolute value.! Since our
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gauge was not compared with an absolute standard,
consistency checks were made to ensure that it was
not atypical. First, it was compared with two other
Bayard- Alpert gauges of the same manufacture also
installed in the collision chamber. One of these
was an identical glass enclosed gauge, the other
was of nude design. The outputs of the three gauges
agreed to within 10%.

Second, the following procedure served as a
check on the relative pressure measurements of
the four target gases. The target gas entered the
collision chamber through a collimated hole struc-
ture. This in effect constituted a porous plug which
restricted the gas flow into the chamber. Thus,
when the ion gauge read 1x10~° Torr for N,, the
pressure behind the collimated hole structure,
measured with a capacitance manometer, was 10
Torr. Alternatively, for gases other than N, for
a capacitance manometer reading of 10 Torr, the
corresponding collision chamber pressure was
1X107° Torr when the ion gauge reading was cor-
rected for the ionization probability of the test gas
relative to that of N,. During measurements of
ionization produced, the target gas pressure was
maintained at 1xX107% Torr. This is sufficiently
low to ensure that single-particle collision condi-
tions prevail.

It thus remains to measure the quantities I, and
I, using the detectors described in Sec. II and
schematically shown in Fig. 1. I, was measured
absolutely using surface ionization detection tech-
niques developed specifically for fast atoms. These
are discussed in detail elsewhere.? 3 I, was mea-
sured with the cylindrical analyzer detector. The
auxiliary ion source was used initially to calibrate
both the cylindrical analyzer and its associated
electron multiplier and also to verify independence
of the multiplier gain as a function of background
gas. The auxiliary ion source was operated with
a positive voltage equal to the desired energy as
the bias on the emitter. The outer apertures of the
einsel lens were at ground potential, and the center
vne was adjusted to focus the beam.

To calibrate the cylindrical analyzer, the cylinder
potentials were adjusted with a positive voltage on
the outer cylinder and an equal negative voltage on
the inner one in the presence of the incident auxiliary
ion beam until the signal output of the electron mul-
tiplier was a maximum. The optimum voltage dif-
ference V between the analyzer cylinders thus de-
termined for optimum focus for a given ion energy
E was V=0.4E. This calibration was established
for ion energies in the range 5 to 1000 eV, although
for the present experiments no thresholds below
about 10 eV occur and the sensitivity of our detec-
tors is such that it limits measurement to cross
sections of about 10”% cm? or greater. Electro-
meters connected to the cylinders confirmed that
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all the ions entering the analyzer were entering the
electron multiplier when its signal output was a
maximum.

The sensitivity AV/V of the cylindrical analyzer
is about 0.025 where £ AV is the deviation from V
for which no loss in signal from the analyzer oc-
curs. Within the limits of this sensitivity, the
setting V required for optimum focus of a given
energy ion from the auxiliary source was identical
to that of a collisionally ionized fast atom where an
energy loss of 4.3 eV from the fast-beam energy
is assumed. Both the fast atom and the auxiliary
ion energies were monitored with a digital voltmeter
having an accuracy of 0.1% by measuring the bias
on the zeolite source and the charge-transfer cylin-
der, respectively.

Next, using the cylindrical analyzer calibration,
the gain of its electron multiplier was determinedas
a function of energy. This was done by measuring
the ion current from the auxiliary source, first,
directly with the Faraday cup and then with the
cylindrical analyzer aligned along the beam axis.
Calibration checks were made several times during
all experiments to ensure that the electron-mul-
tiplier gain remained constant. This proved to be
the case for all gases used except N, which ap-
peared to cause marked deterioration of the elec-
tron multiplier during the course of a data run.
Thus, for N, it was necessary to recalibrate the
electron multiplier several times during an ex-
periment.

Upon determination of the tube gain, the auxiliary
ion source was moved aside and the fast-K-atom
beam was directed into the collision chamber. The
fast-beam profile was measured by sweeping the
surface ionization detector slowly across the beam
at a constant rate and monitoring its collector cur-
rent with an electrometer whose output fed into a
strip chart recorder.

Next, the same procedure was repeated with the
cylindrical analyzer with the collision chamber
backfilled to 1X10~° Torr of the target gas. This
resulted in the distribution of K ions produced.

The cross section for ionization of K on impact
with O, proved large enough that it was possible
to measure I, directly with the Faraday cup for en-
ergies in excess of 100 eV. This agreed to within
5% with the I* as measured by the cylindrical
analyzer. In measurements with gases other than
0O,, the electron-multiplier gain was not established
using the Faraday cup and auxiliary source tech-
nique. Rather it proved more convenient to mea-
sure I, with oxygen in the chamber, and thus infer
the gain from the previously determined potassium
ionization cross section on O,. Thus, the other
reported cross sections are all referenced to O,

It was noted by Bydin and Bukhteev'* that in the
ionization cross sections for the systems they
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studied, all the charged particles were forward
scattered. The present data agree with their ob-
servation. In the present experiment, the profiles
of the incident neutral beam and resultant charged
beam are proportional, i.e., the ratio of the peak
amplitudes of the two is always the same as the
corresponding ratio of the integrated areas under
the beam profiles. Thus, since the shapes of the
two beam profiles were the same, the ratio of the
peak amplitudes was sufficient to determine total
ionization cross sections reported here.

IV. RESULTS

Figure 3 shows the results for ionization of K
on H,, CO, N, and O, The cross sections are
plotted against fast K-atom velocity in the laboratory
system, on a log-log scale. Table I is a tabulation
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TABLE I, Tabulation of data.
Fast atom velocity 001
(cm/sec) (cm?)
K+0,

1. 04 % 10° 8x 10719

1.25x108 1. 8x10-18

1.28x108 2.6x10°18
1.45x10° 7.5%x10°18

1.45%x10° 1.05x 10717

1.65x10° 1,2x10"17
1.7%x108 2x10-17

2x10° 5.4x10°17
2.25x%x10° 1.05x10"16
2.8x10¢ 2.4x10°16
2.8x10° 2.6x10"18
2.8x10¢ 3x10716
3x10° 2.6x10718
3%x10° 4,2x10716

3.2x10° 4,5%10716

3.2x10° 4, 7% 10718

3.3x108 3.4x10°16

3.5x10° 3.6x10°18
4x10° 5.6x 1016

5.2 x 10 7.5x10716

6.1x106 9.1x 10716

7.2x10° 1.6x10°1

7.2x10¢ 81071

7.2x10% 7.5%x 10716

K+N,
1.3x10° 1.55% 10-1?
1.65x10° 1.35% 1019
2x108 5x 1019

2.2 x10° 1.15%x 10718

2.6x10° 1.1x10-18

3.3x10° 1.8x10-18

3.3x10° 3.9%x 10718

4x10° 5.5x 1018
5.2%10° 1. 7x 10717
7.2x10° 5x10-17
K+CO
2.3x10% 2x1071
3.3x10° 7.7x 10718
4x10° 1.9x1078
5.2x10° 6.1x10"18
6.4x10° 1.35x 1071
7.2%x108 2,25x 10717
K+H,

2. 85x%10° 5. 9% 1020
2. 8x10° 6. 8% 1020
3.3x10° 1.6x107%

3.35x10° 1. 8x 1071

4x10° 5.8x 10719
5.2x%x10% 1.25x% 10-18
6x10° 5.3x10"1
7.2%x108 5.6x10718
7.3X106 8)(10-18
7.3)(].06 8.8)(10-18
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of the data. Presented also, in Fig. 3, for com-
parison, are the data of Kikiani ef al.'® for the sys-
tems K-H, and K-N,, and those of Bydin and Bukh-
teev for the systems K-H; K-N,, and K-O,. The
present data for oxygen lies somewhat higher than
those of Bydin and Bukhteev, !* and their curves for
Nj, O, and H, bend over more sharply. However,
in two cases the present data can be reasonably
extrapolated to that of Kikiani ef al.1®

For the species investigated here, the near-
threshold behavior can be described satisfactorily
by the empirical relationship

oo =0o[w/v" =1] . (3)

In Eq. (3) oy is the value of the cross section at the
theoretical threshold velocity v, if one linearly
extrapolates the “near-threshold” cross section on
the log-log plot. The exponent m is the slope of
the experimentally measured cross-section curve,
near threshold, as obtained from Fig. 3.

Table II summarizes the parameters o, and m
of Eq. (3) as obtained from the data of Fig. 3 and
in addition the theoretical threshold velocity v, and
energy E,, obtained from Eq. (1).

The experimental uncertainty in the cross-section
data presented here is estimated as follows: The
beam path I was measured to within 5%. Because
the Bayard-Alpert gauge used for the gas density
measurement was not calibrated against an absolute
standard, the 20% uncertainty indicated by the
manufacturer’s comparisons with absolute standards
is used. The fast neutral K beam flux was mea~
sured to within 10% as reported previously. %3 The
flux of ionized potassium atoms corresponding to
cross sections in excess of about 107!® cm? was
measured to 5% accuracy or better. For smaller
cross sections this uncertainty is conservatively
estimated as 10%. Thus, the rms systematic un-
certainty of the cross sections oy presented in this
paper is about 25%. On repeated measurements,
the cross sections proved to be reproducible to
better than 10%.

TABLE II. Summary of theoretical thresholds for
ionization of K and experimental values for the param-
eters of Eq. (3).

Colliding vy oy

particles E, (cm/ sec) m (cm?)
K-0, 9.55  6.9%x10° 7.0 5x10"%
K-N, 10.3 7.3%10° 3.54  1,4x10°%
K-CO 10.3 7.3%x10° 4,05  1,7x10°%
K-H, 88 2,1x108 5,26 1.25x10°%
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V. DISCUSSION

A. Experimental

The discrepancy between the present results and
those of Bydin and Bukhteev is not understood. A
possible explanation for the more rapid turnover in
the Bydin and Bukhteev!* data relative to the pres-
ent results and those of Kikiani et al.'® is produc-
tion of secondary electrons by fast atoms at their
Faraday cup collimating apertures. During devel-
opment of fast-atom detectors this has been found
to be as much as 20-50% of the fast-beam intensity
for fast-atom energies above 150 eV.? The quan-
titative difference between the present data and
those of Bydin and Bukhteev'! in the case of O, is
particularly strange since the present N, and H,
cross sections referenced to O, are in general quan-
titative agreement with both the Bydin and Bukhteev'!
and Kikiani et al.'® results. These kinds of differ-
ences in atomic physics experiments are often due
to differing populations of excited states. This
appears unlikely here. Both the present experi-
ment and that of Bydin and Bukhteev!! used resonant
charge transfer of a thermionically derived ion
beam to produce the fast neutral beam. The Kikiani
et al.*® group used nitrogen as the charge-transfer
gas. Perel and Daley® recently showed that charge
transfer occurs preferentially in the channel having
the smallest energy defect, i.e., a near-resonant
charge transfer appears preferred to the ground
state. Thus, it is improbable that the thermally
produced ions, presumably in the ground state,
charge transfer to an excited state. On the basis
of the work by Perel and Daley, 20 one would there-
fore anticipate differences between the present data
and those of Kikiani et al.! rather than those of
Bydin and Bukhteev!! if excited-state populations
were present.

B. Theoretical

Projectile-atom ionization produced in fast-atom-
atom collisions is generally attributed to atomic
stripping. Atomic stripping of heavy atoms is
thought to proceed by way of potential-curve cross-
ing as first described by Landau, # Zener, % and
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Stueckelberg. 2 However, the potential curves for
heavy atoms are not known even approximately,

so direct calculation is precluded. Thus, the
several attempts to devise theories for atomic
stripping are all statistical theories. ™% Of these
efforts, the theory of Firsov appears to be the most
successful if only because it alone gives a definite
prediction without adjustable parameters.

Comparing the present experimental results to
Firsov’s predictions leads to the conclusion that
the theory is not applicable in the low-energy re-
gime. In particular the Firsov scaling law is too
weak to account for the 10% range in cross section
for targets of atomic numbers ranging from Z=1
to Z=16. Even for higher energies the general
Firsov scaling law at best seems to suggest only
what the upper bound of a given cross section
might be. The distribution of experimentally mea-
sured cross sections varies over several orders
of magnitude below it. Fleischmann and Dehmel?
have recently proposed a semiempirical scaling
relationship which significantly compresses the
normalized distribution of high energy observations
relative to the Firsov scaling law. However, in the
low-energy regime it suffers from the same de-
ficiency.

It must, however, be noted that stripping is not
the only reaction which can account for the mea-
sured ionization cross sections. Compton et al.'?
recently measured relative cross sections for the
reaction Cs +0,- Cs*+0,". It appears probable
that like reactions occur for impact of potassium
on diatomic species as well in which case the statis-
tical theory may not be applicable.
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A study has been made of the charge-transfer processes whereby reutral atoms of hydrogen
are formed in the 3s, 3p, and 3d states as a result of the impact of protons on targets of helium
and argon. Impact energies range from 75 to 400 keV. The experimental procedures involve
the quantitative measurement of the Balmer-o radiation emitted by the spontaneous decay of
atoms in these three states. The contributions of the three different states are separated by
a time-of-flight technique that utilizes the different lifetimes of these states. The cross sec-
tions decrease rapidly with increasing energy and are greatest for the state of lowest angular-
momentum quantum number. For a helium target, comparisons are made with a Born-approxi-
mation prediction; there is a marked discrepancy between theory and experiment for the 3p

level but good agreement for the 3s and 3d levels.

I. INTRODUCTION

The objective of the present study is the mea-
surement of cross sections for formation of fast
excited hydrogen atoms in the 3s, 3p, and 3d states
by the impact of protons on helium and argon tar-
gets. The reaction may be described by

H*+ X~ H* (3s, 3p, or 3d)+[X'], 1)

where X is either helium or argon. The square
bracket in Eq. (1) indicates that there is no infor-
mation on the post-collisional state of the target.
The principal objective of the work was to test the
theoretical predictions of charge-transfer cross
sections. It has previously been argued1 that for-
mation of the n =3 levels by neutralization of H*

is a particularly useful case for making such tests.

II. EXPERIMENTAL TECHNIQUES

The formation of excited H atoms in the 3s, 3p,
and 3d states can be detected by the quantitative
measurement of Balmer-a photons emitted as ex-
cited atoms decay to the n=2 level. The Balmer-«
(H,) emission is, in fact, due to three transitions:

3s -2p, 3p—~2s, and 3d—2p. These will emit
photons of essentially the same wavelength and are
therefore detected simultaneously. The separation
of the three contributions is accomplished by a
method which relies on the different lifetimes of
the three states.

The experimental arrangement involves passing
the beam through a target cell and measuring
quantitatively the Balmer-o emission from the beam
after it exits into an evacuated flight tube. Ex-
cited fast atoms, formed by neutralization in the
target cell, decay in the observation region
and produce an intensity whose spatial variation
is related to the velocity of the atom and the life-
time of the excited state. The radiation may be
described by an intensity function I(X), where X
is the distance from the termination of the gas cell.
The function I(X) is defined as the total number of
Balmer-« photons radiated per second from a
differential segment of beam dX about the point X.
Since each state of excitation (3s, 3p, and 3d) has
a distinctly different lifetime, the total intensity
function I(X) will be the sum of three spatially dis-
tinct and separable intensity functions, I3(X),
I,,(X), and I3,(X). The intensity I3,(X) is given by



