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We have found that the low-temperature collision-time kinetic theories of Khalatnikov and
Chernikova and of Disatnik are not in agreement with all of the predictions of superfluid hy-
drodynamics. In particular, they overestimate, by a factor of about 30, the attenuation of
hydrodynamic first sound. In addition, they use a hydrodynamic collision time to describe
both the hydrodynamic and collisionless regimes, causing disagreement with many-body cal-
culations valid for the collisionless regime. We have constructed a kinetic theory which is
in agreement with superfluid hydrodynamics, and we have analyzed the existing kinetic theo-
ries in order to find the origins of the disagreement with hydrodynamics and with the many-
body theory. To obtain correct transport coefficients (and therefore correct attenuation of
hydrodynamic first sound) it is found necessary to ensure that the system relaxes to local,
rather than to static, equilibrium. We calculate the transport coefficients within a collision-
time model, and point out that for generality one must employ two hydrodynamic collision
times && and w& (with v

&

~ w, ) associated with longitudinal and transverse processes, respec-
tively. From this we show that L& is not necessarily equal to zero. In addition, we discuss
difficulties involved in extending the theory to higher frequencies, and present a physical
argument which requires the use of a wide-angle collision time to define the {low-frequency)
hydrodynamic regime and a small-angle collision time to define the (high-frequency) col-
lisionless regime. This reconciles the disagreement between kinetic theory and many-body
calculations upon the collision time which defines the collisionless regime. Various ex-
periments are interpreted on this basis, thereby eliminating certain discrepancies with the-
ory. Measurements in the low-temperature hydrodynamic regime are sho~n to require rel-
atively large chambers (with linear dimensions 10 cm).

I. INTRODUCTION

Recent theoretical investigations on the irre-
versibility of static heat flow in He II, ~ and on the
high-frequency shear response of He II, 2 have
caused us to reexamine the kinetic theory of He II
at low temperatures (T ~ 0. 6 K). Two such theories
have appeared in the literature, that by Khalatnikov
and Chernikova (KC), ~ and that by Disatnik (D).
These theories, although in agreement with one
another for the hydrodynamic regime, are not in
agreement with all of the predictions of hydro-
dynamics. In particular, they overestimate, by
a factor of about 30, the attenuation of hydro-
dynamic first sound. In addition, they use a hydro-
dynamic collision time to describe both the hydro-
dynamic and collisionless regimes, causing dis-
agreement with many-body calculations valid for
the collisionless regime. The primary motivations
for this paper are to construct a kinetic theory in
agreement with hydrodynamics, and to analyze the
existing kinetic theories in order to find the origins
of the disagreement with hydrodynamics and with
the many-body theory. We also discuss the ap-
plicability of collision-time models to the kinetic
theory of He II, we reinterpret various experi-
ments in terms of the relevant collision times,
and we discuss the possibility of experiments in the
low- temperature hydrodynamic regime.

Although, so far, all experiments on sound in

He II at low temperatures have been conducted in
the nonhydrodynamic regime, ~ in principle, the
hydrodynamic regime also can yield much useful
information. In particular, measurement of first-
and second-sound attenuation can give the longitudi-
nal relaxation time v', associated with the viscosity

If such measurements can be made, they will
provide a test for the calculation by Landau and
Khalatnikov of the transverse phonon-phonon re-
laxation time. ' We remark that until recently no
such calculation had been done for the phonon-pho-
non relaxation time associated with longitudinal re-
laxation. ' We will show that v,

Much effort has already been expended on the
calculation of the sound velocity and attenuation in
the nonhydrodynamic regime. ' '~ There has
been some success, in particular the work of Refs.
26 and 28, but even with all this work it has not
been possible to explain all of the data (especially
see Refs. 13 and 14). Therefore, it may be of
some value to study the velocity and attenuation of
sound in a regime which presumably we understand,
and then to try to extend the theory beyond this
regime. Since hydrodynamics should be valid at
low enough frequencies, it would be advisable to
start with a theory correct in the hydrodynamic
regime. Kinetic theory, with the appropriate col-
lision integral, is expected to give us a theory
valid for all frequencies. We have outlined such
a theory and have applied it to low frequencies,
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since thereby much useful information can be ob-
tained. As will be discussed there are certain
difficulties with the collision term (even when
using a phenomenological collision term) which one
must confront in order to extend the theory to
higher frequencies.

In Sec. II we present a discussion of kinetic
theory in He II. We apply this in Sec. III to the
hydrodynamic regime in order to calculate the
transport coefficients. In Sec. IV we discuss the
work of KC and of Disatnik. Section V contains a
discussion of the collision time to be used in a
phenomenological collision-time model and an
analysis of various experiments in light of this
discussion. In Sec. VI we consider the possibility
of low-temperature measurements in the hydro-
dynamic regime. In Sec. VII we summarize our
results.

Bnp Bnp Br Bnp Bp Bnp

Bt Br Bt Bp Bt Bt collisions
-=Z[n, ] .

Here n~ is the occupation number for, and Br/Bt
= v~ is the velocity of, an excitation of momentum

P. If a disturbance of frequency and wave vector
k is applied to the system, the occupation number
can be conveniently described by breaking it up
into three terms, although formally it can be ob-
tained from one expression:

~.~ p (v. -v.)-~w)
np = exp

B

Here &p is the energy of the excitation, computed
in the superfluid rest frame from the local pres-
sure (P) and temperature (T), and v, and v„are the
superfluid and normal Quid velocities, respectively.
This corresponds to oscillating local equilibrium,
with a, .arge static equilibrium value (e. g. , Po)
dominating the small oscillating value (e. g. , P').
The deviation from local equilibrium for each ex-
citation is described by pp, the chemical potential,
which is zero for nonconserved bosons in local
equilibrium. Equation (2) can be expanded in the

II. KINETIC THEORY FOR He II

In this section we present and discuss the kinetic
theory of excitations for He II at low temperatures.
In the literature these equations are usually assumed,
and discussion of them is minimal. However, an
appreciation of the meaning of these equations, at
a simple but basic level, is necessary to an under-
standing of the relationship between kinetic theory
and supe rfluid hydrodynamics.

At low temperatures, He II can be described as
consisting of a ground state and a set of well-de-
fined Bose excitations, for which one can write a
kinetic equation:

small oscillating quantities P', T', v,', v'n, and pp
to yield

(0) ~,(1.)
np=np + ~fop + np

Here np
' is the static equilibrium value,

~(le) Bnp 8&p T p 8&p PI Bnp

8&p BT BP BT

Bnp ~f Bnp ~p+8 ' vs+8 'vn
vs vn

Bnp BEp p 8~p p

Bqp BT BP

and

—~ T'+p ~ (v'-v')
T s n

Bnp I 8~Pl
(6)

In the above equations the absence of a superscript
denotes the static equilibrium values. (Note that
v, = v,', v„=v„'. ) For low frequencies we expect that
np«%s""„ for high frequencies no distinction is
necessary, since the collision integral (depending
only on n~ ) is negligible. With a given model for
collisions of the excitations, one can in principle
follow the ratio n~/6n~"" as & is increased.

In the above there are five oscillating unknown

variables: The ratios (taken with respect to P') of
the quantities T', v,', v„', and p, &, and the wave
vector k, which is related to by some unknown
function e(k) that must be determined. The Boltz-
mann equation yields information about pp. In ad-
dition, there are four other equations: conservation
of mass, the superfluid equation of motion, con-
servation of momentum, and conservation of energy.
This set of equations permits a solution of the prob-
lem. The last two equations, conservation of mo-
menturn and conservation of energy, can be derived
from the Boltzmann equation. In the kinetic the-
ories of Refs. 3 and 4, two other conditions are
used, distinct from energy and momentum conser-
vation; to O(p„/p) they reproduce the correct hy-
drodynamic velocities.

When energy dissipation (proportional to the
square of the temperature and velocity gradients)
can be neglected, energy conservation can be trans-
formed to entropy conservation. For completeness,
we write down the four equations explicitly, neglect-
ing such nonlinear dissipative terms
momentum consex'vati on,

st (~'p)

Bg—p& n' ——& ~ (~ pv);
Bp

p +p + 7Pn Bt s

(6)

mass conservation,

-+ p„V v„'+ p~ V ~ v~ = —V ~ (n 'p).
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supeQluid motion,

ev S + gP1 gyi
et p p ep

energy cons exvati on,

(6)

8S ~ ~p 1 9
8t

+sv v„'= —— (n'c)+v (n'av)) . (9)T et

In Eqs. (6)-(9) p„, p„and p(= p„+p, ) are the nor-
mal fluid, superfluid, and total densities, and S
(=—po) is the entropy per unit volume. An angular
bracket about a quantity means an integral over
phase space:

(Z) = (2') ' f F,d'p . (10)

Also, n', &, p, and v in the ( ) brackets refer to
n~, etc.

The angle bracketed quantities represent the ef-
fect of those excitations not in equilibrium. They
contribute to the momentum in Eqs. (6) and (7),
and to the energy in Eq. (9). Dissipative pro-
cesses arise from the stress tensor (n'pv), the
additional "pressure" (n'B&/Bp) (these produce the
first and second viscosities), and from the heat-
flow vector (n'ev) (this produces effects analogous
to thermal conduction). With the Boltzmann equa-
tion [Eq. (1)], Eqs. (6)-(9) are sufficient to de-
termine the response of the system when subjected
to a disturbance of frequency ~. For convenience
we rewrite the Boltzmann equation':

p (p n& ~ p
Bng,= Z[n, ] — '--v Vn' .gt 0 P

We note that J[n~] depends upon all phonon occupa-
tion numbers. Since Z[n~]= 0 for all n~=n~ '+n~"'I
it is a linear functional of (n~j, and from now on
we write it as J[n~]. Thus we have separated the
Boltzmann equation, as we did the conservation
equations, into a left-hand side depending upon local
equilibrium quantities and a right-hand side de-
pending upon nonequilibrium quantities. We re"-
mark that the inclusion of Bn~/Bt and v~ ~ Vn~ makes
Eq. (11) more general than any of the forms given
by Khalatnikov.

In order to solve Eqs. (6)-(9) and (11), we will
need J[n~] and e~. For our purposes we will
usually take &~=cp, thereby neglecting the effects
of phonon dispersion. Then v~-=Be~/Bp = cp. How-
ever, we will occasionally discuss the effects of
dispersion. -We will discuss the form of J[n~ ] in
Sec. III, where we calculate the transport coef-
ficients.

Before proceeding to our calculations, we re-
view the procedure for calculating transport coef-
ficients, and clarify the relationship between kinetic
theory and hydrodynamics. To lowest order, non-
dissipative hydrodynamics may be recovered from
the kinetic theory by neglecting the right-hand side
of Eqs. (6)-(9). This will give the hydrodynamic
velocities, but it neglects attenuation, which de-
pends upon (n~]. To obtain the attenuation one goes
to a higher order, and employs, on the left-hand
side of Eq. (11), the information obtained from the
lowest-order solution of Eqs. (6)-(9), which de-
fines the state of local equilibrium. On the right-
hand side of Eq. (11) one keeps only the collision
integral. Solving Eq. (11), one finds n~. Sub-
stitution into the right-hand side of Eqs. (6)-(9)
gives the dissipative terms. From these one can
deduce the transport coefficients by comparison

l

with the equations of superfluid hydrodynamics in-
cluding dissipation. One may then compute the
attenuation by the formulas of superfluid hydro-
dynamics.

To obtain a solution valid at all frequencies, one
must exactly solve Eq. (11) for n&, and substitute
into the right-hand side of Eqs. (6)—(9). Solving
these equations one finds v(k). The primary dif-
ficulty, however, lies in solving for n~. This first
requires a detailed knowledge of J[n~], and then
the extraction of n~ from Eq. (11) once Jfn~] is
known. So far there has been no solution of this
problem, except when Z[n~] has been grossly sim-
plified.

We should not neglect to mention that Eqs. (6)-
(9) and (11) are phenomenological; they have not
been derived from a microscopic theory. Cer-
tainly one may question their validity when applied
to situations involving atomic distances a= 4~10 '
cm and frequencies of O(2mc/a= 5x10 sec ').

Indeed, their range of validity may not even ex-
tend to such short distances or high frequencies.
However, these equations are expected to describe
the frequency regime discussed in this paper.

III. TRANSPORT COEFFICIENTS AND SUPERFLUID
HYDRODYNAMICS

We will now study the transport coefficients using
the kinetic theory and a collision-time model. Our
principal results are that, when phonon dispersion
is neglected: (i) The second viscosity coefficient
f'~( ~ 0) is proportional to v, —r, , so that w, ~ 7, ,
and (ii) the attenuation of hydrodynamic first sound
is about a 30th of the value predicted by Refs. 3
and 4. In addition we point out certain difficulties
with the collision-time approximation when pho-
non dispersion is included, although we perform
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no explicit calculations.
Let us consider disturbances with an e' "' ""

spatial and temporal variation. We may take k
along the z axis. There are two possibilities now.
All vector quantities may be parallel (longitudinal
disturbances) or perpendicular (transverse distur-
bances) to the z axis. He II is known to support
three longitudinal modes and one transverse mode. "
Using the present formulation it should in prin-
ciple be possible to study all of these modes, for
all frequencies co. '

A

For such disturbances, B/Bt - —i &u and V-ikz.
VYith primes denoting the deviations of thermo-
hydrodynamic quantities from their equilibrium
values, multiplying each ~ or k will be a primed
thermohydrodynamic quantity or a moment of n'.
Using Eqs. (6)—(9) and the thermodynamic relations

8P ) 8PI T)
ep & BT

aS, ap8' = — p'+ — T'ep, er
we may eliminate all thermohydrodynamic vari-
ables from Eq. (11), which then will become an
equation linear in n' and its moments (n'p),
(n' Be/Bp), (n'p v), (n'e), and (n.'ev). By calculat-
ing each of these moments of z from this re-
sultant equation one will have five equations in
these five moments. Setting their determinant to
zero determines the various &u(k), and from this,
for each e(k) one may study the ratios of P', T',
v„,v„(n p), (n BK/Bp), (n pv), (n e), and (n ev).

In this paper we do not intend to study the longi-
tudinal mode of Kronig and Thellung, which does
not have a simple co vs k relation. ' We wish to
study, for the hydrodynamic regime, first and
second sound and the transverse mode. Let us
consider the latter first, since it is the simplest
to treat. I.et all transport vectors ((n'ev), (n'p),
v„', v,') point along the x axis. Then the mass equa-
tion [Eq. (7)] says that p' = 0; the density does not
change, as expected. Further, the x component
of the superfluid equation [Eq. (8)] says that
(v,')„=0; the superfluid does not take part in the
motion, as expected.

Additional information may be gathered. The
z component of the momentum equation [Eq. (6)]
relates T' (since P' depends only on T' when p'
= 0) to (n' Be/Bp) and (n'p, v, ); the z component of
the superfluid equation [Eq. (8)] relates T' to
(n' Be/Bp); the energy equation [Eq. (9)] relates
T' to (n'e). From these three equations we can
relate (n'e) and (n'p, v, ). This provides an ad-
ditional restriction on v(k). It can be trivially
satisfied if these quantities are zero (by the sym-
metry of the problem). Therefore we will take
T' = (n 'e) = (n ' Be/Bp) = (n 'p, v, ) = 0 and show this

to yield a consistent solution. In that case we have
only to solve

and

—i ~p„v„=i(u(n'p„) —ik(n'p„v, ) (12)

(- ikvp„v, +i(.p„v„)= J[n'],
e&p

(13)

where we have neglected Bn~'/Bt and v~ Vn~ in com-
parison with Jfn '] . Since

8v 8 2

~n e~ ~n ~&2 Vn (14)

in the hydrodynamic regime, we see that k =icup„/
Then k-&u'i2 and kc» +, so Eqs. (12) and

(13) become

and

i~p„v„=- in (n'p„v, )

—ikvp, v, ~ =Z[n,'] .8'8

P

(12')

(13')

n~ =((f ')pp J[nI,'. ])
Then Eq. (12') becomes

(16)

—i~p„v„= —k v„&&.P„v, ~
— — P„v,X 8

The Bn~./Be~. factor causes the operator (f ')». to
be dominated by thermal phonons in the P' index.
The collision-time model uses (for this transverse
mode)

Z[n,'] = n,'/~, , — (18)

so

1
6» and (f )»~ = —&~6»

Tt

Using the results of Eq. (18) it is clear that

2 2~~
'4~nVn= Vt & Vn

8&

= ——,
'

7, (ck)'p„v„ (19)

[We have used p„= —&((Bn/BE)p ) and (p„v, Bn/Be)
=~5 c ((Bn/Be)p ) ]. Hence, by comparison of Eqs.
(14) and (19),

2~n=5 ~n«t ~ (20)

This agrees with Khalatnikov and Chernikova,
with our 7, —their v». Note that by symmetry
(n'&), (n' Be/Bp), (n'P, v, ), and (hence) T' are

In general we have

Z[n, ] = (f», n, ,),
where f». is some function describing how non-
equilibrium of the p' phonon causes collisions with
the p phonon. In principle we may invert Eq. (15)
to obtain
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all zero.
Let us now compute the transport coefficients

associated with longitudinal oscillations. First
consider tc, which is related to (n'ev) .From Eq.
(11), in the hydrodynamic regime (neglecting
Bn&/Bt and v4, Tnt', ) we have, with (f i)». = —7', &». ,

hydrodynamic limit (i.e. , neglecting the nonequilib-
rium terms) we have

For dispersionless phonons, p„c =ST, so (n'ev, )
= 0. Hence the thermal conductivity ~ must be
zero. This is a well-known result. We also note
that for dispersionless phonons

(n'P. ) = (I/c')(n'~v, ) = 0 (28)

In the above we used (cos8) =(cos'8)=0, and(cos28)
From Eqs. (6)-(8), when evaluated in the

The viscosity coefficients &3 and f4 are contained
in (n' Be/Bp), so let us study this quantity:

~ B& Bpg Bc BC& & B T(n' —) = —r, —P — ' -~ -PvV ~ v„'
Bp

' BE Bp Bt T Bt

Bp' I B7. BS' BS Bp' 1. -
Bt T BS Bt Bp Bt 3

& ~ j' u+ —S —— + (24)

In the above we have used j' =p„v„'+ p,v,', the
thermodynamic identity BS/Bpi r = (1/p)(S —BP/BTI, ),
and u —= ( p/c)Bc/Bp. For dispersionless phonons it
is well known that C„=3S, so the coefficient of

v„' is zero. In addition,

4—3 7'V„—~5 V V„

2
5 p&c ~l + ~ vn

4 2= —
gg p„c T)V ~ v (2'7)

for dispersionless phonons. Hence the coefficient
of V' ~ j' is also zero. We therefore have

=$, =$,=0 .

Another property of dispersionless phonons is that

p q
BK

(n'&) = — n' — =0
u Bp

Let us now compute (n'P, v, ), which will give 0,
and ts (we expect that g, = 0 since g, = (4 by the
Onsager symmetry principle for kinetic coeffi-
cients '):

(n'P, v, ) = —&,
B&~ & BT
Bt T Bt

Pgvg ' vn

In deriving the above equations we used (cos 8)
= —, and Eqs. (24) and (25). Putting Eq. (2'7) into
Eq. (6) yields

Bj 4 2—+ VP= i, pc 7, V(V v„) (28)

Superfluid hydrodynamics takes the form

Bj—+VP=& i) V(V ~ v )Bt 3

+ (f —ppi) V(V v„)+ &, V(V j ) . (29)

Clearly K&
= 0, as expected. Also, since p„= 5 p~ 2

x~), we see that

&s-is p.c (&4 —&4) .
Because g2 0, we must have v, & v', . This will
be one of the restrictions on calculations of z, . '
We repeat that 7, is the same as the v» calculated
by Landau and Khalatnikov.

We have shown that not all of the coefficients of
second viscosity are zero, in disagreement with
KC. ' "' They use only one collision time for both
longitudinal and transverse processes, so it is
clear how they could obtain f2= 0.
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Using hydrodynamics we may now compute the
attenuation coefficients of first and second sound.
They are determined only by the shear viscosity,
and are given by

2

( —n+& )=~(d CO 7) P~
2pc c p

and

With u = 2. 8, this expression is seen to be about
30 times the expression obtained using hydro-
dynamics ~

One may also show that superfluid hydrody-
namics yields

v, = 2 ———"(2+ 2u ~ 2M'))
3 4 p

(34)

Vg= C 1+ 1+6M+ 3Q + p'Np 2 3, (35)

where u = (p /c) & c/Bp . These results are in

agreement with KC and Disatnik.
It is instructive to study the effects of phonon

dispersion on the transport coefficients, since it
points out some of the difficulties of collision-time
models. In Eq. (22) the coefficient of BT/Bz must
be nonpositive (~ 0), and in Eq. (24) the coefficient
of v ~ (j —pv„) must be non-negative (g3 g4 0).
This is so that dissipative processes may increase
the entropy of the system. However, (TS —p„c )

and [u+ (1/C„) (S —BP/BT I,)] are proportional to the
phonon dispersion parameter, which can be either
positive or negative. '~ Therefore the collision
times that must be used in calculating I(:, &~, and

&~ may be of negative sign. One must therefore be
cautious in applying the collision-time model to the
collision operator or its inverse. Clearly, the
value of f~~, depends very much upon the operand.
In a less extreme fashion, it is well known that the
collision time used in the transport theory of Fermi
liquids depends upon whether one is studying the
thermal conductivity, the viscosity, or the spin
diffusivity. One should not be surprised by similar
occurrences in the transport theory of He II.

We note that inclusion of phonon dispersion af-
fects the second-sound velocity, so that

(d P~ 4 2v 3 (d 72~a=
2 (,/~q)s

—'(r &+4)=
5
— ' (32)

The result for n~ is in agreement with Disatnik and

with KC (there is a misprint in their equation for
o. z, with WS in the denominator). However, for
n~ we obtain a very different result than do Dis-
atnik and KC, who are in agreement with one another.
They obtain

(33)

~V, 15y 2', T ' 945~y' 2~K, T '
Vp 7 C 8 C

(36)

where y = r(7 )/v g(4) = 0. 030047. . . , and 4:~ = cp(1
—yp~ —y'p~) defines y and y'. " One usually refers
to y alone when referring to the dispersion param-
eter. At very low T this correction dominates
those described in Eq. (35).

It is important to recognize, as was first done

by Khalatnikov and Chernikova, that I(. =
&&

= &~= 0
for dispersionless phonons. Although it appeared
that these results depended upon the collision-time
approximation, they are of very general validity.
They rest upon the Boltzmann equation, the re-
striction to the hydrodynamic regime, and certain
thermodynamic identities satisfied by a dispersion-
less Bose gas at low temperatures. Only a micro-
scopic calculation, however, can yield q or (~.""

IV. ANALYSIS OF KC AND OF DISATNIK

We now study the work of KC and of Disatnik. It
will be seen that neither work explicitly satisfies
the requirements of energy and momentum con-
servation. In order for their problems to be sol-
uble, they find two other conditions on their vari-
ables. These conditions are distinct from energy
and momentum conservation. However, their ex-
pressions for the sound velocities are correct to
O(p„/p), which indicates that their approximations
to energy and momentum conservation are rather
accurate, We will also show that Disatnik and

(presumably) KC do not satisfy the requirement that
the system relax to local equilibrium. This causes
them to overestimate the attenuation of first sound

by a factor of about 30.
The work of Khalatnikov and Chernikova has been

divided into two papers. The first~'" (which we

shall call KCI) is devoted to the relaxation phenom-
ena which take place in a range of temperatures up
to about 1.6 K. The second '"' (KCII) is devoted to
the effects of these relaxation phenomena upon the
attenuation of sound. We will here be concerned
with those results which are applicable to T 0. 6

K, where only phonon-phonon scattering is of im-
portance.

The relevant set of equations is given in KCII,
Eqs. (4. 1). The first two equations are simply
mass conservation and the superfluid equation of
motion. The second two equations are integrals of
the Doltzmann equation. Their derivation is out-
lined in KCI. They start with the Boltzmann equa-
tion, written in the form [Eq. (2. 8) of KCI]:

(
k ' vp gg k v~ Bpg~ 9Q~

sp + —-- — p +p' v
8$& Qp

1
Z[n ].

&CO
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(g —cos8) v(cos8)+&sup'+ cos 8v,

Z»[n]e, p'dp
ZQP

2
&pP dP r

where g =v/ck. They set fJ»[n]&&p dp=0 by en-
ergy conservation for small-angle scattering. This
step is not valid at high frequencies, where the
mode is sharply peaked in momentum space; Jpp

is so large for such momenta that it dominates

J». This will be discussed in Sec. V.
Their second step involves treating fJ»[n]e&p~dp,

which they do by approximation [Eq. (2. 26) of KCI]:
]

Here n~" =np"'+np, and an e" ' """dependence has
been assumed. They also use (with k, v„and v„
all along the z axis) [Eq. (2. 12) of KCI]

n~" = " —p'+ tv(case))
Bgp BP

and v (cos8) = v0+ v, cos8 + vzP2 cos8 +, where vo
= —T'/T and v, = (v„—v, )/c (as shown in KCII). The
collision integral, which involves only phonon-pho-
non scattering, is separated into J~~[n] and J»[n],
for small- and large-angle phonon scattering, re-
spective ly.

Their first step in obtaining the integrals of mo-
tion from the Boltzmann equation involves integrat-
ing over &~p~dp (but not over dA~) and dividing by

f(&n~/se~)&~p dp. This gives [Eq. (2. 16) of KCI]

1
J»[~]e~p'dp = ——[v(cos8) —v() —v,cos8]

Instead of next integrating on dip to obtain energy
conservation, and then integrating on cosg dQp to
obtain momentum conservation (thereby obtaining
equations independent of happ, since the collision
terms integrate to zero) they rearrange (2. 16) using
(2. 26) and obtain Eq. (2. 32) of KCI:

(z» —cos8) v(cos8)
= (()'Lcp + vs cos 8+ ((() z»)(vo+ vy cos8)

Here z» = [1—i((dv») '] (N.ote that v, =j„—(p„/p)av„,
v&= —zo„, Zp„-Zpp, and P-0 account for the differ-
ence between the above form and that which actually
appears in KCI. ) They describe how they obtain
their integrals of the Boltzmann equation: "We
multiply the left- and right-hand sides of Eq.
(2. 32) first by unity and then by (z» —cos8) ' and
average in each case over cose." The first step,
when done without rearrangement, does not produce
momentum conservation. Both of the resulting
equations depend on 7», which should not be so.
By rearranging, one loses track of the condition
that the collision integral should not contribute to
these integrals of motion.

In Disatnik's single-collision-time method [Eq.
(2. 3) of D], the analog to KCI (2. 8) is

z II BQp Bg~+——kv cos8 n +kv cosg -—p +pv cos8p P P B~ Bp
s

Sp gpdT
en~, &n,

q() dye tp+ 3~ tip p cos8dT
B~p

' 8Ep

Bfly 2 B'Plp
p d7'p p cos8

8gp 9$p

His integrals of motion are obtained by multiply-
ing both sides of D (23) first by e~/[c p(z —kv~ cos8)]
and next by p cos8/[c p(~ —kv~ cos8)] and then in-
tegrating both over momentum space. The first
integral thus obtained is similar to the momentum
integral of KC, but the second integral differs from
that of KC. The resulting equations depend upon 7.
As has been mentioned, this should not be the case.

Despite the fact that Disatnik and KC do not satis-
fy energy and momentum conservation exactly, they
do obtain results for the sound velocities which are
in agreement with superfluid hydrodynamics, to
O(p„/p). This lends support to the use of collision-
time models at low frequencies, where the works
of Disatnik and KC differ. We see no reason to
prefer one of these methods over the other. Neither
method is exact, since it was necessary to simplify
the equations in order to solve them.

It is important to note that only np should appear
in the collision terms of D(23), corresponding to

I

relaxation to local equilibrium, rather than to
static equilibrium. A proper discription of relaxa-
tion to local equilibrium is essential to a correct
calculation of the transport coefficients, and to a
correct kinetic theory. Disatnik's use of n~+5np"'
in the collision term, rather than n~, is responsible
for his large first-sound attenuation. Most likely
this is also the case with the theory of KC; however,
their calculation is less readily analyzed than that
of Disatnik. For a simple treatment indicating the
importance of relaxation to local, as opposed to
static equilibrium, the reader is referred to Ref.
34. This contains a calculation of the second vis-
cosity for ordinary fluids.

V. COLLISION TIMES AND ANALYSES OF EXPERIMENTS

Many collision times have been calculated for
helium, so it is understandable that some confusion
may exist as to which of these times determines
the regime for which hydrodynamics should cer-
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tainly be valid. Since one must know the meaning
of each collision time in order to use them properly
in any collision-time kinetic theory, we present
a discussion of some of these collision times.

For example, the three-phonon process involving
the scattering of two nearly collinear thermal
phonon (and the inverse process) has recently been
calculated (for dispersionless phonons) by Jackie
to be":

v-'=4. 0&&1Q' T' sec '. (37)

For T= 0.5 K this yields T3' =10' sec ', so that
e & 10' Hz should be hydrodynamic if this is the
proper collision time. In fact, the experiments' '

do not give an attenuation proportional to ~, as
would occur were such frequencies to lie in the
hydrodynamic regime.

Another collision time is that for small-angle
phonon-phonon scattering. The original calcula-
tion of Landau and Khalatnikov" has recently been
found to be in error. " With c=2.38&10 cm sec '
and u = 2. 8 &10 cgs, one can find from Eckstein's
results that

&4' =9.3x10"T'/y sec ', (36)

where T is in deg. K, and y is in cgs units. For
T = Q. 5 K and y = 10 ' —10" cgs this yields v 4' =1Q'
—10' sec ', so that v 10' —10' Hx should be hydro-
dynamic if this is the criterion. The above process
causes energy equilibration along the scattering
direction. It is a second-order process involving
the three-phonon interaction.

Another process is the absorption of three phonons
with the emission of iwo (and the inverse process),
which involves only nearly collinear phonons. This
process causes number equilibration in a given
direction. It is discussed in Ref. 3(a).

The difficulty with the processes discussed above
is that all of them involve nearly collinear phonons.
To cause equilibrium with phonons moving perpen-
dicularly, many such scattering processes must
occur. For example, if 48 is the angular scatter-
ing of thermal phonons involved in the three-phonon
process, then on the order of (m/268)2 random three-
phonon processes will cause equilibration of per-
pendicularly moving phonons. Since 48 «1, the
three-phonon equilibration time becomes on the
order of v' (r32/4 )8» r 3which shows how ineffec-
tive such a process can be at causing equilibration.
Similar remarks hold for the other processes we
have already discussed.

It should be apparent that equilibrium must be
caused by wide-angle scattering. Such a collision
process has been studied by Landau and Khalat-
nikov, "and is responsible for producing equilib-
rium in the phonon gas when subjected to a trans-
verse disturbance. It is the result of two phonons
scattering off one another (due to the same inter-

action that produces 7', ) at a large angle, and gives
the collision time

9 x 13 t (K~ T)' (u+ 1)
PP 213 I 7( & 5)2

=3.134&107 T9 sec ' (39)

x ~T' [tan '(2~v ) —tan-'(3''~r)], (40)

where P -=3K~T/c. In this equation, which has been
derived using many-body theory, ' ' v' represents
the lifetime of a thermal phonon. Hence one should
take v = v, in the above equation. One should do
likewise in the equation for the velocity shift as a
function of frequency and temperature. With re-
gard to the latter, the theory of Andreev and Khalat-
nikov ' for the velocity of collisionless phonons is
expected to be valid when 3yP~+v'» 1. In that case
the energy broadening of thermal phonons is in-
sufficient to overcome the energy deficit for the
three-phonon process to occur. With v= v», it was
believed that 3yP&uv» 1 had been satisfied in the
velocity measurements at Argonne. 's leading to dis-
crepancies with the work of Andreev and Khalat-
nikov. However, with v'= v'3, we find that 3yP mv

»1 has not been satisfied in the Argonne experi-
ments, so the theory for the collisionless regime
has not yet been put to the test of experiment.

Returning to the question of attenuation, the use
of v'= vs has particular relevance to the measure-
ments at high pressure, where the attenuation is
suppressed. We note that the specific-heat mea-

For T=Q. 5 K, v~~=6&&1Q' sec '. We will return
to discuss some data which bear on v'».

As the frequency increases, and one moves from
the hydrodynamic regime (whose modes consist
of the coherent amplitudes of many elementary ex-
citations) to the collisionless regime (whose modes
are dominated by a single elementary excitation),
the mode "sharpens up" in momentum space. The
small-angle scattering which would not cause at-
tenuation from a broadened hydrodynamic mode
has a dominant effect upon the collision1. ess mode.
For this reason, in KCI (2. 16) one should neglect
J», rather than J~~, at high frequencies. The v

for a mode in the collisionless regime is its life-
time, and is expected to be frequency dependent.
Since the three-phonon process is generally the
most rapid, v is largely determined by this process.
It has been discussed by many authors. " ' '~~

The above comments have relevance to the at-
tenuation and velocity measurements of the Argonne
group. '0"'~' In interpreting their data, they use
v'= v» in the equation describing attenuation due to
the three-phonon process:

( )
v (u+ 1) Ks
30 p bc



COI. I. ISION TIME S AND KINE TIC THEORY. . . 1499

surements of Phillips et a/. ' have indicated that

y goes from a negative value to a large positive
value (-4. 1 to 19.6, in units of 10" cgs) as the
helium goes from saturated vapor pressure to near
the freezing pressure. Now the lifetime of thermal
phonons is determined by the three-phonon process,
which again depends upon the thermal-phonon life-
time. Clearly, there is a certain self-consistency
involved. If y increases, the lifetime increases,
so the attenuation decreases, so the lifetime in-
creases, so the attenuation decreases, etc. This
will cause small changes in v~ if y is not too large.
For y large enough a small increase in y will cause
large changes in v'3, until the three-phonon process
is suppressed in comparison with the four-phonon
and other processes. Such a mechanism may be
responsible for the suppression of phonon attenua-
tion as the pressure (and therefore as y) increases
beyond a, critical value (near 10 atm). As the tem-
perature increases, phonon-roton scattering grows
in importance, and the attenuation increases
sharply. Related, but somewhat different com-
ments have been made by Jackie and Kehr, who
have made a detailed study. ' We note that Tpp

shows no such dramatic dependence on pressure.
It is noted the above attenuation formula has been

derived by a kinetic-theory treatment for v'» 1. '
The same criticisms can be made of this treatment
as were made in the case of KC and Disatnik. How-

ever, collisions are not nearly so important for
this frequency regime, so that it may well be that
a more accurate collision-time kinetic-theory treat-
ment will yield the same result in this region. One
might think that the phenomenological collision
time v' in such an equation should correspond to
v3(~), the lifetime (due to the three-phonon pro-
cess) of an excitation of frequency &. However, it
is clear from the many-body derivation that one
must use v~(KaT) =-v, . This puzzling result [that
one must use v'~ rather than r, (&)] is probably due
to the simplified nature of the collision-time ap-
proximation. Theref ore collision-time models
should be used with care. Accepting, however,
that one must use vs in a collision-time model for
phonons with &7'3» 1, this still leaves the difficult
problem of determining the phenomenological col-
lision time for 7'3' & e ~v'~~. Perhaps one can find
some physical argument to guide an interpolation
between the hydrodynamic and collisionless regimes.

We now discuss some work relevant to v», since
at first glance it would seem that Whitworth's heat-
flow experiment casts doubt upon the validity of
the calculation. We wish to show that interpreta-
tion of Whitworth's data is a complicated affair,
but we can provide an interpretation which supports
the v» calculation. We also present simple theoret-
ical arguments to indicate that the temperature de-
pendence of the v'» calculation is correct, but that

its coefficient is incomplete.
That Whitworth was measuring a property of He II

itself was manifested in the temperature-dependent
mean-free path X(- T " '3): Wall scattering would

cause a temperature-independent mean free path. "
Since r~ varies as T 9, and since v3(- T ') is not as-
sociated with transport processes (and, moreover,
is much too short), Whitworth's data have been a,

puzzle.
We find the following argument suggestive. It is

based upon our study of heat flow in the He II from
one wall to another (i. e. , heat flow perpendicular
to the walls, as opposed to Whitworth's parallel
geometry. )' Temperature gradients are found to
damp out exponentially in a length proportional to
the geometric mean of the (nonlocal) transport coef-
ficients [, ri„+ (f2+ p 4 —2pg, )] and z. Assuming
that the nonlocality and the geometry only produce
numerical factors, this means that the damping
length is proportional to the geometric mean of a
viscous mean free path (-cr») and a thermal con-
ductivity mean free path. This latter is very long
at low temperatures, and in Whitworth's case it is
determined by boundary scattering. The geometric
mean then goes as (cd'»)0'5-d"' T ". Taking the
damping length to be proportional to the length mea-
sured by Whitworth, the exponent is within the ex-
perimental error. Unfortunately, there are insuffi-
cient data to determine the dependence upon d, al-
though the larger tubes gave longer mean free
paths. "

Although the above argument is by no means con-
clusive, we present it as evidence that there should
be no simple relationship between T» and Whitworth' s
data. (It should be mentioned that a theoretical
treatment of the parallel heat-flow problem is con-
siderably more difficult than the perpendicular heat-
flow problem. This is primarily because viscous
drag along the walls can no longer be neglected. )
We therefore believe that no experiment has yet
contradicted the calculation of w&&. Indeed, our
simple analysis of the data supports the predicted
v'» - T-9 behavior.

Since the related calculation of v'4 has been found
to be in error, ' doubts have been raised as to the
validity of the calculation of z». 4 On purely di-
mensional grounds we believe that the temperature
dependence predicted for v» is correct, although
we doubt the accuracy of the coefficient. Cer-
tainly, Ref. 15 does not include the effect of scat-
tering via the four-phonon interaction, since no-
where does w (—= (p /c) Sac/Bp2, the four-phonon
coupling constant, appear in v» [Eq. (39)]. How-
ever, one can easily show that if only thermal
phonon are involved the first-order four-phonon
interaction and the second-order three-phonon
interaction (for wide-angle scattering) both give
contributions to the transition matrix element
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Pi+ proportional to T . The collision integral J
involves multiplying ) V» ) by energy and momen-
tum 5 functions and integrating over one initial and

two final states. The momentum 5 function reduces
the problem to one of integration over two phase
spaces, each of which give a factor Ts. In addi-
tion, the energy 5 function gives a factor T ', so
that the collision integral is proportional. to T'.
C onsequently, 7'» - T 9, as obtained by Landau and

Khalatnikov.
This concludes our discussion of collision times.

VI. EXPERIMENTAL PROSPECTS

From Sec. III we have seen that the velocities of
first and second sound deviate from their zero tem-
perature values by terms of order (p„jp), which are
quite small. Measurement of these velocities in

the hydrodynamic regime may prove to be difficult,
but such measurements have been made in the col-
lisionless regime. ' The primary interest in the
second-sound velocity is that it provides a measure
of y, when the effect of phonon dispersion is in-
cluded.

We now consider attenuation measurements.
First sound will be weakly attenuated, with

a,'(dB cm ') = n, (cm ') =8 69 n, (.cm ').
1n10

regime. " Again, the solution is to have larger
chambers and lower frequencies. Unlike the case
of first and second sound, 7, «1 is not equivalent
to Re(k)l «1. In the case of shear waves we have
(with ~, =~») Re(k)l = (10+v, ) '~ . Thus when fre-
quency dispersion has grown important (e7, = —,'),
spatial dispersion already dominates IRe(k)l =2].
One needs somewhat larger chambers to study
hydrodynamic shear waves than to study hydrody-
namic longitudinal sound.

From the above discussion we conclude that low-
temperature hydrodynamic measurements in helium
will not be simple, most l.ikely requiring a chamber
with linear dimensions ~ 10 cm. Nevertheless, such
measurements are of great interest because they
will provide experimental values for v „v„y, and

y . We note that so far contradictory experimental
evidence exists as to the value of y —the calori-
metric evidence of Philips et al. indicates that
y=-4. 1 & 10" cgs for pressures near the saturated
vapor pressure, whereas the neutron scattering
measurements of Woods and Cowley ' (and the sum-
rule analysis by Pines and Woo" give y«10" cgs.
On the other hand, the theory of Eckstein and
Varga' indicates that y should be positive, as do
the calculations of Sunakawa et al.

VII. SUMMARY

For &~, =1,7', =~», and T = 0. 5 K, one finds that

a, =10 ' dB cm ', a2 =10 dB cm '. Hence it appears
doubtful that the attenuation of first sound is mea-
sureable, although the attenuation of second sound

appears much more promising. For example,
Abraham et al. ' measure attenuation to 10 dB
cm

None of the above discussion will be of any help
if it is not practical to generate hydrodynamic
sound. There are spatial limitations of three kinds,
which may be summarized as d» A. » l, where d is
a typical experimental dimension, X is the wave-
length of the sound, and l is the phonon mean-free
path. It is reasonable to take I =cr» (~ 0. 4 cm for
T ~ 0. 5K). Consequently measurements by hydro-

dynamic second sound will require large chambers
for propagation or for resonance. (We remark that
viscous edge effects may complicate matters for
second-sound attenuation, as discussed by Khalat-
nikov. ' However, at low temperatures p„ is so
small that this effect should be negligible. ) The
gravitational wave experiments planned jointly by
Stanford and LSU, requiring the cooling of 3 tons
of aluminum by immersion in helium, may provide
large enoqgh chambers for such measurements. 4~

Second-sound attenuation will provide v'„but only
shear-wave measurements will determine v', . We-
beler and Hammer have made low-temperature mea-
surements of shear waves in He II, but their ex-
periments were not conducted in the hydrodynamic

We have shown how to construct a kinetic theory
of He II at low temperatures which is in agreement
with the predictions of superfluid hydrodynamics.
It has been pointed out that one must ensure that
the system relaxes to local equilibrium, rather
than static equilibrium, in order to obtain the cor-
rect hydrodynamic transport coefficients.

To extend the theory to higher frequencies, one
must not neglect ~n~. /&, and v~ Vn~ compared to
Z[n~]. Solution of the Boltzmann equation for n~
now becomes more complicated, for one must now

invert the operator f», +i(&u —k v~)n~f», . This for-
midable problem can be reduced considerably by
making a collision-time approximation. The pri-
mary difficulty with such an approximation is that
it provides us with no way to reliably estimate the
errors thereby introduced. Because of its sim-
plicity, however, it has been widely used. We
have illustrated some of the difficulties of the
method, which must be used with caution when ap-
plied to He II. We have pointed out, for example,
the need for two different collision times ~, and 7;
to describe longitudinal and transverse processes.
We have also shown some of the difficulties of the
collision-time model when phonon dispersion is
included. We have not discussed how one calculates,
from first principles, the relevant collision times,
but we have shown the need for such a calculation
of r, . ' It is appropriate to mention that in apply-
ing the collision-time model to shear waves with
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finite r, we found that no solutions could be ob-
tained for 7- 0. 758. Therefore the off-diagonal
elements of f». cannot be neglected in this calcula-
tion. Such effects may also manifest themselves
in collision-time calculations for longitudinal waves,
perhaps by affecting the choice of an appropriate
collision time. The possibility should also be con-
sidered that the effects of neglecting these off-diag-
onal elements cannot be repaired, to the accuracy
of the present experiments, by a judicious choice
of the collision time.

In Sec. V we presented a short review of collision
times for He II at low temperatures and discussed
when certain of them were appropriate. We gave
a qualitative argument for the use of a wide-angle
collision time to define the hydrodynamic regime
and a small-angle collision time to define the col-
lisionless regime. On this basis we analyzed some
experimental results. We argued that certain dis-
agreements between theory and experiment can be
explained, with the existing collision times, by re-

interpretation of the data.
In Sec. VI we discussed the possibility of generat-

ing and measuring the properties of hydrodynamic
modes in HeII at low temperatures (T 0. 6 K). We
determined that relatively large chambers would be
needed, with linear dimensions -10 cm. Once gen-
erated, the attenuation of second sound should be
measurable, yielding values for T, . The tempera-
ture dependence of the velocity of second sound may
yield values for the dispersion parameters p and y'.
In addition, hydrodynamic shear waves will yield
values for 7, We conclude that much work remains
to be done in this area, both experimentally and

theoretically.
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The afterglow of a 1.3-A 1.5-@sec-duration discharge in helium at 11 Torr was studied in
some detail during the times 15 to 35 psec after the discharge pulse. Spectroscopic measure-
ments were used to obtain the number densities of excited atomic and molecular states, the
conductance of the plasma column was determined from simultaneous electric field and current
measurements, and a 10-@sec current pulse was used to selectively heat the electrons, thus

disturbing some of the afterglow processes. The atomic and molecular ion densities and the
electron temperature, obtained from the spectroscopic measurements, were in good agreement
with the plasma conductance and field strengths. The inferred recombination rate favors the
recent calculations of Mansbach and Keck over the Bates, Kingston, and McWhirter calculations
of the collisional radiative-recombination rate. The rate of conversion of atomic into molecu-
lar ions was dominated by associative ionization of excited atomic states, and good agreement
was obtained by including this process with other known processes.

I. INTRODUCTION

The decaying afterglow of electrical discharges
in helium has been the subject of a very large num-
ber of experimental and theoretical investigations.
Tn the last ten years we have collected almost 100
published papers dealing either directly with the
helium afterglow or with processes which are of
particular importance. Although the level of under-
standing has certainly increased as a result of all
this labor and speculation, it is disconcerting to
realize how much is still unknown.

For low-pressure afterglows Q& 0. 1 Torr) the so-
called collisional radiative- r ecombination model'
is now generally considered to be a correct repre-
sentation, ' and only the rate constants in this
model, and the finer details of the fate of the prin-
cipal-quantum-number-two atomic states, intimately
connected with the electron energy balance, need
further clarification. For medium-pressure after-
glows (0. 1 &P & 100 Torr), where the molecular he-
lium ion becomes important, an appropriate model
which completely encompasses the observed phenom-
ena. has yet to be found. '" ' However, a number
of the experimental observations of afterglows in
this pressure range have been explained reasonably
satisfactorily. For high-pressure afterglows

(p & 100 Torr) there have so far been only a few ex-
perimental measurements, ' which indicate a very
complex situation that is only beginning to be under-
stood. Some preliminary measurements on pulsed
and steady-state low-current arcs at near atmo-
spheric pressure, where the molecular ion concen-
tration is small, also showed unexplained phenom-
ena.

Qne concludes that useful experiments are very
difficult to perform, and that as a corollary there
are numerous errors in the published papers. A

good review of the situation would be invaluable as
an aid in determining what future work should be
the most useful, and with what degree of care mea-
surements must be performed. Such a review would
be a quite difficult undertaking which is not attempted
in the present paper; we have only cited some rep-
resentative references to accompany the preceding
brief comments.

The work presented in this and the following paper
was initiated as a result of a proposed type of mag-
netohydrodynamic generator which would use an
auxiliary ionization source to partially ionize the
helium working gas, and would depend on a relatively
slow recombination rate to maintain a reasonable
electrical conductivity in the generator channel. '~"
Thus a study of the recombination mechanisms and


