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Circularly polarized laser radiation propagating in an electron plasma drives the electrons
into circular orbits. This orbital motion induces a magnetic field which is either parallel or
antiparallel to the laser beam. The generation of this magnetic field is known as the inverse
Faraday effect. Because of this magnetic field and the relativistic change of the electron mass,
the wave propagation is enhanced for high intensities in the sense that the critical plasma density
increases with the laser-beam intensity. For the wavelength X=1.06 p, corresponding to a
neodymium-glass laser, the dependence of the various propagation characteristics on the bright-
ness of the beam is examined in detail. Electron densities varying between 10 and 6. 6 x 10
particles per cm3 and radiation intensities in the range 10' -10 W/cm are considered. Energy
losses caused by synchrotron radiation and by electron-ion bremsstrahlung are calculated.

I. INTRODUCTION

The present paper describes certain phenomena
associated with the propagation of circularly
polarized high-intensity laser radiation in a dense
electron plasma. Such a wave field causes the
plasma electrons to gyrate in orbits whose radii
depend on the radiation intensity, on the wave fre-
quency, and on the electron density. This gyration
of the plasma e].ectrons induces a magnetic field
which for left-circular polarization is parallel and
for right-circular polarization is antiparallel to
the direction of wave propagation. The generation
of the induced magnetic field is referred to as the
inverse Faraday effect. In a nonrelativistic treat-
ment, Pomeau and Quemada~ have considered the
magnetization induced in a collisionless electron
plasma by circularly polarized microwaves. V.
Deschamps et al. 3 have observed such a magnetic
field.

At laser frequencies the electron orbital motion
becomes extremely rapid and the induced magnetic
field theoretically so large that its effect on the
electron orbital motion can not be neglected. Ra-
diation intensities as large as 10'7 W/cm2, already
available from high-power lasers, would be capa-
ble of producing a substantial diamagnetic field
as well as relativistic electrons. For radiation
of such intensity the propagation is nonlinear, and
circular polarization constitutes the only mode in
which electromagnetic energy can propagate as
pure transverse waves. Also it should be pointed
out that circularly polarized waves are the only
type of wave which would avoid completely the pos-
sibility of parametric coupling to other waves by
way of the relativistic variation of mass. ~ In this
mode the directed electron velocity is perpen-
dicular to the direction of wave propagation (v ~ k
=0). For intensities exceeding 10~8 W/cm~ cir-
cularly polarized radiation can propagate in an

electron plasma whose density is larger than the
critical density

N, = m+2/4ve~

Here, e and m denote, respectively, the electron
charge and rest mass, and ~ is the frequency of
the laser radiation. This enhancement of the
plasma transparency is caused by the effect upon
the electron orbits of the relativistic mass in-
crease. The induced magnetic field, not included
in previous treatments of wave propagation,
further increases the wave penetrability. We
present a calculation using equations that are
relativistic and that are self-consistent in the sense
that the equation of motion contains the induced
magnetic field. In a detailed discussion of the
propagation characteristics we assume a vacuum
wavelength ~ of 1.06 && 10 4 em, corresponding to
the radiation generated by a neodymium-glass
laser. For this wavelength the circular frequency
&= 2mc/X is 1.78 && 10"/sec, and the electron orbi-
tal motion is pronounced relativistic.

In view of the very large directed velocity ac-
quired by the electrons we neglect their thermal
motion. For radiation intensities less than ap-
proximately 3&& 10 W/cm the ion velocity re-
mains well below the electron velocity. ' The ion
motion has then little effect on the propagation,
and we neglect it entirely.

In the optical frequency range and for laser-beam
intensities above 10 W/cm2, the synchrotron ra-
diation emitted by the gyrating electrons con-
stitutes the principal source for the attenuation of
circularly polarized waves. The bremsstrahlung
losses caused by electron-ion collisions are several
orders of magnitudes smaller. Because of the col-
lective nature of the electron motions, collisions
between electrons can be neglected.

We now outline the structure of our presentation.
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Section II contains the derivation of the set of
equations whose simultaneous solution yields the
amplitudes of the laser electric and magnetic field
intensities inside the plasma, the electron orbit
radius, and the relativistic particle energy as
functions of the local laser beam intensity, the
wave frequency and the electron number density.
The upshot of Sec. II is the intensity dependent dis-
persion relation which accounts for the nonlinear
propagation characteris ties. This dispersion re-
lation sets the stage for the calculations of Sec.
III, where the various propagation characteristics,
such as the phase velocity, the group velocity, and
the energy transport velocity, are discussed and
exhibited in diagrams. In Sec. IV we consider
radiative losses and rederive the dispersion rela-
tion to account for wave attenuation. In Sec. V we
conclude with a few critical remarks concerning
possible effects of electron drift and short laser-
pulse duration.

II. ANALYSIS OF INVERSE FARADAY EFFECT

We consider the electron plasma as a collection
of charges rather than a material medium. We
therefore concentrate on the microscopic fields
E and B. For circular polarization and wave prop-
agation along the positive z axis, the electric and
magnetic field intensities of the wave can be rep-
resented as

V= (E/4m~ e ~Ne)(+3 —k~ca) (2. 8b)

This particular solution corresponds to circular
motion of the electrons. It neglects thermal mo-
tions and possible drift motions. Roberts and
Buchsbaum have discussed in considerable detail
the various possible orbits of a single charged
particle in a vacuum field consisting of a trans-
verse circularly polarized wave propagating along
a constant magnetic field. However, as mentioned
in Sec. I, this electron velocity, which is normal
to both k and E, is required for pure circularly
polarized transverse wave propagation. It should
be emphasized that this electron velocity may not
characterize completely the actual electron motion
in a microplasma irradiated by a focused laser
field, but there is every likelihood that this mode
will couple to external laser fields. '

Each electron orbiting in accordance with the
Eq. (2. 8) contributes a magnetic dipole moment

p = (1/2c) ex (u (2. 9)

where

This equation can be satisfied with the expression
(2. 1) for the electric field and with the following
expression for the electron velocity:

v(~, &) =Reb(e/~e~)V(~, +i~e,)e ""'"'], (2. 8a)

where

E(z, t)=Re[E(i, + i&&2) e ""'"'] (2. 1) x= V/(u (2. 10)

1 8E 4g.QxB= — — + —jc ~t c
(2. 3)

1 98gxE= ——
c Bt

(2. 4)

and

B(z i) =Rel&(-i&)(&, +i&e,) e '"' "'] . (2. 2)
A

The unit vectors fg, Ep, and &, are directed along
the orthogonal coordinate axes x, y, and z, re-
spectively. The helicity & is +1 for right-circular
polarization and —1 for lef t-circular polarization.
The wave fields (2. 1) and (2. 2) satisfy the Max-
well equations

(2. 11)

The magnetic induction generated by the orbital
motions of the electrons, whose number density
we take to be constant, is then

B„~=4wNp. = (2mNehux~/c) &3 (2. 12)

By substituting the Eqs. (2. 1) and (2. 5) into the
Maxwell equation (2. 3) we obtain the amplitude
relation

is the orbit radius. Since the circularly polarized
wave is assumed to propagate along the positive z
axis, the angular velocity vector and the helicity
are related by

(d = XQ363

If N, e, and v, denote respectively, the electron
number density, the electron charge, and the elec-
tron velocity, the current density is

j=eNv . (2. 5)

From relations (2. 3)-(2. 5), together with the trans-
versality condition

divE =0 (2. 6)

we obtain the wave equation for the electric field

where the phase velocity

'Vp = K/k

the plasma frequency

= (4~Ne~/m)'~2

and the elementary orbit radius

(2. 13)

(2. 14)

(2. 15)

e'E , 4g 8
c2 et~ c2 &t

— —& E+——(eNv) = 0 (2. 7)

a= ~e~z/m(u' (2. 16)

have been introduced. By utilizing the Maxwell
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& = (c/v, )& . (2. 17)

equation (2. 4) we find the further amplitude rela-
tion

the orbit radius x may be expressed as

~= Ie IE/ym~(~+a), (2. 31)

Equations (2. 13) and (2. 17) then yield the dispersion
relation

where 0= l 0 ~. By substituting this expression for
the orbit radius in Eq. (2. 22), the phase velocity
may be written

&u =k c +(r/a)~~~ (2. 18)
v~=c [1 —~p/y(u((u+n)] '/' (2. 32)

The intensity I of the laser radiation is given by
the absolute magnitude of the Poynting vector,
namely, by

I= ISI =(c/4~)IExBI (2. 1O)

The laser field amplitudes E and 8 can therefore
be written as

E = (1/c)(4vrv, I)'/'

I3= (47/I/v )~/~

(2. 2o)

(2. 21)

where by virtue of Eq. (2. 18) the phase velocity
may be expressed as

'V ~(d 2 t
y y 2

a
(2. 22)

By utilizing Eqs. (2. 16), (2. 20), and (2. 22) we ob-
tain

I
e

I

&' —m ~~ ~&' =
I

e
I

(4mI/c )', (2. 23)

(ymv) = (ymv) + (v ~ g)ymv

= e[E+ (1/c)vx (B+B,„„)]
the field vectors E, B, and B&„d, and v, where

(2. 26)

For the electron velocity (2. 8) the term (v V)v
vanishes and 'Y is a constant. We may therefore
replace Eq. (2. 22) by

(2. 24)

(mdiv) = ym —= e[E+ (1/c)vx (B+B,„,)]
(2. 26)

By substituting Eq. (2. 8) for the velocity and Eq.
(2. 12) for B,„~in Eq. (2. 26), we obtaintheforce
equation

relating the electric field to the laser intensity I.
We now determine the electron orbit radius by sub-
stituting into the relativistic equation of motion

Since 0 is added to ~ rather than subtracted from
it, we note that the wave propagates as a so-called
ordinary wave irrespective of the value of the
helicity. By solving Eqs. (2. 23), (2. 27), and
(2. 28) simultaneously we can now determine the
electric intensity E, the orbit radius x, and the
electron kinetic energy (Z —1)mc~. The magnetic
induction of the laser field is then determined by

& = (1 m(up'~-/Ie
I

E)"'Z (2. 33)

The fact that the three equations (2. 23), (2. 27),
and (2. 28) must be solved simultaneously is in-
dicative of the self-consistent nature of the prob-
lem. The wave vector is intensity dependent, and

neither of the field amplitudes E or B has the
usual proportionality to the square root of the in-
tensity.

We have obtained a number of solutions to these
equations for the case of a neodymium-glass laser
(wavelength = 1.06 x 10 4 cm, ~ = l. 78 x 10"/sec).
In Table I we list for the electron plasma density
and for several values of the radiation intensity the
parameter a, the orbit radius x, the induced mag-
netic field B,„d, and the electron kinetic energy
(l' —1)mc . For small intensities the orbit radius
is close to the nonrelativistic value a, but for larger
intensities the ratio x/a is decreased by almost an
order of magnitude. We observe in Fig. 1 that the

ratio x/a is more dependent on the radiation in-
tensity than on the electron density. The electron
kinetic energy, shown in Fig. 2, is essentially in-
dependent of the plasma density. The electric and
magnetic laser field amplitudes are shown in Fig.
3. These amplitudes differ appreciably only for
plasma densities near the critical density for cir-
cularly polarized waves, defined in Eq. (3.1). On

the other hand the induced magnetic field, plotted
in Fig. 4, is approximately proportional to the
plasma density.

wm(u'~=
I

e
I
z —(m(u'(ga/2c') y',

in which y has the value

(2. 27)

TABLE I. Plasma density 6= 10 /crn .

(1 ~2&2/cR)-1/8

In terms of the cyclotron frequency

0 = —eB«~/'/mc

= —(2mNeaX&ux /ymc ) &s

(2. 28)

(2. 29)

(2. 3o)

I
(W/cm')

10
1018

10i8
1020

(cm)

6. 17x10
1.46x10
3.87 x10"
1.15x10

(cm)

5. 54x10
1 02x 10
1.50x 10
1.67x10

5.48 x1p'
1,85xlp
4. 02x 10
4. 96x 10'

(y —1)mc
(keV)

30
130
604

2692
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FIG. 1. Ratio x/a as a function of the radiation
intensity I for various plasma densities.
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III. DEPENDENCE OF PROPAGATION CHARACTERISTICS
ON RADIATION INTENSITY AND PLASMA DENSITY

The dispersion relation (2. 18) differs from the
dispersion relation for a cold collision-free non-
relativistic plasma with no magnetic field in that
v& is replaced by (x/a)&u&, which is an intensity-
dependent term. We have seen that the ratio (r/a)
diminishes from unity with increasing intensity.
There are several important implications of this
intensity dependence. First, the critical density
of the electron plasma is no longer a function of
the radiation frequency alone. By setting 0= 0 in
Eq. (2. 18) we obtain as the critical density for the
propagation of circularly polarized light

L
Q

U

10

velocity may be formally written for circularly
polarized waves as

C~ M~ d

v, 2(u d(u r((u+ &)

10
10 10 10

2Laser in tens i ty W/cm

FIG. 3. Electric and magnetic fields of the wave inside
the plasma. For electron densities less than 3/=10 cm
the electric intensity E and the magnetic intensity B are
essentially equal, and are represented by the single
broken line.

where N, is given by Eq. (1.1). Second, the phase
velocity, (2. 22) decreases with increasing inten-
sity. Third, while the usual definition of group
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FIG. 2. Electron kinetic energy in units of mc . FIG. 4. Induced magnetic field.
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7 &10

N with induced
magnetic field

group and energy transport velocities both increase
towards this limit. Since the phase velocity de-
creases with the radiation intensity, a laser pulse
having a Gaussian-like intensity distribution along
the transverse coordinates would be self-focusing.

IV. RADIATION LOSSES

N ~ without induced
magneti c field

0 l l

1017 10" 1019
2

Laser intensity W/cm

FIG. 5. Critical plasma density. The solid curve
illustrates the dependence on the radiation intensity of
the critical plasma density which is caused by the rela-
tivistic change of the particle mass and by the induced
magnetic field. The intensity dependence of the critical
plasma density neglecting the induced magnetic field is
shown by the dotted curve. The horizontal line indicates
the usual nonrelativistic critical plasma density.

1020

it should be clearly recognized that v, cannot have
the physical interpretation of an energy transport
velocity. We are dealing here with a nonlinear
problem in wave propagation. The relativistic in-
crease in particIe mass with radiation intensity is
one source of this nonlinearity. The induced mag-
netic field constitutes the other source. Both
sources have the effect of reducing the electron
orbit radius.

For a monochromatic wave, the energy trans-
port velocity may properly be determined from the
equation

v„=I/U (3. 3)

where I= (c/4w)Zk is the magnitude of the Poyn-
ting vector, and

U= —(E~+ B + B,„d) + mc2('Y —l)X (3.4)
8m

is the sum of the total electromagnetic energy
density and the particle kinetic-energy density.

Figure 5 shows that the main contribution to the
increase with radiation intensity of the critical
plasma density stems from the relativistic change
of the electron mass, whereas the induced mag-
netic field is responsible for a small additional
increase. The propagation characteristics are
rather strongly dependent on the plasma density.
From Fig. 6 it is apparent that with increasing
radiation intensity the phase velocity asymptotical-
ly decreases towards the speed of light, while the

8 &10

u
S

E
u

u
0
Q

0-—
1017 101 8

Laser intensity

I

'1019

W/cm
2

1020

FIG. 6. Phase velocity, group velocity, and energy
transport velocity as functions of the radiation intensity.
For low intensities the phase velocity approaches the
value vp—- c I.I —(~p/~) ]

If radiation reaction is taken into account, the
electron motion must be described by the Lorentz-
Dirac equation. Because of the (additional) force
caused by radiative reaction, the electrons are
driven into a type of orbit that is considerably
more complex than circular orbits. The reaction
is many orders of magnitude smaller than the force
eE arising from the laser electric field. The elec-
tron acceleration continues therefore to be pri-
marily transverse. However, it will be shown
that, as a consequence of. the radiative reaction,
the electrons experience a longitudinal accelera-
tion in the direction of wave propagation. The
associated longitudinal electron motion, which is
of the nature of a drift velocity, introduces a
Ooppler shift of the wave frequency which increases
with time. Since these complications are beyond
the scope of the present paper, the validity of our
analysis is restricted to times such that the longi-
tudinal electron velocity can be neglected, and the
orbit is still approximately in a plane and circular.

For an electron moving in a circle of radius x
with angular velocity ~ the emitted synchrotron
radiation constitutes a power loss given by'
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P,~= (2ea/3c')y ~ r' (4. 1)

The corresponding radiative reaction force per
particle is"

F = —(2e'/3c')(o'y'v (4. 2)

This frictional force modifies the equation of mo-
tion (2. 26) to

ym —= eE + (e/c)vx (B+ B,„„)—(2e'/3c')(u'y v
at

(4 3)

In order to satisfy Eq (4..3), the velocity v origi-
nally given by Eq. (2. 8) must now be shifted slightly
forward in time phase according to the equation

v = Re[i(e/I e l)V(~, +iX~,)e ' e ""'-"'J . (4. 4)

The phase shift n directs a component of the force
eZ along the velocity v, which compensates exactly
for the radiative reaction and thereby maintains
constant the electron energy for steady-state prop-
agation. The required shif t in phase

that are representative of laser-pulse durations for
which the present considerations ar e valid.

Equation (4. 6) constitutes a generalization of the
result. obtained by Sanderson and by Kibble for
the longitudinal electron acceleration associated
with radiation friction„ their result corresponds
to Eq. (4. 6) with y=1 and 0=0. If expression
(4. 4) for the modified velocity is substituted into
the wave equation (2. 7), the dispersion relation in-
cluding radiative damping

(o'= k'c'+e "(r/a)(u,' (4. 9)

is obtained. The wave number A is therefore com-
plex, and in polar form

k= fkfe*',
where

f
k

f

= (I/c) [(u' - 2(r/a)(o'~,' cosn + (r/a)'(o', j"',

n= sin '(2e'/3c')(u'y'r/ fe
f

Z

= (2e'/3c')(u'y4r/
f
e

f
E (4. 5)

8 = —,
' tan '{(r/a)(a~a(sinn)/[~ a —(r/a)(up cosn ]) .

(4. 12)

can be obtained by substituting Eq. (4. 4) into Eq.
(4. 3). As a consequence of this phase shift, there
arises a force (e/c)vxB= (le I/c) lvl IB I (sinn)e~.
This force is the source of the above-mentioned
longitudinal acceleration, k(z) = k„(z)+ ik, (z) . (4. 13)

Since for a complex wave number the intensity
becomes z dependent, and since the wave number
itself is a function of the local intensity, the wave
number itself becomes a function of z:

' = (1/ym)(fe f/c)VB sinn

= ( I/ym) (2m4e /c )I(si n)n/((u+ n)

87te'yw'
3m'c'((u + 0)' (4. 6)

The factor e '"' ""appearing frequently in our
previous equations must be replaced by the factor
exp[—i(~t —f; k(g)dq)], where the wave is assumed
to have a known inten"ity at the initial point zo.

The power radiated by electron-ion bremsstrah-
lung may be determined from the semiclassical
formula

C
dV~/dt

In Table II we list values of

(4. 7)

C

d V~/dt
(4. 8)

where in the second equation the function sine has
been replaced by its argument n. The validity of
the Eqs. (4. 1)-(4.4) hinges on the assumption V~

«c. In this case the acceleration (dVs/dt) is ap-
proximately time independent, and this criterion
is therefore satisfied for time intervals

pb„, , = (16e N, N, Za &u ~ ro /3 p)

"max ~ "&
x j In((u, /~)d((u/~, ), (4 14)

' "min~~b

in which ~,= p~camya/I. The power loss given by
Eq. (4. 14) is quite insensitive to the lower limit
of integration, 2nd we take for this limit the plasma
cutoff frequency ~ &„=co&,' for the upper limit we
take the energetic limit ~ = (y —l)mc'/k. On

performing the integration we obtain

16 e~NZfd r~ v
g ) ,. M

)Pbrsms

TABLE II. PIasma density A'= j.0 /cm . &m~n
g l +b (4. 15)

I
(W/cm')

IO"
IO18

I p13

I 020

l. 25x10"
I.91x 10
0. 98x 10
2. 54 x 10"

0
(sec 1)

O. 91.1O14

2. 61x Ip'4
3. 24x 10
1.39x10 4

d&3jdt
(cm/sec )

1.12x 1016

O. 9Ox IO"
0, 84x 1018

1.04x10

T

(sec)

2. 68x10
3.33 x IO '
3.57 x10
2. SS x1O-"

The power densities associated with electron
synchrotron radiation and electron-ion brems-
strahlung are compared in Fig. 7 for the case of
a hydrogenic plasma (Z = 1). For low-Z plasma
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FIG. 7. Radiative losses caused by electron synchro-
tron radiation and by electron-ion bremsstrahlung. The
energy radiated per unit plasma volume per unit time
is plotted.

the bremsstrahlung loss is much smaller than the
loss by synchrotron radiation and it may be neglecte(
in the determination of n and k&. At the maximum
synchrotron power density shown in Fig. V the phase
shift n is still quite small, namely, 2. 5&&10 . The
variation of k& with radiation intensity is illustrated
in Fig. 8.

V. CONCLUSIONS AND CRITICAL COMMENTS

Extremely large intensities of laser radiation
are realizable only in a small focal volume. Our
assumption of a plane wave is justified even for a
focal volume as small as 10 6 cm, for which the
linear dimension would still be 100 wavelengths.

A more serious question concerns the amplitude
of the induced magnetic field. Laser radiation is
capable of penetrating into a dense plasma because
the frequency is so large. However, a Fourier
analysis in time of the induced magnetic field associ-
ated with a short laser pulse would contain com-
ponents much lower in frequency than the laser
frequency itself and would therefore lead to a rela-
tively large diamagnetic response of the plasma.
It must be realized that in a plasma with dimensions
larger than the width of the laser beam, boundary
effects may play a vital role in determining the in-
duced magnetic field. A full analysis of this prob-
lem is beyond the scope of our paper, but should
lead to a more accurate calculation of the amplitude
of the induced magnetic field.

Even though the magnetic field generated by the
inverse Faraday effect may theoretically attain
values in the MG range for the laser-beam inten-
sities we have considered, the increase of the
critical plasma density is predominantly the result
of the relativistic change of the electron mass. The

10

IO
-3

10
-4

Ip
1pl7

I I

10" 1019
2

Laser intensity W/cm

1020

FIG. 8. Imaginary part of the wave number 0 as a
function of intensity. The real part of the wave number
is essentially unchanged by radiative losses.

relativistic enhancement of the wave propagation
is by no means a unique feature of circular polariza-
tion. It is, however, more pronounced for this
particular state than for any other state of polariza-
tion. Furthermore, circular polarization con-
stitutes the only situation for which an intensity-
dependent dispersion relation can be derived with-

out encountering the problem of a particle mass
varying with time.

The orbital radius and the orbital velocity of an

electron drifting either parallel or antiparallel to

the direction of wave propagation may differ sub-
stantially from the values predicted by the calcula-
tions of Sec. II, unless the drift velocity is negli-
gible in comparison with light velocity. There are
three reasons for these differences: (i) The drift
velocity produces a Dopper shift in the angular

frequency of the electric field experienced by the

particle, (ii) the interaction between the particle
and the laser magnetic field modifies the total force
driving the particle in its orbit; and (iii) the drift
velocity contributes directly to the relativistic mass
increase. All of these effects must be taken into
account when the electrons are assumed to have a
distribution of drift velocities along the direction
of propagation. In the case of particle drift normal to
the direction of wave propagation, there is also Dopper
shif t of the frequency. The analys is of the electron
motion then becomes even more complex.

In our analysis the electron density is treated as
a constant, n(x, t) =N. In order to account for den-
sity variations which may be caused, for example,
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by radiation pressure, finite laser-beam width,
longitudinal modes, etc. , it is necessary to adjoin
the relativistic continuity equation

—(yn) + div(ynv) = 0
et

to the set of simultaneous equations (2. 23), (2. 24),
and (2. 28). In a more general treatment the fluid

approach would be replaced by a kinetic description
of the plasma.

The electron temperature of dense plasmas created

by laser irradiation of solid materials is on the
order of several hundred eV, "whereas the electron
kinetic energy associated with the directed orbital
motion varies for the radiation intensities considered
here between tens of keV and several MeV. The
essential aspects of our problem should therefore
be adequately represented in a fluid approximation.

Finally, it should be remarked that for a finite
pulse length there exists a longitudinal component
of the electron velocity independent of radiative
reaction. ' '
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