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The frequency shift of the backscattered light, stimulated by an intense ruby-laser beam,
has been measured in mixtures of 5 atm of SF6 and 0-50 atm of He, and also in mixtures of
8 atm of Xe and 0-80 atm of He. For relative He concentrations less than 60%, the frequency
is characteristic of stimulated Brillouin scattering. Above 60/o He concentration, a rapid
decrease in the frequency shift takes place characteristic of stimulated concentration scatter-
ing. Good agreement is obtained with the theory and also with recent data on spontaneous

concentration scattering in the same gas mixtures.

I. INTRODUCTION

The possibility of observing stimulated concen-
tration scattering was first suggested by Bespalov
and Kubarev. ' These authors claimed to have ob-
served the phenomenon in a mixture of two liquids.
Theoretical analysis indicates that in their mixture
the gain coefficient of the stimulated Brillouin effect
should have been four or five orders of magnitude
larger than the gain coefficient of stimulated con-
centration scattering. The small frequency shift
observed may have been caused by stimulated ther-
mal Rayleigh scattering.

Careful consideration of the theory shows that it
requires very special circumstances for the stim-
ulated concentration gain to become comparable to,
and therefore competitive with, other nonlinear
processes, such as the stimulated Brillouin scatter-
ing, stimulated Raman scattering, stimulated Ray-
leigh wing scattering in the case of fluids with
anisotropic molecules, and, in the case of absorbing
media, stimulated thermal Rayleigh scattering.

The theory indicates that the most favorable
condition for observation of the stimulated concen-
tration scattering occurs in a mixture of gases, in
which the two constituent molecules have a large
difference in mass and optical polarizability. The
total pressure should be kept as low as possible,
yet still be within the hydrodynamic regime. The
reason is that the stimulated Brillouin gain increases
as the square of the density in the gas, because the
acoustic damping constant is inversely proportional
to the density, 4 while the stimulated concentration
gain increases only linearly with density.

The following simple physical picture may be
helpful in comparing the two effects. Under the in-
fluence of the forward laser wave with electric field
EI, and the backward Stokes -shifted wave Es polar-
ized parallel to EI there will be volume elements
in the fluid where EI, and Es are in phase, and about
a quarter wavelength away they will be 180' out of
phase. Higher density of the gas tends to be created

in the former regions, lower density in the latter,
because the situation with a periodic density fluc-
tuation has a lower dielectric free energy. This
describes the electrostrictive coupling between the
two light fields and the acoustic field. When the
periodic density fluctuation is at resonance, a 90'
phase shift, which is due to the sound wave damping,
occurs in density amplitude with respect to the elec-
trostrictive driving force. In this case the exponen-
tial gain of the wave Esproportional to lEI, ! is a
maximum. This parametric down conversion of a
laser wave into a Brillouin-scattered wave and an
acoustic wave is a well-known description of the
stimulated Brillouin oscillator.

Consider now a binary gas mixture at constant
total number density or constant total pressure.
There will be a tendency for the relative concentra-
tion of the component with higher polarizability to
be higher in volume elements where EI and Es are
in phase and lower where they are 180' out of phase.
This periodic variation in concentration would again
tend to minimize the dielectric free energy. Thus
a coupling of the two light waves and the concentra-
tion mode exists. The latter has a diffusive char-
acter and its dispersion relation is, of course,
quite different from the acoustical dispersion rela-
tion. The necessary phase shift for exponential
gain is provided by the diffusion process, and max-
imum gain results for a frequency shift ~su, =DO,
where D is the diffusion constant and k= kL, —ks is
the scattering vector. A large difference in polar-
izability of the two types of molecules is obviously
required to make the coupling to the concentration
mode strong. A large difference in mass is re-
quired to provide extra damping for the acoustic
mode. The increase in damping is basically caused
by the different rate of thermalization of the light
and heavy component in the mixture.

On the basis of these physical considerations, one
of the best candidates for observing stimulated con-
centration scattering would be a mixture of xenon
and helium. Raman and Rayleigh scattering are
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absent. Indeed, Aref'ev and Morozov' reported the
observation of stimulated concentration scattering,
simultaneously with stimulated Brillouin scattering,
in a mixture of 2. 7-3.6 atm of He and Q. 3-Q. 4
atm of Xe. The effect could only be observed at
such high-power flux densities that a breakdown
electric discharge was observed at the same time.
It is known that numerous other nonlinear processes
may occur during a breakdown, and small frequency
shifts of stimulated scattered light, possibly caused
by thermal Rayleigh scattering associated with
plasma heating, have been observed during break-
down in pure noble gases. Furthermore, the
stimulated concentration effect was not observed
when the total pressure was raised above 4 atm.
These observations are not in agreement with the
predictions of a quantitative theory of stimulated
concentration scattering. Therefore the results of
Aref 'ev and Morozov cannot be regarded as conclu-
sive.

When their results were published, our experi-
ments on a mixture of SF6 and He were in progress.
We succeeded in demonstrating the shift in frequency
of the stimulated backscattered light quantitatively~
as a function of the He concentration in a mixture
containing a pa, rtia. l pressure of 5 atm of SF6. An

abrupt decrease in the Stokes shift was observed
when the partia, l pressure of He exceeded 60/~ of the
total pressure. This effect was observed while
electric breakdown of the gas was avoided. The

preliminary results were in good agreement with
theoretical expectations. ' We have subsequently
extended our observations to higher partial pres-
sures of SF, and also to He-Xe mixtures. In the
meantime, spontaneous concentration scattering
data on these same binary gas mixtures have been
obtained, the theoretical analysis has been refined,
and excellent agreement between theory and experi-
ment now exists. It is shown tha, t the coupled hy-
drodynamic equations for density, temperature,
and relative concentration must be solved exactly.
The approximation of an isolated acoustic (Brillouin)
mode and a Bayleigh mode is not sufficiently ac-
curate. In the case of strong damping the concen-
tration and density fluctuations may not be treated
independently. They become effectively coupled.
In Sec. II of this paper, the results of more refined
calculations of the previously described hydrody-
namic theory of stimulated scattering will be pre-
sented. In Sec. III the experimental arrangement
and procedure will be described in detail, while in
Sec. IV the definitive experimental results on stim-

ulated scattering in He-Xe and He-SF6 mixtures will
be presented and compared with theory.

II. HYDRODYNAMIC THEORY OF STIMULATED
SCATTERING IN BINARY GAS MIXTURES

The coupling between the density, temperature,
and relative concentration in a binary gas mixture
in the hydrodynamic regime may be found in stan-
dard textbooks on fluid mechanics. In the presence
of an electric field E = E& +E& resulting from the
presence of two light waves, the differential free
energy per unit mass must be augmented by terms
representing variations in the light fields and varia-
tions in the dielectric constant:

—grad E glad T

E 8&
grade .

Bn ~c

The last two terms are usually negligible compared
to the first term. The effect of electrostriction is
therefore to add a term

to the right-hand side of the Navier-Stokes equa-
tion. For an isotropic fluid without macroscopic
flow [so that the nonlinear hydrodynamic term
( v v)v may be ignored], combination of the lin-
earized equation of continuity and the Navier-Stokes
equation leads to a small amplitude sound-wave
equation,

~ = v a ——v — z +—(-, q+g)v
~ p a po a ~& a ~O

p rc po &I;

In this equation, p may be expressed in terms of
the independent variables P, T, c by means of the
equation of state.

The acoustic-wave equation in terms of the vari-
able P takes the form

P &EdE F dedF= sodT+podc+ pdp & (1)
p 4np Bnp

where so, p, o, and Po are the entropy, chemical po-
tential, and pressure, respectively, when the elec-
tric field is absent. Here E must be regarded as
a function of the variables T, c, p. It can be shown
that the force per unit volume on an uncharged di-
electric is increased in the presence of an electric
field by an amount

po && a 2 z'(s&/a )'Po P c.r a 2 ep
~p r, c 4m(~+2), v~ ec eT



STIMULATED CONCENTRATION SCATTE RING IN. . . 1425

The last term, which arises from V'(B&/Bp) in Eq.
(2) results in an intensity-dependent contribution to
the Brillouin shift, in addition to the contribution
which was pointed out by Wang. The intensity-
dependent effects for the gases used in this experi-
ment are negligible and are not included in further
discussion. The next to last term is the electro-
strictive driving term.

The concentration diffusion equation takes the
following form in the presence of an electric field:

—=D VC+ —VP+ —V T
et Po To

In Eqs. (3)-(5) we retain in the quadratic term E
only terms at the difference frequency co~ —(d~,

i.e. , only terms in El, E&. We thus obtain a set of
four linearized coupled wave equations in the four
variables c, P, T, and E&. We may find the gener-
al dispersion relation by finding solutions in the
form

( t)
& E -ikgk-iugi

D(BE/Bc)V E DE V (BE/Bc)
~ (4)

Swapo(B p./Bc) I r Smpo(B ti/Bc) p r p( t) L~ ikk iet +-c (7b)

The last term produces an intensity-dependent shift
of the stimulated concentration scattering analogous
to the similar term in Eq. (3). The contribution of
this term is also small and will not be included in
further calculations.

The thermal diffusion equation in the presence of
electric light fields takes the form

CP ~C PT 87PCP BC PT

c(r, t) =-,'ci e"' '"'+ c.c. , (Vc)

T( r t)
j T ikk-itdt (7d)

with k and co satisfying the phase and frequency
matching conditions, k=k&+k& and ~=~& —~&.

Since the hydrodynamic modes are relatively
little perturbed by the presence of the light fields,
it is permissible to make the following simplification
which ignores the light-intensity-dependent pulling
of the hydrodynamic modes. We first solve the

three by three matrix problems for the hydrodynam-
ic modes,

( &~ BE' cic,nE'
=gV T- + . 5

Smpcp ~BT i, , Bt Smpcp

S'A= F .
Here A is the column vector

(Sa)

The term in E Bc/Bt in the bracket on the left-hand
side is small and may be ignored. The next to last
term on the right-hand side represents the coupling
through thermal electrostriction. The last term
represents the effect of absorption due to an optical
absorption coefficient n. Since our gaseous samples
are nonabsorbing, we shall put n =0.

We shall regard the laser field amplitude EL, as
a constant parameter, and the wave (or diffusion)
equations for the dynamical variables P, c, and T
are then coupled to the wave equation for the scat-
tered Stokes wave as follows:

~ Es2

V E~ ~s
cp et

and F is the column vector

k E*E

Dk (BE/Bc)p.r
Siipo(B p. /Bc) J, r

r, (Be/Br) ' i+El, E,
8mppc p

The matrix 5' has the form

(8b)

(8c)

—z(i++ bk ) + k
VT

2kP
Po

Tp—i(d—
cJ po

lid ('ltd+ bk )
8P . 2

P, T

Dk +in

k (Bp )

i~ ~ (i~+bk')
BT

DQ2 ~T

Tp

g, ~+ xk

(Sd)
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where

The solution of the matrix problem obviously gives
the three complex amplitudes P&, T &, and c&~ each
proportional to E ~E~, When these expressions
are substituted into the wave equation for E&, one
finds an exponentially growing solution of the form

E (z t) = E—e ' 'e ' B" '"B'+c.c. ,

provided that the variation of the amplitude over
one wavelength is small, or GB~ «kB. The gain
coefficient G~,~ is proportional to the laser inten-
sltyi GBcT gBcr IL wltll IL —

~ +L~ cod/81T. The
proportionality constant g~,& depends on the proper-
ties of the fluid medium.

The complete solution of G&,& as a function of
&u= eL —~B is too lengthy to write out in full. It
should be noted that, if the cross coupling between
the acoustic-wave equation for P and the concentra-
tion equations are ignored one obtains the well-
known expression for the Brillouin gain. Converse-
ly, if the cross coupling between c and the tempera-
ture and density is ignored one would get the "pure
concentration" gain. These limiting cases have
been discussed previously. The approximate roots
of det(W) are found by considering the dimensionless
parameters (gk/v, ), (bk/v, ), and (Dk/v, ) as small.
For the gas mixtures under consideration, all three
of these parameters are =0.1. To lowest order
(i.e. , I'=0), the roots of det(&u) =0 are 1B=0, &v, k.
In the next approximation (0 & I' «kv, ) when linear
terms in the small quantities are retained, the
roots should correspond to the values of the frequen-
cy shift which were obtained from the decoupled-
mode approximation. One obtains

det(&u) = —v,'(&u —B,) (u) —B,)

x(~ -v, k —il')(&u+v, k —il') .

The two roots

~ = +n, k+iI"k

are the propagating sound-wave modes with the
damping coefficient I' given by

The positive root corresponds to the Stokes-shifted
stimulated Brillouin wave which has positive gain,
while the negative root corresponds to the anti-
Stokes wave which has negative gain.

It is important to note that in a binary mixture
the sound wave has an extra damping term due to

the coupling with the concentration fluctuations.
This extra damping depends on (Sp/Sc) B r, and con-
sequently the sound wave is heavily damped in a
mixture with a large difference of component
masses. Thus the threshold of stimulated Brillouin
scattering is increased by mixing. This factor is
of primary importance in making possible the ob-
servation of stimulated concentration scattering.
The roots which are related to the nonpropagating
modes are

+=D 1+

ac 4w p'(u, —o.,)

9g ~ z Nmgm2

Be —411(N1n1+ NBo. a)

Pc

(l2b)

(12c)

N is determined from the pressure and temperature
from the virial law as discussed in Appendix A to
take account of deviations from the ideal-gas law.
Further corrections are not important for these
quantities. The value of the polarizability n& for
the helium atom was obtained from the calculation
of Dalgano and Kingston, ' while the values +2 for
Xe and SF6 were obtained from the Landolt-Born-
stein tables.

The following coefficients are expressible in

terms of thermodynamic derivatives, which are
given below for the ideal-gas law. The correction
terms for non-ide al- gas behavior are important,

k~ = 0, ~q 2= iDk, i' 2

The root ~& corresponds to the concentration diffu-
sion mode and gives stimulated concentration scat-
tering, while the root ~~ corresponds to the thermal
diffusion mode which gives stimulated thermal Hay-
leigh scattering. These roots have previously
been obtained by Martin, "and by Mountain and
Deutch. Thus the resonances in the coupled gain
expression, in the limit of small coupling between
the modes, do reduce to the values predicted by the

decoupled -mode appr oximation.
All coefficients occurring in the coupled wave

equations (3)-(6) may be calculated for the gas
mixtures in question. The coupling coefficients
with the electric field may be expressed in terms
of the polarizabilities for the individual molecular
species. The Clausius-Mosotti relation and the
ideal-gas law may be used to give the following
relations:

9& 4m(N1a1+NBuB)
9P ~, Nk~ T
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FIG. 1. The computed gain coefficient g~~z(~, k) for stimulated backward scattering of ruby laser light as a function of
the Stokes frequency shift in a gaseous mixture containing 8 atm of Xe, far various partial He concentrations.

as is discussed in Appendix A.
The isothermal sound velocity v~ is given by

v, =yvr with y=c&/c„.2 2 (14)

The ratio of specific heat at constant temperature
and pressure is also discussed in Appendix A. The
thermal expansion coefficient is

A2 = —p =T

The barodiffusion coefficient is given by

(1S)

with

8P )g, NkgT

Here N is the total number of molecules per unit
volume, p is the mass density of the mixture, and

k& Boltzmann's constant. The adiabatic sound
velocity v, is given by

The transport coefficients may be calculated by
use of the Chapman-Enskog theory. ' This pro-
cedure is discussed in Appendix B, where expres-
sions are given for the viscosity g, the thermal
conductivity ~, which is related to the thermal dif-
fusivity y. = X/p c~, the coefficient of diffusion D,
and the thermal diffusion ratio k&.

With the use of the expressions in the Appendices
all coefficients in the matrix equations (Sa)-(Sd)
are known, and the gain G&, T may be calculated
without using any adjustable parameters. The re-
sults are shown (in Fig. 1) for a gas mixture con-
sisting of 8 atm of partial pressure of Xe to which
He is added, and (in Fig. 2) for a gas mixture of 5

atm of partial pressure of SF6 to which He is added.
These results conform directly to the experimental
conditions as described in Sec. IV.

The gain coefficients for the stimulated effects
have, of course, a one to one correspondence to
the spontaneous scattering cross section S(g, ~)
which is frequency and wave-vector dependent. "
This relationship is to a good approximation

p'(m, —m, )
~C I T Nmgrn2

(
~p. Ag Tp
Sc ~ r c(l -c)Nm&ma

(1S)

ga qr (k~ M) ~ (d S(k, M)

The spectral density for spontaneous scattering
was calculated with the same numerical values for
all the coupling coefficients. Very good agreement
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10 laser output was achieved by careful axial-mode
selection of a relatively low-power ruby oscillator.
The high intensity of the laser beam was attained
by passing the beam through a ruby amplifier.

Successful completion of the experimental mea-
surements was due to the development of an ampli-
fier technique for generating the threshold signal
needed for observation. This technique can be used
to facilitate the observation of any low-gain stim-
ulated scattering process since it reduces the re-
quired threshold power.

—10
10

10 0.2 0.4 0.6 0.8
Helium Concentt ation c'

I

1,0

FIG. 3. The calculated gain coefficient for stimulated
backward scattering, at the frequency for which it is
maximum, as a function of relative He concentration in
Xe-He mixtures with 8 atm of partial Xe pressure. The
gain g~~z is for the complete coupled mode problem, g~
is for a pure Brillouin process, g~ for a pure concentra-
tion mode, and gz for a pure electrocaloric thermal mode.

to scattering from a pure concentration mode. The
behavior for the SF,-He mixtures is nearly identical
to that of the Xe-He mixtures. We show the cor-
responding situation in Figs. 5 and 6 for a mixture
with a partial pressure of 5 atm SF6. These pre-
dictions of the hydrodynamic theory of binary gas
mixtures will be compared with the experimental
results in Sec. IV.

III. EXPERIMENTAL APPARATUS AND TECHNIQUES

The basic requirement for the stimulated-concen-
tration-scattering experiment was to produce laser
pulses with high intensity (-200 MW/cm ) and nar-
row linewidth (-0.005 cm '), focus this beam into
the gas mixture and analyze the spectrum of the
backward-stimulated wave with a Fabry-Perot in-
terferometer of suitably high resolution.

The required sharp frequency spectrum of the

A. Oscillator-Amplifier

The ruby oscillator used in this experiment was
a Maser Optics 868. The rod was a rectangular
cut Verneuil ruby, 2 in. diam and 6 in. long. The
ruby was of very poor optical quality making single
transverse-mode operation impossible. The laser
cavity was 150 cm long. The rear reflector was a
dielectric coated quartz flat and the front reflector
was a model RR 223-4 resonant reflector from
Laser Systems Corp. The resonant reflector con-
sisted of four optically aligned quartz flats. The
ref lectivity of this instrument as a function of the
wavelength of the incident light is a series of sharp
peaks of width -0. 1 A separated by about 1 A. The
maximum ref lectivity is 64%. The ref lectivity
peaks were sufficiently sharp and well separated
that only a single axial mode oscillated. The spec-
trum of the laser output was examined with a 6-cm
Fabry-Perot interferometer. A typical result is
shown in Fig. 7(a). It is evident that the output is
single mode with a linewidth & 0.005 cm '.

The laser was Q switched by a solution of crypto-
cyanine dye in methanol. The dye concentration
was adjusted so that the laser operated just slightly
above threshold. This condition was found to pro-
duce the most reproducible output power and nar-
rowest linewidth.

The temporal behavior of the Q-switched pulse
was monitored by a TRG 105B planar photodiode
(risetime &0.3 nsec) with the output displayed on a
Tektronix 519 oscilloscope. Any temporal modula-
tion of the laser output could easily be detected.
When the oscillator was carefully aligned and op-
erated slightly above threshold, the temporal be-
havior of the laser pulse was as shown in Fig. 7(b).
There was no visible modulation which confirmed
the oscillation of only a single axial mode. If the
laser was operated considerably above threshold,
the time trace showed modulation due to the beating
of two or more axial modes. The relatively long
time duration of the laser pulse indicated by Fig.
7(b) (- 50 nsec) for a laser of this type was due to
the high ref lectivity of the resonant reflector. As
the oscillator power output was increased from
-5 to -20 NIW jcm with the dye concentration
also increased so that laser threshold was only
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mum. The following cases are
shown: the coupled mode problem,
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centration, and the pure electro-
calor ic scattering.

I

0, 'I

I

0, 2
I

0.3
I I I

0,4 0, 5 0.6 0.7
He I i Um Conce n tra t ion c'

I

0,8
I

0,9 1.0

slightly exceeded, the pulse duration dropped from
-50 to -20 nsec.

Transverse mode selection of this laser was not
possible due to the poor optical quality and non-
uniform pumping of the ruby rod. The beam diver-
gence of 2 mrad was about ten times the diffraction-
limited divergence indicating that approximately 100
transverse modes were oscillating.

In order to produce the high laser power required
to reach threshold for stimulated concentration
scattering, it was necessary to build a ruby ampli-
fier. The advantage of the oscillator -amplifier
system over a very high-power oscillator is that the
high power can be reached while maintaining a simple
axial mode and consequently a narrow linewidth.

The amplifier rod was a Verneuil ruby, 7 cm
long and 1.5 cm diam. The maximum single pass
gain for this rod was about 11.

The maximum intensity achieved with the amplifier
was approximately 200 MW/cm2. This power level
however produced damage in the amplifier rod in
the form of a small chip at the center of the exit
face of the rod and a bubble about —,

' cm in from that
surface. The reason that this rod damaged at a
relatively low-power level was that it had a definite
core, i.e. , large optical inhomogeneity down the
center of the rod, which greatly reduced the damage
threshold. Also the oscillator beam had many
small-diameter hot spots which gave local regions
of much higher intensity than the average beam in-
tensity. To avoid further damage to the amplifier
rod, a 2; 1 inverted telescope was inserted between
the oscillator and the amplifier. Also a small area
was ground on the beam splitter which was in front

10

-10
10

—110
.2 4 .6 .8

Helium Concentration c '
1.0

FIG. 5. Data for He-SF6 mixtures with 5 atm of partial
SF6 pressure, corresponding to those shown in Fig. 3 for
He-Xe mixtures.
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of the amplifier. This ground spot scattered the
center of the oscillator beam and so prevented light
from traveling down the core of the amplifier rod.
An aperture with diameter slightly smaller than the
amplifier-rod diameter was also inserted before
the amplifier. The purpose of this aperture was
to prevent light from the oscillator from falling
on the beveled edge of the amplifier rod and thus
avoid any chance focusing of the beam in the am-
plifier rod. The combination of these additions
was successful as no further damage to the am-
plifier rod occurred.

Ideally the laser should have been isolated from
the cell containing the gas mixture by a Kerr cell
or a Faraday rotator. Lacking this equipment,
another method was used. A dye cell was placed
immediately after the amplifier and a 50-nsec
optical delay between the laser and the gas cell was
introduced. The final arrangement for the oscilla-
tor-amplifier system is shown in Fig. 8. After
passing through the amplifier and dye cell, the
beam was turned by 90' by an arrangement of two
prisms. The prisms also rotated the beam polar-
ization from horizontal to vertical. The beam then
traveled a distance of 6. 78 m to the spherical mir-
ror. This distance was equal to the mirror radius
of curvature so the mirror reimaged the beam with
1:1 magnification at a position just to the right of
the double prism as indicated in Fig. 8. The laser
output was then directed into the cell containing the
gas mixtures under investigation. The total time
then required for light to make a round trip from
the amplifier to the gas cell and back to the am-

plifier was about 100 nsec which is approximately
the duration of the laser pulse as shown in Fig.
V(b). Thus the end of the laser pulse had left the
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FIG. 8. Schematic diagram of oscillator-amplifier ruby laser system. A —amplifier; BS—beamsplitter; D—dia-
phragm; DC1—oscillator q-switch dye cell; DC2 —dye cell; L1—lens, —10-cm focal length; L2 —lens, +20-cm focal
length; M-oscillator rear mirror; MS—mode selector; 0—oscillator; PD1—RCA 917 photodiode; PD2 —ITT photo-
diode; PD3 —TRG 105B photodiode; S1—Tektronix 519 oscilloscope; S2—Tektronic 555 oscilloscope; SM-spherical
mirror, 6.78-m radius; DP-crossed polarizer quadrants.

amplifier before the front of the backscattered pulse
had reached the amplifier. The dye concentration
in the amplifier dye cell was adjusted so that it
bleached when the laser pulse passed through but
not when the backscattered pulse passed through.
This introduced enough loss in the backscattered
beam that it was not amplified to sufficient intensity

to stimulate any further scattering.

B. Experimental Arrangement

The experimental arrangement to measure stim-
ulated backscattering is shown in Fig. 9. The col-
limated linearly polarized beam from the laser
entered as indicated by the arrow. The beam
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LC Liquid cell
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FIG. 9. Schematic
diagram of experimental
arrangement to measure
stimulated backscattered
light from gaseous mix-
tures: CP: crossed
polarizer quadrants, PP:
photographic plate, FP:
Fabry-Perot, L~ and L2:
lenses, A& and A&. aper-
tures.
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passed through the glass beam splitter BS1 and was
focused by lens L3 (focal length 15-40 cm) into the
cell GC containing the gas mixture. After passing
through the gas cell, the beam was recollimated
by lens L4 (focal length 20 cm) and focused into the
liquid cell LC which contained nitrobenzene. The
spectrum of the light scattered in the backward di-
rection from the nitrobenzene consisted of the
stimulated Brillouin line with a frequency shift of
Q. 26 cm ' on the Stokes side of the laser frequency,
the stimulated Hayleigh wing line with a Stokes
shift of 0.111 cm, which have been investigated
by Denariez and Bret, and a broad diffuse wing
centered at the laser frequency which is due to
scattering from the thermal shear-wave mode in
nitrobenzene. This spontaneous scattering has been
investigated by Stegeman. ' This diffuse-wing back-
sca'.tering from the nitrobenzene served reduces
the laser power required to produce observable
stimulated scattering from the gas mixture in a
manner which will be discussed below.

The backscattered light from the nitrobenzene
was recollimated by lens L5. Approximately 8'
of this beam was reflected by the glass beam split-
ter BS2. This portion of the beam was directed
around the gas cell by the prisms Prl, Pr2. Its
polarization was rotated from vertical to horizontal
by the half-wave plate P. The remainder of the
backscattered light from nitrobenzene passed back
into the gas cell where it interacted with the gas
mixture and the laser beam in the focal volume of
lens L3. Approximately 8% of the beam traveling
in the backward direction out of the gas cell was
reflected by the beam. splitter BS1 and recombined
with the portion of the light scattered from the liquid
which had traveled around the gas cell.

The combined beam then passed through the
Fabry-Perot interferometer (FPP). The FPP in-
terference pattern was focused through the polar-
ization analyzer plate CP onto the Polaroid 413 film
PP. The distance between the dielectric coated
quartz plates of the FPP was 6 cm. A finesse of
25 was achieved giving an instrumental resolution
of 0.003 cm (90 MHz). A typical example of the
FPP interference fringes photographed with this
arrangement are shown in Fig. 10. The fringes
which appear in quadrants 1 and 3 are due to the
light from the nitrobenzene which has traveled
around the gas cell. This is then the input spectrum
in the backward direction into the gas cell, consist-
ing of the backscattered light from the nitrobenzene.
Only the stimulated Brillouin line appears on the
film. The Rayleigh and shear -wave wing intensity
is too low to appear on the film. The wings are not
sufficiently intense to expose the film, and in addi-
tion are much broader than the free spectral range
of the FPP and so would appear only as a general
fogging of the photograph. The FPP fringes which

appear in quadrants 2 and 4 give the output spectrum
from the gas cell. This consists of the nitrobenzene
Brillouin wave which has simply passed through the
gas cell, a portion of the incident laser beam which
has been reflected from the gas-cell window, and
the stimulated line from the gas mixture. By moni-
toring the spectrum input to the gas cell one can be
certain that the line, which is attributed to the gas
mixture, was not by some process coming from the
nitrobenzene. The frequency shift was determined
from the difference in diameter of the interference
fringes which were due to the laser and stimulated
backscattered light using the analysis given by
Born and Wolf.

The broad shear-wave wing from nitrobenzene
functions in the following manner to reduce the laser
power required to produce observable stimulated
scattering from the gas mixture. If the nitroben-
zene cells were removed and the laser simply
focused into the gas mixture, the Stokes wave gain
must be on the order of e ' in order for stimulated
oscillation to occur. That is to say that the thresh-
old for observation is f(u&, )-f„„.,(ru, ) e, where
f„„„(&u,) is the power of the noise field at the Stokes
frequency ~, which arises from spontaneous scat-
tering scattering from thermal fluctuations in the
material mode. Thus the threshold laser intensity
11, for an oscillator arrangement without nitroben-
zene cell is determined by

where g&, ~ is the Stokes-wave gain coefficient, and
z is the distance over which gain occurs. Since
g&, & decreased with increasing He concentration
c, as shown in Figs. 3 and 5, the laser intensity
required to produce oscillation increased as e in-
creased. Without use of the nitrobenzene cell,
stimulated scattering was successfully observed in
gas mixtures with He concentration up to 60%. At
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l'IG. 10. Interference fringes showing spectral charac-
teristics of light at the backward traveling input of the
gas cell (lower part) and the output after stimulated back-
ward gain (upper part). The spacing of the FP plates was
6 cm.
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this point, the laser intensity required to produce
oscillation was 200 MW/cm and damage occurred
in the amplifier rod and the higher concentrations
could not be investigated.

The function of the broad shear-wave wing from
nitrobenzene is to effectively increase the amplitude
of E„„„(~,). When this broad spectrum light travel-
ing in the backward direction is present in the gas
mixture simultaneously with the laser wave, the
gain of the medium amplifies that portion of the
spectrum which is at the frequency ~,

This technique of amplifying a broad spectrum to
produce an observable stimulated wave from a low
gain process is effective as illustrated by the result
that the laser intensity required to produce stim-
ulated Brillouin scattering in SF, gas at 5-atm
pressure dropped from 60 MW/cm in the collimated
beam when the beam was simply focused into the
gas to 20 MW/cm when this amplifier technique
was used. The reduction in the laser power required
to reach stimulated oscillation utilizing this tech-
nique was a crucial factor which allowed completion
of the experiment with the existing laser system.
It was then possible to produce stimulated scattering
in gas mixtures with helium concentration as high
as 90%.

It was necessary to investigate whether using the
amplifier technique introduced any pulling of the
frequency of the stimulated scattering in the gas
mixture. This was done by studying the frequency
shift of the stimulated line in gas mixtures with low
helium concentrations. In these mixtures the laser
intensity was great enough to produce oscillation by
simply focusing into the gas mixture as well as
with the amplifier technique. The shift in frequency
was the same in both cases within the accuracy of
the measurement.

C. Gas-Handling Equipment

A system was constructed to fill the gas call and
measure the pressure of the gases contained in the
cell. Before filling, the entire system was evac-
uated. After evacuation, the SF6 or xenon gas was
slowly leaked into the system until the desired
pressure was reached. The gas mixture was made
by slowly leaking helium gas into the system until
the required total pressure was reached. At least
1 h was allowed for complete mixing to take place
before any measurements were made. There was
no observable change in the scattered light spectrum
when longer mixing times were allowed.

The helium gas used in this experiment was sup-
plied by the U. S. Navy. The xenon and SF6 were
purchased from Matheson Gas Products. The SF6
is inexpensive and so was simply discarded when-
ever necessary to change concentration. However,
xenon gas is quite expensive and so it was trapped
in a reservoir cooled with liquid N2 and recycled.

IV. EXPERIMENTAL RESULTS

The first experiments on stimulated concentration
scattering were done in mixtures of SF6 and He.
As a preliminary to these experiments, measure-
ments were made of the Brillouin threshold for pure
SF, as a. function of gas pressure. This was done
to determine the minimum pressure of SF, in which
stimulated Brilloui. n scattering could be observed
and, as a byproduct, to test that the Brillouin
threshold was inversely proportional to the square
of the gas density as predicted by the theory. It
was important to know the minimum SF6 pressure
at which the available laser power could produce
stimulated scattering because, as discussed in the
Introduction, the possibility of observing concentra-
tion scattering is greatest at low pressure. The
results of this measurement are shown in Fig. 11.
The minimum SF6 pressure in which stimulated
Brillouin scattering (SBS) was observed was 4 atm.
In the range of pressure from 4 to 14 atm the ex-
perimental value of the SBS threshold power is in-
versely proportional to the square of the pressure,
in agreement with theory.

It was decided on the basis of these results and
from gain calculations, that a partial pressure of

5 atm of SF6 would be appropriate for the investiga-
tion of stimulated scattering from He-SF6 mixtures.
The He concentration of the mixture was increased
by adding He. Thus, as the He concentration in-
creased, the total pressure also increased. The
experimental results as determined by the technique
described in Sec. III for the frequency shift of the
stimulated backward-scattered light as a function
of partial He number concentration are presented
in Fig. 12. For He concentrations less than 60%
the observed frequency shift is in very good agree-
ment with the theoretical calculations. The drawn
theoretical curve in Fig. 12 is taken from Fig. 6,
and represents the frequency shift at which g~, ~ is
maximum. For partial pressures of helium above
8 atm, while the SF, partial pressure remains at
5 atm, the value of the observed frequency shift
decreases rapidly toward the small values char-
acteristic of the concentration mode. The observed
shift does not show the abrupt transition, predicted
by the steady-state theory, but changes relatively
smoothly to small values. This discrepancy can
be explained by the transient nature of the gain
which becomes more pronounced as the pressure
increases. The steady-state solution is only valid,
if the pulse duration satisfies the condition

tp~& ~a'. r Gac2 +,
where I"&,& is the frequency width of the mixed
mode for which the gain is calculated. In our ex-
perimental arrangement the effective amplitude
gain to reach threshold is about e . In a somewhat
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transient regime the steady-state gain correspond-
ing to the pump threshold may be as high as GB,T

=40. The width of the concentration mode I" has
the same order of magnitude as Dk, which de-
creases with increasing helium pressure. Since
t~-5&&10 and (Dk ) -2. 5&&10 sec at 50 atm of
helium, the condition for validity of the steady-state

solution is clearly violated at partial helium con-
centrations of 90%. This is even more true, if the
laser pulse has additional temporal fluctuations.
At helium concentrations less than 50%, the fre-
quency for maximum gain may be expected to be
given correctly by the steady-state theory. No at-
tempt has been made to obtain transient solutions
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for the case of the four coupled partial differential
equations (3)-(6), but solutions for two coupled
equations describing transient Brillouin or Raman
scattering are well known.

We may obtain somewhat more insight in the
transient character of the solutions in our case
by considering the gain curves in Fig. 2 as a func-
tion of frequency. These curves are very flat for
helium concentrations between 60 and 80%. The
low-frequency maximum is not pronounced. During
a short laser pulse the higher-frequency compo-
nents in the input signal may contribute very sub-
stantially to the over -all gain. Thus the gradual
decrease in the frequency of the amplified signal
is made plausible.

The threshold power necessary to observe the
stimulated signal increased at first very rapidly
with increasing helium concentration in agreement
with the rapid increase in damping calculated for
the Brillouin mode. It is difficult to make such an
agreement quantitative as it requires complete
knowledge of the laser field in the focus at each
shot. In a qualitative manner the gain curve cer-
tainly obeyed the theoretical predictions.

It is of particular interest to note that when the
same experiments were repeated with an initial
SF6 pressure of 10 atm the Brillouin mode always
remained dominant. This is displayed by the tri-
angular points in Fig. 12. This is in agreement
with the theoretical calculation that at this higher
pressure the Brillouin gain always remains domi-
nant. This result may also be described in the fol-
lowing way. If a mixture of 5 atm of SF6 and 20
atm of He is compressed by a factor of 2, the fre-
quency shift of the backscattered stimulated light
increases from that characteristic for concentration
scattering to that characteristic for Brillouin scat-
tering.

The range of existence for stimulated concentra-
tion scattering is therefore a narrow one indeed.
It has a chance to compete effectively with stim-
ulated Brillouin scattering only in gaseous mixtures
at relatively low total pressure. Furthermore, the
constituent molecules should differ as much as pos-
sible both in polarizability and in mass. Finally,
the total pressure cannot be chosen too low, because
then the hydrodynamic regime would not hold for
the frequency shifts of interest. Furthermore, the
field intensities required for threshold lie uncom-
fortably close to the dielectric breakdown strength
for such gaseous mixtures. This difficulty was not
so serious in SF6-He mixtures. The Brillouin gain
in SF6 is somewhat higher and this molecule also
attaches free electrons rather readily, so that it
is used industrially as a breakdown inhibitor.

It was a problem however in Xe-He mixtures,
both in the experiments of Aref'ev and Morozov
as well as in our first experiments with Xe. It was

nevertheless considered important to demonstrate
the stimulated concentration scattering also in a
mixture of monatomic gases. This would remove
some of the uncertainties in the calculations of
transport coefficients and other properties of gases
containing polyatomic molecules.

The Brillouin gain in Xe is about half the gain
for SF, at the same pressure. Consequently a
higher partial pressure of Xe was required to ob-
serve stimulated Brillouin scattering. On the basis
of preliminary calculations, a Xe partial pressure
of 8 atm was chosen. Even with the use of the
amplifier experimental arrangement, it was ob-
served that the electrical breakdown threshold in
pure Xe at 8 atm was approximately equal to the
Brillouin threshold. The breakdown threshold was
measured to be -10"W/cm . The actual value of
this number is of little significance unless the
transverse mode structure, and thus the focusing
characteristics of the beam, are specified. How-
ever, this observed threshold is in agreement with
the results of an earlier study of optically induced
gas breakdown in the noble gases. '

In order to make accurate measurements, it was
necessary to avoid gas breakdown since the break-
down may cause thermal Brillouin or Rayleigh scat-
tering to occur which confused earlier observa-
tions. It was discovered that by focusing the laser
into the gas mixture with a lens of 40-cm focal
length, instead of 20 cm, the gas breakdown did
not occur in our amplifier-cell arrangement.

The experimental results for the observed fre-
quency shift of the stimulated backscattered light
are very similar as those for SF6-He mixtures.
This is not surprising, since the theoretical results
also showed a striking similarity. Experimental
data for the He-Xe mixtures are compared with the
theory of the Stokes shift for maximum g~, ~ in
Fig. 13. The same gradual transition of the shift
toward smaller values characteristic of stimulated
concentration scattering is observed for partial
helium concentration above 60/q. The same discus-
sions about the transient nature of the gain char-
acteristics applies here.

V. MSCUSSION AND CONCLUSION

The results provide a striking confirmation of the
validity of the hydrodynamic equations for binary
gas mixtures in the frequency range between 10
and 10'o Hz. Stimulated concentration scattering is
shown to be a relatively rare phenomenon, observ-
able only in a very restricted range of parameters.
The binary gas mixture must contain two compo-
nents of very large differences in mass and polar-
izability, while the total pressure must be high
enough so that the mean free path is smaller than
the scattering length, while the pressure must be
low enough so that the stimulated Brillouin scatter-
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ing does not dominate at all concentrations. It may
be safely concluded that stimulated concentration
scattering may be ignored in considering problems
of propagation of high-power laser beams through
the atmosphere and most other fluid media. The
effect should be observable in mixtures such as
He-CF4 or He-C2F6, and perhaps in He-Ar.

It is very important to avoid dielectric breakdown
and plasma formation for obtaining quantitative
agreement between theory and experiment. The
experimental technique of using an input signal from
an auxiliary scattering cell substantially reduces
the pump power threshold. This technique should
be generally useful in observing stimulated pro-
cesses with low gain. It is believed that our exper-
iments constitute the first unambiguous demonstra, —

tion of stimulated concentration scattering. The
earlier experiments, mentioned in the Introduction,
on stimulated concentration scattering may be
critically reanalyzed in terms of the theory. The
first experiment' was performed in a liquid mixture
of n-hexane (58% weight concentration) and nitro-
benzene (42%). However, the ratio of the gain
constants in the decoupled-mode approximation is
g, /g~ =1.25 && 10 ' which throws considerable doubt
on the interpretation of this experiment. Near the
critical point in a binary mixture where & p. /Sc - 0,
the concentration gain could become large. How-
ever, the diffusion constant D approaches zero at
the same time. Thus the correlation time for con-
centration fluctuations becomes large - 10 sec.
The steady-state analysis breaks down for solid-
state laser pulses, and even with gas laser beams
it would be difficult to maintain the required coher-
ence for such long times. A transient analysis

must be made and the experimental difficulties
would be further enhanced by the large spontaneous
critical opalescence and large losses per unit length
of the pump. Amplification of this spontaneous
emission at high intensities may, however, be de-
tectable.

The second experiment was done with a Xe and
He mixture with He concentration c =0.9. This is
clearly a good choice. At this concentration, the
Brillouin shift should be 0. 0479 em ' rather than
0.055 cm ' as reported. The gain ratio should be

g, /gs = 21 in contrast to the estimate of g, /g~ = 0. 1

as estimated in the reference. The observed con-
centration shift 0. 033-0.042 cm ' agrees with the
value &v, =Dk /2mc =0.032 cm . At a higher total
pressure, the stimulated Brillouin scattering should
dominate the concentration scattering as correctly
stated. This should however not occur at a total
pressure as low as 4 atm. Also at the low pres-
sures used in the experiment the condition for the
validity of the hydrodynamic equations is not satis-
fied. Since positive effects were only observed in
the presence of gas breakdown this experiment
must be considered inconclusive. Sparks lead to
low-frequency scattering even in pure noble gases,
presumably caused by thermal Rayleigh scattering.

Stimulated concentration scattering is a rare
phenomenon. 'The amount of information it provides
about fluid mechanics and structure of fluid mix-
tures is very limited compared to that provided by
spontaneous concentration scattering. The combi-
nation of the spontaneous and stimulated scattering
data in the He-SF6 and He-Xe mixtures reaffirms
the confidence in the correctness of the hydrody-
namic equations in describing the behavior of fluid
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mixtures under extreme conditions of disparate
mass and very high frequencies.
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APPENDIX A: NON-IDEAL-GAS CORRECTIONS

The mell-known equation of state for the ideal gas

P=KkBT,

needs some correction even at atmospheric pres-
sure. The virial equation of state describes these
corrections as a power series expansion in the
number density

=(+a(?)(—)+(:(T)(—) +, (A()

where K, is Avogadro's number and B(T), C(T)
are the second and third virial coefficients.

From the statistical mechanical expressions for
the virial coefficients, it becomes evident that the
second and third coefficients represent deviations
from idea, l behavior when collisions between two
and three molecules become important. As the
pressure increases, more virial coefficients must
be included. As an indication of the contribution of
the second and third virial coefficients for the gases
of interest, the following results are found at 0 C:

SF6 at 1Q atm, — ——= 1 —Q. 12+0.005;P
B

Xe at 10 atm, =1 —0.06+0.0008;P

He at 100 atm, = 1+0. 05 + Q. 002 .P

The third virial coefficients are not significant in
this work and this is consistent with the calculations
of the transport coefficients of Appendix B, where
only binary collisions are considered. It is perhaps
interesting to note that the sign of the second-virial-
coefficient correction is different for the heavy
gases and for helium. This result is due to the fact
that the interaction between the heavy molecules is
dominated by the strong attractive part of the po-
tential. The attractive potential for the helium
atoms is weak, and thus the atomic interactions are
dominated by the excluded volume effect due to the
short-range repulsive part of the potential. In
mixtures with a 10:1 ratio of helium to heavy-gas
number density, at pressures low enough that the
third virial coefficients do not contribute signifi-
cantly, the ideal-gas law is not a bad approxima-

tion.
For the gas mixture, the second virial coefficient

is given by"

B(T),„,„„=(1 —c ')'B, (T) +c "B,(T) + 2c '(1 —c ')B„,
(A2)

where B&, B& are the virial coefficients calculated
from the potential functions for molecules of type
1 and 2, and B» is calculated from the potential
function which characterizes the interaction between
the two molecules.

The virial coefficients are calculated from the
intermolecular potential (t)(~) where r is the molec-
ular separation. The second virial coefficient is
given by

B(T)= —2|)iV, $ [e ""' ' —l]y dy .

Hirschfelder, Curtiss, and Bird' have given nu-
merical values for the reduced second virial coef-
ficients B~:

B dkBgB*= —and B~ = T*
b 0

with

bp =
p 7)Ã~(T (second virial coefficient

for hard-sphere molecules)

for the case of the Lennard-Jones (6-12) potential,

y(~) = «((c/~)" —(c/~)']

The relevant values for the gain calculations are
given in Table I.

The non-ideal-gas corrections are included in the
calculations by observing that there are a set of
gas parameters which are more or less fundamen-
tal. These parameters are fundamental in the sense
that all of the other gas parameters, thermodynamic
derivatives, and transport coefficients depend upon
the values of these fundamental parameters. Thus
if these fundamental parameters are corrected for
the nonideal behavior of the gas mixtures, the cor-
rections to a.ll the remaining parameters and trans-
port coefficients will be made automatically.

These fundamental parameters are the pressure
(or number density), isothermal coefficient of ex-
pansion n&, specific heats at constant volume and
at constant pressure, and the isothermal sound
velocity. The non-ideal-gas corrections for these
parameters can be derived from the virial expansion
equation (Al) using the thermodynamic expressions
for the various parameters. The derivation is
straightforward and will be omitted, and the results
for the gas mixture are given as follows:

Pj =Nj kB T 1+—
8 V
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TABLE I. Second virial coefficient and its d
for the pure gases and mixtures.

T b„B*(T*)' B1 (T*)'

erivatives

@2*(T*)'

Helium
SF6
Xenon
SF6-He
Xe-He

28.767
1.4634
1.2838
6.4883
6.0772

21.56
211.0
81.04
83.36
45. 97

0. 52673
—1.2622
—1.6229

0.348 87
0.327 0

—0.01180
2. 500 9
3.021 3
0.357 56
0.378 1

—0.084 14
—6. 0434
—7.4610
—0.840 55
—0. 906 9

These values from Ref, 18.

mix ~ ] m ix

9T p T 1 +Bmfx v

2am, „a2
V V P

0 &a &. &&cp=c p-
v p

2 NAB T 2Bm
Vg =

P V

where i =N, /N, P, is the partial pressure of the
heavy gas, and c„andcp are the ideal-gas values
of specific heat. Since the value of N appears in v,
the expressions for the number density must be
evaluated in an iterative fashion.

It is a well-known result from kinetic theory that
the heat capacity at constant volume c„for a mon-
atomic ideal gas is —,Nk~/p, which is due to the
contribution of —,'Nke/p from each of the three trans-
lational degrees of freedom. For a polyatomic
molecule the specific heat depends on the frequency
at which the measurement is made. For frequencies
less than 1/r~, where r„is the rotational relaxation
time (the time which is required for a. molecule to
change its rotational energy) the three rotational
degrees of freedom will each contribute x Nke/p to
the specific heat. Similarly, for frequencies less
than 1/r„, where v, is the vibrational relaxation
time, the vibrational modes (15 for SF6) can each
take up energy and thus contribute to the specific
heat.

The time between collisions 7, can be calculated
from kinetic energy considerations with a knowledge
of the gas viscosity g:

v, =qx10 ' sec/12. 66P(atm) .
For SF, at 5 atm, 7', =10" sec. A value for the
rotational relaxation time 7R = 2. 5 7', estimated from
the theory of Sather and Dahler has given good
agreement with measurements of sound attenuation
in SF, by Holmes and Stott. 7 Thus for frequencies
less than 5000 MHz the rotational degrees of free-
dom contribute to the specific heat.

O' Connor and Holmes and Stott have shown
however that the vibrational relaxation time

7„-10' 7', and the experimental results show that
for frequencies above 30 MHz the vibrational de-
grees of freedom do not contribute to the specific
heat.

The frequencies of the material excitation in our
experiment are -100-500 MHz, as shown in Sec.
IV. In this region the specific heat at constant
volume for the SFS is 3 NkB/p from the 3 transla-
tional and 3 rotational degrees of freedom. The
specific heats for the He-SFG mixture are

vmix ( BF6+ x Hv) &/P

cp m &x
= c v mix+ Nke/9 .

For the monatomic xenon gas of course these con-
siderations do not apply and c,= ', Nk&/p- .

The bulk viscosity ( of the polyatomic molecule
is also related to the transfer of energy to internal
degrees of freedom. The bulk viscosity is related
to relaxation times by '

K= (NkgT/c„) ~ „"c'T,,

where c„"'is the contribution of the particular de-
gree of freedom to the specific heat per molecule
c„,For SF6 at 5-atm pressure ( = 0.34 g. For
xenon, the bulk viscosity is zero since there are no
internal degrees of freedom.

One might reasonably be concerned that the addi-
tion of helium to the SF, would substantially de-
crease the relaxation times and allow vibrational
contributions to enter the specific heats, thermal
conductivity, and bulk viscosity. However the re-
cent investigation of spontaneous scattering from
the He-SF6 mixtures made by Gornall' et gl. indi-
cate that the vibrational degrees of freedom are in
fact, not excited.

APPENDIX 8: CALCULATION OF GAS-TRANSPORT
COEFFICIENTS

The transport coefficients may be expressed in
terms of Chapman-Cowling integrals which are de-
fined to describe a binary collision between mole-
cules of type i and j,

~~2
( l, s) 2s+3

2 t2p;, 0 &0

x (1 —cosl8) bdbdy;, .

In these integrals, p, ;, is the reduced mass of the
colliding molecules i and j, 6 is the angle by which
the molecules are deflected in the center-of-gravity
coordinate system, 5 is the impact parameter, and

y, , is the reduced initial relative speed of the collid-
ing molecules given by

1/2
'Y =

2~ T g y
B

where g;; is the initial relative velocity of the two
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molecules. The most satisfactory calculations of
0;," ' are those made on the basis of the Lennard-
Jones (6-12) potential given in Appendix A, which
describes reasonably well the interaction between
spherical nonpolar mole cules.

The Chapman-Enskog theory considers only
binary collisions so the results are not applicable
at densities sufficiently high that three-body colli-
sions become important. The theory also assumes
that the molecular mean free path is small com-
pared to the dimensions of the container, so that
surface effects are not important. The Chapman-
Enskog theory is therefore most useful for de-
scribing the properties of a dense gas.

Strictly speaking, the Chapman-Enskog theory
applies only to monatomic gases. Since inelastic
collisions occur between molecules with internal
degrees of freedom, the kinetic energy is not con-
served upon collision, although clearly mass and
momentum are conserved. Consequently, the
viscosity and diffusion are not appreciably affected
by the presence of internal degrees of freedom,
and the theory of monatomic gases may be applied
to polyatomic molecules with success, provided the
molecules are approximately spherical. However,
the thermal conductivity is significantly affected
by internal degrees of freedom. For a monatomic
gas, the thermal conductivity is related to the vis-
cosity by

15 R
4 M

where M is the molecular weight of the gas, and R
is the gas constant. This relation has been con-
firmed experimentally.

The specific heat and bulk viscosity of the gas
are also affected by the transfer of energy to in-
ternal degrees of freedom of the molecules. The
magnitude of contribution of the internal degrees of
freedom depends of course on the frequency at which
the measurement is made. This point was discussed
in Appendix A in connection with the calculation of
the specific heat. The contribution of the internal
degrees of freedom to the thermal conductivity can
then be given by a correction term which depends
upon the specific heat:

and the potential parameter is

~12 = (~1~2)'1/2

The CCI are calculated as functions of the reduced
temperature T*= Tks/e, where k2 is the Boltzmann
constant. The transport coefficients are given in
terms of reduced integrals Q~ = 0/0„,«„„,„,. The
values of T* and the CCI of interest IQ(1212&)*(T(),

g 24(Te) II( 28(TW) fl(, l 4(Tg)] l

given. Certain ratios of the CCI appear frequently.
They are

A*=a" "*/n" "*
(6g(1, 2&g 4g(1, 3&g )/g(l, l)&l'

g (1,2)s/ g(1, 1 &y

These values are also given in Table II. For cal-
culations pertaining to the mixtures, it is conve-
nient to introduce a parameter M» given by

M12 ——2M)M2/(Ml +M2),

where M» M2 are the molecular weights of the
component species.

l. I'iscosi ty

To a first approximation, the viscosity of a pure
gas is given by

2(M;T) i g2. 6693X10 2' (2 2)„0;0; ' " crnsec (B2)

This result may be used to obtain the viscosities
of both pure gases g1, g2. To obtain viscosity of
the mixture, it is convenient to introduce a viscosity
)h2 which is given by E(I. (B2) with i replaced by
12. The viscosity of a binary mixture is then given
by

those which arise from the first-order approxima-
tion of the Chapman-Enskog solution of the Boltz-
mann equation. The values of the Chapman-Cowling
integrals (CCI) which are used are those calculated
for the Lennard-Jones (6-12) potential. The values
of the potential parameter e and collision diameter
0 are given in Table II. For a gas mixture, the
collision diameter is given by

o12 2 bl + o2)

4 c™„3——"+-=4M 15R 5

This formula was first proposed by Eucken and
gives good agreement with experimental results.
For a monatomic gas c„=—,'R, and the Eucken for-
mula reduces to the thermal conductivity for mon-
atomic gas.

The calculation of the transport coefficients is
quite involved and has been described by Chapman
and Cowling and also by Hirschfelder, Curtiss,
and Bird. ' All of the results presented here are

1 1+1'„/X„
1+Z„~m ix

where

(1 -c ')' 2c'(1 -c ') c"
X„= + +

01 n12 n2
'

(I -c')2 M, 2(1 -c')c'
2I 5 12

~ I +

(B3)
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(1-c) 2c (1 —c) c

(a5)

(1 —c ) ((& 2c (1 —c ) (r& c U(2)
)t + + )

Z)„=(1—c') U'"+2c (1-c')U' '+c' U' ',
2

U' = 15 A(2 -—,( s Bt2+ 1) —+—() 4 e, (2 „M( 1 (Mg -Ms)
2 1 2

2

U '= 4 A»' ——( —2B* 1)M — M2™(
15 12 12 5 12 ~ 2 M M1 1 2

2 2
U&r& — 4 ge1 (M1 ™2) ~12 I 12 e 1)r5 12 4M M XA

-12, 5 12
1 2 1 2

5» „(M,-M,)'
-32~,*, ( '*-"

M, M,

& 2) 4 «1 (Ml ™2)~12 &(12
15 12

-h. (5'B(a+1)

3. Coefficient of Diffusion

The coefficient of diffusion for a binary mixture
is given by

(T/M, )'L2 erg
2 Q( 2y 2)4

i

For the polyatomic SF6 molecules, c„=3R so this
result must be multiplied by —, (Eucken correction).
The parameter X12 is again given by the expression
for A.; with i = 12. The thermal conductivity for a
gas mixture is given by

0 O O
O

Cg

W

2. 628xlo '(T'/M»)' 2 cm2

Po 0""*(T*) sec (a8)

CC

b

Q

8
~W

Q

CC

where P is the pressure in atmospheres.

4. ThermaL Diffusion Ratio-
The thermal-diffusion ratio for a binary gas mix-

ture is given in first approximation to be

c (1-c ) s"'(1-c ) s' 'c-
T- (8 c(2 —56X„ XX+ YX

(av)
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TABI E III, Transport coefficients for the He-SF6 (5 atm) mixture.

He
c

0
0. 1
0. 2

0.3
0.4
0.5

0.6
0.7
0. 8

0.9

He
P

1b/in.

0
9

20
34
53
80

121
189
325
741

10 p
(g/cm )

3.27
3.28
3.29
3.31
3.33
3.36
3.40
3.48
3.63
4. 08

10'~
(g/cm sec)

l. 55
1.58
1.61
l. 65
i.69
1.74
1.80
l. 88
1.96
2. 04

10 A.

(erg/g sec 'K)

4. 10
6.70
9.84

13~ 7
18.6
24. 8
33.3
45. 2

63.1
93.2

10'D
(cm /sec)

6.71
5.99
5.29
4. 59
3.91
3o 23
2. 57
l.91
1.26
0.622

10 cp
(erg/g 'K)

2. 44
2. 59
2. 78
3.02
3.34
3.78
4. 42
5.45
7.40

12.4

l.41
1.42
1.44
l.45
1.47
1.50
1.52
l. 55
1.59
l. 63

1.21
1.29
1.38
1.48
l.60
1.76
1.98
2. 28
2.76
3.76

26. 1
47.0
68.6
91.2

114
138
162
183
199
186

10-'v~ r
(cm/sec) (MHz)

where

() M+M, X12 15 M, -M,
s ]

2 M2 A1 4 212 2M1

(2) M2 ™1~12 15 M1 M2s —1
2M, Z2 4 A~» 2M,

Choice of the correct sign for k~ requires some
attention. When a mixture of gases with large
heavy molecules and small light molecules is placed
in a thermal gradient, the lighter molecules diffuse
toward the warmer regions. ' The concentration
gradient, which is established by thermal diffusion,
is opposed by ordinary mass diffusion which tends
to equalize the composition, and, in time, a steady
state is reached in which the opposing influences of
thermal and ordinary diffusion balance. Then, ig-
noring pressure gradients, the concentration diffu-
sion equation (2. 29) becomes

—=D V c+—VT =0~C 2 kT 2

Bt

where c is the mass concentration of the light gas
(helium). Integration over an arbitrary volume of
the mixture and use of Green's theorem to convert
to a surface integral gives

$ (Vc+ (k, /T)V T) ~ ds = 0,

which implies

Thus the thermal-diffusion ratio k& must be negative
so that the concentration of the light molecules in-
creases as the temperature increases.

The values of the gas-transport coefficients and
other relevant parameters for the gas mixtures
were calculated with the use of a computer from the
expressions presented in Appendices A and B. The
calculations were made for the mixtures which were
investigated experimentally. For the He-SF6 mix-
tures, the partial pressure of SF6 was 5 atm and
the helium concentration was increased by adding
helium. For the He-Xe mixtures, the Xe partial
pressure was 8 atm. The values of the various
transport coefficients for the pure gases are given
in Table II, for the He-SF6 mixtures in Table III
and for the He-Xe mixtures in Table IV.

These values of the transport coefficients and

gas parameters were then used to calculate the
values of g&, g„g&shown in Figs. 3 and 5. The
value of gs, r (&u) was calculated for frequency shifts
from 0 to 1200 MHz in increments of 5 MHz. The
results are shown in Figs. 1 and 2.

The values of the gas parameters and transport

TABLE IV. Transport coefficients for He-Xe (8 atm} mixture.

He
c

0
0.1
0.2
0.3
0.4
0. 5

0.6
0.7
0, 8
0.9

He
P

lb/in.

0
14
32
54
85

127
191
299
516

1183

10 p
(g/cm')

4.65
4.66
4. 68
4.71
4.74
4.79
4.86
4.98
5.21
5.92

10 g
(g/cm sec}

2. 27
2. 31
2. 35
2. 40
2. 45
2. 50
2. 55
2. 59
2. 60
2.49

10 A.

{erg/g sec 'K)

5.38
9.02

13.4
18.6
25. 1
33.3
44. 0
58. 2
78.0

107

10 D
(cm /sec)

6.53
5.84
5.61
4.48
3.82
3.16
2. 51
1.87
1~23
0.600

10 cp

(erg/g K)

1.72
1.89
2. 10
2. 38
2.73
3.22
3.94
5.10
7.25

12.7

1.76
1.76
1.75
1.74
1.73
1.72
l.71
1.71
1.70
I.69

10 v&

(cm/sec)

1.30
1.38
1.47
1.57
1.70
1.87
2.09
2.41
2.91
3.96

(MHz)

30.4
57. 6
84. 5

ill
136
159
180
196
202
175
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coefficients which were calculated in this fashion
were identical to the values used by Gornall et al.
Since these values were in excellent agreement with
the spontaneous light-scattering spectra for the
same mixtures as investigated in this experiment,
we may assume the values are quite accurate,
particularly for the mixtures with low-He concen-

tration. For the mixtures with He concentration
above 50%, the accuracy of the calculated values
may be somewhat diminished due to the fact that
the non-ideal-gas corrections and the effects of the
He heavy-gas interactions become more important.
Both of these effects are included in the calculations
in an empirical fashion as discussed above.
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