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In this paper a completely classical model for laser action is discussed. An active medium
consisting of classical anharmonic oscillators interacts with a classical electromagnetic field
in a resonant cavity. Comparison with the case of a medium consisting of harmonic oscillators
shows the significance of nonlinearities for producing self-sustained oscillations in the radia-
tion field. The results for the classical model are found to be similar to those for a semi-
classical model of the ammonia-beam maser. The conclusion is that laser action is not in-
trinsically a quantum-mechanical effect. The classical-laser theory as given in this paper
can also be applied to the case of the electron-cyclotron maser.

I' INTRODUCTION

In recent years, there have been many advances
in the theory of the laser. For a gas laser the
active medium was treated as a quantum-mechani-
cal ensemble of two-level atoms and the radiation
as a classical electromagnetic field. ' Scully and
Lamb have generalized this theory by treating
both atoms a,nd fields quantum mechanically. Other
authors have given alternate formulations of this
theory. ' Results of these calculations have been
in good agreement with experiments, and except
for possible refinements, the understanding of
laser theory appears to be satisfactory.

There is, however, a fundamental question still
to be considered. Is the operation of the laser a
result of quantum effects (an avalanche of photons
caused by stimulated emission ) or can the laser
be described completely in classical terms.
(Maxwell's equations for the field and Newton's
equations of motion for the medium?)

The laser is an example of a self-sustained
oscillator. Such devices are well known in elec-
tronics. The first of these devices for which a
theory wa, s developed was the triode oscillator. '
In that case, the energy required for sustaining
oscillations was provided by a battery. The non-
linear characteristics of the triode-battery sys-
tem served to provide a negative nonlinear resis-
tance which could drive an I--C circuit into a state
of sustained oscillations.

In this paper, a totally classical model of a laser
is investigated. The possibility of such a system
was first discussed by Gapanov. The model here
was independently suggested by one of the authors
in a later publication. ' It is shown that the essen-
tial features of laser action arise from nonlineari-
ties in the active medium and not from quantum
effects. The calculation closely parallels the
semiclassical theory of Ref. 1.

II. . MODEL FOR CALCULATION

The model to be used is similar to the one used

by Helmer and Lamb to describe the ammonia-
beam maser. An unpolarized beam of classical
molecules passes through a resonant radiation
cavity and interacts with the radiation field. The
induced polarization of the beam of molecules is
calculated from the dynamics on the interaction.
It is required that this polarization be the source
for the radiation field. The equa, tions for this
self-consistency requirement will be introduced in
Sec. III.

The following simplifying assumptions will also
be used: (i) The mechanical oscillators move with
a single constant velocity through the cavity in a
uniform one-dimensional beam perpendicular to
the electric field. (ii) Only one cavity mode is
considered and the spatial variation of its electric
field along the beam will be neglected. Loss in
the cavity is described by a phenomenological Q
factor. (iii) The mechanical oscillators are rep-
resented by a particle of mass m and charge e
vibrating in one dimension parallel to the electric
field in the cavity. (iv) Internal damping of the
mechanical oscillator is neglected. (v) The me-
chanical oscillators enter the cavity with a fixed in-
ternal energy but with random phase with respect
to the electric field. The geometry of the model is
shown in Fig. 1.

III. SELF-CONSISTENCY CONDITIONS

The following discussion, based on Maxwell's
equations, can be found in Ref. 1 in greater detail.
Only one mode of a high-Q electromagnetic resonantor
is considered. Let its frequency be 0 in the ab-
sence of an active medium. The electric field is
taken in the form

&(&, f) =A(t) U(~),

where U(z) satisfies the cavity-mode eigenvalue
problem. Maxwell's equations can be combined to
give

A + (v jeo) A + 0 A = —(I/co) P;
I' is the polarization of the medium, and g is a
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FIG. 1. Geometry of the classical laser. A one-dimensional beam of molecules moves through a resonant radiation
cavity with velocity v. The direction of internal oscillation of each oscillator (x axis) is parallel to the electric field.

fictional conductivity adjusted to give the required
damping of the radiation field in the cavity, i.e. ,

the cavity, and the entry time tp is replaced by

to= t —(z/v) . (8)

IV. POLARIZATION OF THE MEDIUM

Let the internal motion of the mechanical oscil-
lator in the presence of the cavity electric field
be x(to, 6o; t). The oscillator entered the cavity at
z = 0 at time tp with phase Hp with respect to the
electric field A(t). The oscilla. tors move with a
constant single velocity so that they are at z = v
&& (t —to) at time t. The dipole moment p of each
oscillator is

p(t„&„t) = ex(t„&„t) . (8)

The macroscopic polarization of the medium is
obtained by summing up contributions of individual
oscillators. For a collection of oscillators that
entered the cavity with phases between Hp and Hp

+dHp around time tp, the contribution to the macro-
scopic polarization dP(ao; z, t) (dipole moment/
unit length) is

dP(&„e, t) =Np(t„e„ t)d8, /2v,

where N= the number of molecules/unit length in

o = eov/Q ~

Further assume that the electric field and polari-
zation can be taken in the slowly varying amplitude
and phase approximation

A(t) = E(t) cos. [vt+ y(t)], (4a)

P(t) = C(t) cos[vt+ cp(t)] +S(t) sin[vt+ qr(t)], (4b)

where v is a constant frequency yet to be deter-
mined. Inserting (4a) and (4b) into Eq. (2) and

neglecting small terms in E, etc. , the following
self-consistency equations are obtained:

&= —2(v/0) & —2(v/&o) S,

(v+ j& —0) E = —
2 (v/co) C.

Summing the contributions from all initial phases
ep gives

P(z, t)=(X/2v) f, d8, p(t„r„t).
The component of the polarization which is the

source of the cavity radiation is found by projecting
P on the uniform cavity mode. Thus,

P(t)=(1/1.) f, dzP(z, t), (10)

where L is the length of the cavity.

V. LINEAR OSCILLATOR

The equation of motion of a linear oscillator of
frequency ~ in the presence of the assumed cavity
field is

x+ &u x = (eE/m) cos(vt) .
The amplitude E and phase fthm)

have been assumed to
be constant in Eq. (11) since the time spent by the
oscillators in the cavity is assumed to be short
compared to the time required for appreciable
change in E and y. The phase y has been set equal
to zero. The phase of the oscillator is then mea-
sured relative to that of the cavity field.

The solution of Eq. (11) subject to the initial
conditions x(to) = x(to) = 0 for the driven part is

x(t) =Aocos[(u(t —to)+ 8O)+—((u2 —vi) '

x
~

cos(vt) — cos [&@(t—to) + vto]
r ((d + v)

2'
(~ —v) cos[(o(t —to) —vto] . (12)

2(d

From Eqs. (7) and (8), the polarization of a col-
lection of oscillators with initial phase Hp ls
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N eE
d&(&o; z, t) =—e cocos[(~ —v)t —~to+ oo ] +-

'll'

(& —v)z tx ((d —v ) 1 —cos
i
cos(vt)

v j
N eEx—e —Rosin[((u —v)t —unto+ &o] +-
2m m

x (eo —vo) ~ sin sin(vt), (13)
((o —v)z

V

where nonresonant terms have been neglected.
Equations (9) and (10) give

Ne E
~

~ ~~ ~ sin[(w —v)&l)
m T((u —v)

~e Er o o, g sin [2(e —v)T]

The power absorbed by the oscillator is

= F(t)x (t), (i9)

where F(t) is the force on the oscillator. Using
(11), (19) becomes

d W(t) (eE)'= (,'~eE-A, ) sin(- ~to + ~o) + (t —to) (20)
4m

where high-frequency 2' terms have been neglected.
The oscillators that are initially phased to gain
energy from the electric field will do so for all
times. The others initially lose energy, but even-
tually gain. The average of (20) over the injection
phase Hp is positive definite which corresponds to
the result derived earlier for the entire ensemble.

where
(14)

is the time spent by a molecule in the cavity.
Comparing (14) with (4b), and letting v be close to
resonance, the coefficients C and 8 can be deter-
mined:

N EC= (ar —v) T 'ILT(&u —v) —sin[(~ —v)T]],
2@iV

(16a)

VI. NONLINEAR OSCILLATOR

The frequency of oscillation in the case of a non-
linear or anharmonic oscillator is amplitude depen-
dent. Consider the situation where such an oscil-
lator is introduced into the resonant cavity at an
amplitude corresponding to a frequency slightly
lower than the cavity frequency (see Fig. 2). As
in the case of the harmonic oscillator, upon enter-
ing the cavity some oscillators will gain energy

Ke E 1/T . o[i( )mv ~ —v)
(16b)

The amplitude equation (5a) gives the following re-
sult for the cavity field:

v Ne»n [2(&u —v) T]
2Q corn T(u) —v)

'
Equation (lV) shows that an injected stream of

randomly phased harmonic oscillators will always
increase the damping of the field in the cavity.
Steady-state oscillations cannot be achieved with
such a medium. The familiar result that a ran-
domly phased linear oscillator can only absorb en-
ergy from an electric field has been rederived.

If the phases of the oscillators before entering
the cavity had been properly correlated to the elec-
tric field, 8 as calculated from (13) with a constant
Hp could have been negative for suitable transit
times T. That is equivalent to coupling a signal
generator to the resonant cavity. The problem
under consideration, however, is to construct a
model for a generator.

In order to see more clearly why the harmonic
oscillator will not sustain oscillations in the radia-
tion field, evaluate (12) for x(t) at resonance
((u = v):

x(t) =Ao cos [~(t —to) + go]+ (eE/2m~)(t —to) sin(&ut) .
(is)

V(x)

FIG. 2, Anharmonic-oscillator potential. The fre-
quency of'oscillation is amplitude dependent. The oscil-
lators are injected into the cavity with amplitude Ao and
corresponding frequency p, = p, (AO). This gives an energy
slightly higher than if they were oscillating at the cavity
electric field frequency p &p, . Depending on the initial
phase, some oscillators gain energy from the field and
move away from resonance while others lose energy and
move toward resonance with the electric field.
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from the field and some will lose, depending on the
phase. As any oscillator gains energy it gradually
goes out of resonance with the electric field in the
cavity since the frequency is amplitude dependent.
The energy absorption is thus severely limited in
comparison with the linear oscillator.

Those oscillators that initially lose energy come
closer to resonance with the driving field (and may
even pass through resonance) and could lose a sub-
stantial amount of energy before rephasing or being
removed from the cavity. Under certain conditions
a net loss of energy to the cavity field is therefore
possible.

This rough description gives some motivation
for investigating a nonlinear oscillator as a medium
for laser action.

The model for a classical nonlinear oscillator
will be the familiar but nontrivial case of a simple
pendulum of mass m, length a, and charge e. The
equation of motion is

x+a &a sin(x/a) = (eE/m) cos(vt), (21)

where ~ denotes the small amplitude resonant
frequency. Using the series expansion of sin(x/a)
to third order, (21) becomes

x+ (u'[x —'—, (x'/a')] = (eE/m) cos(vt), (22)

which is known as Duffing's equation. There is
extensive literature on the problem. There are
subharmonic solutions, stable and unstable oscilla-
tions, and jump phenomena. ' The following treat-
ment corresponds most closely to that of Bogoliubov
and Mitropolsky. Assume a solution with slowly
varying amplitude and phase which can be expressed
as a Fourier series in odd harmonics of the driving
frequency v. Let

x(t) = ~Bz„+,(t) cos[(2n+1)vt+6z~, (t)],
n=o

(23)

where the amplitudes B2„,|and phases 62 |are
slowly varying in comparison with cos(vt). Only
the component of the polarization varying at the
fundamental frequency v is of interest in this prob-
lem. Since numerical analysis has shown that the
most significant elements of the motion vary at
this frequency, (23) is replaced by

x(t) =B(t) cos[vt+6(t)]. (24)

coB2

6 = ((d —v) —
g

— B cos6,l6a 2m&
(25b)

Inserting (24) into (22), equating coefficients of
cos(vt+6) and sin(vt+6)1 and neglecting terms in
B, B, 6, 6, B6 (slowly varying amplitude and
phase approximation) yields two coupled first-order
differential equations for B(t) and 6(t):

B = —(eE/2m&v) sin6,

where I &u —v l«u&. Equations (25) can be rewritten
in terms of a dimensionless force parameter

G = (eE/2mau) ),

dimensionless variables

A =B/Q

for amplitude, and

for time as

(26a)

(26b)

(26c)

dA —G sln6 ~d7

d6 y 2 G—= &-—A -- cos6
d7' A

where

a = ((u —v)/(u .
When G=O the solutions of (27) are

A(v) =AD= Bo/a,

6(7 ) = b r —(~ss A o)v+ 60

so that the motion of the oscillator is

(27b)

(26)

(26a)

(26b)

x(t) =Bocos[(u(1 —iqAO) t+60]. (29)

The familiar ~620 correction to the frequency of a
simple pendulum is confirmed by this analysis.

Some of the properties of the solutions of Eqs.
(27) can be found by investigating the stationary
points. These occur when dA/d7 = 0 and d6/d&=0
giving stationary solutions

6=n7 for n= +1, t 2, +3, . . . (30a.)

and A determined as a root of the cubic equation

A[A —,~A~] —(-1)"G=O for ~=el, +2, . . . .
(30b)

Without loss of generality, consider only the so-
lutions with A &0. Figures 3(a) and 3(b) show the
solutions of (31b) for ~ &0 and n &0, respectively.
For b, &0, Fig. 3(a), there are three possible
stationary points: a and b with 6 =0, 27t, . . . , and
c with 6=~, 3m, . . . . By linearizing Eqs. (27) about
these points, a and c are found to give stable solu-
tions and 5 to give an unstable solution. When
G & ( —,a)'~ [G2 in Fig. 3(a)], a and 5 disappear
leaving e as the only possible stationary solution.
When b, &0, Fig. 3(b), only one stationary is found
with the same stability as point c in Fig. 3(a).

Equations (27) have been solved numerically on
an IBM 7094 computer using a predictor-corrector
method. '~ Figures 4(a) -4(c) exhibit the solutions
in a phase diagram where 6(t) is plotted as a func-
tion of A(t). The relationship between the amplitude
and phase of the oscillator can be used to determine
some important qualitative aspects of the motion
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(a)

O~ +27r

8 = +v, +37t

C -6 = +7r, +3p

(b)

& (
4 &)'~a, while in Fig. 4(c) 6 &0. In each of the

latter two cases only the one stable point c is found.
Figures 5 show the time evolution of a collection

of Duffing oscillators which enter the radiation
cavity at a fixed amplitude Ap= 0. 32 but with ran-
dom phase. The amplitude A is an indicator of the
energy of the oscillator [i.e. , energy=(d2a (—,A2
—24A )]. The rough description of the nonlinear
oscillator given at the beginning of this section can
be made more explicit by examining Fig. 5. When
the oscillators have been in the cavity for a time
~t = 300 the ones with initial phase greater than p

are increasing in amplitude while those with initial
phase less than ~ are decreasing in amplitude. By
(ot = 900 [see Fig. 5(d)] most of the oscillators have
lost energy. 'Ihose oscillators that initially gained
energy have "rephased" so as to lose energy.
Those oscillators that initially lost energy have not
yet returned to their original amplitude. If the
oscillators are removed from the cavity at such a
time, a net transfer of energy to the cavity radia-
tion field can be expected. Therefore, a beam of
nonlinear molecules injected with a suitable energy
and removed from the cavity at the proper time
could produce laser action.

Section VII treats Eqs. (25) to first order in the
driving field. That analysis will find a threshold
condition for the onset of laser oscillations and
frequency-pulling effects.

VII. WEAK-SIGNAL THEORY

To first order in the force parameter G, the
amplitude and phase of the Duffing oscillator are

Gl 6 = +7r, +3m
A =A' '+GA' '

6=8' '+GH'

(31a)

(3lb)

Using (31) in the differential equations (2V) gives

dA (o)
-=0, (32a)

= —sine' ', (32b)

(o)
dH ~ g A(p)p (32c)

FIG. 3. (a) Plot of A(A-l6A ) for A&0. The inter-
sections of this curve with horizontal straight lines of
ordinates )G~)& (TD) ~ give stationary points a, b, c.
The intersection with —G2, IGql &(3 4) gives only
stationary point c. (b) Plot of A(D-~&A ) for 4&0. The
intersection with horizontal line of ordinate —G& gives
only one stationary point c.

do"' 1P'A( ' — cos8'o'
d7 A"'

with solutions

A"' =Ao= const,

g(o) =(P, —v)(f —fo)+eo,

(32d)

under the influence of a driving field.
In Fig. 4(a), »0 and G & ( 34 a)' 2. The stability

properties of the stationary points a, b, c are easily
seen. Figure 4(b) corresponds to 6&0 and G

A (t) = [(o/(it —v) ](cos[(tL —v)(f —fo) + eo] —cos8()],
(33c)

(y) (d Ap cosH()2 Ao
2

0 to 1+ ——
8(p. —v) Av(V —v) 8(V, —v) )
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where

&&(sin[(p. —v)(t —to) + 80] —singo], (33d)

v = ~(1 — I6AO) (34)

00 0.25 0.50

is the free oscillation frequency of the injected os-
cillator.

Using Eq. (9) the polarization of a collection of
oscillators with initial phase 00 is

dI (g„e, t) = (N/2 ) ex(t —z/v, g„t)dg,

= (Ne/2~)A[cosg cos(vt) —sing sin(vg)] dg .
(35)

Identifying the coefficients of sin (vt) and (vt) gives

2 77

dC(80; e, t) = (Ne/2~)A cosgdgo,

dS (80; z, t) = —(Ne/2~) A sing dgo .
(36a)

8

0

~27K

0.00 0.25 0.50

(c)

The first-order contribution to C and S can now be
found by using the solutions (33)

dC' '(80,' z, i) = (Ne/2~) [Ao cosg' '+ G(A "' cosg'0'

-A 8"' sing' ')]d8, (37a)

dS"'(8, ;z, t) = —(Ne/2~) [Aosing' '+G(A' ' sing&0)

+Aog"' cosg"')] dg . (37b)

Averaging Eqs. (3V) according to the prescription
of Eqs. (9) and (10) gives

&» &oNeaG
( )

(&() —p, ) + («) —v)

(I& —v)' T(p - v)

+(w —p)cos((u, —v)T]), ($Ba)

S"'=, (~ —p) sin[(v —p. )T ](l&- v)'

&I( -v)+( + )]„„s((„ ii)T(g]) (ssb)
T(v —p, )

In the limit of a linear oscillator, e= p, , and Eqs.
(38) are identical to (16).

Using (38b) in the electric-field-amplitude equa-
tion (5a), the conditions necessary for the onset of
laser oscillations can be determined. At steady
state, E=O and

—2'
0 ~ 00 0.25 0.50 1

¹ 4(g sin [—,(v —]j.)T]
q 2m(ufo T(v —p. )

~ (v —]«)

FIG. 4. (a) Duffing phase plot with G = 10 4 and 4
=4.625 x10 3. Solutions of Eqs. (27) where 0 is plotted
as a function of A with 6 &0 and G & (y A)3~~. The station-
ary points a and c are stable while point b is unstable.
(b) Duffing phase plot with G=6.0 x10 and 6=4.625 x10
Solution of Kqs. (27) where 0 is plotted as a function of
A for 6&0 and G +(3 +3~ . The only stationary point is
c. (c) Duffing phase plot for G =10 4 and 4= —10 3. So-
lution of Eqs. (27) where 0 is plotted as a function of A
for 4&0. The only stationary point is c.

d = ((v «) = riAo (40)

is a measure of the initial excitation of the oscilla-
tor.

For a given cavity transit time T =L/v, the
self-consistency condition (39) can be satisfied

—2sin (-', ( —ii)T] —Tdsin((v —p. )r]), (M)

where
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0.00
~ a I a ~ a ~ I l I a a ~ a

0.25 0.50
0-'
0.00 0.25 0.50

0 '
a a

0.00 0.25 0.50

FIG. 5. Time evolution of Duffing oscillators. Solutions of Eqs. (27). 0 (modulo 2') is plotted as functions of A

stopped at times &i= 0, 300, 600, 900, 1200, 1500. 15 oscillators start atequally spaced initial phases between 0 and 27) with

amplitude AD=0. 32 and G=4. 0 x10 and 6=3 x10

within finite frequency bands. If the right-hand
side of Eq. (39) is positive, then N and Q can be
adjusted to give threshold. Figure 6 shows a plot
of the large round bracketed expression on the right-
hand side of (39) as a function of v, „&v & (2~/T) + p, , (44)

nance v = ~ (frequency for small amplitude oscilla-
tions). The frequency band to be considered is
then

0 = z(v —p)T (4l)
where

for various values of the parameter Td. The do-
mains where the right-hand side of (39) is positive
occur when

nv& g & tt'„,

nv & g & g„, - (42)

where a=1, 2, 3, . . . . The angles It)'„and Ip„are
solutions of the transcendental equation

tan(q) = (Td)p/(Td -q) . (43)

For the remainder of this payer, only the region
~ & g & $i will be considered. This corresponds to
the widest frequency band which gives a self-con-
sistent solution and is closest to the linear reso-

.= V+24i/T ~

Figure 7 shows a plot of the width of the above
region as a function of transit time in the cavity.
There is a linear variation for short transit times
and I/T dependence for long exposures, Figure 8

is a plot of v,„as a function of transit time. For
this frequency band, v,„ is always greater than p, .
Shorter transit times require that the Buffing os-
cillators be sent through a cavity tuned to a higher
frequency. As the transit time increases, the
driving frequency must be proportionally decreased
so that the oscillators do not begin to absorb energy.

Inserting (39a) into the "frequency-determining"
equation (5b) at steady state gives

(v —0) =—,(& —v)—v Ne' d+ ((o —v)

2e, 2m(v —p, )' T(v —p)
sicl( —C)T|+dccsl( —C)TI) (45)

'Using N at threshold in (45) gives

(v T/2q) ((~ —v) —([d + (&u —v)']/T(v —p)] sin[(v —p) T ]+d cos[(v —u) T l)
—2([d + ((u —v) ]/T(v —j)]sin'[-'(v —iu) T]+ Td sin[(v —p) T]

(46)
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102 FIG. 7. The dirnensionless width of
the first frequency band of laser oscil-
lations (v~„—vm&„)/cu is plotted as a
function of the dimensionless transit
tirn. e ~T in the cavity.

10

200 400 600 800 1000 1200 1400

v sin[(v-w)r1
)2heo (v —(u)' T

(5o)

where p is the dipole matrix element for the radia-
tive transition. The similarity between Eqs. (39)
and (49) and (45) and (50) should be noted. 's The
second sin term in the expression for the Duffing
oscillator (39) is always negative. That term is
exactly the same as the total expression for the
linear oscillator, Eq. (16). The other two terms
in (39) combine to make the expression positive
under certain conditions. They are both propor-
tional to d = (v —p. ) which is a measure of the non-
linearity of the oscillator.

IX. STRONG-SIGNAL THEORY

It has been seen that, at least for small signals,
a completely classical system provides a reason-
able model for laser action. An unpolarized beam
of anharmonic oscillators of fairly high amplitude
is injected into a radiation cavity, and the condi-
tions for the buildup of laser oscillations are not
very different from those of a simple quantum-
mechanical model.

The nonlinearities of the system play an essential
role in that they provide for a coupling between the

amplitude and phase of the mechanical oscillator
in the presence of an electric field. This coupling,
not present in the linear oscillator, allows the
phases to readjust giving the medium a net active
polarization.

The next problem is to determine the intensity
and frequency of the classical laser. Ideally, the
perturbation expansion in the dimensionless param-
eter G could be continued to high orders. Unfor-
tuantely, the amount of algebra involved is enor-
mous. Using a computer, however, it was rela-
tively easy to use numerical methods to calculate
the polarization of an ensemble of Buffing oscil-
lators.

The technique employed was to solve Eqs. (27)
simultaneously with the same initial amplitude A0
for a set of equally spaced initial phases between
0 and 2m. The phase averages, Eq. (9), of Sand
C were found using Simpson's rule at each time.
Since the molecules move at uniform velocity, the
mode projection of Eq. (10) is just the time aver-
age. In terms of the numerical procedure this
time average is just the cumulative sum for pre-
vious times divided by the total elapsed time. For
small amplitudes, these coarse phase and time
averages are in excellent agreement with the first-
order theory.
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FIG. 8. The minimum frequency of laser oscillations vmfn is plotted as a function of the dimensionless transit time
for the first band. For large T, vm&„- p.

Figure 10 is a plot of —S as a function of G for
various values of a= (ur —v)/v with &uT= 800.
Figure 11 shows a plot of —C as a function of G.
The amplitude equation at steady state (E= 0)
gives

E/Q = (G/Q)(2m&v a/e) = —(1/Eo)S(G) . (51)

The intersection of a straight line through the ori-
gin in Fig. 10 with slope (1/Q)(2m&uva/e) with any
one of the —8 curves will give an operating point
of the laser. Figure 12 is a plot of a set of such
intersection points showing F. Bs a function of p-p,
for several values of Q. Thus, the theory has
given the intensity as a function of v —p. .

Figure 10 shows the characteristic behavior of
saturation phenomena; —8 increases linearly for
small amplitudes and then curves back downward
for larger values of the electric field. The gain
(- S) becomes negative at very high amplitudes.

From the values of the electric field obtained for
the operating points and the numerical values of
C(E), the frequency of the laser can be determined.
Figure (13) is a plot of C(E)/E as a function of
(v —p, ) for different values of Q. The form
C' '(E)/E of Fig. 9(a) is also included to show the
pulling is apparently linear.

Section X will show that the classical-laser

theory can be applied to a physical problem of the
electron-cyclotron maser.

X. ELECTRON&YCLOTRON MASER

The electron-cyclotron maser' is an example of
a real physical system for which the classical-
laser theory is applicable. This oscillator uses a
system of energetic free electrons in a dc magnetic
field (H ) which undergo radiative transitions in a
microwave cavity. In quantum-mechanical terms,
the transitions are induced between adjacent Landau
levels se„where

w„= mc'I [1+2(n+ ,')h(u/mc-'j'" —1j
with

&u = eH, /mc (cyclotron frequency). (58)

For slightly relativistic electrons (- 5 keV) and
for typical laboratory magnetic fields (H, 2000 G)-
the relevant quantum numbers are of the order of
10 (i.e. , 10 h&u = 5 keV). A classical treatment
of this problem should be used for such high quan-
tum numbers.

Consider electrons moving in a uniform magnetic
field EI, in a rectangular microwave cavity. Assume
a TE mode in the cavity with the dc magnetic field
H, perpendicular to the electric field. Neglect the
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mT = 800

d =64 x l03
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td7 =200

d=6.4x10 3

FIG. 9. {a) Frequency pulling.
A plot of Eq. {46) as a function of
v for vT= 800. Intersection with
the straight line {p —0) gives the
operating las er frequency. The
quantity (vj2Q)(C "/8" ~} is an ab-
breviated form of the right-hand
side of Eq. {46). {b) Frequency
pulling. A plot of Eq. {46) as a
function of v for ~T=200. In this
case the laser frequency is double
valued. The stability properties
of these oscillations are yet to be
determined.
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g = 1.0
a=52

h =- 5.2

FIC. 10. -S plotted as a function of G for strong sig-
nals for various values of 4'=10 4 with cuT=800. Inter-
section of the curves with the straight line —S= (2m+ a/
8) (G/Q) will give the laser operating points as a function
of D.

transverse spatial variations of the cavity mode
and the rf magnetic fields. Also, assume that
most of the electronic energy is in its transverse
motion (i.e. , i, j» s).

The equations of motion of an electron with

FIG. 11. —C plotted as a function of G for strong
signals for various values of 6'=10 4 for coT=800.

charge e and mass m injected into a cavity accord-
ing to the above scheme are

d eH, ~

y — y=

eH, ~—ymj ~+
' x=eZ, ,

C

5.00

Q=3Q0

2.50—

FIG. 12. Laser intensity I as a func-
tion of (v-p) for various values of Q.

0.00
0.20 0.40 0.60 0.80
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( /pq) ((,(~)/g( ))
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FIG. 13. Plots of C{E)/E as a function of v for strong signals and various values of Q. Intersection with the straight
line (v —0) gives the laser frequency. The dashed curve shows C(E)/E of Eq. (46) in the first-order theory for compari-
son,

where

(
'2 '

2)/ 2j -ii2 (56)

As in the case of the Duffing oscillator, let E„
=E cos(vt) and 1st E, =0. Integrating (55) gives

8

y = —eH.x/ymc.

Substituting (57) into (54) gives

d ( i e'H', x—
(

ymx ~+ ', = eZcos(vt).
dt I, ) @me

Assume the following solutions for x(t) and y(t)
for single-mode operation:

x(t) = r(t) cos[vt+ e(t)i,

y(t) = —r(t) sinl vt+ 8 (t) j,
(59)

y =1+r'v'/2c',

y= r rva/c'.

(60)

(61)

Using (59)-(61) in (56) the following first-order
differential equations for r(t) and 8(t) are obtained:

r' = —G(1 —r '(u'/c') sine, (62)

where r(t) is the radius of the orbit of the electron,
and r(t) and 8(t) are taken in the slowly varying
amplitude and phase approximation. Neglecting
terms in r, r, re, 8, and for slightly relativistic
electrons we: find that

8 = (d —v —r (d /2c —Gr cose, (63)

where G=(eZ/2m&v) and I ~ —VI «~. Since r &u /
c is small compared to unity in (57), (62) and (63)
are identical to the Eqs. (25) for A and 8 in the
Duffing problem:

& = —G sin8,

8 = ~ —v —r (d /2c —Gr cose .2 3 a -a

(64)

(65)

The electron-cyclotron maser can therefore be
treated using the theory given in Sec. IX.

XI. SUMMARY

A totally classical model of a laser has been
treated, in which no mention has been made of
photons or stimulated emission. A beam of ran-
domly phased classical anharmonic oscillators
passes through a resonant cavity and gives up en-
ergy to the radiation field. Nonlinearities in the
medium are essential for producing self-sustained
oscillations. A medium consisting of randomly
phased harmonic oscillators (linear medium) can
only absorb energy from the radiation field.

This model has been used to calculate the inten-
sity and frequency of the resulting laser. The
theory can be applied to Hirschfield's electron-
cyclotron maser since extremely high quantum
numbers are involved.
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A theoretical model for the pressure dependence of the intensity of a gas laser is presented
in which only velocity-changing collisions with foreign-gas atoms are included. This is a
special case where the phase shifts are the same for the two atomic-laser levels or are so
small that deflections are the dominant effect of collisions. A collision model for hard-sphere
repulsive interactions is derived and the collision parameters, persistence of velocity and
collision frequency, are assumed to be independent of velocity. The collision theory is applied
to a third-order expansion of the polarization in powers of the cavity electric field (weak-signal
theory). The resulting expression for the intensity shows strong pressure dependence. The
collisions reduce the amount of saturation and the laser intensity increases with pressure in a
characteristic fashion. It is recommended that the best way to look for this effect is to make
the measurements under conditions of constant relative excitation.

I. INTRODUCTION

The radiation emitted by an atomic system can
be significantly affected by collisions with neigh-
boring atoms. The parameters which determine
the shape of a spectral line (atomic energy-level
separation, decay rate, velocity) fluctuate due to
random collisions during the radiative lifetime of
the atomic system. There is an extensive liter-

ature on the effects of collisions on the shape of
spectral lines covering about 70 years. A recent
paper' gives a comprehensive list of references on
this subject.

In a previous publication (I) a model for a laser
oscillator was presented in which the active atoms
undergo collisions during their lifetimes. The re-
sult was a theoretical expression for the pressure
dependence of the intensity of the laser in satisfac-


