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from electron 2. The matrix element in Eq. (3. 29)
then takes the form

8(2&0 @+1) (~2@(rl)+g (rf) ~ ' [2 +f(+$ rg)

( g'(rg), (& ~ g)(&g I) rj(r, ))

= r, f l,"(r,)*cose, [cosycosS,

We have

(rj'(r, ), (Zi, r, )' r', (r, ))

=r'siny/5v 2 .

This then leads to

+ siny sine, cosy, ] ro(r, ) dr,

(c5)

= r', f l,"(r,)* [cosycose,

+ sinycos&, cosy f] r$(r$) dr)

g(2@0-2p, &)
= (3/v 2) siny[cos y ——', ]

=- (v 2/5) r2 cosysiny, (c4) which is equivalent to Eq. (3. 3P).
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The conventional formula determining x-ray production cross sections from thick-target
yields has to be corrected for the effects of energy-loss straggling, x rays from recoil atoms, and
nonstraight ion trajectories when heavy (keV and low MeV) ions are used as projectiles. The
first two corrections are evaluated in this paper for the case where the last is small (negli-
gible absorption). Carbon K x-ray cross sections are deduced from published yield data.
Large corrections, up to one order of magnitude, are found.

I. INTRODUCI'ION

When heavy ions slow down in gaseous or solid
targets inner-shell excitations are created in vio-
lent collisions even at velocities v & e /a. Char-
acteristic x-ray production cross sections o.„of the
order of up to almost 10 b have been reported. '

As a function of ion energy E, the reported cross

sections rise steeply from a rather well-defined
threshold energy ' U. At higher energies, O.„ in-
creases more slowly with energy. Eventually, a
dropoff of O„at still higher energies must be ex-
pected, similar to the case of light ions at veloc-
ities' v» e'/@.

Experimentally, cross sections were determined
either directly, in gas targets under single-collision
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conditions, or indirectly, on thick solid targets
where the ion beam is stopped completely. It is
of particular interest to compare x-ray production
cross sections from ions slowing down in gaseous
and solid targets of the same element. Precise
determination of the cross section from a thick-
target yield is, therefore, of considerable impor-
tance. In the present communication we are con-
cerned with this latter problem. Care ha, s to be
taken of the slowing-down characteristics of the
ion beam, the absorption of x rays in the target,
and the possible contribution to the x-ray yield of
secondary collisions undergone by recoiling atoms.
In addition, the assignment of the obtained cross
section to any particular charge state of the moving
ions must be taken with caution.

The evaluation of existing data, ' * '7 has been
based on the following formula, derived for fast
protons:

o,(E) = S(E) + —I(E),dI(E) p,
(1)

where E is the initial ion energy, I(E) the observed
thick-target yield, S(E) the stopping cross section
of the ion, R the density of target atoms, and p. the
absorption coefficient of the characteristic x rays.
In order that Eq. (1) be valid, the following as-
sumptions must be fulfilled: (i) The ions slow down
along straight trajectories. (ii) There is a unique
relation of energy vs depth. (iii) Recoil atoms do
not produce x rays in subsequent collisions. (iv)
There is a unique charge state of the ion as a func-
tion of energy, and a„(E) is the cross section cor-
responding to that charge state. The significance
of these four assumptions depends on the ion-target
combination, the ion energy, and the particular
transition considered.

At sufficiently low ion energy, and in particular
for low mass ratio M, /Mg (Mg =ion mass, M, = tar-
get mass), ion penetration depths are small enough
for the absorption term in Eq. (1) to be unimpor-
tant. Then assumption (i) reduces to the require-
ment that no appreciable fraction of the ions is
backscattered. Backscattering coefficients have
been shown to be small except for Mz/M, » 1.

Assumption (ii) cannot be fulfilled rigorously be-
cause of energy-loss straggling. In view of the
strong energy dependence of o„(E), an excess en-
ergy (at any particular depth) will give a pronounced
increase in the x-ray yield, which will not be com-
pensated by the corresponding decrease due to those
ions that have less than average energy (at the
same depth).

Assumption (iii) is of interest only when target
x rays are observed. Its importance is determined
by first of all the relative significance of nuclear
as compared to electronic stopping. We shall dem-
onstrate that the correction to Eq. (1) due to re-
coil atoms may be exceedingly large. In some

cases (e. g. , Kr-C), Eq. (1) may overestimate a„
by an order of magnitude or more. As a qualitative
argument, we note that heavy ions slowing down in
light targets can create recoil atoms with velocities
up to almost twice as large as that of the ion. The
energy of heavy ions is spent predominantly in
creating recoil atoms, even in the upper keV re-
gion, while light atoms lose a substantial part of
their energy in electronic excitation, even in the
lower keV region. Hence, a.lthough the cross
section for inner-shell excitations need not follow
quantitatively the total electronic stopping cross
section (because of the threshold nature of x-ray
emission), recoil x rays cannot in general be ruled
out beforehand as a significant contribution.

Assumption (iv) is doubtful when the x-ray pro-
duction cross section depends sensitively on the
charge state since we normally deal with a distri-
bution of charge states of ions slowing down in
solids. Then, a„(E) as determined from Eq. (1)
is to be understood as an average over different
charge states. This average need not necessarily
be taken over the equilibrium distribution of charge
states. Especially near threshold, most x rays
may be produced before equilibrium is established.
Bombardment experiments near threshold at dif-
ferent ionic charges are of interest to test this
latter point.

II. BASIC EQUATION

In the present communication we restrict our at-
tention to the case M2/Mq S 1, where ion backscat-
tering is negligible, "and penetration depths R~(E)
are small except at very high energies, ' i.e. ,

lJ.R~(E) «1 .

In the case of observed target x rays, it is note-
worthy that also the loss of recoil energy through
the surface is small. " Then, I(E) is the average
number of x-ray quanta (of a particular transition)
created during the slowing down of an ion from
energy E to zero in an infinite medium. I(E) is
connected to the x-ray production cross section for
ion-target collisions o„(E) by an integrodifferential
equation typical for cumulative radiation effects

da [I(E) -I(E —T)]+S,(E)
dI(E)

o4(T), (3)

where dc=do(E, T) is the differential cross section
for an elastic collision with the energy transfer T,
S,(E) the electronic stopping cross section of the
ion, and Iz(T) the average production of x rays by
a recoil atom of energy T. The influence of the
charge state on der and S,(E) is assumed to be small,
and o„(E), as above, is understood as an average
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Ig(T) =—0 . (4)

(ii) Equation (3) stands as it is when target x rays
are observed. (iii) In the special case of self-
bomba. rdment (e.g. , Cu'- Cu), we have

cross section over the distribution of charge states.
Equation (3) implies, in addition to Eq. (2) being

valid, that (a) slowing down is by random colli-
sions, (b) electronic and nuclear collisions are de-
coupled, and (c) the lifetime of an inner-shell ex-
cited state is short as compared to the time interval
between two comparable excitations.

Assumption (a) is mainly a, matter of geometry.
Pronounced channeling effects have been observed
on single crystals when (a) was not fulfilled. ' '"

Assumption (b) appears at odds in the present
context, at least at first sight. We note, however,
that the assumption is needed only to determine the
sloshing-doun behavior rather than the x-say pro-
duction cross section. It is well known from the
theory of ion ranges and energy deposition '" that
assumption (b) can be well justified since the con-
tribution of close collisions to electronic stopping
is relatively small.

Assumption (c) is worth while mentioning since
nonlinear terms in I(E) would enter in Eq. (3) if (c)
were not fulfilled, just as in hot-atom chemistry.
X-ray and, more important, Auger lifetimes are
short enough to ensure validity of assumption (c).'

Three special cases of Eq. (3) are of interest:
(i) When only ion x rays are measured, we have

da=CE T dT, 0&m & 1 .
The integral then reads

(6)

fd(rI„(T) =IRp C(EU*„) "Bg U+~a ~(P„+l~ m —P~),
(9)

where B~(x, y) is the incomplete beta function"
and T is the maximum energy transfer. rn and C
should be chosen in accordance with the ion ener-

The discussion of the integral on the left-hand
side of Eq. (3) will be done in two parts.

A. Initial Energy Well above Threshold

Provided that E is large compared to the thresh-
old U* of the I(E) function, we can neglect threshold
effects in the integrations on the left-hand side of
Eq. (3). Expanding in powers of T, the left-hand
side reads

In many cases the experimental I(E) curves can
be fitted to the expression

I(Z) = I,(Z/U* —1)

with P - 2 (Table I). The same interpolation formula
can be used for I„(E), with parameters I~p, Uz, and
&z

The recoil term on the right-hand side of Eq. (3)
is normally made up of contributions from a rather
limited T interval. It is then sufficiently accurate
in the evaluation to use the cross section'

I,(E) = I(Z) . - (6)
d IE

[S„(E)+S,(E)] + —' W(E) + ~ ~ ~ (10)

(s„(z)+s,(z)] dz -o„(z),dI(z)
(6)

where S„(E)= f T der is the nuclear stopping cross
section. Equation (6) is identical with Eq. (1) for
p, =0 Isee Eq. (2)J.

The case of non-negligible absorption and/or
backscattering is more involved, since it requires
integral equations of the type discussed in Ref. 17,
containing spatial coordinates.

III. EVALUATION

Although Eq. (3) could be solved for I(E) when

I&, da, and S, are known, the most common situa-
tion will be that I(E) is known, and a„(E) is to be
determined, da and S, being given more or less ac-
curately. o„(E) can then be evaluated by numerical
integration. Analytical approximation formulas
are desirable, though. We note that if tm"get x
rays are measured, the recoil term In(E) must be
known, preferably from experiment.

If we first assume continuous slowing-down, i.e. ,
expand the integral on the left-hand side of Eq. (3)
up to the first term in T, and, secondly, neglect the
recoil term on the right-hand side, we obtain

where

W(z)= f T'd~.

Higher terms include the subsequent moments of
do. From Eq. (7) one concludes that for E» U~,
and P = 2, the third derivative of I(E) will be small,
and the truncated expansion (10) sufficiently ac-
curate. In the case of very different masses, the
series (10) converges rapidly, just because

T& T =yE«E,

4M(M2
(M, +~,)' (12a)

B. Initial Energy near Threshold

In the energy interval

U*» E' U*/(1 —r) (13)

Tabulations of S„(E) and W(E) for the Thomas-
Fermi interaction can be found in Ref. 18, together
with simple formulas which are useful when another
screened Coulomb interaction should be adopted.
For S, (E), one can use ana. lytical predictions ' or,
preferably, experimental values.
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TABLE I. Parameters I', U, and Ip giving best fit of
Eq. {7) to experimental I(E) curves.

10-20
I I I I I I I I II I I I I I I I II

Kr ~C

Incident ion U (kev) 10 Ip max(keV)

C
N

0
Ne

Ar
Kr
Xe

12
13
14
15
18
25
20

1.756
1.988
2.410
2.469
2. 262
2.429
3.463

7.134
3.081
1.000
0.2250
3.003
0.3458
0.01916

200
100
100
120
200
&80
&80

10-21

1p "22

1p 23

E)

(E)-

E) =

the expansion (10) is not rigorous as it stands al-
though it is expected to be reasonably accurate ex-
cept for E very close to U*. The good accuracy
is due to the fact that mostly small values of T
contribute to the integral. It can be evaluated ex-
actly if Eqs. (7) and (8) are va, lid. We then obtain

J dTT [f(E) f(E —T)—]= (I/m) CE ' I(E)

x [~B(l -m, ~)(1 —U*IE) "-)'™j I (14)

where B(x, y) is the complete beta function. 's

Equation (14) is useful when the threshold value U

of v„(E) has to be found.

IV. EXAMPLES

1p-20f I I I
f

I ltlf I
" I I I I ] TITTI T T T 'f TT'I'Tg I T I ] TITTf

1p-21 —.

N C O~C Ne C

1p-2 2:
lJ

I—

1p"23,.

K(E) K~IE

10-24
10 20

I I I I I, i:I
50 '100 200 10 20 50 100 20 50 100 20 50 100

E (keV)

FIG. 1. Carbon K x-ray production cross section as
a function of the energy of the incident ion. Absorption is
neglected. 0. (E) follows from Eq. (3) up to the second
term in the expansion (10). L(E) is the cross sect, ion
according to Eq. (1). We have repeated the evaluation of
the 1.(E) term analogous to Ref. 3, obtaining slightly dif-
ferent results. K(E) = 2W(E)(d~I/dE2) and E(E-) = )AT ITT(T).
R(E) is based on power cross sections with values of I
and + [g~ determines C (Ref. 17)] to obtain best fit to
Thomas-Fermi differential cross section in the energy
range of interest. For all ion-target combinations on
this graph, we us ed un= 0.917 and y = 0.327.

As an illustration, we have calculated the cross
sections for carbon K x-ray production in collisions

10 20 50 100 200 10 20 50 100 20 50 100

E(keV)

FIG. 2. Same as Fig. 1. (~~; A ) =(0.8; 0.248) for
Ar, (0.576; 0.335) for Kr, and (0.5; 0.430) for Xe. In
the cases of Kr and Xe, we have not drawn a curve of
cr„i) but just indicated by circles that the error in the
small quantity a„(E) is so much enhanced that a correct
determination of 0„(E) is impossible.

involving various ions incident on amorphous car-
bon. In the low-energy region, where absorption
can be neglected, the existing data" fit very well
to Eq. (7). The parameters giving the best fit are
listed in Table I, together with the energy E
below which the fit is good to within 5%. This ac-
curacy is consistently within the experimental ac-
curacy given in Refs. 3 and 6.

In the evaluation we used the Thomas-Fermi
values for S„(E)and W(E), as given in Ref. 18, and
in the recoil term, the power cross section (8) with
the constants m and C giving the best fit to the
Thomas-Fermi differential cross section in the
range of energies of interest. The results are given
in Figs. 1 and 2. It is seen that the corrections to
Eq. (1) are rather small for C, N, and 0 ions, ex-
cept for low-energy oxygen, where the straggling
correction becomes as much as 80%. In the case
of neon, we have a large recoil correction, espe-
cially at the lowest energies, whereas for argon, a
noticeable correction only occurs at low energies
from the straggling term. For both krypton and
xenon, the recoil correction becomes so large that
an accurate determination of a„(E) does not appear
feasible within the accuracy of our analysis and the
existing input parameters. Note especially that
the resulting cross section for Kr shows a decrease
with increasing energy, which is almost certainly
an artifact of the evaluation. The analysis of the
Kr and Xe data obviously does not give more than
an order of magnitude estimate of cr„(E).
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It is fairly obvious that the threshold value of the
thick-target yield is determined by recoil x rays in
the case of neon, while inthe cases of nitrogen, oxy-
gen, and argon, the threshold behavior seems to be
governed by o„(E).

V. DISCUSSION

It is of interest to have simple qualitative criteria
concerning the relative importance of the two cor-
rections discussed in this paper.

The energy-straggling correction is most signifi-
cant when the mass ratio M2/M, is not too different
from 1. But small values of the direct excitation
cross section v, (E) result in a relatively high recoil
contribution; the energy-straggling correction may
therefore be important even if it is small at first
sight. When the recoil term is small, both cor-
rections are unimportant in the case of dominant
electronic stopping.

As to the magnitude of the two corrections, we
have not found any situation where the straggling
correction was prohibitively large; yet, the recoil
contribution may dominate the thick-target yield to
such a degree that only an upper limit to o„(E) can
be determined from the data. We have shown that

this upper limit may be smaller by an order of
magnitude than the o„(E) values found in previous
evaluations.

From the above considerations it follows that
Eci. (l) can be used to evaluate o„(E) from thick-
target yield data when the electronic stopping
dominates over the nuclear stopping. When looking
for target x rays, one must also demand that the
yield is "high. " If neither of these conditions are
fulfilled, the correction terms must be evaluated
quantitatively.

As to the reported periodic dependence of the x-
ray production cross section of copper targets on
the atomic number of the incident ion, the inclusion
of the corrections will increase the peak-to-valley
ratio. The corrections (which are always negative)
will have the largest effect on the smallest values
of the cross sections.
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