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The energy and angular dependences of the differential elastic scattering cross section are
investigated in the first-order Faddeev-Watson. multiple-scattering (FWMS) approximation
for a number of three-body atomic systems. The anomalies in the first-order Born approxi-
mation are not present in the first-order FWMS approximation. Significant differences are
found between the elastic (e, H) and (e', H) scattering at energies as high as 10 keV. The
elastic (e', e e') and (p', e e') scattering cross sections which are incorrectly predicted to
be zero in the first-order Born approximation are calculated. The forward-angle peaking of
the elastic scattering cross section is accounted for in the first-Order FWMS ap-
proximation by allowing the system to participate in the intermediate inelastic scatterings.
In general, significant differences are found in the magnitude of the cross sections obtained
in the first-order FWMS and Born approximations at energies where the first-order Born ap-
proximation has been extensively used for normalizing experimental results. The energy for
the first-order Born approximation, to be accurate, can be determined experimentally by lo-
cating the energy above which the difference between the (e, H) and (e', H) scatterings ceases
to be appreciable.

I. INTRODUCTION

In Paper IV' of this series on the Faddeev-Watson
multiple-scattering (FWMS) expansion for three-
body collision problems, we have investigated in
detail the application of the FWMS expansion to
atomic scattering processes. A comparison be-
tween the first-order FWMS and Born approximation
was then made for the elastic scattering. It was
shown that the first-order Born approximation has
the following anomalous behavior for elastic scat-
tering: (a) If the target is made of equal-mass par-
ticles having charges which are equal but opposite
in sign such as positronium, the first-order Born
approximation predicts a zero for the elastic scat-
tering amplitude (1.) The first-order Born approxi-
mation does not distinguish the sign of the charge
of the incident particle and consequently it does not
distinguish, for example, the elastic electron scat-
tering from positron scattering. (c) The first-order
Born approximation does not allow intermediate
inelastic scatterings and is incapable of predicting
the forward-angle peaking. These Born anomalies
are all removed in the first-order FWMS approxi-
mation for elastic scattering.

In the first-order FWMS approximation, the at-
tractive and repulsive pair interactions between the
incident and target particles are allowed to go off
the energy shell. This then permits the interacting
system to participate in the intermediate inelastic
scatterings and to distinguish the attractive inter-
action from the repulsive interaction through their
analytic properties. Because of these facts the
Born anomalies do not appear in the first-order

FWMS approximation. The purpose of the present
paper is to present some numerical results of elas-
tic scattering in the first-order FWMS approxima-
tion for a number of systems where the first-order
Born approximation is anomalous. Excitation scat-
terings will be considered in subsequent communica-
tions.

In Sec. II, a resume of the Faddeev-Watson mul-
tiple-scattering expansion for scattering is given.
Applications of the FWMS expansion to the investi-
gation of the energy and scattering-angle dependence
of the elastic differential scattering cross section
are carried out in the first-order approximation.
Qur results are presented in Sec. III together with

a comparison with results obtained in the Born ap-
proximation as well as with experimental measure-
ments and the Glauber-eikonal approximation when

available. Some concluding remarks are given in
Sec. IV.

II. FIRST-ORDER MULTIPLE-SCATTERING
APPROXIMATION

1 + (2, 3)- 1+ (2, 3)

takes the form [Eq. (IV2. 13)]

(q&t) ~T ~~(t))

(2. 1)

The Faddeev-Watson multiple -scattering expansion
for scattering processes has been investigated in
some detail in Paper IV. In this section we recall
only the necessary equations which are used in the
pr esent application.

The transition amplitude for the scattering pro-
cess
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(2»() fdpi dai dp ldq I Xf (p1)X»"(p 3)
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with

T, = V»+V»G0T» (a. s)

Ts = T2+ T3+ T2Gp T3 + T3Gp T2+ ' ' ' (2.4)

where X& ', are the two-body bound-state wave func-
tions for particle pair (2, 3) with quantum numbers
collectively denoted by f and i. The mass-scaled
momentum variables (p;, q, ) are defined by Eqs.
(IV 2. 2). The energy conservation relation in terms
of the mass-scaled asymptotic momenta, K, and
Kf before and after scattering is given by the equa-
tion

E —Ky+ &y —K»+ &»
2 (1) 2 (1) (2. 3)

where E is the total energy of the system and e&"
are the two-body bound-state energies for the ith
pair of particles.

The Faddeev-Watson multiple-scattering expan-
sion for the scattering collision operator T, takes
the form3'» [see Eq. (I2. 29)]

where V, is the two-body Coulomb potential V», Gp

is the Green's function for the three-body system
in the absence of interaction, and T, is the two-
body T matrix in the presence of a spectator parti-
cle i. The corresponding Born expansion for T, is

T, —'U1+V1 Gp'U1+'U1GpU1GpU1+ ~ ~ ~,B (a. s)

with

'U1= V2+ V3 (a. 7)

where superscript 8 on T, denotes the Born expan-
sion.

When the Faddeev-Watson expansion is utilized,
the differential scattering cross section may be
written as

drr, p» ~& ( )~gg Q~ 'IT)l II, ') (rl) 'I T, II@ ')
)dn 4»»2»», "" (al», ,». )(ap )"' ' (al», g2)(ap3)"'

(2. 8)

with

m, m, m, (m, +m, )

m»+m, "' m+m+m, ' (a. 9)

with

dQ 16m2 12 g
'

T2

+ p3» (y~(')
I TZI y»('» l2, (a. »)

2»» g2 1 (22 (2 11)
(m, +m, )(m, +m, ) '

where»2»& and p, , are the mass coefficients.
The matrix element ((I)&») l TZI (l)I~)) may be written

for elastic scattering as [see Eqs. (IV4. 1) and
(Iv4. 2)]

(y"'l T, l
0'") = " " "dp»1"'(p»»

7T 12Kf»

(a. ia)

where m1, m2, and m3 are the masses of the three
particles.

In the first-order approximation Eq. (2. 8) reduces
to the form

~ 1„»(-=I ,-»», »»= 2»» sin-ze .
Similarly, the matrix element (pz") l TZl (I)»"))

takes, for elastic scattering, the form [see Eqs.
(IV4. 8) and (IV4. 9)]

2( &(1)~5/2 ('

W 31 Ky»

(a. is)

(a. Is)
with

I"'(p, )

dP1P17'3 P1

[(p, —uz")(p» —uz ')(p» —uz")(p» —u3 ')]' '
0

(a. iv)

222
~2(p, )= 2 2 TZ(K») KZ, E —K'

i33+l) ()2. 14)
~2e»2

where u&"', u2", and TZ(K&, KZ, E —KZ+ j3l) are
defined in Eqs. (IV4. 5), (IV4. 6), and (IV2. 20)-
(IV2. 23). The momentum transfer»»z» for elastic
scattering, I ~& I

=
I K» I

= K, can be written as

with

I(2)(p )

2

33(p») z 2 T3(K5, KZ, E—Xv+3 l) )Z38 I 31
(a. is)

dP»P» ~2(P»)

j [(p, —u,")(p,—u,' ')(p, —u2")(p»- u2 ')]' '
0

(2. 13)

where uz", u3"', and TZ(KZ, Kz; E —K~+ i»l) are
defined in Eqs. (IV 4. 12), (IV 4. 13), and (IV 2. 20)-
(rv a. as).



A. - I . SINFAII AM AND J. C. Y. CHEN

In Paper IV, the integrals I( '(p, ) and I(2)(p, )
along the positive real axis were investigated ana-
lytically by converting them into integrals around
the various singularities of the integrand lying in
the upper half of the p, plane. It was shown that
the integrals consist of contributions coming from
(a) the asymptotic two-body bound-state poles in
the initial and final wave functions, (b) the inter-
mediate two-body bound- and antibound-state poles,
and (c) the branch-point singularities associated
both with the continuum (unitarity) and the on-shell
Coulomb cuts in the off-shell T matrices. Numeri-
cally, it is, however„more convenient to evaluate
the integrals I( ' (p, ) and I")(p, ) along the positive
real axis. The analytic expressions obtained in
Paper IV are used to check our numerical proce-
dures.

To evaluate these integrals along the real axis,
we make use of the analytical expression for'

7; =7';+7';

v", = s —, „„s+),",(t('']"), (o. oo)
(1+ e;) & +&&

a 2)(v( f fi~ j~ i 2ov; 1 (1+ e )1/2
z

(2. 21)

(3.22)

p & jp&p, region II

p&P and p'&p, region III
(2. 23)

p&Q&p region IV .
It can be shown' that the quantity t,

". in these four
regions takes on the following different forms in
the limit of q-0':

t(+)
~

f(+)
~

X io

~0

region I
regions II and IV
region III.

(2. 24)

These phase relations must be explicitly considered
in carrying out the integration along the positive

where v2 and e2 are defined in Eqs. (IV4. 3)-
(IV4. 7) and v2 and e, are defined in E(ls. (IV4. 10)-
(IV 4. 14).

In taking the q - 0' limit in the T matrices, care
must be exercised in examining how the energy
shell is approached since the off-shell Coulomb T
matrix does not approach a well-defined limit on
the energy shell. Let T(p„p; k ) denote the T
matrix, when p=K& p =Ka and & =E —E3 ol
p = K» p = K6, and 0 = E —Kv. There are four re-
gions from which the energy shell may be approached

p &tt, and p'&y, region I

real axis.

HI. SCATTERING-ANGLE AND ENERGY DEPENDENCE OF
ELASTIC DIFFERENTIAL SCATTERING CROSS SECTION

Applications of the first-order FWMS approxima-
tion (T2+ T, terms) of Sec. II to elastic scattering
are carried out for the following three-body sys-
tems

e'+ (e e')- e'+ (e e'),

P'+ (e e') -P'+ (e e'),

g+H g*+H )

p'+ H p'+ H,
p'+(e p, ')-P'+(e p, ') .

(3. lb)

(3. lc)

(3. ld)

(3. Ie)

The results so obtained are compared with the
first-order Born approximation (U2+ U2 terms) as
well as with experimental measurements and the
Glauber- eikonal approximation when available.
These processes are chosen to illustrate the fea-
tures for which the first-order Born approximation
has failed.

In Fig. 1, the differential cross sections for the
elastic scattering of p' and e' by positronium ob-
tained in the first-order FWMS approximation are
shown as a function of energy for two fixed scatter-
ing angles. As mentioned before, for these elastic-
scattering processes the first-order Born approxi-
mation yields a zero for the amplitude. In the
first-order FWMS approximation, the g' —q and
e' —e' as well as the p' —t. and p' —e' pair inter-
actions between the incident and target particles
are distinguishable through their analytic proper-
ties in addition to the sign of the interaction. This
then prevents the contributions coming from the
two pair interactions from cancelling each other,
unlike the case in the first-order Born approxima-
tion.

In Fig. 2, a comparison of the energy dependence
of the differential elastic (e', H) scattering cross
sections in the first-order FWMS and Born approxi-
mations is given for two fixed scattering angles.
Significant differences between the (e, H) and
(e', H) scatterings are found in the FWMS approxi-
mation even at energies as high as in the keV ener-
gy region. The two differential cross sections
merge together at E &20 keV. The surprising fea-
ture of the first-order FWMS results for the (e', H)
system lies in the fact that the differential cross
sections begin to converge to the first-order Born
cross section at energies as high as in the keV re-
gion.

This feature is more evident in Fig. 3 where a
comparison of the scattering-angle dependence of
the differential elastic (e, H) scattering cross
section in the first-order FWMS and Born approxi-
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FIG. 1. Energy dependence of the dif-
ferential elastic {e', e e') and {p', e e')
scattering cross section at two fixed c.m.
scattering angles in the first-order Faddeev-
Watson multiple-scattering approxima-
tion.
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mations is given for four fixed scattering energies.
We have also included in Fig. 3 the results obtained
in the Glauber-eikonal approximation. It is seen
that the first-order FWMS results are higher than
both the first-order Horn and Glauber-eikonal re-
sults, and approach the Born and Glauber results
with increasing energy. The general features of
the scattering-angle dependence predicted by the
three approximations are, however, very similar
except at the small forward angles where the first-
order Born approximation fails to account for the
forward- angle peaking.

Experimental measurements on the angular de-
pendence of the differential elastic (e, H) cross
section have been made in relative magnitude for
several fixed incident electron energies. Different
experimental uncertainties are involved for differ-
ent incident electron energies. ' To compare with
the theoretical results, the experimental data a,re
normalized to both the first-order FWMS and
Glauber-eikonal theoretical results at 60' for each
incident energy. We note that the first-order
FWMS approximation is consistent with the Glauber-
eikonal approximation in predicting the experimen-
tal observation at every energy in view of the ex-
perimental uncertainties. The magnitudes of the
cross section are, however, different. The dif-
ference remains significant until in the keV energy
region.

It has long been generally believed that at suffi-
cient high energies the first-order Born approxima-
tion would be accurate. The Born results in the
energy range E = 100-500 eV have been used exten-
sively to normalize the relative experimental mea-
surements for electron scattering by atoms (or
molecules). In the present investigation, sufficient

b
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FIG. 2. Comparison of energy dependence of the differ-

ential elastic {e", H) and {e', H) scattering cross section
in the first-order Faddeev-Watson multiple-scattering
approximation with the Born approximation at two fixed
c.m. scattering angles (in rad).

differences are found between the first-order FWMS
and Born approximations for the elastic (e', H)
scattering as high as in the keV region and for the
elastic (p', H) scattering (see Fig. 6 below) as high
as in the MeV region. This then raises the serious
question of how high the energy should be for the
first-order Born approximation to have a desired
ac curacy.

We are not saying that the differences between
the two approximations are necessarily due to the
failure of the first-order Born approximation nor
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FIG. 3. Comparison of angular de-
pendence of the differential elastic
(8, H) scattering cross section in the
first-order Born and Faddeev-Watson
multiple-scattering approximations
and in the Glauber-eikonal approxima-
tions with the experiment at several
fixed laboratory energies. The experi-
mental data are normalized both to
the first-order Faddeev-Watson multiple-
scattering results and to the Glauber-
eikonal results at 60' for each energy.
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are we implying that the first-order FWMS approxi-
mation is necessarily more accurate. In fact we
expect that the magnitude of the cross section pre-
dicted in the first-order FWMS approximation
could be somewhat reduced if the approximation is
modified, to account for the unitarity constraint. '~ "
It is, however, unlikely that such an unitarity modi-
fication would bring the two approximations into
agreement in the 100-150-eV energy region. It is
therefore desirable to have a quantitative answer to
the question of how high the energy should be for the
first-order Born approximation to be accurate. The
100-500-eV energy region in which the first-order
Born approximation has been considered to be ac-
curate was suggested by Massey and Mohra based
on a comparison of the Born approximation with a

distorted-wave calculation. The validity of the
distorted-wave approximation has not been critically
assessed.

In Figs. 4 and 5, the energy and angular depen-
dences of the matrix elements in the first-order
FWMS and Born approximations are shown for the
(e, H) system. It is seen from Figs. 4 that for the
repulsive e —e interaction, (gI", l Tzl g,",.') lies below

(gq, 'I V21 gq, ') and approaches it from below at high
energies. For the attractive e -p' interaction, the
situation is reversed. We have (g&,

'
[ T3 0„')lying

above (pI, I V~I $I,') and app~oachi~g it from above
at high energies. Since the e -p' interaction is the
leading interaction for the elastic (e, H) scattering,
its increase does not get cancelled by the decrease
in the repulsive e -e interaction. This results in
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FIG. 4. Comparison of the energy dependence of the
matrix elements (tA&, I TI I/I~ ) and (g& I VI I gq~ ) (denoted
by T& and V~, respectively) for the (e, H) system at a c.m.
scattering angle 0=0.5 rad.

FIG. 5. Comparison of the angular dependence of the
matrix elements (g&, )T& tg&, ) and (gq, ) V;]|II~,') (denoted
by T& and V&, respectively) for the (e, H) system at two
fixed laboratory energies.

a net increase in the differential cross section.
From the angular dependence of these matrix ele-
ments shown in Fig. 5, it is seen that for a given
energy the difference between ($,', '

I T;(I(tq,") and

($&,
I

i V; ($z, I) remains reasonably constant with the
scattering angle.

In Paper IV, we have remarked that for certain
mass systems, such as the (p', H) and (p', e p, ')
systems, the energy dependence of the differential

scattering cross section would change according
to the first-order Born approximation from an E
to an E energy dependence with increasing energy.
This is particularly noticeable for large-angle scat-
terings (see Figs. l and 2 of Paper IV). In Fig. 6
it is shown that a similar behavior is also predicted
in the first-order FWMS approximation for the dif-
ferential elastic (p', H) and (p', e II, ') scattering
cross sections. From this figure, it is also seen
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FIG. 6. Energy dependence of
the differential elastic (p', H) and

(p', 8 p') scattering cross section
in the first-order Born and Faddeev-
Watson multiple-scattering approxi-
mations at two fixed c.m. scatter-
ing angles (in rad). The dashed
curves are the cross sections ob-
tained from the high-energy limit
of the exact first-order Born ap-
proximation given by Eq. (IV 3.24).
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that the first-order FiVMS and Born approximations
approach each other in the MeV energy region at
small angles. For large angles, they do not appear
to converge into each other. Similar behavior is
observed for the differential (p', H) and (P', e p, ')
electron-transfer cross sections as shown in Figs.
4 and 13 of Paper VI. '

IV. CONCLUDING REMARKS

In our investigation, we have shown that by allow-
ing the attractive and repulsive pair interactions
between the incident and the target particles to go
off the energy shell in the first-order FWMS approx-
imation several anomalous features due to the cor-
responding bare pair interactions in the first-order
Born approximations are removed. What we have
done in the first-order FWMS approximation
amounts to summing up all the disconnected dia-
grams involving the same pair interactions to all
orders in the Born series. The first-order FWMS
approximation contains therefore contributions

coming from all-order Born approximations involv-
ing no cross-pair interactions. Thus the second-
order Born terms such. as

are not contained in the first-order FWMS approxi-
mation. Qne may ask whether the inclusion of these
terms would give rise to cancellation and bring the
first-order FWMS approximation in agreement with
the first-order Born approximation at a somewhat
lower energy. Further investigations are appar-
ently needed. In any event, the differences found
in the magnitude of the cross section between the
two first-order approximations call for the need
to examine quantitatively how high the energy should
be for the first-order Born approximation to be ac-
curate. The energy for the first-order Born ap-
proximation to be accurate can be determined ex-
perimentally by locating the energy above which the
difference between the (e, H) and (e', H) scattering
ceases to be appreciable.
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