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Interaction with a measuring apparatus can cause otherwise interfering paths of a particle to become
distinguishable. Under some conditions, however, it is possible to “erase” the distinguishability, thereby
restoring interference. The concept of a quantum eraser is useful for understanding the role of entangle-
ment in interference. Several attempts to investigate the phenomenon have been made using the corre-
lated photons from spontaneous parametric down-conversion. However, none of the experiments previ-
ously performed in connection with quantum erasure has provided an optimal demonstration. We pro-
pose three improved down-conversion schemes, each of which satisfies all the criteria for a true quantum
eraser. As the proposed schemes are all modifications or combinations of previously completed experi-

ments, they are deemed to be feasible.
PACS number(s): 03.65.Bz, 42.50.Wm, 42.50.Dv

1. INTRODUCTION

The complementary nature of wavelike and particlelike
behavior is commonly interpreted as follows: Due to the
uncertainty principle, any attempt to measure the posi-
tion (particle aspect) of a quantum will lead to an uncon-
trollable, irreversible disturbance in its momentum,
thereby washing out any interference pattern (wave as-
pect). The measurement provokes an irreversible “reduc-
tion of the state vector,” irrevocably introducing an un-
certainty in the phase. For example, if one wishes to
determine which of two slits was traversed by an interfer-
ing particle by measuring the initial and final momentum
of the recoiling slit mechanism, the uncertainty principle
requires a sufficient uncertainty in the initial transverse
position of the slits that the interference is lost [1]. This
picture, however, is incomplete; no “state reduction” is
necessary to destroy wavelike behavior, and measure-
ments which do not involve reduction can be reversible in
a certain sense. To fully understand this phenomenon,
one must view the loss of coherence as arising from an
entanglement of the system wave function with that of
the measuring apparatus (MA); this is identical to the
first step in von Neumann’s measurement theory (2], but
lacks the step in which the off-diagonal elements of the
expanded density matrix are postulated to vanish.
Through the entanglement of a quantum system to a MA
(in itself a quantum system), previously interfering paths
can become distinguishable (assuming that the final MA
states are orthogonal), such that no interference is ob-
served. This is true even though one may not actually
make subsequent measurements on the MA to determine
which path actually occurred, i.e., even if one does not
look at the state of the MA. Whenever welcher Weg
(“which way”) information is available, in principle,
about which possible path occurred, the paths are distin-
guishable and no interference is possible. Interference
may be regained, however, if one somehow manages to
“erase” the distinguishing information, by correlating the
results of measurements on the interfering particle with
the results of particular measurements on the MA. This
is the physical content of quantum erasure [3,4].
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To date, three performed experiments have been dis-
cussed in connection with the quantum eraser [5-8], all
employing the correlated photon pairs produced via
spontaneous parametric down-conversion [9]. For
different reasons, none of these is an optimal demonstra-
tion of a quantum eraser, each lacking one or more of its
desirable attributes. In fact, two are actually not quan-
tum erasers at all in the strictest sense of the term, and
the third, while incorporating the basic features of the
phenomenon, is pedagogically wanting. In this paper we
present three other experimental schemes for observing
quantum erasure, including delayed-choice mechanisms.
As these are all modifications of one of the earlier experi-
ments [7], we believe them to be feasible.

In Sec. II we summarize the salient features of a quan-
tum eraser. In Sec. III we discuss the three previous ex-
periments, concentrating on the shortcomings of each,
and also introducing techniques which will be relevant
for the proposed experiments. These are presented in
Sec. IV, where we will show that each allows a truly non-
local, delayed-choice aspect. Conclusions are in Sec. V.
A detailed calculation for one of the proposals is given in
the Appendix.

II. IDEALIZED QUANTUM ERASER

In order to explain what is required for an optimal
demonstration, and to understand the limitations of the
experiments already performed, we first need to describe
the relevant features that comprise an ideal quantum
eraser. Such an experiment begins with an interfering
particle (or particles). Envision that the particle has two
processes or paths, which we label “a” and “b,” leading
to the same outcome (such as striking a particular point
on a screen, or exiting a particular port of an interferom-
eter), with probability amplitudes ¥, and ¢, and a vari-
able phase ¢ between them. Thus, the total amplitude for
this particular outcome, in the absence of any welcher
Weg detectors, could be written as

=9, +ely, . (1

For instance, g might represent the value of the wave
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function at a particular point on a screen after double
slits, or at one of the exit ports of a Mach-Zehnder inter-
ferometer. The squared modulus of g corresponds to
the probability that this outcome would occur (i.e., that
the particle would appear at the particular point on the
screen, or would choose that interferometer exit port); in-
terference arises from the cross terms e*Yry,
+e "y, ¥f. We have implicitly assumed thus far that
the “@” and “b” paths are not distinguishable (e.g., that
we are using a very massive, rigid slit mechanism).

Inserting a MA into one or both paths causes the sys-
tem wave function to become entangled with the wave
function of the MA, enlarging the relevant Hilbert space
for the problem. That is, ¢ becomes ¥,|MA ), and we
replace ¥, by ¥,/ 4) and ¢, by ¥, |B ), where the states
| A) and |B ) span the Hilbert space of the MA, and are
by definition orthogonal. The previous cross terms there-
fore vanish, and interference is lost [10]. Importantly, in
principle the MA need not induce any disturbance in the
center-of-mass wave function of the particle: loss of in-
terference results from the distinguishability of the final
MA states. The above description contains the essential
elements of a welcher Weg experiment.

In a quantum eraser we go one step further. By mak-
ing a suitable measurement on the MA, and correlating
the results to the detection of the original particle(s), one
can revive the interference effect. Of course, if one post-
selects only those events where either 4 or B was mea-
sured, then no interference fringes will be observed. But
if we calculate the probability of obtaining the particular
outcome of the initial system and finding the MA in the
symmetric state (| 4 ) +|B))/V'2, we find

(4l+(B] i

‘/2 ¢5|MA> Z%‘¢a+ei¢¢blz

= 3w 1P+ |y >+ ey,
+e Y03, (2)

a revival of the original fringes. For concreteness, we
now assume that processes a and b are equally likely to
lead to the outcome we are examining, and that all phase
differences between ¥, and ¥, are included in ¢. Then (2)
is simply (1+cos¢)/2. Moreover, depending on the pre-
cise measurement made on the MA, one can actually al-
ter the form of the interference, yielding antifringes
(1—cos¢)/2 instead of the expected fringes. This is
achieved by projecting onto the antisymmetric state
(|4)—|B))/V2. (If we do not correlate to the MA re-
sults, then the fringes and antifringes will cancel.) More
generally, projecting along [|A4)+exp(if)|B)]/V2
yields [1+cos(¢—6)]/2. (As an aside, one may note
from the previous expression that the system and MA
play symmetric roles, i.e., one could equally well view the
system as carrying ‘“which-state” information about the
measuring apparatus.)

To emphasize the nonseparability [nonfactorizability,
in the sense of Schrddinger, of two- (or more) particle
wave functions] of quantum mechanics, one important
aspect of an ideal quantum eraser is that there be a possi-
ble element of “delayed choice”: The measurement on

the MA could be made after the interfering particle has
been detected. In fact, our decision to use the MA as a
welcher Weg detector (by projecting along |4 ) or |B))
or a quantum eraser [by projecting as in (2)], could also
be made after detection of the interfering particle. It is
only via the subsequent correlation of the results (of mea-
surements on the original particle and the MA) that ei-
ther interference or welcher Weg information may be
recovered. In the original delayed choice discussion by
Wheeler, he pointed out that the decision to display
wavelike or particlelike aspects in a light beam may be
delayed until after the beam has been split by the ap-
propriate optics [11]. The situation with the quantum
eraser is even more striking—the decision to measure
wavelike or particlelike behavior may be delayed until
after the detection of the quantum, an irreversible process
[12].

A second desirable feature of a true quantum eraser is
that it employ single particles (as opposed to coherent
states, for example); the reason is that the entire discus-
sion of “which way” information depends on the notion
of the particlelike aspect of an indivisible quantum. Fi-
nally, although nowhere above did we require that the
distinguishing information be carried separately from the
interfering particle, this is clearly preferable from a
pedagogical point of view. As we have stated before, it is
the enlargement of the Hilbert space through entangle-
ment, and subsequent reduction, which is the central
feature of the quantum eraser [8]; however, the nonsepar-
ability inherent in the process becomes more apparent
when a system spatially distinct from the initial interfer-
ing system serves as the measuring apparatus.

III. PAST EXPERIMENTS

All three of the experiments previously discussed in the
context of quantum erasure use the simultaneously emit-
ted photon pairs (conventionally called ‘“‘signal” and
“idler””) produced in spontaneous parametric down-
conversion [5—-8]. The first experiment [6] involves an in-
terference effect which exists only in coincidence detec-
tion. Two down-conversion crystals are pumped by
coherent cw pump beams. The signal beams are mixed at
a beam splitter, while the idler beams are mixed at a
separate beam splitter, such that after the beam splitters
there is no way of distinguishing from which crystal a
given pair of photons originated. Fringes in coincidence
are observed as any of the path lengths before the beam
splitters are varied, while no interference is seen in the
singles rates. The “delicate change” which leads both to
distinguishability and to erasure in that example is the re-
moval and reinsertion of one of the beam splitters (e.g., if
the idler beam splitter is removed the idler beams then
carry which-crystal information, and no interference
occurs). In this sense, it is deficient as a quantum eraser
since it is the structure of the interferometer itself, and
not just the structure of the detection scheme, which
determines once and for all the presence or absence of in-
terference fringes. To put it differently, there is never in-
terference unless a larger Hilbert space already including
the idler photons is considered; removal of the idler beam
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splitter does not enlarge the Hilbert space.

The experiment of Ref. [7], while a remarkable demon-
stration of complementarity in its own right, differs fun-
damentally from the quantum eraser proposal, in that it
is entirely a first-order (one-photon), not a second-order
(two-photon), interference effect, and no delayed-choice
version would be possible. Again, two nonlinear crystals,
NL1 and NL2, are used [see Fig. 1(a)]; they are aligned
such that the trajectories of the idler photons from each
crystal overlap. A beam splitter acts to superpose the
trajectories of the signal photons. The basic interference
effect arises between these signal photons, as the path
length from either of the crystals to the beam splitter is
varied slightly. If the path lengths are adjusted correctly,
and the idler beams overlap precisely, there is no way to
tell, even in principle, from which crystal a photon
detected at Dg originated—there results interference in
the signal singles rate at Dg (and thus trivially in the
coincidence rate between Dg and D;). If the idler beam
from crystal NL1 is prevented from entering crystal NL2
(or even if the two idler beams are only slightly
misaligned), the interference vanishes because the pres-
ence or absence of an idler photon at D; then “labels” the
parent crystal. However, at this state the welcher Weg
measurement is effectively irreversible. There is no way

FIG. 1. Schematic of setup used in Ref. [7], with the possible
inclusion of additional elements to make it suitable for a quan-
tum eraser. (a) A half-wave plate at A distinguishes the idler
photons; the which-crystal information may be erased with a
polarizer at B. (b) Two other versions add a delay of length d ,
(much greater than the coherence length of the idler photons)
between the two crystals. Erasure is performed after crystal
NL2 using an unbalanced Mach-Zehnder interferometer, whose
path-length difference dy; is essentially equal to d 4. Fringes in
the correlated detection events between Dg and D; will have
50% or 100% visibility, depending on the detector time resolu-
tion (see text). In the second version of this type, where the visi-
bility is always 100%, a half-wave plate at A rotates the NL1
idler polarization so that it is orthogonal to the NL2 idler polar-
ization. In addition, the first beam splitter (at C) of the Mach-
Zehnder interferometer is a polarizing beam splitter, oriented so
that idler photons from NL1 (NL2) take the short (long) path.
Finally, a second wave plate in one of the arms (e.g., at D)
makes identical the idlers’ polarizations.

at all in practice to “‘erase” the distinguishability by any
transformation on the idler state alone, and certainly no
possibility of a delayed choice, even in principle [13]. Be-
cause detection events (of the signal photons) are never
compared with measurements on the “measuring ap-
paratus” (the idler photons, here), there is no way to re-
cover fringes or antifringes.

The most recent experiment [8] also employs a non-
classical second-order interference effect, so that coin-
cident detection of the two photons is required, but uses
only a single crystal. The signal and idler photons are
directed to opposite sides of a 50%-50% beam splitter. If
the lengths of the signal and idler paths are different, then
the photons act independently at the beam splitter, and
coincidences are observed half of the time between detec-
tors at the output ports of the beam splitter. On the oth-
er hand, if both photons reach the beam splitter simul-
taneously, they always exit the same port. There results a
dip in the coincidence rate as one of the path lengths is
varied slightly [14]. The interference stems from the in-
distinguishability of the transmission-transmission and
reflection-reflection processes which could lead to coin-
cidences [15]. A half-wave plate may be used to change
the polarization of one of the photons inside the inter-
ferometer (prior to the wave plate, the photons are hor-
izontally polarized), so that the two photons have orthog-
onal polarizations. The Hilbert space is enlarged to in-
clude the polarizations of the photons, as well as their
directions. This serves to label the two interfering pro-
cesses, and the interference consequently disappears,
despite the fact that the final detectors do not explicitly
“measure” the photons’ polarizations.

However, by using polarizers before the two detectors
it is possible to erase the distinguishing information, and
recover the interference, even though the photons have
already left the interferometer. Put differently, to
correctly understand the results, one must adhere to
Bohr’s dictum to consider the entire experimental system,
including the polarizers after the interferometer. This ex-
periment is pedagogically superior as a quantum eraser to
the obvious ‘“classical” analog [16] (the canonical two
slit-experiment with a classical light field, a polarization-
rotator in front of one slit, and a variable polarizer-
analyzer in front of the detection screen), because its use
of single-particle states permits the notion of welcher Weg
information [17]. However, it is not pedagogically op-
timal because the welcher Weg information is carried by
the interfering particles themselves, not stored in some
external measuring system. As a result, performing a de-
layed choice version of the experiment would be very
difficult, requiring quantum nondemolition detection of
the photons before a subsequent measurement on the po-
larization part of their wave function. It would be prefer-
able if the entanglement were to an external system, not

to an internal degree of freedom of the interfering parti-
cles [18].

IV. PROPOSED QUANTUM ERASERS

The basic setup is the same as that of the second exper-
iment discussed above [7]. The difference is the inclusion
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of the additional elements 4 and B [see Fig. 1(a)], which
we shall discuss presently. Note that for the signal beams
to interfere, it is crucial that the idler photons be indistin-
guishable after crystal NL2, even though we need not
detect them to observe the interference at the signal
detector Dg. In particular, the idler photons from the
two crystals must have the same polarization and color,
and must arrive at the idler detector D; at essentially the
same time. (If this were not the case, then one could in
principle determine which crystal emitted the detected
signal photon by making a careful measurement at D; of
the polarization or energy or arrival time of the conjugate
idler photon.) We shall purposely violate these con-
straints to distinguish the idler photons from NLI1 and
NL2, removing the first-order interference at Dg. This
scheme is superior to the previous experiment [8] because
the welcher Weg information is not carried by the in-
terfering particles, the signal photons. Correlating the
counts at Dg with subsequent measurements on the idler
photons, we can implement a quantum eraser.

There are several ways to proceed. The simplest is to
insert a half-wave plate between the two crystals [at 4, in
Fig. 1(a)], rotating the polarization of the idler from NLI
by 90°. Since the idlers are now distinguishable, the in-
terference of the possible signal paths disappears. Just as
above [8], however, we can use a polarizer before D; (at
B, in Fig. 1) to erase the distinguishing information, and
correlate the counts at Dy and D;. If the polarizer is
aligned along either of the idler-polarization directions,
no interference will be seen in singles or coincidence. If
aligned between the two (i.e., at £45°), we will obtain ei-
ther fringes or antifringes in coincidence (but not in sin-
gles). An experiment closely related to this is currently in
progress [19]. The delayed-choice feature is that we
could, in principle, decide on the polarizer setting and,
hence, whether we would see fringes, antifringes, or no
fringes, after the signal photon was already detected. Ex-
perimentally, this could be accomplished by having an
optical delay before the polarizer, and using a Pockels
cell to effectively rotate the polarizer very quickly.

A second way of making the idler photons distinguish-
able is to increase the path length between the two crys-
tals, by adding a delay of length d, (greater than the

P eiwors i ioglr+7,) 1 1 1 i e iwgTyz &
c V2 V2 V2 V2 V2 %)
=1+ Isin[wy(r,+71,+74—Tmz)]

where we have included coefficients of 1/V2 (i /V2) for
transmission (reflection) at each of the beam splitters.
Implicit in (3) is the additional condition that our detec-
tion scheme could not exclude the contributions of nonin-
terfering counts arising from the in-principle distinguish-
able s,i; ; and s,i, ¢ processes. This will be the case if
we have slow detectors, and the visibility of the coin-
cidence fringes will be limited to 50%. However, if the
electronic resolution time AT of the coincidence equip-

photon’s coherence length) at position 4 [see Fig. 1(b)].
To subsequently make the idler photons indistinguishable
again, we essentially need to add two delay lines after the
second crystal, the difference in whose path lengths is
equal to d 4. In practice, we can achieve this using an un-
balanced Mach-Zehnder interferometer before detector
D,. The choice of whether to detect fringes or antifringes
is set by the detailed phase difference in the Mach-
Zehnder interferometer, which could in principle be
chosen after the signal photons had been detected.

We now present a simplified calculation demonstrating
the above claims. (A detailed formal calculation is given
in the Appendix.) For clarity we assume that the down-
converted photons are degenerate at frequency w,. Let
TS T, T, be the extra time required by a signal photon

from crystal 1 (to reach the beam splitter before Dy) rela-
tive to a signal photon from crystal 2; similarly, let 7; be
the idler photon propagation time from crystal 1 to crys-
tal 2, when no delay line is present. (These times are relat-
ed to the distances labeled in the figure by 7=d /c.) Fur-
thermore, assume that with no delay line, fringes are ob-
servable in the signal singles rate, i.e., the difference in
these two times is much less than 7., the two-photon
correlation time of the down-converted photons. Adding
an extra delay 7, (>>7.) to 7; then makes the two in-
terfering processes distinguishable and singles fringes are
not observed. Finally, let 7y, be the difference between
the propagation times through the long and short paths
in the Mach-Zehnder interferometer. There are four pos-
sible ways for the detectors Dg and D; to register pho-
tons: (1) photons from NL1, idler takes short path in the
Mach-Zehnder interferometer (denoted s,i, 5); (2) pho-
tons from NL1, idler takes long path (s,i, ; ); (3) photons
from NL2, idler takes short path (s,i, g); and (4) photons
from NL2, idler takes long path (s,i, ;). For arbitrary
values of 7,4 and 7y, these four possibilities are, in gen-
eral, distinguishable. = However, if we consider
|7 4 —Tmz| <<7., then processes s,i, ¢ and s,i,; are in-
distinguishable. To calculate the probability of coin-
cidence, we sum the amplitudes of these indistinguishable
processes, take the absolute square, and add the absolute
square of each of the distinguishable processes,

iwyT, i iog(r;+7 ) i

V2 V32 V2

iogTy7 1

I

ment is less than 7y, the visibility can be as high as
100% (see the Appendix). We recently observed this
same sort of detector-dependent effect in connection with
a Franson experiment to violate a Bell inequality based
on energy and time [20].

As an aside, yet another way to restore indistinguisha-
bility to the idler photons in this delay-line configuration
is simply to use a narrow-band interference filter (instead
of a Mach-Zehnder) before D;. If the resulting coherence
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length is greater than d ,, then interference will be re-
stored in the coincidence rate. Correlating the signal
photons with the idler photons transmitted through the
interference filter will recover the fringes; correlating
with the idlers reflected from the filter (assuming a nonab-
sorbing filter) will yield antifringes. The same technique
was used by us in a previous experiment to demonstrate
the single-photon Berry’s phase [21].

The third quantum eraser method we propose is in
some sense a hybrid of the other two. Once again, a
half-wave plate is inserted at position 4 between the two
crystals, in addition to the optical delay line of length d ,
[see Fig. 1(b)]. The polarization of the idler beam from
NL1 is rotated so as to be orthogonal to the polarization
of the idler beam from NL2. Next, a polarizing beam
splitter is used in the unbalanced Mach-Zehnder inter-
ferometer. The polarizing beam splitter is oriented so
that idler photons from NL1, with the extra optical delay
d 4, take the short Mach-Zehnder path, while idler pho-
tons from LN2 take the long Mach-Zehnder path. Final-
ly, a second half-wave plate inserted at position D in the
long path undoes the polarization rotation from the wave
plate at A. Thus, polarization no longer labels the parent
crystal. As before, if the difference in the Mach-Zehnder
path lengths is equal to d 4, then the parent crystal of a
given idler photon is unknowable, and interference will
be observed in coincidence. The advantage of this
scheme over the previous one is that the visibility of the
interference fringes can be 100%, regardless of the speed
of the idler detector, because the use of polarization per-
mits us to force the idler photons to take the appropriate
paths in the Mach-Zehnder interferometer, eliminating
the noninterfering processes.

V. CONCLUSION

The quantum eraser offers an important perspective on
interference and loss of quantum coherence in terms of
(in)distinguishability of paths. The loss of wavelike
behavior is not necessarily due to the uncertainty princi-
ple, but may merely be due to an entanglement of the in-
terfering system with a measuring apparatus (or the en-
tire “environment”). If the coherence of the measuring
apparatus is maintained, then interference may be
recovered by correlating results of measurements on the
original system with results of particular measurements
on the measuring apparatus. The state involved in in-
terference is the total physical state, which in addition to
photon spatial wave functions may include photon polar-
ization, or even distant photons or atoms.

Fairly simple experiments are possible using correlated
down-conversion photons, and several have been per-
formed. As reported, however, none of these possesses
all the attributes of a true quantum eraser. This
deficiency is remedied by modification of one of the set-
ups. The simplest extension uses polarization to provide
a distinguishable label on the contributing paths; a suit-
able polarization measurement on the idler photons can
then serve to yield welcher Weg information or interfer-
ence fringes, after the interfering signal photons have
been detected. Instead we may make use of the simul-

taneity of the down-converted twin photons by introduc-
ing a time delay into one of the idler arms. An unbal-
anced Mach-Zehnder interferometer can then be used to
reduce the enlarged Hilbert space by projecting onto
various linear combinations of the measuring apparatus
states (here, the states of the idler photon). If the polar-
ization and delay-line techniques are combined, one may
achieve 100% visibility even with slow detectors.
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APPENDIX

In the calculations that follow, we assume a mono-
chromatic pump beam at frequency w, =2w,, and use a
single spatial-mode treatment for each of the down-
converted photons: the signal (idler) modes from crystal 1
and crystal 2 are labeled s, (i;) and s, (i,), respectively.
Furthermore, we assume that the modes of the idler pho-
tons from the two nonlinear crystals are spatially indistin-
guishable (i; =i, =i). then we may write the wave func-

tion after the two crystals as

1
V2

wyg—w)7;

Ilb):f_w dw,A(w,) [!(l’o+wl""0_w1)-‘z'i

te ‘|w0+w1,w0—w1)sl,,-] ,  (AD

where we have omitted the vacuum term (for the predom-
inant, but uninteresting, case in which neither crystal
down-converts), and higher-order terms (for the very un-
likely case in which more than one pump photon down-
converts). The state (A1) describes a signal-idler photon
pair, satisfying energy conservation (enforced by the
effectively infinite interaction time), and originating with
equal probability in crystal 1 (first term) or crystal 2
(second term). A(w), the probability amplitude, which
includes the down-conversion efficiency as well as the
pump field strength, is determined ultimately by phase-
matching constraints, but is limited in practice by filters
and irises before the detectors. 7;,=r;+7,, where
d;=cT; is the initial separation between the two crystals
(along the idler direction), and d , =c7 4 is the extra de-
lay inserted in our modified scheme [see Fig. 1(b)].

The operator ES*(t) for the positive-frequency part of
electric field at the signal detector D¢ may be expanded
in terms of single-mode photon-annihilation operators,

i

Va2t

iot

EM(0= [ “doe ™

io T
s :as!(ws)

) (A2)

1
+ 7 a, (o)
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where we have omitted normalization constants, and as- a duration T (assumed to be much longer than any other
sumed beam splitter transmission _and reflection time scale in the problem, but short enough that we can
coefficients of 1/v2 and i/V2, respectively. neglect multiple pairs of photons) is proportional to

d, =ds‘ —d52=c7': is the additional distance travelled by B T/2
the signal field originating in crystal 1 relative to that _f T/z ’ (A3)
originating in crystal 2. According to the standard Ps(t)=(tl/|ES(’)(t)E5(+ (0] .

Glauber theory for photodetection, the probability per
unit time of detecting a count with a detector Dg during Using (A1) and (A2) in (A3) gives

1 702 , il )
—f dtfd 14* (o)) i[slyi<wo+a)l,a)0—w1| ~ilaga) T'A+S H{ogto),0,—oi]]

Rs= T

, iw;t vim;tl . —ia);fs B , .o T

X [do, [doe e Sl—ie a) (@) +a] (o)]lie "8, (0,)+2, (0,)]
Hwy—w)T;

oo+ @y,0y— a)1> e 0 “+]wo+w1,wo—w1):2,i]. (A4)

1
X |d

f CL)I CO]) ‘/
The canonical commutation relations yield the delta functions 8(w; —(wy+®})) and 8(w, —(wy+w®,)), while the in-
tegral over ¢ enforces an effective delta function 8(w; —w,). Combining these gives the additional constraint §(w}—w,),
and (A4) reduces to a single integral,

*‘i(a)o*w])rue i(w i(wy— wl)T’Ael(wo+w1}A

Rs=K [do,A*(0)) A(0,)]—ie T e fH1]

=dea)]{A(w1)|2{2—251n[w0(TA+71»+TS)—601(TA +r—7)1 . (AS)

Here and below, K represents numerical constants, incidental to the calculation.

If 7 , =0 (no extra delay between the crystals), then (AS5) will yield fringes of 100% visibility as long as 7, and 7; differ
by no more than some incremental amount A7 (much less than the coherence time of the signal photons). Henceforth,
we assume that we start in such a balanced condition: 7; =7+ A7. Under this condition, the fringes will vanish for
74 >>1/0, where o is the characteristic bandwidth set by the filter function 4 (w). Physically, 7, >>1/0 implies that
one could in principle determine the parent crystal of a given down-converted pair by making precise timing measure-
ments. In other words, the inclusion of the extra delay 7, serves to distinguish the previously interfering signal pho-
tons, yielding welcher Weg information by the timing of the idler photons; consequently, no interference is observed.

We now examine the effect of adding an unbalanced Mach-Zehnder interferometer (with path-length imbalance
dyz =cTyg) before the idler detector D;. The idler field at D; may be expressed as follows:

EC 0= [Mdae 1= M0 ;) o

Clearly, the above calculation of signal singles is not altered by this, since it did not depend on E;*’(¢). The probability
of coincidences, i.e., correlations between detectors D; and D,, can show a revival of interference, however The ap-
propriate fourth-order correlation function is given by Pc(t,,t,)={Y|E! (¢, E{ " (t,)E{ T (t,)E{ M (¢,)|¢). In prac-
tice, one must include the coincidence time resolution of the detection system, set, for instance, by an electronic gate
window of width AT. (Due to the extra delay 7 ,, we have to adjust the timing of the coincidence gate by this amount.)
The probability of a coincidence detection within a duration 7 is then
1, +7,+AT/2
Rc= % f_T;Q/zdtl f,ll+TA _arp Pt ty)

1 702 1+7 AT o1 — iwg—) ) ,
FI—T/Z LI dt2fa’a)',A“(col)—-——‘/E [s,.i (@t 0}, 0p—wile il ot o,0— o]

Xfdw;fdw:eiwstle‘iwsllé[_l.e*iwsfsas'fl(w;)+a;f2(w ][1e Dy sa (w )+a, (w )]

X fdw;fdw,.e“""’ze’i“’"Z%[1—e*“”'TMZ]a,.*(w;)[1—ei”f’MZ]af(wi>
lwg—w)T

><fdwlA(wl)L—['woJf‘wx,wo”‘@l>s, i€

75 M+ |t 00— m,)s 1. (AD)

The canonical commutation relations can be used to remove four of the integrals, leaving
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K rT02 t+7+AT/2 (o0t —ilont ot Hom—o ) i —
7.[ T/zdt1 b —ATS dtzfdw'lfda)lA*(a)'l)A((ul)e'wo g THeoT ey HlagT ey, Tilay= e/t
- 1 A
X(__l,e—i((uo—wl)rme—-i(wo+wl)fs+1)(iei(a)o—wl)‘riAei(wO+¢ol)rs+ 1)
—ilwy— o)) (wy— )T,
X(1—e "0TMZY(1 "0 Oz (A8)

Next, we evaluate the time integrals, first the integral over ¢,,
ftl+TA +AT/2 i(a}o+w; ity —ilogtaot, i(mo—w")l2 —i(wgw)t,
e e e
14T —AT/2 2

ol —ot. (liHT4TAT/2
=e ! ! ’f dtye
t,+7,~AT/2

Since the above expression no longer depends on ¢;, integration over ¢, simply gives a multiplicative factor of 7. From
(A9) we are led to make a change of variables to o =w]—, and Q=w]+w,. Also, we again make the substitution

—io} o, _ sin[(0;—o})AT /2] RERTLY

(A9)

7;=7,+Ar (i.e., a balanced initial setup). Finally, for concreteness we choose a definite form for our filter function,

1 —(w,)?/20?
e .

A*(w1)=A(a)1)=72——:- (A10)
o
With the above variable substitution, this yields
A*¥(0) A(w))= 5 e (/207 —(80/20) (A11)
o
Modulo overall constants, which we subsume into K, the coincidence probability (A8) is then
_ (024502 /(20)? SINBWAT /2) —ibwr,
Rc=K [d(8w) [dQe @ e
x [ 1 +ei¢Sm(AT+TA )+l,eia)0(TM +7, )e *i(ﬂ——&a))(A‘r-f—TA )/Z_ie —iwy(T; 4+ )ei(ﬂ+5w)(AT+TA )/2]
X [ 1 +ei6mrMZ_e —imorMZei(ﬂ+5w)TMZ/2_eimoere —i(ﬂ—ﬁw)‘rMZ/Z] ) (A12)
After integration over (2 using the general result
f°° dQe—(Q/20)2+iX.Q=20.‘/7_Te—(aX)2 , (A13)

many of the terms are proportional to exp[ — (07 4 )*] or exp[ —(07pyz)?], and are thus negligible. (We assume here the
case of interest that 7 4, Ty >>1/0, so that there are no signal singles fringes.) Equation (A12) reduces to

—(8w/20)? Sin( SwAT/Z)
dw

—ida(T 4 —Ty7)

R-=K fd(&o)e

X{e*iﬁw”+e"5“’“+e +

+2sin[wy(AT+71 4 — Tz 27 ) ]e

There are two regimes to consider, depending on the
value of |7, —Ty|; each has two cases, depending on the
time resolution AT. First we consider the situation in
which the Mach-Zehnder path imbalance is quite
different from the extra delay added between the crystals;
quantitatively, |7, —Tyz| >>1/0. Then the last term in
(A14) is negligible. If the resolution time is greater than
any of the path lengths (AT >>7 4, Tp7), the sinc function
behaves like a & function, and the first four terms in the
curly bracket all have a value of 1. If the resolution time
is less than 7, and 7y, then integration over dw will
wash out all but the second term. For no value of AT are
fringes observed.

iBolAT=7 +1yz)/2 ~lolATHT, —7mz) 7212

iSo(AT+Tp47)
e

] (A14)

Henceforth, we restrict ourselves to the case
T4 =Tzt ATygz, With ATy, <<1/0. As before, a large
value of AT causes an effective delta-function §(8w). Un-
der these conditions, (A14) predicts fringes of 50% visi-
bility,

R <4+2sin[og AT+ Aryz +27,)] . (A15)

Finally, if the coincidence time resolution is less than
the delay times 74, and 7z, the first and fourth terms of
(A14) average out after integration over 8w, and we re-
cover 100% visibility fringes,

R «<2+2sin[wy( AT+ Aryz+27,)] . (A16)
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Physically, the background terms which appear in (A15)
[but not in (A16)] are due to contributions from the fol-
lowing processes: (1) photons originate in crystal 1, but
the idler takes the long path in the Mach-Zehnder; and

(2) photons originate in crystal 2, but the idler takes the
short path in the Mach-Zehnder. With a sufficiently
short-time resolution, these noninterfering contributions
may be removed, yielding (A 16).
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