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Quasicontinuous measurements of photon number
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A quasicontinuous measurement incorporating lossless beam splitters and photodetectors is pro-
posed. Here the measurement by photodetectors is assumed to obey the projection postulate. The
photon statistics in the output state of the signal mode of a beam splitter is investigated. It is
shown that under certain conditions the measurement yields results equivalent to those obtained by
the continuous measurement of photon number described by the quantum Markov process. Further-
more, measurements using a nondegenerate parametric ampli6er and four-wave mixer, instead of
beam splitter, are considered. The relations to the continuous measurement of photon number with
a quantum counter and the continuous quantum nondemolition measurement of photon number are
discussed.

PACS number(s): 42.50.Dv, 03.65.Bz

I. INTRODUCTION

The beam splitter is a key component of optical
measurements, mathematically equivalent to the Mach-
Zehnder interferometer and linear directional coupler.
These devices are characterized by SU(2) symmetry in
the absence of dissipation. The phase sensitivity in the
output state of the Mach-Zehnder interferometer has
been investigated for bosonic [1] and fermionic [2,3] sys-
tems. The photon statistics in the output states of loss-
less beam splitters [4,5] and linear directional couplers
[6,7] have been considered for various input states. In
these studies [4—7], the quantum effects such as sub-
Poissonian statistics and the squeezing of Buctuations in
the output state were investigated.

In this paper, we propose a quasicontinuous mea-
surement in terms of lossless beam splitters and photo-
detectors used to measure the photon number from one
of the two output ports of the beam splitter. Here the
measurement by the photodetector is assumed to be sub-
ject to the von Neumann projection postulate and thus
to be the first kind of measurement [8,9]. We investigate
the photon statistics in the output state under the condi-
tion that the photodetector exhibits the m-photon state.
Then we show that under certain conditions our mea-
surement yields results equivalent to those obtained by
the continuous measurement of photon number [10—13]
described by the quantum Markov process [14]. Further-
more, we consider measurements with a nondegenerate
parametric ampli6er and a four-wave mixer, instead of
beam splitter. It is shown that a measurement by means
of parametric amplifier and photodetector subject to the
projection postulate can yield the same results as those
obtained in the continuous measurement of photon num-
ber with quantum counter [15,16]. It is also found that
a measurement in terms of a four-wave mixer and a pho-
todetector can give results equivalent to those obtained
in the continuous quantum nondemolition measurement
of photon number [17].

II. MEASUREMENT % ITH BEAM SPLITTERS

Let us consider the measurement setup shown in Fig. 1.
It is assumed here that the beam splitter is lossless and
that the measurement performed by the photodetector
obeys the projection postulate [8,9]. In the Heisenberg
picture, the beam splitter is characterized by the relation

(&
aout l( (( cos 0 —sin 0 l( (f a;„l(
6&&~t j ( slli 0 cos 8 ) i 6~~ )

(2.1)

where (a;„,a,."„)and (6;,6,„)are the annihilat. ion and cre-
ation operators of the input signal and reference modes,
and (a „t,a „t) and (6 „q, 6,„,) are those of the output
modes. Here we have ignored the phase shift in each
mode due to the beam splitter since such phase shifts are
not important for our purpose. The transmittance 7 and.
reQectance r of the beam splitter are given by

This paper is organized as follows. In Sec. II we explain
a measurement by means of beam splitter and photo-
detector, and we calculate an output state of signal mode.
In Sec. III we investigate the photon statistics in the out-
put state of the beam splitter for several input states,
under the condition that the photodetector exhibits an
m-photon state. We Gnd an oscillatory behavior of pho-
ton statistics for even and odd coherent state inputs. In
Sec. IV we discuss the relation between the measurement
we proposed and the continuous measurement of photon
number described by the quantum Markov process. In
Sec. V we consider a measurement using nondegenerate
parametric ampli6er, instead of beam splitter, and photo-
detector, and we discuss the relation to the continuous
measurement of photon number with quantum counter.
We also consider a measurement with a four-wave mixer
and a photodetector, and we show the equivalence to the
continuous quantum nondemolition measurement of pho-
ton number. A summary is given in Sec. VI.
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Wvacuum K+I = a Xa)
K X=arat
KpX = -(ataX + Xata + X)

(2.6a)

(2.6b)

(2.6c)

~out

BS

for an arbitrary operator X [18,19], where [K,K+] =
2Kp and [Kp, Ky] = +Kg are satisfied. Then W „t(m)
is expressed as follows:

~detector

W „t(m) = U(p, , m)w;,
(e" —1)

U(p, , m) = K exp[ —p(Kp —2)],m!

(2.7a)

(2.7b)

FIG. 1. A schematic representation of the measurement
setup where BS is a lossless beam splitter and D is a pho-
todetector with which the measurement obeys the projection
postulate. W,'„ is the density matrix of the signal mode input
and W„,„„ is the density matrix of the reference mode in-

put assumed to be in a vacuum state. Wq t„~, represents the
output state of the reference mode exhibited by the photode-
tector. W „t, indicates the output state of the signal mode
under the condition that the photodetector exhibits the state
Wa.e..ao..

7" =cos 8) T =sin 8. (2.2)

In the following, we assume that the input state of the
reference mode is the vacuum state. In the Schrodinger
picture, the output state W „q of the beam splitter is
given by

Wout = V(Win Wvacuum) V

V = exp[ —8(J+ —J )],

(2.3a)

(2.3b)

where W;„ is the density matrix of the signal mode in-
put and W,„„ is the density matrix of the reference
mode input that satisfies bW„,„„=W„,„„bt= 0. In
(2.3b), J~ and Jp are the generators of su(2) Lie algebra
given by

J+ =a~b,
J = abt,

Jp ——-'(ate —btb),

(2.4a)

(2.4b)

(2.4c)

W.„,(m) = Trs[W „,Ws...., ,]

m a a/2W a a/2( t)mp rn

m! (2.5)

where Try is the trace operation over the Hilbert space
of the reference mode. Now we introduce the generators
Ky and Kp of su(1, 1) Lie algebra as

which satisfy the commutation relations, [J+,J ] = 2Jp
and [Jp, Jy] = +J~. Here we set (a, at) = (a;, at„)
and (b, bt) = (b;, bt ) The relati. on (2.3) shows the well
known fact that a lossless beam splitter is characterized
by su(2) Lie algebra [1—7].

Suppose that the photodetector for the output of the
reference mode exhibits an m-photon state such that
Wsct«to, ——~m)(m~, where btb~m) = m~m). According
to the projection postulate, the non-normalized output
state of the signal mode is given by

where p is defined by w = e ". Note that p is
positive since 1 & v & 0. The normalized out-
put state of the signal mode is given by W „t,(m)
U(p, m)w;„/Tr [U(p, m)W;„], where Tr is the trace op-
eration over the Hilbert space of the signal mode. The
relations (2.7) show that the output state of the sig-
nal mode of the beam splitter is described by su(l, l)
Lie algebra under the condition that the output state
of the reference mode is an m-photon state. It is in-

teresting to note that the relationship between the two

input modes and the two output modes is unitary and
characterized by SU(2) symmetry while the reduced de-

scription of the signal input-output relation is nonunitary
and characterized by SU(1,1) symmetry. The quantity

P„(m) = Tr [U(p, m) W;„] represents the probability dis-

tribution of the photodetector registering m photons in
the output state of the reference mode. This probability
distribution is calculated as

m!

w.„,= ) w.„,(m)
m. =O

= exp[p(K —Kp+ 2)]W;, (2.9)

where Tr W „q ——Tr W;„= 1 is satisfied. It is easily
seen that this state is the same as that of the output
from the thermal reservoir at a temperature of T = 0
[20]. Here the relations p, = 2rt and w = e " are
established, where ~ is the damping constant of pho-

which satisfies P p P„(m) = TrW; = l.
It is interesting to remark that the output state (2.5)

[or (2.7)] is equal to the state of photon system, after
a photon counter registered m photons, in the contin-
uous measurement of photon number described by the
quantum Markov process [10—13]. The probability (2.8)
is equivalent to the photon counting probability of the
counter registering m photons. It should be noted here
that the measurement by the photodetector in Fig. 1
obeys the projection postulate. However, the continu-
ous measurement by the photon counter does not obey
it. Later we will discuss further the similarity between
these measurements.

When we do not refer to the result exhibited by the
photodetector for the output of the reference mode, the
output state of the signal mode becomes
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tons due to the reservoir and t is the transit time of
the photon passing through the reservoir. Indeed, we
have (ata} „& ——e "(ata}; . Thus, if we do not refer to
the output state of the reference mode, the beam splitter
with the vacuum input of the reference mode is equiva-
lent to the thermal reservoir at T = 0.

(3.5a)

Tp

1 —rp
(3.5c)

(a a} = (N —m)
Tp

1 —rp'

((oto)'} = (N —m)
" (N —m —1)

1 —rp 1 —rp
(3.5b)

III. PHOTON STATISTICS
IN THE OUTPUT STATE

(Ja) = {1—— (a~a)
N

(3.5d)

In this section, we consider the photon statistics in the
output state of the signal mode for several input states,
under the condition that the photodetector for the refer-
ence mode output shows an m-photon state. Using the
density matrix W „q (m) = U(y, , m) W;„/Tr [U(p, , m) W;„]
of the signal mode output, we can calculate the average
and second-order moment of the photon number and the
Mandel Q factor [21],

We find the antibunching correlation of photon numbers
in the binomial state since the average photon number
in the output state of the signal mode decreases if the
photodetector for the output state of the reference mode
registers the photons, (uta} ( (ata) o. We also see
the sub-Poissonian photon statistics from Q ( 0.

(c) The coherent state. When the input state is the
coherent state, such that W;„= In}(oI with a)n) = o.Io}
and np ——Io. I2, we obtain

(ata)

(( t )2) fm+2 + frn+1

(3.la)

(3.1b)

a~a ~ = 7no,

((ata) ) = (rnp) (7 np + 1),
=0,

a~a = a~a

(3.6a)

(3.6b)

(3.6c)

(3.6d)
f +2

f +i
(3.1c)

where we set () = Tr [
. .W,„q(m)] and f is given by

OO

= ) ', e ""(nIW;„In). (3.2)

Thus, making use of (3.1) and (3.2), we obtain the fol-

lowing results.
(a) The number eigenstate. When the input state of

the signal mode is the eigenstate of photon number, such
that W;„= Ino}(neI with ne & m, we obtain

a~a = no —m,
a~a '

m ——no —m',
m

a~a = a~a ~—0 —m.

(3.3a)

(3.3b)

(3.3c)

(3.3d)

These are trivial results indicating that no input photons
are divided into m reference output photons and no —m
signal output photons by the beam splitter. In partic-
ular, (3.3c) and (3.3d) show the sub-Poissonian photon
statistics and the antibunching correlation of the photon
numbers in the number eigenstate.

(b) The binomial state. The binomial state [22] is given

(m+ 1)rn,
a am=

1 + r7lo

(m+ l)rnp (m+ 2)rnoa'a' rn = +l
1+rhp 1+rho

Tno

1 + pno

(ata} = (m + 1)(uta} -o.

(3.7a)

(3.7b)

(3.7c)

(3.7d)

Thus we find the bunching correlation of photon numbers
in the thermal state since the average photon number
in the output state increases if the photodetector regis-
ters the photons, (ata} & (ata} o. We also have the
super-Poissonian photon statistics (Q & 0).

(e) The even and odd coherent states Finally, w.e con-
sider even and odd coherent states In+} and Io. ) as input
states of the signal mode,

I~+} = 1
(I~}+ I

—~}) (3.8a)

Thus the property of the output state is independent of
that how many photons the photodetector of the refer-
ence output registers. This is characteristic of the coher-
ent state.

(d) The thermal state When . the input signal mode
is in the thermal state, W;„= P„op„In)(nI with p„=
no/(1+ no)"+~, we get the results

A'~ = 2 (1 + e "'), (3.8b)

IN;b) = ) ~(N, n)'~'In),¹!
a(N, m) =, ,

p" (1 —p)"-".

(3.4a)

(3.4b)

where Ia} is the usual coherent state and no —— InI
These states are eigenstates of a, a In~) = aIn~}. Th.e
even and odd coherent states shows the sub-Poissonian
photon statistics and quadrature squeezing under certain
conditions [23]. Using (3.1), we obtain

Thus, for W;„= IN; b)(b; NI (N & m), we obtain the
results (uta} = {~no) [tanh(rnp)] (3.9a)
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((a a) ) = (rAp) + (ms) [tanh(TAo)]
27 Ap

sinh(2m no)

for even coherent state W;„= [cr+)(n+i and

(a a) = (Trip) [tanh(rno)]

((a a) ) = (rnp) + (rnp) [tanh(~no)]
2TAp

(3.9b)

(3.9c)

(3.10a)

(3.10b)

(3.10c)

for odd coherent state W;„= ia ) (cr i. Here we set
a = (—1) . We also find the following relations:

(a a)even (Gtu)

((u'u)')i"'" = ((u'~)')l."
even odd=q2 +i

(3.11a)

(3.11b)

(3.11c)

and

g)even (utri)odd

((utu)2)even ((utu)2)odd

qeven qodd
2m, +1 2n

(3.12a)

(3.12b)

(3.12c)

where m and n are non-negative integers, and ()' '" and

() dd stand for average values calculated for the even
and odd coherent state inputs. From (3.9) and (3.10),
we 6nd the following. For the even coherent state input,
the photon statistics in the output state of the signal
mode becomes super-Poissonian or sub-Poissonian, if the
photodetector for the output of the reference mode ex-
hibits a (2m)-photon state or a (2m + 1)-photon state.
On the other hand, for the odd coherent state input, a
(2m)-photon state or a (2m+ 1)-photon state of the ref-
erence mode output leads the sub-Poissonian or super-
Poissonian photon statistics in the output state of the
signal mode.

From the results given in Refs. [10—13], we find the fol-
lowing. The nonunitary operator S(t) is equal to the
time evolution operator in the continuous measurement
of photon number described by the quantum Markov pro-
cess [14]. This operator describes the time evolution of
the photon system under the condition that no photon
is registered by the counter during time t. The oper-
ator g describes the change in the state of the pho-
ton system when the counter registers one photon and
Tr [JWi ]St represents the probability of one photon be-
ing registered in [0, bt). The parameter A corresponds to
the coupling between the counter and photons and A

is a measure of the average time that elapses before the
counter registers the presence of the photons. Here it is
important to note that the continuous measurement of
photon counting does not obey the projection postulate.
However, the photodetector used in the measurement in
Fig; 1 does obey it. In the continuous measurement of
photon number, Po(t) = Tr [S(t)W; ] is the probabil-
ity that the counter does not register photons in [O, t)
and Pi(t) = Tr [JS(t)W;„]bt is the probability that the
counter registers the first photon in [t, t + bt).

We further consider such a similarity. Suppose a series
of n lossless beam splitters such that the output signal of
the kth beam splitter is used as the input signal of the
(k + 1)th beam splitter. Here it should be noted that
the result exhibited by the kth photodetector is taken
into account in the input state of the (k + 1)th beam
splitter. The setup is shown in Fig. 2. Then we assume
that the input state of the reference mode of each beam
splitter is vacuum and that the output of the reference
Inode is observed by the photodetector subject to the
projection postulate. If the kth photodetector exhibits
the mj, -photon state, the non-normalized output state of
the signal mode of the last (nth) beam splitter is given
by

W»t(m„, m„ i, . . . , mi)

= U(p„, m„)U(p„ i, m„ i). . .U(pi, mi)W~„, (4.3)
IV. RELATION TQ THE CONTINUOUS

MEASUREMENT
Wvacuum Wvacuum Wvacuum

U(p, 0) = S(ht),
U(~, 1) = ~S(bt)bt,
U(p, m) 1) =0,

(4.1a)
(4.1b)

(4.1c)

where we set p = Abt and use p r, and the operators
S(t) and Q are defined by

S(t) = exp[—At(Ko —2)],
g= AK

(4.2a)

(4.2b)

Let us now discuss the similarity between the measure-
ment shown in Fig. 1 and the continuous measurement of
photon number described by the quantum Markov pro-
cess [10—13]. We assume that the reflectance of the beam
splitter is sufficiently low (r (( 1) so that the probabil-
ity of the photodetector for the output of the reference
mode registering more than one photon is negligible. Un-
der this assumption, we can approximate U(p, m) as

BS1 BS2 BSn

Wp W2 W„ W„

ij

Wgy Wg2
Ei

Wdn

FIG. 2. A schematic representation of the measurement
setup in terms of n, lossless beam splitters and n photodetec-
tors. BSI, is the kth beam splitter whose transmittance and
re6ectance are 7-1, and rg„and the D's are photodetectors with
which the measurement is subject to the projection postulate.
Wo is the density matrix of the signal mode input, and the
states of all reference inputs are assumed to be vacuum states,
Wvegooxn: i0) (Oi Wk is the output state of the signal mode
from the kth beam splitter under the condition that the kth
photodetector exhibits the state Wg~ and Wg becomes the
input state of the (k + 1)th beam splitter.
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where U(IJ, , m) is defined by (2.7b), 7i, ——e "" is the
transmittance of the kth beam splitter, and TV;„ is the
input state of the signal mode of the first beam splitter.
The probability that each photodetector exhibits the mI, -

photon state (k = 1, . . . , n) is given by

P(mn) mn —i t ) mi) TruWout (mn& mn —i &
~ ~ ~

& mi).

(4.4)
If none of the results exhibited by the n photodetectors
are referred, the output state of the signal mode becomes

W~„t ——exp[p, (K —Kp + 2)]W;„, (4.5)
]

where we have defined p, = g& i py. This is the same
as the output state of the thermal reservoir with T = 0.

Now we assume that each of the n beam splitters has
a sufficiently low refiectance (rI, pI, (( 1) and that
the probability of the photodetector for the output state
of the reference mode registering more than one pho-
ton is negligible. Then the probability that the given
m photon detectors, for example, lith, /2th, . . . , / th de-
tectors, exhibit one-photon state and the other n —m
photodetectors do not register a photon is obtained from
P(m„, m„ i, . . . , mi),

m ones

P(0, 1, 1, . . . , 0) 1, 0) = P, (&;t i, & i, , . . . , &(, )b&( bt(, St(, ,

|'n —m) zeros

P.(t;t, , t& „.. . , t&, ) = Tr.[S(t —t, )JS(t, —t, , )g JS(t,, —t, )W;„]

exp[ —Ap. it~,. ]Tr (exp[ —%tata]a W;„(at) ),

(4.6a)

(4.6b)

where we set pi, = A6ti, and t~'„——g" i bt~ with t„.= t and to ——0, and S(t) and P are given by (4.2). It is seen that
the quantity P, (t;t, t i, . . . , ti) is equal to the elementary probability distribution in the continuous measurement
of photon number [10,11],which is the probability that one photon is registered by the photon counter at each of the
times tI ) tI 1 ) ) t)1 and no photon is registered in the rest of the measurement interval. The normalized
output state of the signal mode is given by

W.„,(t, ; t&, t& „.. . , t&, ) = S(t —t( )JS(ti —'ti, )J QS(ti, —tp)W;„
T.[s(t —t, )Js(t&„—tt, )g "+s(t&, —t, )w;„]
exp[ —2Atata]a W~ (at) exp[ —2Atata]

Tr (exp[ —%tata]a W;„(at)~)
(4.7)

which is equal to that obtained in the continuous mea-
surement of photon number. Therefore, it is found that
the measurement in terms of a series of lossless beam
splitters with very low reHectance and photodetectors
subject to the projection postulate can lead to results
equivalent to those obtained by the continuous mea-
surement of photon number described by the quantum
Markov process.

V. MEASUREMENTS WITH PARAMETRIC'
AMPLIFIERS AND FOUR-WAVE MIXERS

So far we have considered the quasicontinuous mea-
surement of photon number with beam splitters. How-

ever, the discussion of the measurement with beam split-
ters can be applied to measurements by means of other
optical devices. In this section, we consider quasicontin-
uous measurements with nondegenerate parametric am-
plifier and four-wave mixer. We first consider the mea-
surement using the nondegenerate parametric amplifier
and the photodetector shown in Fig. 3. The Hamilto-
nian of the nondegenerate parametric amplifier with the
classical pump field is given by

H = &u~ata+ arab"a+ ip(atbte ' —abe' ),

where (a, at) and (b, bt) are the signal and reference
(idler) modes and ye ' stands for the classical pump

field [24]. If we assume ur = ~~+~~, we obtain the time-
translation. generator of states in the interaction repre-
sentation

H;„t ——i y, (at bt —ab) (5.2)

When it is assumed that the measurement performed
by the photodetector is subject to the projection postu-
late, the output state W „t of the nondegenerate para-
metric amplifier is given by

Wvacuum

PA
Wout

~detector

PIG. 3. A schematic representation of the measurement
setup where PA is a nondegenerate parametric amplifier and
D is a photodetector with which the measurement is sub-

ject to the projection postulate. W,'„ is the density matrix of
the signal mode input and W,„„ is the density matrix of
the reference mode input assumed to be in a vacuum state.
Wg t,&, represents the output state of the reference mode ex-
hibited by the photodetector. W „t, indicates the output state
of the signal mode under the condition that the photodetector
exhibits the state Wg, t,t, .
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Wont = V(win 3 Wvacuum) V

V = exp[8(L+ —L )],

(5.3a)

(5.3b)

where Ly and Lo are the generators of su(1, 1) Lie alge-
bra,

Wp
= PA1

Wvacuum

Wy
= PA2

0 Wvacuum
Wgq

W2 Wn y
= PAn

Wvacuum
Wg2

=Wn

Wdn

L+ —atbt

L =ah,
Lo —— (a—ta+ btb+ 1),

(5.4a)

(5.4b)

(5.4c)

and we set 8 = p,7, where w is the transit time of the
photon passing through the parametric amplifier. Thus,
if the photodetector for the output of the reference mode
exhibits an m-photon state given by Ws,t„t, ——~m) (m~,
according to the projection postulate, we obtain the non-
normalized output state of the signal mode,

FIG. 4. A schematic representation of the measurement
setup using n parametric ampli6ers and n photodetectors.
Wo is the density matrix of the signal mode input, and the
states of all reference inputs are assumed to be vacuum states,
W„,„„=~0)(0~. Wq is the output state of the signal mode
from the kth parametric ampli6er under the condition that
the kth photodetector exhibits the state Wg„and Wq becomes
the input state of the (k + 1)th parametric ampler.

W.„,(m) = U(s, m) W;„,
e

—e)m
U(s, m) =, K+ exp[ —s(Ko+ 2)],

(5.5a)

(5.5b)

W,„,= exp[s(K+ —Ko —z)]w;n) (5.6)

which is equivalent to the output state of linear amplifier.
Indeed, we obtain the relation (aat) „t ——G(aat);, where
the gain constant is given by G = e'.

Suppose the weak parametric coupling (8 « 1) so that
we can approximate U(s, m) as

U(s, 0) = S(bt),

U(s, 1) = /S(bt)bt,
U(s, m) 1) =0,

(5.7a)

(5.7b)

(5.7c)

where S(t) and J' are defined by

S(t) = exp[—At(Ko + 2)],
g= AK+,

(5.8a)

(5.sb)
I

where we set e ' = 1 —tanh 8 (s ) 0), and Ky and Ko
are given by (2.6). It should be noted that W „t(m) is
equivalent to the state considered by Agarwal and Tara
to investigate nonclassical character without squeezing or
sub-Poissonian statistics [25]. When we do not refer to
the state of the photodetector, the output state of the
signal mode becomes

and we set s = Abt (« 1). It is found from these expres-

sions that the operator J' describes the change in the
state of photons when a photon is registered by quantum
counter [15,16]. The nonunitary operator S(t) describes
the time evolution of the system without photons be-
ing registered by the quantum counter. The quantum
counter characterized by S(t) and J' measures the pho-
ton number by making use of stimulated emission, while
the usual photon counter characterized by S(t) and P
measures it by photon absorption. The quantum counter
was proposed originally by Mandel to measure antinor-
mally ordered correlation functions. Normally ordered
correlation functions are measured by the usual photon
counter.

When we consider a measurement in terms of a se-
ries of nondegenerate parametric amplifiers with weak
parametric coupling constants and photodetectors shown
in Fig. 4, using the same discussion as that derived
(4.6) and (4.7), we can obtain the probability distribu-

tion P, (t; tk, tk, , . . . , tk, ) that the kith, k2th, . . .,k th
photodetectors exhibit a one-photon state (the other
n —m photodetectors do not register a photon) and the
output state Wou(tt; t, t q, . . . , tq) of photons. Here

we set sk = 8&~ —— Abtk and tk, =P,. ' ~ bt, w. ithk~

t„= t, where OI, is the coupling constant of the kth
parametric amplifier. Since P, (t; tk, ti, , , . . . , tk, ) and

W „t(t;tk, tk, , . . . , tk, ) are obtained by replacing S(t)
and J' in (4.6) and (4.7) with S(t) and g, we have

P, (t;ti, , tr, , , . . . , tg, ) = Tr [S(t —tk )j'S(tg —tI, , )j. jS(tI„)W;„]'
m

= A exp A) tI, . Tro (exp[ —Ataat](at) Wna
j=1

(5.9)

and

w.„,(t; t, , t, „.. . , t„,) = S(t —t„)JS(t&„—t&,)g" +S(t„,)W;. .

T.[S(t —t„)gS(t„—t„,)J' . +S(t„,)w;„].
exp[—2 Ataat](at) W na exp[ —

2 Ataat]

Tro(exp[ —Ataat] (at) mw;nam)
(5.10)
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It is seen that (5.9) and (5.10) are equivalent to the
elementary probability distribution and the state of pho-
tons in the continuous measurement of photon num-
ber with quantum counter [16], where one photon is
registered by the photon counter at each of the times
tI, ) t I, , ) . . ) t@, and no photon is registered
in the rest of the measurement interval. Therefore, the
measurement using parametric amplifiers and photode-
tectors subject to projection postulate yields the results
equivalent to those obtained in the continuous measure-
ment of photon number with quantum counter described
by the quantum Markov process.

Next, we consider measurement with four-wave mixer,
instead of beam splitter, and photodetector with which
the measurement obeys the projection postulate. The
setup is the same as that shown in Fig. 3, except for re-
placing parametric ampli6er with four-wave mixer. We
assume here that one mode of the four-wave mixer is
highly excited and treated classically and that its Hamil-
tonian is given by

H itr&ata + to&btb+ Aoata(be'e' + btee ' '), (5.11)

of the reference mode. Thus it is found from the result
given in Ref. [17] that this state W „t(m) is identical to
that obtained by the continuous quantum nondemolition
measurement of photon number described by the quan-
tum Markov process. When A represents the coupling
between the photon and the detector and T is a mea-
surement time in which m photons are counted, then we
have the relation g = AT Th.e probability P(m) of the
photodetector showing an m-photon state is given by

P(m) = —,g Tr (exp[ g—(ata) ](ata) W;„j, (5.15)

which is equal to that obtained in the continuous mea-
surement. Therefore, it is found that the measurement
using the four-wave Inixer and the photodetector gives
the same results as those obtained in the continuous
quantum nondemolition measurement described by the
quantum Markov process.

VI. SUMMARY

H;„, = Aata(b+ bt), (5.12)

where we set A = Aoe.
When the input state of the reference mode is a vac-

uum state, the output state TV „q of the four-wave mixer
is given by

Wont = &(Win 8 Wvscuum) &

V = exp[ irAata(b+ bt—)],

(5.13a)

(5.13b)

where 7. is the transit time of the photon passing through
the four-wave mixer. When the photodetector for the
output of the reference mode exhibits an m-photon state,
the non-normalized output state of the signal mode be-
comes

W „,(m) = (m~W „t~m)
1= —,g (ata) exp[ —2g(ata) ]W;„

x exp[ —-'g(ata) ](ata) (5.14)

where we set g = rA and ~m) is a number eigenstate

where (a, at) and (b, bt) are the signal and reference
modes and ee ' ' stands for the classical field [26]. If
we assume ~B ——u and e to be real, we obtain the time-
translation generator of states in the interaction repre-
sentation,

We have investigated the photon statistics in the out-
put state of the signal mode of a lossless beam splitter
under the condition that the photodetector for the out-
put state of the reference mode exhibits the m-photon
state, and we have found the oscillatory behavior of the
photon statistics for the even and odd coherent state
inputs. We have shown that the measurements using
beam splitters and photodetectors in the setups shown

by Figs. I and 2 yield results equivalent to those ob-
tained in the continuous measurement of photon num-
ber described by the quantum Markov process. We have
also shown that the measurements with parametric am-
pli6ers and photodetectors shown in Figs. 3 and 4 give
the results equivalent to those obtained in the continuous
measurement of photon number with quantum counter.
Furthermore, we have found that the measurement us-

ing the four-wave mixer and the photodetector yields the
equivalent results given by the continuous quantum non-
demolition measurement of photon number described by
the quantum Markov process. Here it should be noted
that the measurements performed by the photodetectors
in all the setups that we proposed obey the projection
postulate, while the continuous measurements of the pho-
ton number do not obey it. Therefore, it is found from
our results that the continuous measurements of photon
number described by the quantum Markov process can
be simulated by combining the erst kind of measurement
with appropriate optical devices.
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