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Infrared radiation by a Dirac electron: First-order correction to the cross-section sum rule
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Bloch and Nordsieck [Phys. Rev. 52, 54 (1937)j outlined a successive-approximation procedure for the
calculation of finite infrared radiative corrections to the cross section for potential scattering of a Dirac
electron, based on the use of coherent states for the description of the asymptotic motion of the electron
in the presence of the radiation field and on the introduction of positive- and negative-energy projection
operators. An elaboration of that procedure is described here in which the projection operators are used

to develop an effective-Hamiltonian formulation of the scattering problem. This allows for a clear sepa-
ration of the nearly singular contributions to the cross section from the remainder to which ordinary
perturbation theory is applicable. With the aid of the optical theorem and the low-frequency approxi-
mation for single-photon spontaneous bremsstrahlung, a first-order correction to the Bloch-Nordsieck
cross-section sum rule is obtained. The result is expressed in terms of measurable field-free scattering pa-
rameters. %'ith the initial photon state chosen to be highly occupied, the formalism is directly applica-
ble to the problem of scattering in an intense, slowly varying external field. Nearly singular terms arising
from virtual Compton scattering in initial and final states, which appear when the field is not of the
plane-wave type, are shown to cancel in the final form of the cross-section sum rule. This low-frequency

approximation is then easily applied to problems involving realistically modeled fields in the form of
wave packets, for exaITlpl~,

PACS nutnber(s): 34.80.Qb, 03.80.+r, 03.65.Nk

l. INTRODUCTION

The Bloch-Nordsieck (BN) treatment of radiative
corrections to scattering [1],based on the use of coherent
states for the description of the asymptotic motion of the
electron, provided the basis for the resolution of the in-
frared divergence problem in QED. At the same time,
the HN calculation represents one of the earliest exam-
ples of a low-frequency approximation and this is of
theoretical interest in its own right in view of the impor-
tant role played subsequently by such approximations in
the analysis of spontaneous bremsstrahlung [2,3] and
scattering in a strong laser field [4]. Moreover, the BN
formalism is directly applicable to external-field prob-
lerns; one simpLy allows the initial photon state to be
highly occupied. The utility of this approach is illustrat-
ed below with the derivation of a sum rule for stimulated
bremsstrahlung in a low-frequency external field which
need not be a monochromatic plane wave; this extends
previous work based on standard treatments [4]. As seen
in an earher study [5], the low-frequency approximation
for «ingle-photon brernsstrahlung can be used to obtain
an improved version of the BN sum rule for nonrelativis-
&ic scattering with the emission of an arbitrary number of
soft ('unobservable) photons —a correction to the sum
rule, oF f:rst order in the soft-photon frequency, was de-
rived ~6„3. Here we obtain an improved sum rule, of first-
&rder accuracy, for the system originally considered by

BN, namely, the potential scattering of a Dirac electron.
Two features of this problem were not encountered in the
earlier rionrelativistic calculations; negative-energy states

must now be accounted for and electron-recoil effects
must be treated exactly. (Recoil effects introduce correc-
tions of order v lc. Such corrections were previously tak-
en to be of first order [5] but here v/c is not treated as a
small parameter. ) These features require the use of a sub-

stantially different approach. Specifically, a projection-
operator formalism is introduced to allow for a separa-
tion of positive- and negative-energy states. (It was in

fact emphasized by BN that such an approach provides
the basis for obtaining higher-order corrections to the ap-
proximation which they derived. ) The BN coherent
states are not exact asymptotic solutions in the positive-
energy subspace but are suSciently accurate for our
present purposes, that is, for the calculation of the sum

rule correct to first order. The formulation of the scatter-
ing problem in terms of an effective Hamiltonian operat-
ing in the positive-energy subspace is described in Sec. II.
The calculation of the scattering cross section summed

over final states of the radiation field is presented in Sec.
III. The calculation is greatly simplified by the use of
Low's theorem [2] on low-frequency single-photon
bremsstrahlung —the version applicable to potential
scattering of a Dirac electron is derived in the

Appendix —and the application of the optical theorem

relating the imaginary part of the forward-scattering am-

plitude to the total cross section. It is hoped that
methods developed here, in the context of the simplified

BN model, will be useful in the derivation of improved
infrared radiative corrections in a more general formula-

tion of the theory, as well as in providing a uniform treat-
ment of spontaneous and stimulated bremsstrahlung.
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II. FORMULATION

A. Effective-Hamiltonian method

HF= g co a.a.
j=0

(2.10)

As a preliminary to the analysis of the effect of infrared
radiation we begin with a review of the application of the
Casimir projection-operator formalism to the problem of
scattering in the absence of radiative interactions [7].
The free-particle Dirac equation is written, in units with
A=c=1 and with spin indices suppressed, as

Hn(p) =(a p, +Pm)(p) =E(p)(p), (2.1)

with E(p)—:+~p~ +m =pa. Here p, is the electron
momentum operator and the Dirac matrices satisfy the
standard anticommutation relations. The solution of Eq.
(2.1) is represented as

(r~p) =(2~) exp(ip r)y(p), (2.2)

where y(p) is a free-particle spinor. The operators which
project onto positive- and negative-energy states are
defined as

E(p, )+HD
A~=

2E(p, )
(2.3)

u,s(E)=A+[ V+ Vg (E)V]A+ . (2.5)

The Green's function in the negative-energy subspace
satisfies

A (E HD —V)A g —(E)=A (2.6)

We define the positive-energy Green's function, associat-
ed with the effective Hamiltonian, as the solution of

A+ [E HD u,fr(E) ]A—+g,s(E—) =A+ . (2.7)

In terms of these operators, the scattering amplitude (in
the absence of radiative interactions) takes the form
t (p', p; E)= {p' If (E)

I p ), where

In addition to the relations A+=A+ and A+A =0, the
properties

A+aA+ =v, A+, A+PA+ =+1 —~v, ~ A+, (2.4)

along with similar relations satisfied by A, are easily
verified.

Consider now the problem of scattering in a short-
range potential V(r) [8]. This problem may be reformu-
lated in the space of positive-energy states, with an
effective scattering potential of the form

is the free-field Hamiltonian and H'= —ea A is the in-

teraction energy in the radiation gauge. The vector po-
tential, quantized in a box of volume 0, is represented as

1/2

A= g
O COj0

ik. -r
y

—ik. rs(ae ' +a~e ' ). (2.11)

As in the original BN model only soft-photon modes,
with maximum frequency co„areincluded in the repre-
sentation of the field.

Asymptotic solutions of the Dirac equation are re-

quired in the formulation of the scattering problem. Ex-
act solutions in the absence of the scattering potential are
not available. However, in the positive-energy subspace
the coherent states introduced by BN, and reviewed

below in Sec. II B, represent approximate eigenfunctions
of the Hamiltonian

K =A+(HD+H~+H')A+, (2.12)

correct to lowest order. Here and in the following the
"order" is defined in terms of the two small parameters in
the problem, namely the maximum soft-photon frequency
co, and the electron-field interaction energy. (With an
external field present a limitation on its intensity must be
imposed to maintain the validity of this approximation
procedure; we return to this point briefiy later on. ) It will

be convenient to proceed, at this point, with the assump-
tion that the exact solutions of the asymptotic wave equa-
tion

(HD+HF+H' E)$=0— (2.13)

A+ [H +H'G (E)H' E]A+/+ =0,— (2.14)

where the negative-energy Green's function is defined as
the solution of

A (E —H')A G'(E)=A (2.15)

The decoupling procedure leading to Eq. (2.15) also pro-
vides us with the representation

are available. Approximations for these solutions will be
introduced after the scattering problem has been formu-
lated.

As a first step we follow the method suggested by BN
and decompose the solution of Eq. (2.13) into com-
ponents /~=A+/. Then, with H =HD+HF+H—', one
finds that the equation satisfied by f+ is

f (E)=u,s(E)+v,z(E)gdr(E) v,s(E) . (2.8) =G (E)A H'A+/+ . (2.16)

H =HD+ V+HF+H',

where

(2.9)

The condition which places this amplitude on the energy
shell is E =po=po. A generalization of this effective-
Hamiltonian formalism that includes infrared radiative
interactions will now be described.

The Hamiltonian governing the problem of scattering
in a radiation field is

T = ( tP'~ [ V+ VG (E)V] ~ q ), (2.17)

where f and P' represent the initial and final states, re-
spectively; a more explicit labeling of states will be adopt-
ed later on. The introduction of an effective positive-
energy scattering operator is accomplished with the sub-

The amplitude for scattering by the local potential
V(r) is represented, in the standard manner, in terms of
the resolvent G(E)=(E H) ' as—
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stitution of the form (2.16) for the negative-energy com-
ponent of the asymptotic solution and with the use of the
identity [9]

y.(] )+ @{1) @{0]+y{0) y(l )

ea geo

+ V&0) (H i + V(1) ) V!0) (2.28b)

6 =6 +(A++6 H)G, s(A++HG ) . {2.18)

Here we have introduced the negative-energy Green's
function as the solution of

The field-free scattering operator f (E) is defined in Eq.
(2.8) and each of the operators in Eq. (2.28b) is evaluated
at the energy E.

A (E H —V)A—6 (E)=A . (2.19) B. Asymptotic solutions

The e6'ective positive-energy Green's function appearing
in Eq. (2.18) satisfies the resolvent equation

A+ [E H —V,s(—E)]A+ 6,~(E)=A+,
with the effective potential defined as

V,(i= A+ [ V+ [ V+H']6 (E)[V+H']] A„.(2.20)

(2.21}

The essential feature of the BN analysis is the recogni-
tion that the electron-field interaction, even when intrin-
sically weak, must be treated nonperturbatively in the
construction of the asymptotic wave function P+ owing
to the appearance of near degeneracies in the positive-
energy spectrum of the electron-field system. In the
negative-energy subspace, on the other hand, ordinary
perturbation theory is adequate (according to our as-
sumption concerning the strength of an external field that
may be present) so that the equation

6 (E)=g (E HF)+g —(E HF )H'G —(E) (2.22)

[as introduced earlier in Eq. (2.5}]and where

V("(E)= A+ [H'g (E)V + Vg (E)H'

+ Vg (E)H'g (E)V]A+ . (2.25}

Further reduction is achieved with the introduction of
the expansion

Gdr(E) =g,s(E HF)+g,—)r(E)(H'+—V'")g,s(E), (2.26)

where both the interaction energy and the field energy are
treated as quantities of first order and terms of second or-
der are ignored. We then find that the scattering ampli-
tude may be represented, to first order, as

with

{q& ~F(0)+p(()~q ) t2.27)

F' '=f (E H), —

may be solved by iteration. Working to first order in H'
we find„after a brief calculation, that the expression for
the transition amplitude may be reduced to

{q ~[( V(0)+ V~(l)

+(V' '+V"')6„(r(V' '+V'")]i/~), . (2.23)

where

V'"'(E}= A+ [ V+ Vg (E HF ) V]A+ =:v—,~(E HF ), —

{2.24)

The coherent states introduced by BN provide approx-
imations to the asymptotic solutions appropriate to a
treatment of both infrared-radiative corrections to
scattering and to scattering in a low-frequency external
field. More precisely, these states, when projected onto
the positive-energy subspace, are approximate solutions
of Eq. (2.14). We shall now review those properties of the
coherent states that are relevant to the present analysis.
As seen from the original derivation [1], the coherent
states satisfy Eq. (2.14) only to the extent that terms of
second order, associated with the efFect of electron recoil,
are neglected. It does not immediately follow that the er-
ror in these asymptotic states is of second order since the
near-degeneracy of the states of the electron-photon sys-
tern may lead to the introduction of small energy denomi-
nators and a consequent lowering of the nominal order of
the error. To resolve the question one should derive an
explicit form for the correction to the BN approximation
to the asymptotic states, but this turns out to be unneces-
sary for our present purposes, as will now be explained.
The asymptotic solutions in the positive-energy subspace
enter into the construction of the scattering matrix ele-
ment shown in Eq. (2.27). The scattering operator is
decomposed into terms of zeroth order and of first order,
as indicated in Eqs. (2.28). In evaluating the matrix ele-
ment of the first-order component it is sufficient to adopt
the BN approximation, with first-order accuracy in the
matrix element assured. On the other hand, in calculat-
ing the component of the operator of zeroth order an ap-
proximation for the asymptotic states correct to first or-
der is required. Fortunately, the calculation can be done
very easily using only a general property of the exact
solution, namely„ the unitarity property of the wave
operator that transforms the noninteracting electron-field
state into the fully interacting state, as will be described
more explicitly below [10]. As a final comment on these
matters it should be remarked that the energy-level shift
C,associated with asymptotic electron-photon interactions)
enters into our final formula for the cross section. An ex-

pression for this shift is provided by the BN approxima-
tion. The variational principle for the energy eigenvalue
guarantees that this expression is correct to first order
since the shifted energy is given, to first order, by the ex-
pectation value of the particle-field Hamiltonian.

To begin our review of those properties of the coherent
states that will be needed here, we note that to first order
the Hamiltonian appearing in Eq. (2.14) may be replaced
by K =A+H"A, . Using Eq. (2.4), along with the rela-

tion E(p, )=v, p,, +m Q 1 —
~v, ', -, one sees that this

positive-energy Hamiltonian can be expressed as

K =A [H~+E(p. )
—ev,, A]A,
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may be constructed by choosing f„zto be of the form

lg.,&=W(jpj }ln &Ip&,

with the approximate wave operator given by

(2.31)

S

W([pj)=exp g p (a e ' —a e ' ), (232)
j=0

and with

277
p = e

N 0j

1/2
j (2.33)

Here we define gj =roj —v.kJ, with v=p/po representing
the velocity of the electron. The energy eigenvalue is

S

E„p=E(p)+g n co, +b,
j=0

(2.34a)

where

(2.34b)

Let us assume that before the electron-field interaction is
switched on the electron has momentum p and the field is
in a state characterized by the set of mode occupation
numbers [n„n2,. . . , n, J denoted collectively as n The
states g+ that appear in the preceding analysis of the
scattering problem will be represented as A+/„. An ap-
proximate solution of the modified Dirac equation

(2.30)

rived in Sec. II, can be related directly to the amplitude
for spontaneous single-photon bremsstrahlung. In the
second step (described in the Appendix} the low-

frequency approximation for this bremsstrahlung ampli-
tude will be invoked, and this introduces the physical
field-free amplitude. Recall that the lowest-order version
of the BN sum rule is expressed in terms of measurable
field-free scattering parameters Ilj. It is a remarkable
fact, not obvious at the outset, that this remains true even

when a correction of first order is included.
In the first-order approximation developed in Sec. II

the transition amplitude is represented as
(O) (1)

n'p'np = n'p'np + n'p'np~

T„"p..„p= ~ Q„ IF"(E„p}lg„&,i =0, 1 .

The operators F" are defined in Eqs. (2.28). Since we
shall make use of the optical theorem we examine the
forward-scattering amplitude, setting p'=p and taking
the initial and final photon states to be identical. Let us
consider first the amplitude

T„'p'.„p= ( Q„If (E„p H~ }It„—&, (3.2a)

which, with the aid of Eqs. (2.31) and (2.36), may be ex-
pressed as

T„' ' „=(nI W. (oplexp(ip Fr)f (E„z HF)—
Xexp( ipF„—r)lp& Woln &

=y'(p)(nl Wg(p —pF. p —pF. . .,— F }

j=O X Woln &y(p) . (3.2b)

W"((p1)a W([pJ)=a —p e (2.35)

The parameters p are treated as quantities of zeroth or-
der so that the level shift b, is of first order. (This formal
ordering of parameters is justified in Sec. III by an expli-
cit evaluation and numerical estimate of the level shift. )
We note the property

Here we introduced the abbreviation PFn =PF Pn &

where p„is the momentum of the field in state I
n &. »mi-

larly, we write HF„:—HF —E„,with E„representing the
field energy. The scattering matrix is now expanded
about its on-shell value. The result is then simplified con-
siderably with the aid of the relations

W =exp( i p r) Woex—p(ip~ r), (2.36)

which follows directly from the commutation relations of
the field operators. Another useful property is the rela-
tion

S

&n W~F. Woln &= y ~,p,',
S

( n
I Wo pF„WoI

n &
= g k, p

j=O

(3.3a)

(3.3b)

where pF = g, kj a~ a, is the field momentum operator
and 8'o is obtained from the expression shown in Eq.
(2.32) by setting r=0. The representation (2.36) is an ex-
pression of momentum conservation and applies as well
to the exact wave operator.

These relations are verified using the properties, shown in
Eq. (2.35), satisfied by the approximate wave operator.
The expansion in Eq. (3.2b) is carried out by transforming
to new scalar variables; we write f (p', p;E}~f(v, r, g, g'}
with

III. CROSS-SECTION SUM RULE
v=po r=(p' —p)' k=po Ek'=so —E. —(3.4)

The characteristic feature of the low-frequency approx-
imation is that it allows one to express the cross section
for a radiative transition in terms of that for a simpler,
measurable process. It is our objective to relate the
forward-scattering amplitude (and hence the total cross
section, with the aid of the optical theorem) to the on-
shell field-free scattering amplitude. This will be accom-
plished in two steps. We first show that the first-order
approximation for the radiative transition amplitude, de-

Using the relation Q(p —pF„)+m =po —v.p~„, we
find that

g=g'= —v.p~„b,+H~„, —

V=PO V PFn

w=O .

(3.5)

With the neglect of second- and higher-order terms in the
Taylor series expansion of the scattering matrix we ob-
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tain the result

T(o) — t( ) f y k 2 df
V

y(p), (3.6)

We first construct the amplitude T„..o, with

ln ) =a l0), for single-photon emission from the vacu-
um; p and p' will be taken to have the same direction at
the end of the calculation. %'hen evaluated to first order,
and after being stripped of initial- and final-state spinors,
the resultant amplitude takes the form

M= pf—(p' p kp—o ~)+p'f(p'+k p po)+B
where on the right-hand side f and its derivatives are
evaluated at v=po, g=g'=i=0. Note that in evaluating
the first term on the right-hand side of zeroth order, it
was necessary to retain first-order accuracy in the wave
operator. However, it was only the unitarity property of
the wave operator that had to be invoked [10] and this
enabled us to complete the calculation very easily while
maintaining sufhcient accuracy.

We now consider the first-order correction term

(3.7)

where F"' is given by Eq. (2.28b). Our objective is to re-
late this expression to the correction to the single-photon
bremsstrahlung amplitude and then to use the low-
frequency approximation to evaluate it. To illustrate the
procedure w'e examine the contribution arising from the
first term in Eq. (2.28b), which is

(3.1 1)

where B is constructed by forming the matrix element of
the operator F"', according to Eq. (3.1). The expression
for B obtained in this way is found to difFer from the ma-
trix B appearing in Eq. (3.10) only in the absence of a
mode index. The first two terms in Eq. (3.11) are expand-
ed about their on-shell values. This time, with

f ( p', p; E)~f (v, r, (,g'), we take as our scalar variables

v=po, r=(p'+k —p), g=po E, ('—=po E. —

(3.12)

In the first tenn we have v=po —v.k, g=g, g'=0, and in

the second term we have v=Po, (=0, g'= —il'. The first
two terms, evaluated to first order in the frequency, then
add to

=
&pl &i'll w'A (H'g v+ vg H'

+vg Hg v)A, win)lp) .

(3.8)

With recoil eft'ects ignored in this first-order term we
have, for example,

(nl w,'A, H'A w, ln )

=(nlA+Wo( —ea A)WoA ln)
1/2

(
—ea e, )A

2'=A+ g( —2p, )

J
(3.9)

The same form is obtained for each term in Eq. (3.8); we
then write

T„"'.„=g (
—2p, )yt(p)B, y(p) . (3.10)

J

The matrix 8 may be related to the nonsingular contri-
bution to the amplitude for emission of a photon into
mode j during the course of the collision. The method
used for making this identification will now be described.

The transition amplitude defined using coherent states
may be interpreted as a generating function for N-photon
bremsstrahlung amplitudes. That is, with level-shift
corrections ignored, the expansion of the transition am-
plitude in powers of the charge generates expressions cor-
responding to the lowest nonvanishing order of perturba-
tion theory for each of these bremsstrahlung amplitudes.
To first order, for example, we have (omitting a mode in-
dex for the photon)

W=l+p(ae'"' —a e '"')
pi(aeik r(ate —ik..r)

M' '=(p' p)f (po, r—) r)p —+, +pv k
a a af
ag ag' av

'

S= 277

2'gpo coQ
[a a(a k+ o~ )f (po, 0 )

+f (po, O)(a k+o~)a e] . (3.15)

After supplying a subscript j to the expression for B just
determined it may be combined with Eq. (3.10) and this
yields the result

(, i t af+ af+ afT„„=y(p) 2hp . +25, +

+ g( —2P, )S, y(p) . (3.16)

Taking into account Eq. (3.6) we find for the sum
T

p p
+ T

p p the expression

2 aT„.„=y(p) f + 2h„—g v k, p,

+ g( —2P, )S, y(p) . (3.17)

To the appropriate order, then, we have
B =MLFA —M' ', where the low-frequency approxima-
tion, derived in the Appendix, is

Mi.FA pf (po r) pf (po oi r)+~ .

The spin-dependent term is
1/2
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The off-shell contributions are seen to have cancelled.
The on-shell matrix f and its energy derivative are evalu-
ated at v=po and ~=0.

To simplify the expression (3.17) we define the modified
spinor

I+ g (a n, +1}a ( A,. ) y(p),2 p'nj po

The expression on the right-hand side may be evaluated
through an application of the optical theorem for the
field-free scattering problem, which we write as

f(q q;qo}—f'(q q;qo}

= —(2iri) f d q'5(qo —qo)f (q', q)qo)f (q', q;qo) .

(3.27)

with n, =k, /co and
1/2

(3 18) The sum rule, correct to first order, then takes the form

po(2ir ) f d'q'&(qo' q—o)X f (q' q qo}

( A. ):—(nl Wo AiWoln ) =(—2p~)
COJ 0 x f(q', q;q )g . (3.28)

where

p; p X f (q q qo)X (3.20)

qo=po+2b, —g v k,p, .
J

(3.21a)

q has the direction of p and satisfies the on-shell condi-
tion q +m =qo. In the limit of infinite quantization
volume the sum in Eq. (3.21a) may be performed to give

e m,
qo =So 2'

1+v
1 —v

1—+v
v

(3.21b)

In the same limit Eq. (3.18) becomes

e s
1 —I(v ) a v y(p},

27Tp p

with

(3.22a)

I(v)==2
2

1 1+v—2+ —ln
1 —v

(3.22b)

The total cross section, summed over final states of the
field, may be obtained from the forward-scattering ampli-
tude by application of the optical theorem. In a version
appropriate to the problem at hand the theorem provides
us with the relation

ImT„&.„=erg f d p'5(E„—, E„)~T„,, „~—. (3.23)
n'

The expression for the total cross section is

po(2n. }
y fd'p'fi(E„,, E„,)~T„,, „,~', —
n'

(3.24)

from which we conclude that

po(2n. )
CT = Im T„.

„

7TP

From Eq. (3.20) we have

ImT„.„=(2i)'y [f(q, q;q, )—f (q, q;qo)]g .

(3.25)

(3.26)

(3.19)

In terms of these quantities we may put Eq. (3.17) in the
form

The right-hand side may be determined from measure-
ments of field-free scattering parameters. The approxi-
rnate cross section, while accounting uniformly for spon-
taneous and stimulated radiation, shows no external-field
effects to the order considered. This is justified, within
the present approximation procedure, for external fields
of moderate intensity. A discussion of the range of fre-
quency and intensity parameters for which the external-
field interaction may be consistently treated as a quantity
of first order has been given previously [11]. The correc-
tion term arises from spontaneous emission and reabsorp-
tion and is extremely small since the relevant parameter,
e co, /mc, is of order 10 for fico, of order 1 eV. The
result of the calculation may therefore be viewed as a
confirmation of the validity and accuracy of the sum rule
in lowest order. It also demonstrates a systematic pro-
cedure for generating higher-order corrections that can
be useful, particularly in calculations of laser-assisted
scattering cross sections where such corrections become
significant for sufficiently strong fields.

IV. DISCUSSION

In their Brief Report written many years ago [1],Bloch
and Nordsieck presented the essential physical ideas that
eventually led to the development of practical prescrip-
tions for treating infrared radiative corrections in QED
[12]. In addition to being important historically, that pa-
per remains of methodological interest since it suggests
theoretical techniques for dealing with the problem of
scattering in a radiation field (external as well as spon-
taneously produced) that are still relevant to current
research in a developing area of physics. In particular,
the work of Bloch and Nordsieck provided one of the
first examples of the use of a low-frequency approxima-
tion to relate the cross section for a radiative process to a
measurable cross section for scattering in the absence of
radiation. It also introduced a method for the nonpertur-
bative treatment of electron-field interactions through the
introduction of distorted plane waves, and suggested the
applicability of a modified perturbation theory, based on
the use of Casimir projection operators, to allow for sys-
ternatic improvements in the accuracy of the calculation.

An attempt has been made in this paper to develop
some of these ideas in the course of an evaluation of the
cross section sum rule to the next order of accuracy
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beyond that originally achieved by BN. The fact that the
coherent states introduced by BN are only approximate
solutions of the asymptotic wave equation represents one
of the difficulties encountered in such a program. In par-
ticular, for the case of an external field, the approximate
asymptotic states omit terms that are required to proper-
ly account for virtual Compton scattering in initial and
final states. When the scattered photons have the same
or very nearly equal frequency, such terms lead to the ap-
pearance of near singularities in the transition amplitude
[11]and must therefore be treated with care. (There is a
clear analogy between the present treatment of near
singularities arising from virtual Compton scattering and
the method used in the original work of BN for dealing
with spontaneous bremsstrahlung of soft photons. ) The
difficulties associated with the inexact nature of the BN
coherent states was surmounted here through the use of
the unitarity property of the wave operator that generates
the exact asymptotic solution in the positive-energy sub-
space, and through the introduction of an effective Ham-
iltonian formulation (analogous to one that is widely used
in nuclear and atomic reaction theory [9]) to account for
virtual transitions into states of negative energy. Such
transitions introduce no near singularities and may be ig-
nored in determining the leading term in the cross-
section sum rule, but must be accounted for in higher or-
der. This was accomplished by relating the correction
term to a very similar term that appears in the amplitude
for single-photon bremsstrahlung and that could be eval-
uated with the aid of the low-frequency approximation
for that amplitude.

Owing to the nonsingular nature of the effective poten-
tial, higher-order corrections can be obtained through a
straightforward expansion in powers of the electron-field
interaction. An examination of the second-order term in
this expansion shows that it can be related to the ampli-
tude for two-photon bremsstrahlung, for which a low-
frequency approximation is available [3]. Thus it seems
possible that the successive approximation procedure can
be extended to higher orders provided improved approxi-
mations for the positive-energy asymptotic solutions can
be constructed. The development of such techniques
could be useful in generating more effective methods for
treating a variety of processes involving spontaneous or
stimulated bremsstrahlung.

the single-particle Dirac equation. It will be convenient
to follow not the original approach of Low [2], but rather
that presented in Ref. [3], adapted to the potential
scattering problem considered here. The an-shell field-
free scattering amplitude is written as

~(P P po} y (P )f(po [P Pl )y(p) . (Al)

1+f (po —co, r)
po

—co —[a (p k)—+Pm]

X(a e —eo) . (A2)

After some algebra this can be put in the form

L
&

= [(a e —so)(a k+co)+2(p' s —popo) ]

X[2(po~ —p' k)) 'f(po r)
—f(po —»&)[2(po~ p k)) '

X[2(p e —poco) —(a k+co)(a e —Eo)] . (A3)

Here we have omitted terms which vanish, by virtue of
the Dirac equation satisfied by the spinors y(p) and

y (p), when the matrix element (Al) is formed. The ex-

pression (A3) is not gauge invariant since under the re-
placement (e, eo) —+(k, co) it reduces not to zero, but rath-
er to f (po —~,r) —f (po, r). With the choice

In treating the radiative process we include the scalar in-

teraction eAO,' the derivation is based on gauge invari-

ance so we do not here specialize to the radiation gauge.
We express the amplitude for the emission of a photon of
momentum k, energy co= [k~, and polarization (e, Eo), as
—e (2n lcoQ)' y (p')(L, +L2+R)y(p). The sum of the
matrices L& and L2 will provide the low-frequency ap-
proximation with R, which will be shown to be of order
co, representing the remainder. L, accounts for photon
emission either before or after the collision and is con-
structed with virtual transitions into negative-energy
states ignored; it is the most nearly singular contribution,
of order co '. We have, with po =p o +co and
r=(p'+k —p}, and with the matrix f understood to
operate in the positive-energy subspace,

1
L, =(a e —eo), f (po, r)

ACKNOWLEDGMENT

This work was supported in part by the National Sci-
ence Foundation under Grant No. PHY-9019745.

f (po r) f (po ~,r)— —

we obtain a low-frequency approximation

MLFA = —e (2m. /cuQ)' (L
&
+L2 },

(A4}

(A5)

APPENDIX: SINGLE-PHOTON BREMSSTRAHLUNG

Here we derive the low-frequency approximation for
single-photon bremsstrahlung for scattering described by

which is gauge invariant. It follows that the remainder R
is gauge invariant and nonsingular in the zero-frequency
limit; it is then easy to see that R must vanish in that lim-

it. Note that in the radiation gauge L2 vanishes.
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