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A theory of electron-counting processes is formulated in terms of the Liouville space method.
The developed model is based on the quantum Markov processes developed by Davies and Srinivas.
The time evolution of an electron system interacting with an electron counter and the counting
probability distribution are investigated. The average value, fluctuation, and correlation function of
the electron number registered by the counter are calculated, and the sub-Poissonian distribution and
antibunching correlation of the electrons are obtained for an arbitrary noncorrelated initial state of
electrons. For a correlated initial state, depending on the initial correlation among the electrons and
on the electron counters used in the measurement, the statistics for the electron number registered
by the counter is characterized as a sub-Poissonian, Poissonian, or super-Poissonian distribution,
and the intensity correlation function exhibits antibunching or bunching correlation. As an example,
the state with correlation between the up-spin and down-spin electrons is considered. The electron
counting processes under the influence of a chaotic electron source are also considered, and the effect
of the chaotic electron source on the counting statistics is investigated.

PACS number(s): 03.65.Bz, 42.50.Dv

I. INTRODUCTION

The quantum counting probability and the intensity
correlation function are useful for investigating the non-
classical properties of light beams. This is also true
for electron beams. For a light beam, a sub-Poissonian
counting probability and antibunching correlation are
characteristic of the nonclassical states of lights. Al-
though photon-counting processes have been extensively
studied by several authors [1-9], only a few works have
addressed electron-counting processes [10-12]. We calcu-
lated the electron-counting probability for an arbitrary
noncorrelated electron state [13], using a model based
on the quantum Markov processes developed by Davies
[14-17] and Srinivas and Davies [1,2,18]. Using an ax-
iomatic treatment for the quantum Markov process en-
ables us to investigate the electron-counting measure-
ment process systematically rather than having to use
the conventional method [19-21]. It was found that the
statistics for the electron number registered by the elec-
tron counter is characterized by a sub-Poissonian distri-
bution [12,13]. Furthermore, it is shown that the co-
incidence counting probability in the two-counter mea-
surement proposed by Hanbury-Brawn and Twiss [22,23]
exhibits antibunching correlation of electrons [10-13]. It
seems that these characteristics of electrons are due to
the Pauli exclusion principle [24].

This paper further develops the theory of the electron-
counting processes. We first present a general theory of
the electron-counting process in the framework of the Li-
ouville space formulation and the quantum Markov pro-
cess. Using this result, we investigate the time evolu-
tion of an electron system interacting with the electron
counter and the statistics for the electron numbers reg-
istered by the counters. We take into account a chaotic
electron source and consider its influence on the counting
statistics. Although we address only an electron system
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in this paper, all the results obtained here are also valid
for an arbitrary fermion system.

This paper is organized as follows. In Sec. II, we briefly
summarize the Liouville space formulation [25-32] for a
fermion system in a way suitable for investigating elec-
tron counting processes. We also review the model of
the quantum counting process proposed by Davies and
Srinivas [1,2,14-18] within the framework of the Liou-
ville space formulation. In Sec. III, for an arbitrary
initial electron state, we investigate the time-evolution
property of a system in contact with a counter and the
counting statistics of the electron number registered by
the counter. As an example, we show that any noncor-
related initial electron state leads to the sub-Poissonian
counting probability and antibunching correlation among
electrons. In Sec. IV, we calculate the electron-counting
probabilities and the intensity correlation functions of
correlated electrons. We show that the counting statistics
for the electron number registered by the electron counter
obeys a sub-Poissonian, Poissonian, or super-Poissonian
distribution, depending on the initial correlation of the
electrons and on the electron counters used in the mea-
surement. As an example, we consider an initial state
in which there exists a correlation between up-spin and
down-spin electrons. In Sec. V, we consider the electron-
counting processes under the influence of a chaotic elec-
tron source which is a model for the thermal or field emis-
sion of electrons. The effect of the chaotic electron source
on the counting statistics is investigated. A summary is
given in Sec. VL.

II. QUANTUM COUNTING PROCESSES
IN THE LIOUVILLE SPACE

A. Liouville space formulation
The Liouville space formulation is a powerful method

for investigating various kinds of physical phenomena
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[25-36]. Although there are several ways to construct
the Liouville space formulation, in this paper we use the
one based on the tilde conjugation to investigate the elec-
tron counting processes. The Liouville space £ can be
expressed as a direct product of the two Hilbert spaces
H ® H, where H is the usual Hilbert space in quantum
mechanics and H is the space derived from # by the tilde
conjugation. When A is an arbitrary operator acting on
state vectors in H, the tilde conjugation of A gives an
operator A acting on state vectors belonging to H. The
tilde conjugation is defined by
(AB)~ = 4B,

(AhH”= A,
(2.1)
(@aA+bB)" =a*A+b*B, (A)” =orA,

where A and B are arbitrary operators and a and b are ¢
numbers. In (2.1), oF = 1 for a bosonic operator A and
or = —1 for a fermionic operator A. It is assumed that
any bosonic (fermionic) tilde operator commutes (anti-
commutes) with all bosonic (fermionic) operators with-
out the tilde.

Now we consider a fermionic system in the Liouville
space L. We ignore momentum and spin indices, for sim-
plicity, since the generalization to a many-body fermionic
system is straightforward. Such a fermionic system is
described in the two-dimensional Hilbert space 4. The
complete orthonormal basis in H is given by {|0), |1)},
where |1) = ¢f|0) and c[0) = 0. Here ¢ and c! are
fermionic annihilation and creation operators satisfying
[e,cf]4+ = 1 and [c,c]4+ = [cf,cf]4 = 0. The tilde con-
jugation then gives a complete orthonormal basis in H:
{10), |1)}, where |1) = &'|0) and &0) = 0. Here & and &'
are the tilde conjugates of ¢ and cf, respectively, which
satisfy [¢,é']4 = 1 and [¢,&)4 = [¢%,é1]4 = 0. It should
be noted from (2.1) that (¢)” = —c and (&)™ = —cf are
satisfied. Thus the Liouville space of a fermionic sys-
tem is spanned by a complete orthonormal set {|m,n) =
|m) ® [2) | m,n = 0,1}. In this case, the state |4, ;) is
constructed by operating c' and & on the vacuum |0, 0);
[1,0) = ¢t|0,0), |0,1) = &'[0,0) and |1,1) = ctét|o,0),
where ¢|0,0) = ¢/0,0) = 0.

One of the most important state vectors in the Liou-
ville space L is

1) =0,0) + |1,1), (2.2)
which satisfies the relations c|1)) = é'|1)) and &1)) =
—ct[1)). State |1)) gives the relations between the tilde
and nontilde operators, which are called the thermal state
conditions in thermofield dynamics [28-30].

In fermionic Liouville space, an arbitrary state |¥)) of
the system can be expanded as

) = Z ng'nlman),

m=0n=0

(2.3)

where the normalization condition of a state vector is
satisfied if goo+g11 = 1. For an operator that is expressed
only in terms of ¢ and ¢!, we obtain from (2.2) and (2.3)

(1A(e,e)E) = 3" > (nlA(e,c)im)gmn.  (2.4)

m=0n=0

It is clear that if g,,, is the matrix element of the sta-
tistical operator p in the Hilbert space H, such that
gmn = (m|p|n), the right hand side of (2.4) is identical to
Tr(Ap), where Tr is trace operation in H. Thus we find
that in the Liouville space £, the average value of A(c, cf)
can be expressed by the matrix element (A(c,ct)) =
{1|A(c,c")|¥). For example, when we set goo = 1 — 7,
gi1 =n, and goi1 = gio0 = O, |\I’» becomes
[¥) = (1 —@)|0,0) + 7|1,1). (2.5)
This is the chaotic state (or thermal state) of an elec-
tron, in which the entropy of the system is maximized.
It is well known [26,29] that the state vector |m,n) in C
corresponds to the operator |m)(n| in H. In the density
matrix form in #, (2.5) is expressed as
p =10)(1 —7)(0] + [1)n(1]. (2.6)
In the Liouville space £, the time evolution of a state
vector |¥(t))) is determined by

%I\P(t))) — _iBY()), B=H-B+ill, (27)
where H is the Hamiltonian of the system, H is its tilde
conjugate, and II is a damping operator. This equa-
tion corresponds to the Liouville-von Neumann equation
(or the quantum master equation) in the usual Hilbert
space ‘H. The details of the Liouville space formulation
described here are given in Refs. [25-32], and its appli-

cation to quantum optics is discussed in Refs. [37-40].

B. Quantum counting process

In this section, we describe the quantum counting pro-
cesses in terms of the Liouville space formulation. The
model for the quantum counting processes used here was
first developed by Srinivas and Davies [1,2] and is based
on the theory of the quantum Markov process [14-18].
According to the theory by Srinivas and Davies, the
quantum counting processes in the Liouville space can
be formulated as follows. .

It is first assumed that there exists an operator N, ()
acting on a state vector in the Liouville space £. This
operator describes a process in which m particles are reg-
istered by a counter during measurement time ¢. For any
normalized state vector |¥)) in £ such that {(1|P)) = 1,
the operator N, (t) satisfies the following relations:

0 < (LNm(8)| ) < 1, }ijlg)ﬁo(t)l‘l’» =[¥), (2.8a)
Nm(tl + tZ) = iﬁn(tl)ﬁm—n(t2)7

e (2.8b)
> (UNA@B)T) < Ct,

where C is a finite constant. When an operator ’f'(t) is
defined by
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TE) = Nm(t), (2.9)

the relation (17(t)|¥)) = 1 is established for any nor-
malized state vector |¥)) in L.

By using Nm(t), the counting probability distribution
P, (t) that m particles are registered by a counter during
measurement time ¢ is given by

Pr(t) = (LN (1)), (2.10)

which satisfies Y oo_o Prn(t) = 1 and limy_,o Po(t) = 1.
When we define an operator S (t) as

S(t) = No(t), (2.11)
the state vector given by
S(6)|¥)
v = .
e (1S @)Y (2.12)

represents the state of the system at time t if the counter
does not register any particle in the interval [0,t). The
state |¥,,(t))) of the system after m electrons have been

registered by the counter is expressed in terms of N, (t)
and Pp(t),

W) = 5 N (8) ).

o) (2.13)

When we do not refer to the result indicated by the
counter, though counting is performed, the state |¥(t)))
of the system is given by

oo

12N =Y N()]T)) = T(2)|T).

m=0

(2.14)

Under the above assumptions, we have the following
results from the theory of the quantum Markov pro-
cess [17]. The two sets of operators {7(t)|t > 0} and
{S(t)|t > 0} become one-parameter semigroups which
satisfy

T(t1)T(t2) = T(t1 +t2), S(t1)S(t2) = St + ta),

(2.15)

and 7 (t) and S(t) are strongly continuous. There exists

a bounded positive operator J acting on a state vector
in the Liouville space £ such that

t tm t2 R . R
Pm(t)=A dtm/O dtm_1~-~A dt1 (US(E = tm) FE(tm — tm1) T - --
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A 1 -~
= lim — t . .

Jw) = lim L5 ()] 2) (216)
Operator J determines the change in the state when the
counter registers one particle, so J characterizes the one-
count process. Then the one-count process at time t
transforms any state vector |¥(t))) into |¥(t..))), defined
by

Ay
(1w ()

Furthermore, operators S ), ’f'(t), and J satisfy the fol-
lowing relation:

1@ (t4)) = (2.17)

T@) = S(t) + / t dr T(t —1)J8(7). (2.18)

When we denote the generator of $(t) as ¥, so that

5(t) = exp[tY], (2.19)

the following relation between J and Y is established for
any state vector |¥)):

(UYZ) = —(1]J]2).

This relation leads the fact that the probability that the
counter registers more than one particle during an in-
finitesimal time can be neglected. Furthermore, it should
be noted that Y and J are invariant under the tilde con-
jugation (Y)™ =Y and (J)" = J.

It is found that operators ¥ and J completely deter-
mine the quantum counting processes. Operator S(t (t) is
given by (2.19), and N and ’f'(t) are expressed as

tm
/dt |t

x/ dt, §(t — t,)J
0

XS (tm

(2.20)

—tp1)d - JS(ty),

(2.21a)

T(t) = $(t)T exp [ A dr S(—T)J‘S:(T)] = exp[t(Y + J)],
(2.21b)

where T is the time-ordered product and (2.19) is used
in the second equality of (2.21b).

It can be seen from (2.10) and (2.21a) that the count-
ing probability distribution P,,(t) that m particles are
registered by the counter during measurement time ¢ is
given by

JS(ty)| @Y. (2.22)
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Furthermore, the elementary probability distribution
P.(t;tmytm—1,---,t1) [1] that one particle is registered
by the counter at each of times t,, > t,,—1 > -+ > t;
(t > tm, t1 > 0) and any particle is not registered in the
rest of the interval [0,t) is given by

Pe(t; tmatm—l: oo 7t1)

= (11S(t — tm) IS (tm — tm_1)J - -- TS(t1)| T,
(2.23)

and the coincidence probability  distribution
P.(t;tmytm—1,-.-,t1) [1] that one particle is registered
at each of times t,,, > t,,—1 > --- > t;, together with the
other possible counts in the rest of the interval [0,1), is
given by

Pc(t; tma tm—-l, e )tl)
= (UT(t = tm)IT (tm — tm—1)J - - TT (1) ).
(2.24)

When we define a generating functional by

Gt [u(r)]) = (<1|Texp{ [arti+ u(f)f]}l‘l’)),
(2.25)

the elementary and coincidence probability distributions
are calculated as follows:

Pe(t; tm1 tm-—h e atl)

‘sm
" Op(tm)Op(tm—1) - - dp(ts)

G(t; [u(T)])

’

n(r)=0
(2.26a)
Pc(t; trmstm—1,--- atl)
- o G(t; [u(r) + 1)
Su(tm)opltmr) - Op(tr) uir)=0
(2.26b)

It is easily seen from (2.19) and (2.21a) that the counting
probability distribution Py, (t) can also be expressed as

1 o™

Pr(t) = ﬁgﬁp(t; wl (2:27)

n=0

where we have defined

P(t;p) = (UN (& p)|T), N(t;p) = explt(Y + pJ)).
(2.28)

It should be noted that T(t) is expressed as T(t) =
N(t;1).

The moment of particle number recorded by the
counter during time t is calculated by

nk = i;onkpn(t). (2.29)

Using relation (2.27), we can obtain the mth factorial
moment of the particle number registered by the counter
during time ¢ as follows:

am
nfn—1)---(n—m+1)= —Pt;p+1)| . (2.30)
al‘l‘ pu=0
Of special interest, 72 and n? are given by
“ 7=t LoPut)
n=—Ptip+1)| , n?*=a+_5Ptpt+l
ou - ou? u=0
(2.31)

Thus the quantity P(¢;u) completely determines the
quantum counting statistics.

III. ELECTRON-COUNTING PROCESS
A. General theory of electron counting

Using the general theory of quantum counting pro-
cesses in the Liouville space £ developed in the preced-
ing section, we will formulate the electron-counting pro-
cesses. In this case, we can assume that the one-count
process J for electrons is described by

j = - Z Akckék, (3.1)
k

where {\} characterizes the measurement performed by
the electron counter, k indicates the momentum and
spin of an electron, and ¢ and c; are the annihilation
and creation operators of the electron; [ck,clf]+ = i,
[ek,c]+ = [cl,c}]+ = 0,.and é and EL are the tilde con-
jugates of ¢ and cL. It is easily seen that J defined by
(3.1) transforms a state with n electrons into one with
n — 1 electrons. This is reasonable since an electron is
removed from the system when it is registered by the
counter. From relation (2.20) and the tilde invariance of
Y, the generator ¥ of $(t) should be

V=—i(H-H)- 1Y M(cler + &), (3.2)
k

where H is a certain Hermitian operator. If we assume
that the time evolution of the system is determined by
the Hamiltonian in the absence of the electron-counting
measurement (Ax = 0), H becomes the Hamiltonian of
the electron system and H is its tilde conjugate. Since
we consider the free propagation of electrons, we have
H=Y k wkclck. It is easily seen that the operator H -H
commutes with J and Y. Thus H — H produces only
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unimportant phase factors and we can neglect H — I~{ in
(3.2). Consequently, the time-evolution generator S(t)
without counting electrons during time ¢ is given by

S(t) = exp [—%t > Ak(cher + 5;5,9)} . (3.3)
k

It should be noted that 5‘(t) is a nonunitary operator.
This nonunitarity is caused by the backaction of the con-
tinuous measurement with the electron counter [41]. Fur-

thermore, the operator N (t; 1) becomes
./V(t; p,) = exp|:—%t Z /\k(c;‘cck + Elék) —ut Z /\kckék].
k k

(3.4)

Let us define generators of su(2) Lie algebra, J, (k),
J_(k), and Jo(k), by

Ji (k) = ckér, J_(k)=élcl,
(3.5)

Jo(k) = L(cher + &fex — 1).

The operators J, S (t), and N (t; ) can then be expressed
as follows:

J ==Y MJ_(k),
k
(3.6a)

b

S'(t) = exp [—tz Ae[Jo(k) + %]
k

N (t; 1) = exp [—t > MelJo(k) + 3] —ut Y AkJ_(k)] :

k

(3.6b)

By using the Baker-Campbell-Hausdorff formula [42,43],
N (t; 1) can be expressed as

N (t; 1) = exp [—t > MelJo(k) + 3]
p

x exp [—u P (t)uk)} EENERS
k

with €x(t) =1 — e~ *xt_ Therefore, the electron-counting
process based on the quantum Markov process in the
Liouville space £ can be well described by su(2) Lie al-
gebra. It is of interest. to remember that the photon-
counting process in the Liouville space can be described
by su(1,1) Lie algebra [13,40]

When one electron is registered by the counter, it is
found from (2.17) and (3.1) that state |¥)) changes into
the following form:

Z/\kckékl\p»

=k
[O4) = S (3.8)
k

where N = clck and () means the average calculated by

{1]|¥). The change in the average number of electrons
in the system caused by the one-count process can then
be calculated as

3 S MINN) — (N (V)]
Ny — (N) = F 1
< >+ < ) E’\k<Nk>

k

where N = >, Ni and ()4 = (1] |¥4)). If parameter A
is independent of k, (3.9) reduces to

(AN)? _
(N)

with (AN)? = (N?) — (N)2. We can then obtain (N) —
1 < (N)4+ < (N) if the statistics of the electron number
of the system obeys a sub-Poissonian distribution, (N) =
(N)4 for a Poissonian distribution, and (N) < (N)4
for a super-Poissonian distribution. For photon counting
process, these results were given in Ref. [5].

When the counter registers no electrons during time ¢,
from (2.12) and (3.3) the state |¥(t))) becomes

~-1, (3.9)

(N); = (N) =

1, (3.10)

exp I:—%tzl\k(Nk + Nk)] [T)

k

ol ]

By using (3.11), the time evolution of the average number
of electrons is calculated to be

<N exp |:—tZz\ka:| >
(N)e = :
<exp [—tz/\ka] >
where we set (); = (1| |¥(¢))). By differentiating (3.12)

with respect to time ¢, we obtain the following equation
of motion:

%(N% == Ek: El: Ae[(NkN)e = (NeDe(Nidel,

MOVES (3.11)

, (3.12)

(3.13)
where we have defined (()); by

<Aexp —t%:)\kaJ>

(o))

When parameter A is independent of k and we consider a
very short time region (At < 1), (3.13) can be simplified
to

(A =

(3.14)
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%(N) = —A(N) = \[(AN)? — (N)]. (3.15)

From this result, we draw the following conclusions.
When the fluctuation of the electron number in the sys-
tem obeys a sub-Poissonian distribution, the decay of the
average number of electrons is slower than the exponen-
tial decay (~ e~**). On the other hand, when the fluctu-
ation of the electron number in the system is subject to
a super-Poissonian distribution, the decay of the average
number of electrons is faster than the exponential decay.
If the statistics of the electron number in the system is a
Poissonian, the exponential decay is matched.

Next we consider the elementary probability distribu-
tion Pe(t;tm,tm—1,-..,t1) and the coincidence probabil-
ity distribution P.(t;tm,tm—1,--.,t1) defined by (2.23)
and (2.24), respectively. Using the semigroup property
of $(t) and T7(t), we can obtain the following expressions:

PE(t;tm,tm—l, e 1t1)

= (1US(t)J (tm)Jd (tm—1) -+ I (#2)|T), (3.162)

Po(t;tmytmet,-- - t1) = (1 (tm)J (bm—1) - - - J(£1)| ),
(3.16b)

where t > t,, > ty,—1 > --- > t; > 0 and j(t) is defined
by

A

J(t) = 8(-t)J8(t) = T(-t)JT(t) = - Z Ake™ Mt éy.
*

(3.17)

In deriving (3.16b), we used the relation (1|7(t) = (1,
which is proven by using ck|1) = &L[1)) and &J1) =
—cl|1)). It should be noted that the coincidence prob-
ability distribution is independent of . When we set
K); = —cicr and Nj, = c;'eck, where {(1|K) = {1|Ng is
satisfied, (3.16a) and (3.16b) can be expressed as

Pe(t; tm1tm—1" .. 1t1)

= Z te me(k)t)«ll exp [—tz Aka}
km ky k

XKk, -+ K, | ),
Pc(t;tm; tm—la e 9t1)

(3.18a)

=3 ") fm(k, t) (1K, - Ki, | ), (3.18b)
km k1

with fr(k,t) = Ag,, -+ A, e~ Qkmtm+FA0st1) | The gen-
erating functional (2.25) for the elementary and coinci-
dence probability distributions is given by

Gt ur)) = i exp{ - [ ar 3 Ml (el + e
° k

+ll'(7')ck5k]}
«|¥).  (3.19)

4147

If parameter A\ is independent of k, which means that
the counter is insensitive to the momentum of electron,
(3.16a) and (3.16b) reduce to

Pe(t; tma tm—la R )tl)
= A Altmttmoi ) (1o~ MN KT (3.20a)
Pc(t; tm, tm-—la sy tl)

= AmemMtmFtmortth) (1 K™ FY) (3.20b)

where we have set K = Y, K and N = Y, Ni.

From (2.27), (2.28), and (3.4), the electron-counting
probability P,,(t) that m electrons are registered by the
counter during time t is given by

P(t) = %«n exp [—tz ,\ka] {Z Ek(t)Kk] [Ty,
’ k k

(3.21)

with £ (t) = 1 — e~ **t. It should be noted that state |1))
of the system now considered is given by

) = H[loka0k> + 1k, 1x)], (3.22)

where |0x,0f) is the vacuum state of electrons defined

by Cklok,Ok) = Ek|0k)0k) =0, and |1k10k>’ ‘0k31k>, and
|1k, 1) are given by

|1ic, 0) = c} |0k, 0),

|0k, 1) = &L[0k, 0k,

|1k7 lk) = c};éuok,ok).

(3.23)

Using (3.4) and (3.22), P(t;n) can be expressed as

Plw) = ([0 + - Da@MIY)  (3:29)
k

[T, (3.25)

= (1] exp [(M -1 Y &) K
k

where we have used the relations K = 0 and (1|K; =
{1|Ng. If Ag is independent of k, (3.21) simplifies as
follows:

1

Po(t)= —&()™(1le™ VK™ ®)

= O™ (U OKK™|Y).  (3.26)

In the second equality, we have used the relation
(Le= N = (1]e~€OK

By using (2.29), (2.30), and (3.21), the mth factorial
moment of the electron number registered by the counter
becomes
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nn—-1)(n—-2)---(n—m+1)

= (1 [Zﬁk(t)Kk:i |TY). (3.27)
k

Furthermore, using the relation {(1|é; = ((1|c1, (3.27) can
be expressed as a normal-ordered product

nn—-1)---(n—m+1)
= Z...Egkm (t) "fkl(t)@;tm ...CL% ek )
Kom ks
(3.28)

with () = (1] |¥). It is found from these results that
information about the state of the electrons in the sys-
tem, such as (ch -~ch Ck, ** * Ck,,) can be obtained from
the statistics of the electron number registered by the
counter, such as n(n —1)---(n —m + 1). Of particular
interest, we have

A=Y Lk(t)(Nk),
*

An? =a+a%(A-k), (3.29)

where An? = n2 — A2, and A and « are given by

A= Z Z k()& (H)[(NkN1) — (Nie) (V1))

(1K)
(3.30)

K= 2 SlEE (VP
k

According to A < kK, A = Kk or A > k, we have a sub-
Poissonian, Poissonian, or super-Poissonian statistics, re-
spectively, in the electron-counting measurement.
When & (t) < 1, (3.25) can be approximated by
P(t,p) =~ {1+ 3(p—1)%(4 - w)A%}e+=17 (3.31)
Thus the counting probability distribution P,,(t) be-
comes
1

Pon(t) ~ —a™e ™ {1+

L(A - K)m(m - 1)

—2ma +a%)}. (3.32)
The factor in braces in (3.32) represents the deviation
from the Poissonian distribution.

Next we consider electron-counting measurement using
two counters, where we can obtain the intensity correla-
tion function which is somewhat similar to the second-
order coherence measured in the Hanbury-Brown and
Twiss setup [22,23]. In this case, we have to take ac-
count of the one-count processes by the two counters, so
we assume that the one-count processes are specified by
two operations:

- Z M(k)ekée, J2 == do(k)cér, (3.33)
k

where {A1(k)} and {A2(k)} characterize the measurement
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performed by the two electron counters. Since the one-
count process is described by J = Ji+Ja, the nonunitary
time evolution with no-count during time t is obtained
from (2.20) as

A~

S(t) -exp{ tZ[Al +A2(k)](c;ck+a;ak)}.

(3.34)

Using the same method as that used for the one-
counter measurement, we obtain the counting probability
distribution Py, m, (t) that m, electrons are registered by
one-counter and mg electrons by the other counter during
measurement time ¢:

1 om +m2

Prm. = P(t; py, ,
T mylma! 9T Ay (t1,12) B1=p2=0
(3.35)
where P(t; p1, p2) is given by
P(t; p1, p2) = (LN (8 o1, p2) | B)), (3.36a)

N (t; pa, U2) = exp [—%t Z (k) (c};ck + E};Ek)}
k

X exp [— 3 n(k)&(t)ckekJ . (3.36b)
k

Here A(k), £(k), and ji(k) are defined by
A(k) = A1 (k) + Aa(k),
&(t) = 1 — exp[-A(k)t],
k) = p1A1(k) + paAz(k)
A1(k) + Az2(k)

It is thus seen from (3.35) and (3.36) that the counting
probability distribution P, m, (t) becomes

‘T;,Lm? (1 exp [—t > :\(k)Nk}
X (}: Xl(k)fk(t)Kk)

(Z A2(k Ek(t)Kk) e, (3.38)

where we set X;(k) = Aj(k)/A(k).
Since the moment n7**n3*? of the electron numbers reg-
istered by the two counters is calculated by

nring? = Z Z nT T Py (2),

n1=0n2=0

(3.37)

Priym, (t) =

(3.39)

and the counting probability distribution P, m,(t) is
given by (3.35), we obtain the factorial moment as fol-
lows:

ni(ny —1)---(ny —my + 1)na(nay — 1) --- (ny —mg + 1)
o P ) (3.40)
= 2 LG+ Lpz +1 - (3.
3# 18 ? m1=p2=0

Substituting (3.36) into (3.40), we can obtain the follow-
ing expression:
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nl(nl —1)(7),1 — my +1)n2(n2 —1)"'(7’12 —m2+1)
mi ma
= (1 (Z;\l(k)fk(t)Kk> (Z:\z(k)ﬁ_k(t)Kk) &)
k
= Z DD D alkmy) e Mk g (mg) -+ Ao ()
ki lm, 1
Xy (8) - By (D, () - B (O)(e], - chiel, el o Chomy €ty ). (3.41)
[
The average number, second-order moment, and cross  we obtain the following results:
correlation function of the electron numbers registered 2 5
by the two counters are given by Anj —n; = 045 — Kjj),
(3.44)

;=Y A;(k)Ek(t){clex),
k
(3.42a)
n?=n Z Z X, (k)% (D& (D& () (clef eick),

- szl WA (D& () (clelacs),  (3.42b)
k 1

with j = 1,2. When we define quantities «;; and A;; by

Kij = )2, (3.43a)
Aij = )é(t)
(1)
X[(NkNi) — (Ni)(N)], (3.43b)
J
—ml,,-lfznz

n
Prym, (t) = m

+1(A22 — K1z)[ma(mz — 1) — 2maa, + 7]},

where A;; and k;; are given by (3.43a) and (3.43b). This
shows that the counting probability distribution deviates
slightly from a Poissonian distribution. The results ob-
tained in this section are summarized in Table I.

B. Electron counting
for a noncorrelated initial state

Thus far, we have not assumed the initial state of elec-
trons |¥). Consequently, the results obtained in Sec.
IIT A are valid for an arbitrary initial state of electrons.
Let us now assume the initial state of electrons, so we can

g — NNy = Mfa[A12 — K12).

Thus we find that according to Aj; < kj;, 4j; = &jj,
or 4;; > Kjj, the statistics of the electron number reg-
istered by each counter is subject to a sub-Poissonian,
Poissonian, or super-Poissonian distribution. We also see
that the correlation beconies antibunching for 4,5 < ;2
and bunching for 42 > k2.

When & (t) < 1, P(t; p1, u2) can be approximated by

P(t; pry p2) = {1+ (1 — 1)*(An1 — k11)nd
+(11 — 1) (g2 — 1)(A12 — K12) 1722
+3 (2 — 1)%(A22 — K22)R3}
xelp1—1)R1+(uz—1)7z

(3.45)

Thus the counting probability distribution Py, m, (t) be-
comes

e_ﬁl_ﬁ2{1+%(A11 - /cu)[ml(ml - 1) - 2m1ﬁ1 + ﬁ%] + (A12 - I‘-‘,lg)(ml - ﬁl)(mg - T_I.g)

(3.46)

[ -
perform more explicit calculations. In this section, we

consider an arbitrary noncorrelated initial state of elec-
trons. In the Liouville space £, such a state is expressed
as

) = [1lg00 (k) [0k, 0&) + g10(k)|1k, O)
k

+901(K)|0k, 1) + 911 (k) |1k, 1)), (3.47)
where the normalization condition is given by ((1|¥)) =
goo(k) + g11(k) = 1. For example, when we set goo(k) =
1— 7 and gy (k) = 7k, (3.47) becomes the chaotic state
(or thermal state) of electrons, where 7, is the fermion

TABLE I. List of the results of the electron-counting measurements.

One-counter measurement

Two-counter measurement

Counting probability
Fluctuation and correlation

Egs. (3.21) and (3.32)
Egs. (3.29) and (3.30)

Egs. (3.38) and (3.46)
Egs. (3.43) and (3.44)
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distribution function. When we assume that goo(k) = 0
and g11(k) = 1 for k € (kmin, kmax) and that geo(k) =1
and g11(k) = 0 for k£ & (Kmin, kmax), Where kpin and kmax
are certain constants, then (3.47) is an eigenstate of the

electron number.

When the counter does not register any electron in the
interval [0, t), the state of the system at time ¢ is obtained
from (3.11),

J

_ H 900(k)|Ok, 0k) + e~ 3**¢[g10(k)| 1k, Ok) + go1(K)|Ok, 1x)] + e **tg11 (k)| 1k, 1k)

1w (2)) 1= &x(8)gn (k) ’

(3.48)
k

where we have used the relation ggo(k) + g11(k) = 1. In the limit as ¢ — oo, (3.48) reduces to the vacuum state of
electrons |¥(oc0)) = []; |0k, 0k). This means that there are no electrons in the system if the counter does not register
any electrons during an arbitrarily long measurement time. By using (3.48), the average value of the electron number
in the system is given by

(N)e =" e gulk) (3.49)
k

1 — & (t)g11(k)

If the initial state |¥)) is the electron-number eigenstate, we have (N); = (N);=¢. This means that the electron
number remains constant if the counter does not register any electron. In general, however, the average number
of electron numbers decreases in time, even if no electron is registered by the counter. This decrease is caused by
the change in our knowledge of the electron system, which is the result of continuous measurement by means of the
electron counter.

If one electron is registered by the counter at time ¢, we obtain the change in the state from (2.17), (3.1), and (3.48),

Mtga (k)

*tg11(p) e”
o Z kl"'fk(t )g11(k)

= 2T 0o

H 900(1)|0:,0;) + e~ lA‘t[.¢71o(l)|11,01)-i~yo1(l)|0l,11)]*Fe_’\'t.t,lu(l)llt,lz)

| t+0 l k30k>

(3.50)

1-&(t)g11(0)
(1K)

Using (3.49) and (3.50), we can get the change in the
average number of electrons in the system due to the
one-count process at time t,

e g (k)
Z*“[l R0 gn(k)]
(N)tso — (N)e = — g (k) (3.51)
M T 6 (ui(F)

It is easily seen that the relation —1 < (N);40—(N): <0
is satisfied.

The counting probability distribution P,,(t) that m
electrons are registered by the counter during mea-
surement time t is calculated by (2.27) and (3.25).
For the noncorrelated state given by (3.47), P(t;p) =

(1N (t; 1) | ®)) becomes

Sy £k (t)g11(k) 5
P =11 [+ up 20T isore, @)
where ((1|5(2)|®) = [T, [1 — &k(t)g11(k)]. We thus obtain

the counting probability P,,(t) from (2.27),

ky km
1 & (g1 (ks)
6, Gonte)
x(118(t)|T), (3.53)
where 6(ky,...,kmn) is defined by (k) = 1 for m = 1 and
S(kiy .- rkm) = [ (1=0kx;)  form>2, (3.54)

(1,5;m)
and (i,j;m) indicates that all possible pairs (k;, k;) are
taken from (ki,...,km), such as

- 6k1k2)(1 - aklks)(l

Next, we consider the counting statistics for the elec-
tron system. Since we have (NpN;) = (Ng)(IVi) (k # 1)
for the noncorrelated initial state of electrons, it is found
from (3.29) that the average and fluctuation of electron
number registered by the counter are given by

A=Y &(t)gu(k), An®=n— [&(t)gu (k).
* *

(3.56)

0(k1, k2, k3) = (1 — Okyks)- (3-55)
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This result shows that the statistics of the electron num-
ber registered by the counter is characterized by the sub-
Poissonian distribution (An? < #). It is interesting to
note that an arbitrary noncorrelated initial state always
leads to the sub-Poissonian counting probability, in con-
trast with the case of photon-counting processes. In the
photon-counting measurement, a coherent state leads to
the Poissonian distribution and a thermal state to the
super-Poissonian distribution. In these states, we have
(neny) = (ng)(ny) (k # 1) for free photons, where ny is
the photon-number operator of the kth mode.

When £ (k) < 1or Axt < 1, we can obtain the approx-
imate counting probability distribution P, (t) by setting
A=0in (3.32),

Pn(t) = =a™e {1 — 1k[A® — 2am + m(m - 1)]},

1
m!
(3.57)
where & is given by k = (7 — An?) /a2 > 0. This approx-

imate counting probability distribution was first derived
by Saito et al. [12], who used the Mandel formula in quan-

—K.lz(’fll - ml)(ﬁz bt mz) - %Kgg[ﬁg - Zﬁzmz + mz(mg el 1)]}

For the chaotic initial state of electrons, this probability
distribution was first derived by Saito et al. [12].

IV. SELECTIVE COUNTING PROCESSES
FOR ELECTRONS

A. Selective electron counting

In this section, we consider selective counting processes
for electrons. By selective electron counting process we
mean that the electron counter used in the measurement
can register only a certain kind of electron. In the fol-
lowing, we investigate the selective counting processes for
electrons with up spin or with down spin. Such counting
processes can be achieved using the Mott detectors [44].
For simplicity, we refer to electrons with up spin as A
electrons and to electrons with down spin as B electrons,
and we set (ak,a,t) = (ckT,cLT) and (bk,bl) = (cu,ch).
Index k represents a momentum of electron. In this
counting process, we have to consider the one-count pro-
cess for both A and B electrons. According to the gen-
eral theory of quantum counting processes based on the
quantum Markov theory explained in Sec. II, it is rea-
sonable to assume that the one-count processes of A and
B electrons can be described respectively by

jA = — ZA(k,A)ak&k, jB = — ZA(k, B)bkl;k,
k k

(4.1)

tum optics to derive (3.57) and assumed the chaotic state
of electrons as an initial state.

In two-counter measurement, for the noncorrelated ini-
tial state of electrons (3.47), we can obtain the following
results by substituting A;; = 0 into (3.45):

An? — @ (2 _Tamg
Q= —Jr'z]_ =ity Ol = oo =1k,
(3.58)

where Q; is the Mandel Q factor and gg) is the normal-
ized second-order correlation function. It is found from
(3.58) that the statistics of the electron number registered
by each counter obeys the sub-Poissonian distribution.
Furthermore, it is seen that the electron number correla-
tion m;n; between the two counters is smaller than the
noncorrelated value 7;7i;. This effect is the antibunching
correlation of electron numbers in coincidence counting
measurement.

When & (t) < 1, since A;; = 0 for the noncorrelated
initial state, the probability distribution Pp,,m,(t) be-
comes

e—ﬁl—ﬁz{l - %nu[ﬁf — 2fiymy + my(my — 1))

(3.59)

where {A(k, A)} and {A(k, B)} characterize the measure-
ment performed by the electron counters for A and B
electrons. Furthermore, corresponding to J4 and Jp,
the nonunitary time-evolution operators without count-
ing electrons during time ¢t become

~

Sa(t) =exp [—% Z Ak, A)(alak + &L&k)] s (4.2a)
k

Sp(t) = exp [-% > Ak, B) (b]bx + 5;5,,)] . (4.2b)
k

We have ignored here the free Hamiltonian of electrons.

Now we will consider the change in the state of the
system when one A electron is registered by the counter
at time ¢t. After one A electron is registered, the state of
the system can be expressed as

Ak, A)aga|¥
o) ;( Jakdi| ¥ ()

Y(t+0)ha=—5 -
| (t + )»A «llJAl‘I’(t)» Z/\(ka A)("’I:ak)
k

(4.3)

where |¥(t))) is the state of the system before the A elec-
tron is registered and we set () = (1| |¥(¢))). Using this
state, we can calculate the changes in the average num-
ber of A and B electrons due to the one-count process
for the A electron,
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DD AL A AR — (Ak)(AL)]
k l

(Na)a = (Na) = S Ak, A)(Ax) -h
k

(4.4a)
2D AW A)(BeAr) — (Bi)(A)]
k1
D Mk, A){Ax)
k

(NB)a — (NB) =

b

(4.4Db)
where we have defined ()4 = (1| |¥(¢+0))) 4, and we set

Akza}:ak, N_4=EA]¢, BkZbLbk, NB:ZBk'
k k

(4.5)

These notations are used frequently in this section. It
should be noted that the average number of B electrons
does change, though only A electrons are registered. This
change is caused through the correlation between A and
B electrons. Indeed, if there is no correlation, so that
(AxB)) = (Ax)(Bi), we have (Np)s = (Np). When
A(k,A) is independent of k, (4.4a) and (4.4b) can be
simplified to

(N3) — (Na)*

(Na)
(NaNg) — (Na){(NB)
(Na) '

When we perform the two-counter measurement de-
scribed above, we have several measurement setups. To
describe these setups, we introduce three electron coun-
ters: the A counter, the B counter, and the AB counter,
where the A counter registers only A electrons (up-
spin electrons), the B counter registers only B electrons
(down-spin electrons), and the AB counter registers both
kinds of electrons. The AB counter is insensitive to the
spin of the electron and so it does not distinguish be-
tween A and B electrons. The four measurement setups
are as follows. First, the two A counters are used to
observe the intensity correlation function for the A elec-
trons only. Next, the two B counters are used to observe
the intensity correlation function for the B electrons only.
Then, one A counter and one B counter are used to de-
termine the intensity correlation function between A and
B electrons. Finally, the two AB counters are used to
measure the correlation of both kinds of electrons as a
whole. Since the first and second measurement setups
give equivalent results, we will discuss the electron count-
ing processes for the three differing cases in the following
subsections. It will be seen that another measurement
setup can be handled in the same way developed in this
section.

(NaYa — (Na) = 1, (4.6a)

(4.6b)

(NB)a —(NB) =

B. Counting process for A electrons

Consider the electron-counting process for two-counter
measurement, where two A counters are used, so that

only A electrons are registered. The one-count processes
of the two A counters are expressed by

Ji==3 Mk, Aardr, J2 ==Y Aa(k, A)ardnr,
k k

(4.7)

where {A1(k,A)} and {A;(k,A)} are parameters of the
two A counters. The nonunitary time evolution with no-
count during measurement time ¢ can then be obtained
from (2.20),

S@) = exp{——%t S alk, A) + Ax(k, A))(akar + afak)},
k

(4.8)

where the free Hamiltonian of electrons has been ne-
glected. Equations (4.7) and (4.8) completely describe
this electron-counting process.

Using the same procedure as that used to derive (3.35)
and (3.36), we can obtain the counting probability dis-
tribution Py, m,(t) that the A counter registers m; A
electrons and the other A counter registers my, A elec-
trons during measurement time ¢. The result is given by

1 o™ +m2
P‘mlma (t) =

mylmy! Qul* Ouy?

X((IINA(t;H17M2)|‘I’)) ,  (4.9a)

p1=p2=0

Na(t; gy, p2) = exp I:—%t Z Xk, A)(alak + &L&k)]
k

X exp [_ Z F"(k» A)Ek (t’ A)a‘ka'k:l ’
k
(4.9b)

where A(k, A), fi(k, A), and £ (t, A) are defined by

Ak, A) = Ai(k, A) + Az (k, A),

(4.10a)
&(t, A) = 1 — exp[—A(t, A)t],
_ ,u,lz\l(k,A) + Mz/\z(k,A)

k,A) = . 4.10b
Ak, 4) X1 (K, A) + Az (k, A) (4.10b)
In (4.9a), the state (1] is given by

(1] = JJ{[(4%; 0,0 + (Ax; 1,1]]
k
®[<Bk;0v0| + (Bk;lall]}a (4'11)
where  |1,1; A) = alal|0,0;A4x), |1,1;Bx)

= bLI;M0,0;Bk), |0,0; Ag), and |0,0; By) are the vacuum
states of the A and B electrons with momentum k.
Using (3.40) and (4.9), we can calculate the average
values, fluctuations, and cross correlation function of the
electron numbers registered by the counters. Thus 7,



49 THEORY OF ELECTRON-COUNTING PROCESSES 4153
2 (i 7YY : < < -
Anj (7 =1,2), and n173 are given by Kij = ﬁlﬁ Xi(k, A)X; (k, A)[Ex(t A) (AL,  (4.13b)
ity L

Anf = 7; +7j[Aj5 — k4]

a; = Ak, A)&(t)(Ar),
k

for j =1,2 (4.12a)
(4.12b)

ning = ’hlﬁz + 7_11’7_12[A12 - an]a

where A;; and k;; are defined by

=_—ZZ,\(kA

(l¢k)
X [(ArA;) —

(1, Ak (t, A)l(t, A)

(Aw)(A1)], (4.13a)

—ml

n
Prnima (t) = 'rrltl!r:z!

+%(A22 - K,zz)["_lg — 2R2mg + mZ(mZ - 1)]}

C. Selective counting process for A and B electrons

Now we consider the electron-counting process with
two counters, A counter and B counter, to investigate
the correlation between A and B electrons. In this case,
the one-count processes by the A and B counter are de-
scribed, respectively, as

=Y Ak, A)ardx, Jo=—Y_ Ak, B)bibe,
k k

(4.15)

where we have assumed that counter 1 is the A counter
and counter 2 is the B counter. The nonunitary time
evolution with no counts during time ¢ is described by

S(t) = exp [ — 1) Ak, A)(alax + aLax)
k

— 3t) Ak, B)(blbx +bLBk)|.  (4.16)
k

The selective counting process for A and B electrons can

therefore be completely determined by (4.15) and (4.16).
We find from (4.15) and (4.16) that the counting prob-

ability distribution P,,,m, (t) that counter 1 registers m,

A electrons and counter 2 registers m B electrons during

measurement time ¢ is given by

m1+ma
Pmnvnz (t) = 1 9

ml!mzl 6;;'1"‘ 8;;;"’
X (1N a(t; p1) N (t; p2) | ¥)) ,
p1=pz=0

(4.17a)

Na(t;p) = exp -1t Z A(k, A)(alar + &;&k)]
: k

)
x exp | —u1 Z Er(t, A)ak&k], (4.17b)
o k
Nt ) = exp| =3¢ 57 Mk, B) 6w + B3]
L k
x exp| -2 36t B)bkin,] , (4.17¢)
- k

with X;(k, A) = X;j(k, A)/[M(k, A) + Az(k, A)]. We find
from (4.12a) that according to Aj; > kjj, 4j; = Kjj, or
Aj; < Kjj, the statistics of the electron number registered
by each A counter is characterized by a super-Poissonian,
Poissonian, or sub-Poissonian distribution, respectively.
Furthermore, we can see from (4.12b) that according to
A1z > K12, A12 = K12, or Aj3 < Ki2, the electron num-
ber correlation 1m; becomes bunching, independent, or
antibunching, respectively. When £ (t, A) is sufficiently
small, the counting probability distribution Py, m, (t) be-
comes

e ™M "2 {1+1(An — k)R] — 2R1my + ma(my — 1)] 4 (A12 — K12)(R1 — M) (722 — m2)

(4.14)

[
where & (t, A) and & (t, B) are defined by
&k(t, A) =1 — exp[—A(k, A)t],
(4.18)
&k(t,B) =1 — exp[—
According to the procedure used to derive (4.12) and
(4.13a) in Sec. IV B, the average values 7;, the fluctu-
ations An?, and the cross correlation function 7773 of

the electron numbers registered by the two counters are

given by

A1 =Y &(t,A)(Ak), P2 =) E(t,B)(Bi), (4.192)
k k

+ 'ﬁ?[Ajj — ij] for 1=12

1Mz = Mg + figftz[A12 + K12,

A(k, B)t).

(4.19b)
(4.19¢)

S

where A;; and k;; are defined by

An= 53 Gt A A)[AA) - (A4,
1 &

(’;k)
(4.20a)
Az = = Z Z &(t, B)&(t, B)[(BiB1) — (Be}(Bu)],
y (l?fk)
(4.20D)
A2 = €k(t, A)&(t, B)[(AxB1) — (Ax){(B1)],
MM
(1)
(4.20c)
K11 = T_%Z[fk t, A)(Ar))?,
1k
. (4.20d)
K2z = Py zk: k(t, B)(Bx)]?,
K12 = _—ﬁz Ek:ﬁk(ta A)ék(t, B)[(AxBi) — (Ax)(Bx)]-

(4.20e)
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The cross correlation function (4.19c) with (4.20c) and (4.20e) reflects the correlation between the A and B electrons.
When & (t, A) and &k (t, B) are sufficiently small, the counting probability distribution Pr,m, (t) becomes

_ﬁl-ﬁ,{l+%(A11 _ Ru)[ﬁf —2Aym; +my(my — 1)} + (412 + K12)(R1 — my)(fig — ms)
(4.21)

Pryma (t) = mylmy!
+%(A22 - K,zz)[ﬁg — 2igmg + mg(mz - 1)]}

D. Nonselective counting process for A and B electrons

In this subsection, we investigate the electron counting process using two AB counters, each of which can register
both A and B electrons. The total correlation of electrons can thus be measured. In this case, the one-count processes
(4.22)

by the two AB counters are given by
Ji ==Y Mi(k, AB)(ardr + bibk), J2 == Aa(k, AB)(ardr + bibs),
k k

where {A1(k, AB)} and {\;(k, AB)} characterize the measurement performed by the two AB counters. The nonunitary
time-evolution generator without counting electrons during measurement time ¢ can then be obtained from (2.20),
(4.23)

S(t) = exp

{~%t > [a(k, AB) + Ay(k, AB)](akax + afax + blbx + B{Ek)}.
k
Thus the counting probability distribution P, m,(t) that m; electrons are registered by counter 1 and m, electrons

(4.24a)

)

by counter 2 during time ¢t is calculated by
aml +m2 "y
(UN4B(t p1s p2)| D)

p1=p2=0

1

Frama (1) = el O 0
Niyg(t; 1, p2) = exp [—%t >~ A(k, AB)(alax + alax + bl + E;Ek)] exp [— > ik, AB)ék(t, AB)(akdr + bibs) |,
k k
(4.24b)

(4.25a)

where A(k, AB), fi(k, AB), and &k (t, AB) are defined by
X(k, AB) = A1(k, AB) + Ag(k, AB), €x(t, AB) = 1 — exp|[—A(k, AB)t],

_ p1A1(k, AB) + p2Az(k, AB)
= . 4.25b
Ak, AB) = =3 AB) + X (k, AB) (4.25b)

We can thus obtain the average values 7;, fluctuations An?, and cross correlation function 7#imz of the electron

(4.26a)

numbers registered by the two counters as follows:
;= Xj(k, AB)ék(t, AB)(Ni), An? =n; +n}(4;; — ;) for j=1,2
k
mng = Mifiz + (412 — K12), (4.26b)
where N, = Ay + Bg, and A;; and k;; are defined by
1 - - _ _
Ai; = =3 3" Xi(k, AB)X;(I, AB)ék(t, AB)&(t, AB)[( NiNt) — (Ni){N1)], (4.27a)
n;n; o

(4.27b)

l
(1#k)
> Xi(k, AB)A;(1, AB)&x(t, AB)?[(Ni)® — 2(AxB4)),
k

1
K
Y amg
with A(k, AB) = Aj(ky AB)/[A1(k, AB) + A2(k, AB)]. When & (t,AB) < 1, the counting probability distribution

P, m, (t) becomes
—my —mz L
nl n2 —nl—n2{1+%(411 - nu)[ml(ml - 1) - 277’14’711 + ’I—l%] + (A]_g it h‘,lz)(ml e ’Fll)(mz —_ ’Flg)
(4.28)

Prmyma () = mytmg!

+1(A422 — K22)[m2(ma — 1) — 2man, + A3}
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We have considered the three kinds of electron counting
measurements. The results are summarized in Table II.

E. Simple model
for the correlated state of electrons

In this subsection, we explicitly consider a correlated
state of electrons. We assume that the correlated state
of electrons in the Hilbert space H is given by

|y = H[uk + 'Ukakbk:”o; A) ® |0; B), (4.29)

k

where |0; Ax) and |0; Bg) are the vacuum states defined
by a|0; Ax) = bi|0; Bx) = 0. We also assume that uy
and vy are real numbers which satisfy u? + vZ = 1. This
state is similar to the BCS state in superconductivity.
In the Liouville space, since we have |¥)) = [¢) ® |¢),
we can express the correlated initial state of electrons
corresponding to (4.29) as

|@) = [[{uZl0,0; Ax) ® [0,0; By)
k

+vi|1,1; A) ® |1,1; By)
+urve(|1,0; Ax) ® [1,0; By)

+10,1; Ak) ® |0,1; Bi))}, (4.30)
where we set
[1,0; Ax) = al|0,0; 4p),
0,1; Ar) = @l |0,0; Ay), (4.31a)
[1,1; Ax) = afal|o,0; 4z),
I1,0; Bx) = bi|0,0; By),
[0,1; Bx) = b}]0,0; By), (4.31b)
|1,1; Bx) = bLb}|0,0; By),
with [0,0;4x) = [0;Ax) ® [0;Ak) and [0,0;B) =

|0; Bx)®|0; Bi). The normalization in the Liouville space
is satisfied since (1|¥)) = [T, (u2 +v3) = 1.

We first consider the counting process for only A elec-
trons as discussed in Sec. IVB. Since A;; defined by
(4.13a) vanishes for (4.30), the average numbers, fluc-
tuations, and cross correlation function of the electron
numbers registered by the two A counters can be ob-
tained from (4.12)

;=Y &k(t, A)X;(k, A)vf,
k

[N

n? =n; — njjﬁ?, (4.32)

3|

1M2 = MTiz — K121 7ig,

where the positive quantity «;; is defined by

1
Kij = ——

iTj

S Xk, ) (k, A)[6x(t, A)vR)?.  (4.33)
k

When §i(t, A) < 1, the counting probability distribu-
tion P m,(t) is obtained by substituting A;; = 0 and
Kij given by (4.33) into (4.14). It is found from (4.33)
that since An? < 7, the statistics of the electron num-
ber registered by each A counter is characterized by a
sub-Poissonian distribution. Furthermore, it is seen that
since K12 > 0, the electron number correlation ;73 be-
tween the two counters is smaller than the noncorrelated
value 7i17i;. The antibunching correlation of electrons is
thus obtained.

Next, we consider the selective counting process for the
A and B electrons discussed in Sec. IV C. Since A;; given
by (4.20a)-(4.20c) vanishes, it is found from (4.19) that
i, An? (j = 1,2), and 777z become

A=) &t AR, P2 =Y &(t, B)vi, (4.34a)
k k
An? =n; — K,jj’ﬁ?, niNz = N1Ng + K12N1 Mg, (434b)
where the k;;’s are defined by
1
K11 = 3 Z[«fk(t, AP,
1k
(4.35a)
1
ka2 = = > lu(t, BRI,
2 &
1
K12 = ﬁlﬁ—z zk: &k (t» A)Ek(ta B)(ukvk)z' (4'35b)

In deriving (4.35b), we used the relation u + v = 1.
When & (t, A) < 1 and & (t, B) < 1, the counting prob-
ability distribution Py, m,(t) can be obtained by substi-
tuting A;; = 0 and (4.35) into (4.21). From the above
results, the statistics of the electron number registered
by each counter is characterized by a sub-Poissonian dis-
tribution. It is also seen from (4.34b) that the electron
number correlation 7;n; is greater than the noncorre-
lated value 7;7;. This effect is the bunching correlation
between the A and B electrons. It should be noted that
the correlation among the same kind of electrons becomes
antibunching while the correlation between A and B elec-
trons becomes bunching. These electron-counting mea-
surement results reflect the characteristics of the initial
state of electrons.

Finally, in the nonselective counting process for the
A and B electrons, the average numbers, fluctuations,
and cross correlation function of the electron numbers
registered by the counters are obtained from (4.26):

TABLE II. List of the results of the selective electron-counting measurements.

A-A (B-B) counting

A-B counting Nonselective counting

Counting probability
Fluctuation and correlation

Egs. (4.9) and (4.14)
Egs. (4.12) and (4.13)

Eqgs. (4.17a) and (4.21)
Egs. (4.19) and (4.20)

Eqgs. (4.24a) and (4.28)
Egs. (4.26) and (4.27)
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Z i(k, AB)¢x (t, AB)vZ, An =n; — n“nf,
k
(4.36a)
NNy = NNy — K12M1 Mg, (436b)
where the k;;’s are defined by
2 - -
Kij = P Ai(k, AB)Xj(k, AB)&(t, AB)Z(ZUZ—I)U;‘:.
1Y) k
(4.37)

If &x(t, AB) < 1, the counting probability distribution
P, m, (t) is obtained by substituting A;; = 0 and (4.37)
into (4.28). It is important to note that k;; defined by
(4.37) is not always positive. This is due to the synthetic
effect of the two correlations: the bunching correlation
between the A and B electrons and the antibunching
correlation among the same kind of electrons. It is clear
that x;; becomes negative if v < 1/2 for all k. In this
case, the statistics of the electron number registered by
each counter obeys a super-Poissonian distribution, and
the electron number correlation m17m; becomes bunching.
Furthermore, under certain conditions it may be possi-
ble that x;; = 0. In this case, we have An? = 7; and
Ty = 7i;7ig, and so obtain Poisson-like statistics. We
would like to remark that correlation among electrons is
indispensable for getting Poisson-like statistics, in con-
trast with the photon-counting process.

V. COUNTING PROCESS
WITH CHAOTIC ELECTRON SOURCE

A. Chaotic electron source

Up to now, we have treated only the relevant system
(the cavity) of electrons and the counters, but have not
considered the source of electrons which is an important
consideration in electron counting experiments. Without
an electron source, the electron number in the system de-
creases in time as counting measurement proceeds, since
the counter removes electrons from the system as it reg-
isters them. As a result, the state of the system becomes
a vacuum as t — oo, and the electron number registered
by the counter approaches the total electron number in
the initial state of the system. In this section, we show
that an electron-counting process including an electron
source can be formulated in the same manner as devel-
oped in Sec. III. We assume a chaotic electron source,
which is a model for a thermal or field emission of elec-
trons, since this seems to be the most important case in
a real experiment.

We first consider the following time-evolution equation
for state |¥(t))) of the electron system in the Liouville
space:

o N
50 Y @) = TT(@)), (5.1)

with

I = =" 2me[(1 — 27) Jo (k)
k

+(1 = 7)) I (k) + 74 (k) + 1],

where J4 (k) and Jy(k) are the generators of the su(2) Lie
algebra defined by (3.6), ki is a positive constant, and
7 is a certain distribution function. Using the Baker-
Campbell-Hausdorff formula, (5.1) can be solved as fol-
lows:

[2(t) = [T{e ™" exp[A+ (ks 1) T+ ()]
k

x exp[ln Ao(k; t) Jo(k)]
xexplA_(k0)J_(K]HE),  (53)

) are given by

(5.2)

where A4 (k;t) and Ag(k;t

ﬁk(l — 6_2"“)
A+(k,t) = —1 — 'r_],k(l _ e—Z)ﬂ.t)’
(5.4)
) (1 — ) (1 — e 2mkt)
A*(kvt) = 1— ﬁk(l _ e——Zm.t) ’
e—rc;,t 2
Ao(k,t) = |:1 _ 'I_'I,k(l _ e—2nht) (55)

Let us assume the initial state of electrons, for simplic-
ity, to be

@) = JTI(1 - m4) [0k, 08) + mk| 1k, 1)) (5.6)
k

Substituting (5.6) into (5.3), we obtain

W) = [T{IL — ne(®)]10k, 0k) + na(8) (16, 1)}, (5.7)
k

with ng(t) = Ag + (mgp — n)e 2%t For xixt > 1, we
obtain the chaotic state of an electron,

[¥(o0))) = H[(l — k) |0k, Ok) + 7| Lie, L))

k

(5.8)

This result is independent of the initial state of electrons.
Indeed, we can show that an arbitrary state of electrons
approaches (5.8) through the time-evolution generator
(5.2). Thus (5.1) can be considered to describe the time
evolution of the state of the system caused by the chaotic
electron source.

B. Electron-counting process with a chaotic source

In this subsection, we consider the time evolution of
the system interacting with the chaotic electron source
and the electron counter and investigate the electron-
counting statistics. In this setup, the one-count process
J is given by (3.1) and the generator Y of time evolution
without detecting electrons defined by (2.19) becomes

f/ = ﬁ + AO, Ao = ——% Z Ak(clck + 5151‘:), (59)
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where IT is given by (5.2). It is easily seen that relation
(2.20) is satisfied since ((1|/[T = 0. In (5.9), we have ig-
nored the free time-evolution generator Ho — Ho of elec-
trons, since Hy — Hy, commutes with IT and Yo, thus
giving unimportant phase factor. Here Hp is the free
Hamiltonian of electrons and Hy is its tilde conjugate.

We first consider the time evolution of the electron
system without referring to the result indicated by the
counter. In this case, by using the operator 7(t) defined
by (2.9) and (2.21b), the state of the system during time
t is given by

[T (t)) = T(t)|2(0)) = exp[t(Yo + 1T + J)][Z(0)).
(5.10)

Using the generators of su(2) Lie algebra defined by (3.6),
we have

Yo+ [T +J == [kr+ 3 M + as (k) T4 (k)
+ao(k)Jo(k) + a_ (k)J_(k)], (5.11)

with a+(k) = 2KkNk, ao(k) = 2I$k(1 - 2’ka) + A, and
a_(k) = 2k(1 — fig) + Ax. When we assume that the
initial state of the system is given by (5.6) and we use the
Baker-Campbell-Hausdorff formula of su(2) Lie algebra,
we obtain the following result:

(&) = TTHIL = 7k (D)]I0k, 0x) + 7ok ()| 1k, 1)}, (5.12)
k

where 7A(t) = my + [krfir /v — mi](1 — e~ 2%) and v, =
1
Kk + §Ak'

It is found from (5.7) and (5.12) that the interaction
with the electron counter changes the distribution func-
tion from ng(t) to 7(t). The stationary state of the
system then becomes

YR )
|‘I’stationary» = H[ kk |0k,
k

1| (5.13)

and the equilibrium value of the average electron number
in the system interacting with the electron source and the
counter is given by (N)stationary = O g Kktk/ V-

Next, we consider electron counting measurement us-
ing one electron counter. For a counting process with
a chaotic electron source, P(t; u) is given by P(t;p) =
(1N, (t; 1) | @) and N, (t; ) is expressed in terms of the
su(2) generators Jy (k) and Jo(k),

ACIE exp{—tZ[fo(k)Jo(k) + F- (k)T (k)
k

+f+(k)J+(k)+'yk]}, (5.14)

with fo(k) = 2I<Lk(1 - 27—74:) + Ak, f— (k) = 2K,k(1 - ﬁk) +
uAg, and fi(k) = 2kifix. When we assume that the
initial state is given by (5.6) and use the Baker-Campbell-
Hausdorff formula, we obtain

N (8 1) 2(0) H{e“"'t[(Ak + my By)|Ok, Ox)

(Ck +meDy) |1k, 1))}, (5.15)

where Ag, By, Ck, and Dy are given by

Aj, = cosh [’ykt\/l + ar(p — 1)]

Ve — 2NKg
1+ak(p—1)

x sinh [’ykt\/ 1+ or(p— 1)] ,
By, = —cosh [’y;:t\/l + oge(p — 1)]

Yo+ (e — 1)

Yev/1+ar(p—1)
X sinh [’ykt\/l + o (p — 1)],

2
Cr = Tk Rk sinh I:’ykt 14+ ap(p— 1)] ,
Tk

14+ ar(p—1)

(5.16a)

(5.16b)

(5.16c)

Dy, = cosh [’ykt\/l + ar(p — 1)]

1 ]
V1+oar(p—1)
x sinh [’ykt\/ 1+ ap(p— 1)],

(5.16d)

with ar = 2AkAkkir/vE. Using (5.15), we can calculate
the state of the system after m electrons are registered.
The quantity P(¢; 4 + 1) then becomes

P(t;p+1)

= H e~ Tkt {cosh [’th\/m]

k
A
+<1+ M)
Y

V1+arp

Let us assume that we begin recording the results indi-
cated by the counter after the system reaches its station-
ary state given by (5.13) and that we set ¢ = 0 when
recording begins. In this case, P(¢;u + 1) is obtained by
replacing my, in (5.17) with a stationary value kxfig/vi.
We thus get

sinh [mm]
} (5.17)

P(t;p+1)

= H ekt {cosh |:'ykt\/—1+—aku]

X
+(1+ %aku)

sinh [’ykt\/l + akp}
X : 5.18
V14 arp } ( )
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To calculate the average value 7 and fluctuation An of
the electron number registered by the counter, we expand
(5.18) up to the second order with respect to x, and we
use (2.31). We then obtain the following results:

(5.19)
_ YR 2 1 — e~ 2wt
An2 =n— Ek—‘ t— —— .
D4 2

These expressions are quite different from those obtained
for counting measurement without an electron source.
The average of the electron number registered by the
counter per unit time is given by Y, KxArfir/ve. It is
easily seen from (5.19) that the relation An? < 7 is es-
tablished for all times t > 0. We thus obtain the sub-
Poissonian statistics for the counting measurement, even
though there is a chaotic electron source.

We now compare the results (5.19) with those ob-
tained for counting measurement without a chaotic elec-
tron source. In the absence of an electron source, the
average value 7y and fluctuation Anj are obtained from
(3.56) by substituting the equilibrium value kg fix /vy into

911("3),

_ e—Akt)’
—

(5.20)

— 2
And =g — 3 [%(1 —em|

Let us consider the result for a very short time region
(1> Kit, Akt). Thus we have from (5.19) and (5.20)

_ _ K Tig
fig & 7 = E Akt,
% Tk

(5.21)

2
_n0~An —TlN—Z(K,knk/\kt) .
k

It is found from these expressions that in an extremely
short time region, the average value and the fluctuation
of the electron number registered by the counter with an
electron source are equal to those obtained without an
electron source. This result is reasonable since in such a
short time region, the change in the initial state of elec-
trons due to counting measurement is negligible and the
role of the electron source is not so important. When we
perform measurement using a highly sensitive electron
counter, where the parameter Aj takes a large value, the
difference becomes remarkable even for a short time re-
gion.

|

P(tips + 1, +1) = [[e™
k

C. Electron counting with two counters

In this subsection, we consider electron-counting mea-
surement using two electron counters with a chaotic elec-
tron source. This is done by taking into account the time-
evolution generator II due to the chaotic electron source
in (3.35) and (3.36). Consequently, we obtain

P 1 am1+m2 P
mima () = m, t; ) )
1 2( ) ml‘m2| 8[.1,1 18 2 ( H1 /1'2) =y —0
(5.22a)
P(t; p1, n2) = (1] exp[t¥y (p1, 2)]|¥),  (5.22b)

where }A’,(ul,pz) is given by

(o, z) = = 32 a0 (K)o (k) + o (0D (8
k

+9+ (k) J+ (k) + Kk

+ /\l(k) '; ’\2(k)] , (5.23)
with
g- (k) = 26 (1 — k) + p1A1(k) + p2A2(k), (5.24a)
9+ (k) = 2kknk,
go(k) = 2Kk (1 — 27x) + A1 (k) + A2(k), (5.24b)

and where A;(k) and Az(k) are the parameters which
characterize the two electron counters. Furthermore,
since we investigate the counting process in a station-
ary situation, we can assume that the initial state of the
electron system is given by (5.6) without a loss of gener-
ality.

Before considering the counting measurement, we first
investigate the time evolution of the system when we do
not refer to the result indicated by the electron counters.
In this case, the state of the system at time ¢t is given
by |¥(t)) = N,(t;r = 1,u2 = 1)|¥). By using the
decomposition formula of su(2) Lie algebra, this state is
calculated to be

H{[l — 7k (t

|0k,0k) + nk(t)llk, 1k>} (5 25)

where 7ig(t) = my + [Kefie/Ye — mk](l — e~ 29kt) with
/\k = (k) + /\z(k) and 4 = K + 5 /\k

Using the same procedure as that used in Sec. VB,
P(t;pu1 + 1, p2 + 1) is calculated as follows:

{cosh ['ykt\/ 1+ akuk] \/____ sinh [’ykt\/ 1+ akuk]

(5.26)

mkik
+— sinh I:’ykt\/ 1+ ak/.l,k] }
\/—-—————

1+ arpr

Yk
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where pr = [mAi(k) + p2ra(k)]/3 and G =
2Kk Ak /72, Since we consider the counting process in
the stationary state, we can substitute my = 7ig(00) =
KiTik /7k into (5.26) and obtain

P(t;pa + 1, p2 + 1)
= H e_:"t{ cosh [ﬁkt\/ 1+ &kﬂk]
k
+(1 + Jarpx)

sinh [&kt\/ 1+ C.!k/.l,k]
V14 orpr

X

}. (5.27)

We can thus obtain the average values 7, fluctuations
Anjz-, and cross correlation function 71173 of the electron
numbers registered by the counters,

K

_ ik 7
n,-=2k: B; (k) ;kk)\kt,

(5.28a)

_ K Xk'ﬁk 2 - 1— e 2t
Anf=7w-§:(ﬁﬂk)ki§ ) Lﬁt—‘——g_‘*’
k

(5.28b)
I - 2
ning = N Ny — zﬁl(k)ﬂz(k) (%)
* e
x [“ﬁt _ #], (5.28¢)

with B8;(k) = X;(k)/Ax. Therefore, we can obtain the
sub-Poisson statistics and the antibunching correlation.

VI. SUMMARY

We have investigated the electron-counting processes
in terms of the Liouville space formulation. The model of
the electron-counting processes considered here is based
on the quantum Markov processes developed by Davies
and Srinivas. After presenting the general theory of the
electron-counting process in the Liouville space, we con-
sidered the counting statistics for the two initial states of
electrons: the noncorrelated state and the state having
a correlation between up-spin and down-spin electrons.
The time evolution of the electron system interacting
with the counter and the statistics for the electron num-
ber registered by the counter were calculated. For a non-
correlated initial state, the results show a sub-Poissonian
counting probability and antibunching correlation among
the electrons. It seems that these results are explained
by the Pauli exclusion principle [24]. For a correlated
initial state of electrons, we used the two-counter mea-
surement, somewhat similar to the Hanbury-Brawn and
Twiss setup, and calculated the average values, fluctu-
ations, and cross correlation functions for the electron
numbers registered by the counters. In this case, depend-
ing on the properties of the initial correlation among the
electrons and of the electron counters used in the mea-
surement, the statistics for the electron numbers regis-
tered by the counter obeys a sub-Poissonian, Poissonian,
or super-Poissonian distribution and the intensity corre-
lation becomes antibunching, independent, or bunching.
In particular, for a BCS-like state given by (4.29), the
correlation between up-spin and down-spin electron num-
bers registered by the counters becomes bunching. Fi-
nally, we investigated the counting process with a chaotic
electron source and obtained the sub-Poissonian statistics
and the antibunching correlation, even though there is a
chaotic electron source. In this paper, we confined our-
selves to investigating a homogeneous system, so position
dependence does not appear in our results. To investi-
gate an inhomogeneous system, we would have to use the
electron field operators 1(z) and %1 (z) instead of cx and
c};. We could then apply the method developed in this

paper.

[1] M. D. Srinivas and E. B. Davies, Opt. Acta 28, 981
(1981).

[2] M. D. Srinivas and E. B. Davies, Opt. Acta 29, 235
(1982).

[3] G. J. Milburn and D. F. Walls, Phys. Rev. A 28, 2646
(1983).

[4] G. J. Milburn and D. F. Walls, Phys. Rev. A 30, 56
(1984).

[5] M. Ueda, N. Imoto, and T. Ogawa, Phys. Rev. A 41,
3891 (1990).

[6] M. Ueda, N. Imoto, and T. Ogawa, Phys. Rev. A 41,
6331 (1990).

[7] M. Ueda, N. Imoto, H. Nagaoka, and T. Ogawa, Phys.
Rev. A 46, 2859 (1992).

[8] H. M. Wiseman and G. J. Milburn, Phys. Rev. A 48,
2853 (1992).

[9] H. M. Wiseman and G. J. Milburn, Phys. Rev. A 47, 642
(1993).

[10] M. P. Silverman, Phys. Lett. A 118, 155 (1986).

(11] M. P. Silverman, Nuovo Cimento 97B, 200 (1987).

(12] S. Saito, J. Endo, T. Kodama, A. Tonomura, A.
Fukuhara, and K. Ohbayashi, Phys. Lett. A 162, 442
(1992).

[13] M. Ban, Phys. Lett. A 172, 337 (1993).

(14] E. B. Davies, Commun. Math. Phys. 17, 277 (1969).

[15] E. B. Davies, Commun. Math. Phys. 19, 83 (1970).

[16] E. B. Davies, Commun. Math. Phys. 22, 51 (1971).

[17] E. B. Davies, Quantum Theory of Open Systems (Aca-



4160 MASASHI BAN 49

demic, New York, 1976).

[18] M. D. Srinivas, J. Math. Phys. 18, 2138 (1977).

[19] P. L. Kelley and W. H. Kleiner, Phys. Rev. 136, 316
(1964).

[20] L. Mandel and E. Wolf, Rev. Mod. Phys. 37, 231 (1965).

[21] B. R. Mollow, Phys. Rev. 168, 1896 (1968).

[22] R. Hanbury-Brown and R. Q. Twiss, Philos. Mag. 45,
663 (1956).

[23] R. Hanbury-Brown and R. Q. Twiss, Nature 177, 27
(1956).

[24] E. M. Purcell, Nature 178, 1446 (1956).

[25] Y. Takahashi and H. Umezawa, Collect. Phenom. 2, 55
(1975).

(26] M. Schmutz, Z. Phys. B 30, 97 (1978).

[27] H. Umezawa, H. Matsumote, and M. Tachiki, Thermo
Field Dynamics and Condensed States (North-Holland,
Amsterdam, 1982).

(28] T. Arimitsu and H. Umezawa, Prog. Theor. Phys. 74,
429 (1985).

[29] T. Arimitsu and H. Umezawa, Prog. Theor. Phys. 77, 32
(1987).

[30] T. Arimitsu and H. Umezawa, Prog. Theor. Phys. 77, 57
(1987).

[31] N. P. Landsman and Ch. G. Weert, Phys. Rep. 145, 141
(1987).

(32] H. Umezawa and Y. Yamanaka, Adv. Phys. 37, 531
(1988).

[33] Y. Nambu, Prog. Theor. Phys. 4, 331 (1949).

[34] U. Fano, Rev. Mod. Phys. 29, 74 (1957).

[35] J. A. Crawford, Nuovo Cimento 5, 689 (1958).

[36] 1. Prigogine, C. George, F. Henin, and L. Rosenfeld,
Chem. Scr. 4, 5 (1973).

[37] S. Chaturvedi and V. Srinivasan, Phys. Rev. A 43, 4054
(1991).

[38] S. Chaturvedi and V. Srinivasan, J. Mod. Opt. 38, 777
(1991).

[39] M. Ban, J. Math. Phys. 33, 3213 (1992).

[40] M. Ban, Phys. Rev. A 47, 5093 (1993).

[41] C. M. Caves, K. S. Thorne, K. W. P. Drever, V. D. Sand-
berg, and M. Zimmermann, Rev. Mod. Phys. 52, 341
(1980).

[42] K. Wédkiewics and J. H. Eberly, J. Opt. Soc. Am. B 2,
458 (1985).

[43] M. Ban, J. Opt. Soc. Am. B 10, 1347 (1993).

[44] J. Kessler, Polarized Electrons (Springer-Verlag, Berlin,
1985).



