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Intensity characteristics of inversionless lasers from induced atomic coherence
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We analyze a laser system consisting of N closed three-level atoms confined in a single-mode cavity
and derive the conditions for the onset of lasing without inversion or with inversion. We calculate the
steady-state gain and lasing in the system and show that far above the lasing threshold, depending on the
pumping and decay rates, the inversionless laser may operate in three different regimes, where the inten-
sity of the laser depends linearly on N, is proportional to V'N, or independent of N.

PACS number(s): 42.55.—f, 42.50.Hz, 32.80.Bx

I. INTRODUCTION

The optical gain and lasing without the requirement of
population inversion has been the subject of much in-
terest recently. Light amplification without inversion can
be induced by optical coherence among the coupled
states driven by laser fields, or by the difference between
the absorption and emission paths manifested by quan-
tum interference. Many models have been proposed, and
the conditions for the onset of lasing action have been ex-
amined [1-7]. The concept of lasing without inversion
(LWI) may be useful in the generation of coherent radia-
tions in the wavelength regime where lasing with popula-
tion inversion is difficult to achieve by conventional
pumping mechanisms. It has been shown that the optical
coherence and quantum interference associated with the
light amplification may lead to novel statistical properties
in inversionless lasers, such as reduced laser linewidth
and amplitude squeezing [8-11]. Recently, light
amplification without population inversion in the tran-
sient regime has been observed experimentally by several
groups [12-15]. In general, the mechanism of LWI de-
pends on the specific model [7], and particularly, the con-
text of noninversion depends on the specific state basis.
In atomic systems driven by external coherent fields, one
can find model systems where there is no population in-
version in the bare atomic states, but there is population
inversion in the dressed states (for example, a strongly
driven two-level system [16]). Nevertheless, a few model
systems have been shown to exhibit lasing without inver-
sion in any state basis [17,18].

Here we present an analysis of a laser model (see Fig. 1)
that consists of an ensemble of N closed three-level atoms
incoherently pumped to the upper state [3), and a
coherent field drives the transition between states |1) and
|2). Lasing occurs from state |3) to state [2). Similar
three-level systems have been treated by Fleischhauer
et al. [19], where the enhanced refractive index without
absorption via atomic coherences was analyzed. Here the
steady-state gain and lasing will be analyzed. We show
that depending on the pumping and decay parameters,
this three-level system may exhibit lasing with inversion
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or LWI (light amplification by coherence), so it serves as
a model for both a conventional laser and an inversionless
laser. Also, the system may demonstrate a transition
from lasing with inversion to LWI [11], indicating that
such a transition is common in a coherent driven laser
system. Well above the threshold, the intensity of this in-
versionless laser may show different functional depen-
dence on the total atomic number N, which is correlated
to the specific population distributions.

The paper is organized as follows. In Sec. II, we will
derive the system Hamiltonian and the semiclassical laser
equations of motion. In Sec. III, we derive the conditions
for the existence of gain in the system with or without
population inversion. In Sec. IV, we discuss the steady-
state lasing for the resonant excitation and present calcu-
lations for the threshold condition, the lasing intensity,
and population distributions above the threshold. In the
limit of a large atomic number N, we show that the laser
intensity dependence on N is determined by the lasing
mechanisms. In Sec. V, we summarize our calculations
and discuss the experimental feasibility for the model sys-
tem.

II. THREE-LEVEL LASER MODEL

Our model consists of an ensemble of N closed three-
level atoms confined in a single-mode cavity with photon
loss rate 2« at the output port. The atoms have ground
state |1), and excited states |2) and |3) as illustrated in
Fig. 1. The excited state |3) is populated from the
ground state [1) by incoherent pumping with a rate A.
The transition |1)«>|2) of frequency w,; is driven by a
laser of frequency w, with Rabi frequency 2Q. g is the
single atom-cavity coupling coefficient on the lasing tran-
sition [3)«>2). y;; (i,j =1-3) is the spontaneous decay
rate from state |i ) to state |j). We treat classically the
external coherent field which drives the transition
[1)<>|2), but keep the cavity field quantized. For the
convenience of the calculation, ) and g are chosen to be
real. In the dipole approximation, the system Hamiltoni-
an can be written as
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FIG. 1. Three-level model for lasing without or with popula-
tion inversion. |3) —|2) is the lasing transition.
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Here J,; are the collective atomic raising or lowering

i
operators and J, are the population operators. k;(k,) is

the k vector of the external driving field (cavity field).

a(a") is the annihilation (creation) operator for the cavity
photons. ;; is the transition frequency from state li) to
state |j). To study the steady-state gain and lasing in
this system, we only need the semiclassical equations of
motion for the expectation values of operators. On trans-
forming to the appropriate rotating frame, we obtain the
semiclassical laser equations as follows:
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together with the equations of their complex conjugates.
In Egs. (2), A=w;,—w;, and A,=w,;,—®,. Above the
threshold, o, is the lasing frequency. Since the system is
closed, we have J;;+J,;, +J3;=N. Setting the deriva-
tives in Egs. (2) to zero, the steady-state laser intensity
and atomic population distributions can be obtained.
The gain coefficient for the cavity field coupled to the
transition |3)—|2) is proportional to Im(J,;). If
Im(J,;)>0, the system exhibits gain for the cavity field,
and lasing can be established on the transition |3) —[2)
if the gain is larger than the cavity loss. First, assuming
the cavity field can be treated as a weak, classical
coherent field, we analyze the dependence of the optical
gain on various system parameters. For the resonant ex-
citations, i.e., A=A;=0, we present simple analytical ex-
pressions for the gain coefficient Im(J,;) and the popula-
tion distributions, from which it is easy to derive the con-
ditions for the onset of LWI or lasing with inversion. For
the off-resonant excitation A; =0 we show that the probe
gain may occur at one or both Rabi sidebands, which can
be viewed as due to population inversion in the dressed
states. Second, we discuss the steady-state lasing in the
system and present calculations for the threshold condi-
tion, the laser intensity, and population distributions.
From the analytical results in the limit of V'Ng >>Q, v ;; o
and A, and numerical calculations under various operat-
ing conditions, we show that the light amplification
mechanism can be inferred from the observation of the
laser intensity dependence on N.

ITII. STEADY-STATE GAIN AND
POPULATION DISTRIBUTIONS

Replacing the cavity field by a weak, coherent probe
field, we set ga and ga* in Egs. (2) equal to g, where 2g is
the Rabi frequency of the probe field. Setting the deriva-
tives in Egs. (2) to zero, it is easy to obtain the analytical
expressions for the probe gain coefficient Im(J,;) and
population distributions J; (i =1,3) in the steady state.
These expressions are quite tedious, so it is difficult to ex-
tract essential physics from them. Therefore we have
opted to present analytical results under the resonant ex-
citation, A;=A=0, and in the limit of a strong coherent
field such that Q>>y,;, g, and A. With such an approxi-
mation, we obtain

Ng(A*+Ayp—v5h—
20%(A+2y5,)

and Re(J,;)=0. The weak probe field is amplified at the
frequency w; = w3, if the incoherent pumping rate satisfies

A>V'v%/4+y5(¥5+7¥2)—¥35,/2. Similarly, the pop-
ulation distributions can be readily derived. They are

Yu¥3)

Im(Jy;)= , (3)

YN
Ju=122=m @)
and
AN
Jyy=—2Y
33 A+275, (5)

Combining the requirements for the existence of gain and
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FIG. 2. Calculated steady-state gain Im(Jy;) vs A/y,, for
four sets of A values with A;=0, y3;,=2, =10, and g =0.001
(in 3, units). Gain without population inversion exists for
A=2 and 1.8. For A=1.5, there is no gain. When A > 2, gain
is due to population inversion. Notice the constructive interfer-
ence at the line center A=0.

population noninversion, the sufficient and necessary con-
dition for the system to exhibit LWI is

rh v [ &)
Ya>A> T+7’32(7’32+7’21) 5 6)

On the other hand, the condition for the onset of lasing
with inversion is

)2 I
2 )
2 tralretya) | - O

A>y3, A> 2

To examine the general characteristics of gain in the
model system, we present numerical calculations of
Im(J,;) versus the probe detuning A for several sets of A
values (normalized by y,;) with the other parameters
chosen as A; =0, y3,=2y,;, @=10y,,, g =10 3y,,. The
coherent driving field generates a pair of dressed states
(|4 ) and |—)) that are separated by the Rabi frequency
2Q [20]. The probe gain profile is shown in Fig. 2. The
peaks at A==+ correspond to the dressed-state transi-
tions (positive peaks represent gain while negative peaks
represent absorption). For weak incoherent pumping (for
example, the curve for A=1.5), no gain exists for the
probe field. Gain without population inversion occurs for
intermediate A values, as shown by the curves for A=1.8
and 2. Since there is no population inversion, gain occurs
at a region centered around A=0 and absorption is
peaked at the frequencies corresponding to the dressed
state transitions. The constructive interference for the
transition amplitudes at A=0 enhances the gain. At
sufficiently large incoherent pumping, population inver-
sion is created, and gain is much larger and peaked at
both the dressed-state transitions A=+. When the
coherent driving field is off resonance, i.e., A;7O0, the
dressed states are polarized, or there is population imbal-
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FIG. 3. Calculated steady-state gain Im(J,3) vs A/y,, for
two sets of A values with A, =10, y3;,=2, =10, and g =0.001
(in 34 units). For A=2, there is no population inversion in the
bare atomic states. The gain peak at A= —A,/2—1 A2/4+Q?
is due to the population inversion between the state |3) and the
dressed state | — ). When A =4, there is population inversion in
both the bare atomic states and the dressed states, so the gain
appears at both transition frequencies of Autler-Towne’s dou-
blet, A=—A,/2+V A}/4+ Q2

ance among the two dressed states [20]. As the in-
coherent pumping rate A increases, population inversion
can be first realized in one set of the dressed-state transi-
tions, then the other set for still larger A values. For ex-
ample, as shown in Fig. 3, for A;=Q=10y,,, the upper
dressed state |+ ) with higher energy is more heavily
populated while the lower dressed state | — ) is less popu-
lated. With A=2y,, the population distributions satisfy
J .4 >J33>J__, so the probe gain appears at the transi-
tion |3)—|—) while the dominant absorption peak
occurs at the transition from |+)—|3). For a
sufficiently large A, population inversion for both
dressed-state transitions can be realized
(J33>J . >J__), and lasing can occur at both transi-
tion frequencies as shown by the curve for A=4.

IV. STEADY-STATE LASING
ABOVE THE THRESHOLD

To study the threshold condition, the steady-state laser
intensity, and population distributions above the thresh-
old, we need to solve the semiclassical laser equations (2)
with a variable cavity field. We have chosen to carry out
the calculations under the conditions of resonant excita-
tions, i.e., A=A,;=0. When the cavity is tuned to the
resonant frequency of the transition |3) —|2), the lasing
frequency w;, =w,=ws,, because the dispersive response
Re(J,;) vanishes. The steady-state laser intensity is

~
Il

,_ —B+VB2—44C
ng =

Y , (8)

where
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42A%+4AY 1+ AY HY R YY)
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Here we define the laser intensity I =ng? where n is the number of photons inside the cavity. If we refer to G =Ng?as
the atomic pumping parameter, then the laser threshold can be determined from Eq. (4) as

k(Y ) (5t A) H4Q} {4QUA+2y 1) H(y 5 Ay 3+ ANy +A)— A?]]
40 A =y (Y3t — A=Ay 5 ANA+Y 2 (Y 3,— Y1)
In the limit of V.G >>Q, vi; (i,j =1-3), and A, it is easy to derive the laser intensity and population distributions. We

found that depending on the population distributions, the laser may operate in three different regimes. First, for
¥ 32> Y21, the population distributions are

G 9

337 ’
2A2+4AY 3+ AY Y+ Yara
A(A+2y3,)N
J22= 2 2 ’ (11)
AT AAY T AY YR T Y Y
Y Aty YN
I 32 nt¥n 12)

2A2+4AY 1+ AY Y Y

J33 <Jp, is always valid; there is no population inversion. The laser intensity is

I=ng*=

QA+ Ay, —vh—Y3va)
Alyn—v2) .

The laser is saturated at high atomic pumping, and the saturation intensity is proportional to the intensity of the exter-
nal coherent driving field. Second, if ¥3,=7,;, the population distributions are

(13)

NA(yy+yntA)
Jun=77 3 (14)
2A°H4AY 5 FAY H YRt YY)
_ 2k(2A+y5t7y) NOYA*+ Ay —7L— YY) i
202 +4AY 3+ AY 1+ Y Yy 28%(2A+7v4) y ’
Ty =Jy+ 2c(2A+74) NOYA?+AY 35—~V 3¥2) 2 (15)
2N +H4AY 3+ AY  HY R YaYa 28%(2A+74)
J33 <J,; there is no population inversion. We obtain the laser intensity as follows:
I=ng? NQ%RAN+AY—vh—7ara) | 16)
2k(2A+y4,)
I is proportional to V'G , and no saturation can be observed. Finally, if Y32 <Ya215
_ A(2A2+4Ay 3+ Ay, +?’§2+’}’32?’21) 2k(2A+y+yan
B 2A+72)2A%+4AY 3+ Ay + vy v ) N A HAAY + AY  HY Y Y ’ i
Tp=Js 2c(2A+y4)n, 8

2A2+4AY 5+ AY Y Y Y
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where
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Q2N+ AA= Y)Y+ 27 ) = Y3 (¥ 2+ 721} Ut ra)yapratAyntAyy)

n1:
Ay —v3)2A+yy)

The laser intensity becomes

1 Ng?Alyy—7vy) 2

I=
"8 2K(2A+’}/2)) nlg

4g22A+7y,)

(19)

It is interesting to note that whether there is population inversion or noninversion is determined by the strength of

coherent pump field. For a strong coherent field such that

2> AY =YYt Ya) V¥ u T AV T Ayy)

- 4{2A3+A(A_7’21)(7’21+2?’32)_‘?’327’21(?’32+721)} ’

there is no population inversion, lasing is maintained by
the induced coherence J,;, and the intracavity laser in-
tensity is proportional to N, the number of atoms in the
cavity mode. When N >>1, the term proportional to n,
in population distributions is negligible, so for all practi-
cal purposes, J,,=J;3, the inversionless laser behaves
very much like an inversion laser in this limit.

It is interesting to note that if y;, <y,;, only lasing
with population inversion may be initialized in this
three-level system. Then the system may maintain the
lasing with persistent population inversion if the coherent
field is weak or absent. On the other hand, LWI may be
responsible for the laser action if the coherent pump field
is strong [the inequality (20) is valid] once the laser is well
above the threshold. The system will exhibit the transi-
tion from lasing with population inversion to LWI. Such
a dynamic transition is quite common in a coherently
pumped laser system as we have shown in other inver-
sionless systems [11].

In order to have a complete picture of the lasing
characteristics in this three-level system, we need to ex-
amine the intermediate regime between the weak lasing
around the threshold and the high field limit at large G.
We have carried out numerical calculations for the laser
intensity and population distributions versus G in the
three different operating regimes discussed above. Shown
in Fig. 4 are the calculated laser intensity and population
distributions as functions of the atomic pumping G for
two sets of A values and ¥3,> ¥ (¥3,=2¥,)- The laser
intensity saturates at high G values as shown in Fig. 4(a),
demonstrating the characteristics of LWI in this particu-
lar system. For A=1.8y,, <y3,, there is no population
inversion for arbitrary G values as shown in Fig. 4(c).
However, for A=2.5y,,>Y3,, lasing is initiated from
population inversion near the threshold as shown in Fig.
4(b). As the atomic pumping G increases, the transition
from lasing with inversion to LWI occurs, and after the
transition, lasing is maintained solely by the atomic
coherence. For y3,<7,;, the lasing can be initialized
only from population inversion, which requires a
sufficient strong incoherent pumping. As shown in \F/‘l_g_
5, for y3,=7v,,, the laser intensity is proportional to V'G
at large G values while for y;, <y,;, the laser intensity
linearly depends on G. In both cases, the system starts
lasing from population inversion, then makes the transi-

(20)
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FIG. 4. (a) Calculated steady-state laser intensity n(g/v,;)*
vs the atomic pumping parameter G =N (g /¥5,)* for two sets of
A values (in y,; units) and y3,> ¥, (the other parameters are
Q=20y,, and k=0.01y,,). Far above the threshold, the laser
intensities are independent of G. (b) The normalized population
distributions Jj; (i =1-3) for A=2.5. Note that the initial las-
ing is due to population inversion, but as G increases far above
the threshold value, the transition from lasing with inversion to
LWI occurs. () The normalized population distribution
Ji; (i =1-3) for A=1.8. Lasing is due to light amplification by
coherence for arbitrary G values.
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tion to LWI. Afterwards, the lasing is maintained by the
induced coherence J,; only; there is no population inver-
sion (J33 <J,,) for arbitrary G values. In Fig. 6, we plot
the laser intensity and population distributions versus the
Rabi frequency of the coherent pump field Q /y,, for two
sets of the incoherent pump rate A. G is chosen to be
1000, and the other parameters are the same as in Fig. 4.
For a small A value (1.8), LWI is valid for all Q) values
with which lasing can be maintained. But for a larger A
value (2.5), there is a threshold Q value below which the
system exhibits LWI; above which lasing with inversion
takes place in the system. It is noted that above thresh-
old, as the coherent pumping increases from zero, the
laser intensity increases, gradually reaches the maximum,
and then decreases monotonically to zero. This can be
understood as follows: the coherent field generates a pair

12000 T T ™

a) 721=1'5732
8000 ———Y21=Y32 <
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FIG. 5. (a) Calculated steady-state laser intensity n(g/y;,)
vs the atomic pumping parameter G =N (g /¥ ,)* for two sets of
Y values (y3,<v,;) with A=3y3;, Q=20y3, and £=0.01y3,.
The laser intensity is dependent on V'G for Y32=711, and linear-
ly dependent on G for 3, <¥,,. (b) The normalized population
distributions Ji; (i =1-3) for ¥3,=¥,,. (c) The normalized pop-
ulation distributions J; =(i =1-3) for y¥,;=2y3,. In both cases,
J22 <J3, lasing is solely due to population inversion.
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of dressed states which are separated by the Rabi fre-
quency 2Q). Since the laser is centered at the transition
©1,, the large detuning from the real dressed-state transi-
tions eventually becomes dominant as shown in Eq. (3),
which diminishes the gain and raises the lasing threshold.
For a fixed G value, at large Q) values, lasing at A=0 re-
quires increased population inversion to balance the gain
reduction. Eventually, when Q is too large, even though
the population inversion can be large as shown in Fig.
6(b), the gain at A=0 is not sufficient to sustain the laser
action. It should be noted that with population inver-
sion, the gain is peaked at both Rabi sidebands, lasing
can be easily maintained at the cavity frequencies
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FIG. 6. (a) Calculated steady-state laser intensity n(g/y,;)?
vs the normalized Rabi frequency Q/y,; for two sets of A
values (in ¥, units) and ¥3;,>7%,; (the other parameters are
Q=20y,, and k=0.1y,;). As Q increases from the threshold,
the laser intensity I first increases, then reaches the maximum
value, and afterwards, decreases monotonically to zero. (b) The
normalized population distributions Jj; (i=1-3) for A=2.5.
Note that LWI is valid for Q/y,, < 160, above which lasing can
only exist with population inversion. (c) The normalized popu-
lation distribution J;; (i =1-3) for A=1.8. Lasing is solely due
to light amplification by coherence for Q/7,, values under
which I is nonzero.
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FIG. 7. (a) Calculated steady-state laser intensity n(g/v,;)
vs the normalized Rabi frequency /v, for y;; =7, and
¥21=1.5y3, (the other parameters are Q=20y,;, A=2.5y,,
and «=0.0ly,;). As Q increases, the laser intensity 7 first in-
creases, then reaches the maximum value, and afterwards, de-
creases monotonically to zero. (b) The normalized population
distributions J;; (i =1-3) for y,;=1.5y73,. Note that LWI is
possible for intermediate ) values; for larger or small {2 values,
lasing with inversion takes place. (c) The normalized popula-
tion distribution J;; (i =1-3) for 3, =¥,

A=1Q. Plotted in Fig. 7 are the laser intensities and
population inversions versus /v, for G =1000,
¥Y21=7V32 and ¥, =1.573,, respectively. A is chosen to be
2.5y 3, and the other parameters are the same as in Fig. 5.
For y,,=1.573,, lasing can be achieved in the absence of
the coherent pump field, since the incoherent pump A is
sufficient to create population inversion on the transition
|[3)—]2). For a fixed G value (G =1000), the laser in
the steady state has three operating regimes: for small Q

YIFU ZHU, MIN XIAO, AND YANG ZHAO 49

values, lasing is due to population inversion; for inter-
mediate ) values, LWI takes place; and for large Q
values, the lasing mechanism is back to population inver-
sion again as shown in the population distributions plot-
ted in Fig. 7(b).

V. CONCLUSIONS

We have analyzed the gain and lasing in a closed
three-level system and derived the conditions for the on-
set of LWI or lasing with population inversion. In partic-
ular, the model system may be made to start lasing from
population inversion, and make the transition to LWI
after reaching the threshold. Therefore this laser model
provides another example of the dynamic transition be-
tween a conventional laser and an inversionless laser, in-
dicating such a dynamic transition is common in a
coherently pumped laser system. We have shown that an
inversionless laser may exhibit quite different intensity
dependence on the atomic pumping parameter G =Ng?.
Specifically, far above the threshold, depending on the
pump and decay rates, the laser intensity from LWI may
depend linearly on G, or be independent of G.

For an inhomogeneously broadened system, if the Rabi
frequency 2Q of the coherent driving field is on the order
of the inhomogeneously broadened linewidth for the tran-
sition |2)<>|1), the basic physical conclusions presented
here will be valid. The reduced gain at a large Q value
will increase the lasing threshold, but the available num-
ber of atoms usually can be much larger (for example, in
an atomic vapor system) than that of a Doppler-free sys-
tem, so the laser scheme could still be realized in prac-
tice. Other factors, such as collisional dephasing, col-
lisional excitation, and deexcitation, can be added in the
population and phase decay terms in the density matrix
equations. One then can solve Egs. (2) with modified A
and vy ;; parameters.

One candidate for the experimental investigation of
this three-level system may be found in Ruby, where the
2E excited states correspond to state |3), the magnetic
sublevels [+£1) of *4, ground states correspond to state
|2), and the sublevels |+3) of *4, ground states corre-
spond to state |1). The incoherent pumping from [1) to
|3) may be realized by pumping from * 4, to *F, (or *F,)
and the subsequent fast decay from *F, (or *F;) to ’E
states. The coherent pumping between |1) and |2) may
be achieved by a microwave field of 12 to 18 GHz. Since
Y32 >>74;, the condition for LWI is satisfied. A quantita-
tive analysis and experimental study for the proposed
Ruby system are in progress.
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