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Electrostatic modes as a diagnostic in Penning-trap experiments
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A subset of the electrostatic modes of a cold cloud of electrons, a non-neutral electron plasma, trapped
in a Penning trap has been observed and identified using a recent theoretical model. The detection of
these modes is accomplished using electronic techniques which could apply to any ion species. The
modes are observed in the low-density, low-rotation limit of the cloud where the cloud approaches a
two-dimensional charged disk. We observe both axially symmetric and asymmetric drumhead modes.
The shape, rotation frequency, and density of the cloud are found in a real-time nondestructive manner

by measuring the frequency of these modes. In addition, it is found that radio-frequency sideband cool-

ing compresses the cloud, increasing its density. The ability to measure and control the density of a
trapped ion cloud might be useful for experiments on low-temperature ion —neutral-atom collisions,
recombination rates, and studies of the confinement properties of non-neutral plasmas.

PACS number(s): 32.80.Pj, 35.80.+s, 52.25.Wz, 52.35.Fp

Penning ion traps have become an important tool in
studies involving low-energy charged particles [1]. Re-
cently, a theory of the electrostatic Quid modes of a plas-
ma confined in a Penning trap (and Paul rf trap) was
developed [2—4]. A number of these modes were ob-
served experimentally in a plasma of Be+ ions using opti-
cal fiuorescence techniques [3,4]. By measuring the
eigenfrequencies of two or more of these modes, plasma
characteristics such as density, rotation frequency, and
shape can be found nondestructively. Several types of ex-
periment would benefit from this information. For exam-
ple [1,4], experiments on recombination rates,
ion —neutral-atom and ion-ion collisions, and strongly
coupled systems depend on the ion sample density, size,
and shape. These modes can also be used to study the
confinement properties of the trap. However, a general
method for detecting these modes is desired. Optical
detection of the modes, as demonstrated in Ref. [3], is
practical only for a small number of ion species. The
method of characterizing the plasma by ejecting the plas-
ma from the trap onto a set of charge collectors [5] has
the disadvantage (for some experiments) of being a des-
tructive measurement.

The object of the work reported here was to investigate
detection techniques which would allow these mode fre-
quencies to be measured nondestructively for any type of
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ion species. To do this, we used electronic methods for
detecting the modes and electron plasmas to test the
methods. Related observations with trapped ions have
been made by Barlow, Jeffries, and Dunn [6], and with
electrons and positrons by Tinkle, Greaves, and Surko
[7]. In the low-density, low-rotation limit of the electron
plasmas we were able to detect a number of modes. By
comparing the frequency dependence of the detected
modes with the theoretical model by Dubin [2,4], an
identification of the modes was made. This allowed us to
calculate the density and aspect ratio of the electron plas-
mas and study their evolution. By combining this infor-
mation with a measurement of the number of electrons,
the plasma size could then be determined.

A second goal of this work was to find a way to manip-
ulate and increase the plasma density. For trapped atom-
ic ions, lasers can be used to apply a torque to the plas-
ma, compressing it and increasing its density [3,4,8]. In
addition, lasers can be used to cool the atomic ion plas-
ma, reducing its temperature to below 10 mK [8]. The
possibility of compression of a non-neutral plasma by
wave excitation has also been discussed [9]. In the work
reported here, we found that the parametric coupling
technique called magnetron sideband cooling [10,11] in-
creased the electron plamsa density. This technique uses
only radio-frequency fields, is independent of the internal
structure of the ion, and therefore can be used for any
type of ion. The ability to increase a trapped plasma's
density and decrease its temperature is important for a
number of experiments including proposals to produce
antihydrogen [12]. A prominent candidate for antihydro-
gen formation is a three-body collision (e+,e+,p ) whose
cross section scales as noT, where no is the density
and T the temperature [12,13].
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I. THKGRY

A Penning trap [1,5,10,11] confines charged particles
by combining static magnetic and electric fields. Refer-
ring to Fig. 1, a static voltage Vo applied between the
endcaps and ring forms a potential (in spherical coordi-
nates),

e(r, e, y) = V, g c,„(r/d)'"&,„(cos&),
n=0

where P2„arethe Legendre polynomials and c2„arecon-
stants. Here d =r, /~2 is a characteristic trap size, with
r, the ring's internal radius (for our trap, d =3.54 mm).
The electrode shapes are designed so that the dominant
term in the electrostatic expansion is that labeled by cz.
This results in a potential Vpc2[z —(x +y )/2]/2d
which confines the electrons axially in a harmonic well.
In this case, the axial center-of-mass (c.m. ) motion of the
electrons is the same as that of a single electron and has a
frequency co, =(2c2q Vp/md }'~ where q/m is the
charge-to-mass ratio. A homogeneous axial magnetic
field Bo is superimposed on this electric potential ensur-
ing radial confinement. In the radial plane the center-of-
mass motion is composed of two superimposed circular
motions: the EXB (or magnetron) motion at frequency
co, and the modified cyclotron motion at frequency
co,'=co, —co, where co, =qBp/m (SI units). In general,
—,'m, =co co,', and for our experiments, co «co, «co,'.

Cryogenic cooling used in this work was capable of re-
ducing the electron temperature to close to 4 K. For the
magnetic fields used here, and with 4 K temperatures, the
cyclotron radius of an electron was small compared with
the distance of closest approach between two electrons.
Under this condition the plasma is strongly magnetized
and the coupling between motion parallel and perpendic-
ular to the magnetic field is weak [14,15]. This may have
resulted in two different temperatures for motion parallel
and perpendicular to the magnetic field. Except for a
possible difFerence in these temperatures, we assume the
electrons had sufficient time to evolve (due to
electron/electron collisions) to a state of thermal equilib-
rium. In an experiment [16] with electrons with eV ener-
gies, global equilibration times were measured to be
about 1 s at So =0.01 T. This time should increase with
larger magnetic fields. It may scale as 8& or Bo depend-
ing on the conditions of the plasma [16—18]. For our ex-
periment the non —center-of-mass modes were not ob-
served until times greater than 100 s.

Over long times, trapped plasmas have been observed
to undergo a radial expansion resulting in a decrease in
their aspect ratio and density with time and eventual gra-
dual particle loss from the trap as the particles strike the
ring electrode. In the absence of external torques, the to-
tal canonical angular momentum of the plasma is con-
served [19],which places a limit on the radial expansion
and the number of electrons that can be lost from the
trap. Therefore, some external torque is responsible for
this radial transport of particles and energy [20]. For ex-
periments done in high vacuum apparatus (such as used

here}, the most likely candidates for this external torque
are azimuthally asymmetric components in the trapping
electric or magnetic fields [14]. Resonant enhancement
of this transport rate can occur if the static field asym-
metries couple to collective modes [3].

In thermal equilibrium, a cold electron (or ion) plasma
with dimensions much less than those of the Penning-
trap electrodes can be modeled as a uniform density
spheroid which rigidly rotates about z at the rotation fre-
quency co„with co & co„&co,

'
[3,4,21-23]. The density is

np=2epmco„(co, —pi)/q in the plasma interior and falls
off at the plasma boundary over a distance approximately
equal to the Debye length Az =(epkT/npq )'~, where k
is Boltzmann's constant, T the temperature, and c,o the
permittivity of free space. For a comparison of experi-
ment with theory, we will assume that the plasma is
suSciently cold that the Debye length is much smaller
than the cloud dimensions. The plasma frequency co,
defined by co~ =q nplmep, is related to the rotation fre-
quency by co =2'„(co,—co„}.The maximum density
occurs for co„=co,/2, which is called the Brillouin limit.

The aspect ratio of the plasma, defined by a=zplrp-
with 2zp the cloud length and 2rp its diameter, is a func-
tion of the rotation frequency and therefore the density
[23]. As co„~co,/2 (Brillouin limit) the aspect ratio in-

creases to its maximum value. If, in addition, co, «co„
the cloud is a long cigar shape (prolate spheroid) along z.
For either ~„~co or co, ~co,', a decreases and the cloud
becomes a flat pancake shape (oblate spheroid). An exact
expression relating a and co„is given in Refs. [4] and [23].
For a «1, this expression can be expanded to first order
in n with the result co~ =co,(1+en/4).

We have neglected the effects of correlations in the
plasma due to the electron/electron Coulomb interaction
[24]. A measure of these correlations is the coupling con-
stant I':q /(4me~, k—T), where a, is the signer-Seitz ra-
dius given by 4ma, n p/3=1. For I «1, the plasina acts
as a weakly interacting gas, so correlations can be ig-
nored. For I &1, the plasma correlation increases and
the plasma becomes liquidlike. As I further increases,
the plasma crystallizes into a rotating lattice. In a Pen-
ning trap, the onset of crystallization has been directly
observed using laser-cooled Be+ ions [25]. A similar
crystallization has also been reported in other systems,
for example, in Paul traps [26], electrons on liquid helium

[27], and, in the high-density limit, electrons in GaAs
junctions [28]. For the work here, I'=0.2 was measured
and therefore correlations can be ignored. In general,
even in the presence of spatial correlations, if the
electron/electron spacing is short compared to the wave-
length of the modes, the plasma can be treated as a
constant-density plasma.

The theory of the electrostatic fluid modes of a cold,
constant-density, spheroidal plasma confined by a har-
monic well was solved analytically for some simple cases
in Refs. [3] and [4], and was solved for the general case
by Dubin [2,4]. The theory, applied at the Brillouin lim-
it, also applies to ion plasmas in the rf or Paul trap [4].
Dubin assumes that the plasma is in thermal equilibrium
and its temperature sufficiently low that pressure effects
can be ignored. In addition he assumes that a, and A,&
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are much less than the plasma-dimensions and the wave-
length of the modes. By combining the continuity,
momentum, and Poisson's equations, the differential
equation for the electric potential was solved using scaled
spheroidal coordinates. The solutions are a set of mode
potentials expressed as products of associated Legendre
functions Pi and Q& and a factor e' ~ ", where 1t} is
the azimuthal angle about the trap axis and co is the mode
frequency. Here l and m are integers which label the
modes, with I &

l m l. Without loss of generality, m ~ 0
may be assumed and negative frequencies allowed.

As examples of these modes [2-4] the (I,m)=(1,0)
mode is just the axial center-of-mass mode. There are two
(1,1} modes which are just the magnetron and cyclotron
center-of-mass modes, so all the 1=1 modes are center-
of-mass modes. The 1=2 modes correspond to quadru-
pole deformations of the plasma shape. For example,
there are two (2,0) modes. Here the plasma shape
remains spheroidal, but the aspect ratio of the spheroid
oscillates in time. The low-frequency (2,0) mode is a
quadrupole oscillation where the axial and radial extents
of the plasma oscillate out of phase with each other. The
high-frequency (2,0) mode is similar, except that the axial
and radial extents oscillate in phase as if the plasma were
breathing. The three (2, 1} modes are azimuthally asym-
metric modes. For these modes, for small amplitude, the
z axis of the plasma tips and precesses relative to the
magnetic axis. In eneral, since the mode potential is
proportional to e™,modes with m =0 are azimuthally
symmetric while those with m & 0 are azimuthally asym-
metric. The (1,0) and (1,1) modes (center-of-mass modes)
are commonly observed both with electronic and optical
detection. The (2,0) and (2, 1) modes have been observed
using optical detection, and excitation of a (2, 1) mode by
a static field asymmetry was observed to heat the cloud

[3]
A polynomial equation for the mode eigenfrequencies

in a frame rotating at frequency co„is given in Eq. (5.13)
of Ref. [4]. The mode frequencies in the laboratory frame
are related to those in the rotating frame by
co& (lab)=co& (rotating) —mao„, where the term men„ is

due to the Doppler shift. For co„«~,«~„the modes
fall into three frequency ranges: high-frequency modes
with co=co,', intermediate-frequency modes with a=co,
(or co&), and low-frequency modes with oi=oi (or co„).
Because of our detection technique (described below), the
modes which we detected were the intermediate-
frequency modes. For co„,oi, «6o, (the case here), they
are magnetized plasma modes [4]. Here we summarize
the m =0 and m =1 intermediate mode frequencies with
I —m &7 in the a «1 (low-density) limit. This was ob-
tained by solving Eq. (5.13) of Ref. [4] for each value of I
and m, to first order in a in the limit co=ruz «co, [29].
In the laboratory frame
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and in addition, for completeness,

l
N i 1 l
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and to first order in a

co~ =co, [1+—4'm.a],

oi„=(o12/2',)[1+—,'ira] .

The braces and + signs indicate when there are more
than one intermediate mode frequencies to first order in
a. Notice that for all values of I and m (except for
I —m =1) there are mode frequencies which decrease
with decreasing a. In general, these frequencies occur for
more than one mode; they are degenerate to first order in
a. However, when l —m is odd, there are also mode fre-
quencies that increase with decreasing a. Each of these
frequencies occurs for a single, nondegenerate mode. The
center-of-mass modes (1,0) and (1,1) are independent of a
and this the density of the cloud. However, (1) anhar-
monic terms in the trapping potential [n ) 1 in Eq. (1)],
and (2) image charge shifts, which are neglected in these
expressions, cause the c.m. frequencies to depend slightly
on their amplitudes of oscillation as well as the spatia1
distribution of the plasma in the trap. As a result of
these effects, as the plasma expands due to radial trans-
port the c.m. mode frequencies will shift slightly.

By knowing co, and identifying and measuring the fre-

quency of any non —center-of-mass mode (or alternatively
by measuring the frequencies of any two non —center-of-
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mass modes), the plasma's aspect ratio and therefore its
rotation frequency and density can be calculated. We
note that if modes that are azimuthally asymmetric
(m & 0) can be resonantly excited, then it might be possi-
ble to change the rotation frequency and increase or de-
crease the density. This is because the m & 0 modes carry
angular momentum. Therefore, by driving them it might
be possible to apply to the plasma a torque which in turn
could affect the plasma density.

The linewidths of the modes will be set by some com-
bination of damping and dephasing processes. Mode
damping could occur through resonant or nonresonant
coupling to resistive elements making up the trap and
support structure. Careful trap design can decrease (or
increase) this loss mechanism. Coupling between electro-
static modes could also cause energy transfer out of any
one mode, damping its amplitude. Landau damping of
the modes has also been reported [7]. Dephasing of the
modes, leading to line broadening, could occur because of
small anharmonic terms in the trapping or mode poten-
tials. In addition, electron/electron collisions could
cause this dephasing.

II. EXPERIMENTAL APPARATUS

The trap used in this study was previously used to in-
vestigate the nonlinear excitation of a single trapped elec-
tron and the center-of-m. ass modes of electron clouds
[30]. The trap electrodes (Fig. 1) were machined from
oxygen-free copper and had an inner ring radius of 0.50
cm, resulting in d =0.35 cm. When a voltage Vo was ap-
plied between the endcaps and the ring, the resulting
electric potential near the trap's center closely approxi-
mated a harmonic potential along the z direction (with
cz=0.487) [31]. The cylindrical symmetry of the elec-
trodes minimized azimuthally asymmetric electric pertur-
bations. The leading order perturbation to the potential
was the term labeled by c~ in Eq. (1). However, by apply-
ing a voltage V to the additional guard electrodes [32]
and observing the axial c.m. mode line shape, this pertur-
bation could be reduced to

~ c4 ~

~ 5 X 10 . For a pre-
cision hyperbolic trap without guard electrodes, typically
~c4~

~ 10 [11]. The ring electrode was split into three

sectors (Fig. 1). Typical operating parameters for this
trap were Vo= —10.45 V, BO=0. 110 T, co, /2m =61.54
MHz, co /2m =615.0 kHz, and co,'/2n =3.079 GHz.

The magnetic field Bo was produced with a
multifilament Nb- Ti superconducting . magnet. The field
homogeneity near the trap center was specified as
AB/Bo&2X10 for a 1-crn-diam volume. The magnet-
ic field's long term drift was measured to be within
1X10 /h —7X10 /h for B0=0.1 T. The trap was
mounted at the center of the magnet in a sealed copper
vacuum container. The magnet and vacuum container
shared a common liquid-helium bath. The large cryo-
sorption rate of the liquid-helium cooled walls main-
tained the vacuum inside the trap. The background pres-
sure in a similar system was measured to be less than
7X10 ' Pa (5X10 ' Torr) [33]. An additional set of
Helmholtz coils whose axis was perpendicular to Bo and
whose center was common with the trap center was
mounted external to the magnet dewar. These coils were
used to minimize the angle eo between the trap magnetic
and electric axes when Bo=0.1 T.

Electrons were loaded into the trap by using a field-
emission point (FEP) aligned along the z axis and mount-
ed in one endcap. By applying a negative potential of 600
V to the FEP an electron beam which passed into the
trap and back out through matching holes in the endcaps
was formed. Inside the trap the electron beam ionized
background gas, which in turn supplied the low-energy
secondary electrons which were trapped. By varying the
beam current, the loading rate was varied from 0.01 to
100 s

The electronic system (Fig. 2) used to detect the signal
induced by the electron's motion was similar to that
developed at the University of Washington [10,11,34,35].
At the heart of the system is a helical resonator tuned cir-
cuit (TC) with frequency coTc. The resonator is attached
to one endcap and its frequency set such that coTc=co, .
The current induced in this endcap by the electrons' axial
motion produces a voltage drop across the tuned circuit
which was then amplified with a dual gate GaAs FET
preamplifier. Both the tuned circuit and preamplifier
were immersed in the liquid helium. The real part of the
tuned circuit impedance sets the damping rate and

0
Z X

FIG. 1. A schematic diagram of our Pen-
ning trap. The electrodes have been separated
along the axis to show details. The inner ring
diameter is 1 cm.

Endcap Guard Ring Guard Endcap
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linewidth of the axial c.m. motion [10,11,36]. The axial
c.m. linewidth Aco, for our experiment was Aco, =N X19
s ' for co, =ETC, where N was the number of electrons.
Therefore, an estimate for the number of electrons
trapped was made by measuring b,co, . The thermal am-
plitude of the axial c.m. motion (and the cyclotron c.m.
motion via synchrotron radiation) had a characteristic
temperature set by the liquid-helium bath, T =4 K.

Different detection methods were used in this study.
The following is a brief description of each.

1. Noise power. In this detection method the noise in-
duced in the endcap by the electrons' thermal motion was
detected using a spectrum analyzer which acted as a
square-law power detector [34,36]. When this spectrum
analyzer was used to detect noise near the axial c.m. fre-
quency, a noise decrease (or "dip") was observed for
co, =~TC as the electrons short circuited the tuned
circuit's noise voltage [36]. A noise peak occurred for
values of co, outside of the tuned circuit resonance [36].
The advantage of this detection technique was that it was
passive, requiring no oscillating drive voltages to be ap-
plied to the trap.

A related detection method is sometimes called the
"bolometric" method [6,34,36,37]. In this method, the
spectrum analyzer's local oscillatory frequency is fixed so
that only noise power around co, is observed. A paramet-
ric drive at 2', can be applied to heat the cloud increas-
ing collisions and coupling between the modes. An oscil-
lating drive voltage at frequency codWco, can simultane-

ously be applied to any of the trap electrodes. If the elec-
trons absorb energy at cod, and if some of this energy is

~~mat

-0 Ref.

Phase
Shifter Mixer

g To X-Y

-0 To FFT

[jg Integrator

carr

Anen. []
L]Atten.

To Spectrum
Analyzer

4K

Amp.

Trap ~~

FIG. 2. A schematic diagram of the electronic detection sys-
tem used in detecting the electrostatic modes of the electron
plasma. The primary detection method was to look at the noise
induced in one endcap using the spectrum analyzer, with the
voltages at cod and co,d set to zero amplitude. In addition, the
response of the plasma to the coherent drives cod and co,d was
also detected and recorded by the X-Y recorder. A dynamic sig-
nal analyzer which recorded the fast Fourier transform (FFT) of
the response was used as a diagnostic tool. V„„is the ser-
vomechanisrn correction voltage.

coupled through some mechanism to the axial c.m.
motion at ~„then an increase in the noise is observed.

2. Coherent. In this method, typically, the electrostat-
ic well is modulated at a frequency co,d/2m. =1 MHz
producing frequency modulation sidebands on co, . A
second drive of frequency cod is then applied to an endcap
with cod -—co, +~~,d. As cod is swept through resonance
with the sideband (cod=co, +co,d), the electrons' axial
c.m. is excited, and this excitation is turn induces a signal
in the other endcap near co, . This signal is then amplified
and phase-sensitively (linearly) detected with a double-
heterodyne receiver [10,11,35]. The modulation allows
the drive to be applied at a frequency different than coTc,
thus preventing saturation of the preamplifier. This
method is very sensitive to small coherent changes in the
axial c.m. amplitude.

3. Axial frequency shift Bec.ause of imperfections in
the static trap fields (c2„%0for n ) 1, and 80 not homo-
geneous) and because of relativistic effects, the axial c.m.
motion is slightly anharmonic and weakly coupled to the
other degrees of freedom [10,30,38]. As an example, the
axial c.m. frequency co, becomes dependent on the ampli-
tude of oscillation of the c.m. magnetron motion. If the
magnetron motion is excited, the axial frequency shifts
because of the residual c4 term in the trap potential. For
a change of r =O~r o in the magnetron amplitude, the
axial frequency shifts by 5co, /co, =3c4r lO(2c d2). To
observe the axial frequency shift, an electronic ser-
vomechanism is used [10,38]. An axial drive is used to
weakly excite the axial c.m. motion. The response to this
drive is then detected and the output of the coherent
phase detector is integrated and added (fedback) to Vo
with the correct sign. This effectively locks the axial fre-
quency, holding it fixed relative to the (synthesized) drive
and modulation frequencies. Any effect which would
otherwise change the axial c.m. frequency is observable
by monitoring the correction signal of the servo.

An additional experimental technique which was inves-
tigated was a parametric mode-coupling technique called
magnetron sideband cooling [10,11,39], which is analo-
gous to laser cooling [40]. It was first reported in experi-
ments involving single electrons at the University of
Washington [10]. The technique is used to reduce the
metastable magnetron c.m. amplitude by parametrically
coupling this motion to the axial c.m. motion which is
damped by its coupling to the tuned circuit (co, =core).
This parametric coupling is accomplished by applying a
spatially inhomogeneous electric potential of the form

(t( ryx, z) = V xz cos(~, +co )t. The magnetron ampli-
tude can be damped to a theoretical limit given by
r =2[(ttt leo, )(r, )]'~, where (r, }'~ is the thermal-
ized axial amplitude. Similarly, the magnetron motion
can be damped through coupling to the cyclotron
motion. Theoretical models of the cooling have not in-
cluded plasma effects [11,39,41], although plasma models
for parametric couplings between plasma modes might
apply [42]. Evidence that sideband cooling affects the ra-
dial transport rate of a plasma has been found previously,
in that, with the cooling on, cloud lifetimes are extremely
long [33]. However, the effect of sideband cooling on the
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aspect ratio and density of a plasma has not been studied
before. For our trap the sideband cooling drive was ap-
plied to the ring sector A. The necessary axial depen-
dence to the drive arose from the different impedances at-
tached to the endcaps.

III. EXPERIMENTAL RESULTS

A. Observation of the modes from the noise po~er

Detection of the noise power of the induced currents in
one endcap (method 1 above) gave the most definitive re-
sults, so we focused our attention there. After a cloud of
electrons was loaded and the field emitter (and all drives)
turned off, the axial c.m. motion with frequency co, =co& o

could be seen in the noise spectrum (see inset in Fig. 3).
Initially, the frequency of the c.m. motion decreased
slightly with time. At a later point in time, noise peaks
began to appear in the noise spectrum (Fig. 3). The fre-

quencies of these noise peaks increased in time, with
some crossing the axial c.m. frequency and others ap-
proaching it asymptotically (Fig. 4}. If co, =coro, so the
axial c.m. signal was a noise dip, then as the peaks ap-
proached co, they too would change to noise dips, then
back to peaks after the crossing. After the last crossing,
the frequency of the axial c.m. mode would begin to in-

crease slightly. Eventually, one by one, the amplitudes of
the peaks decreased until they were no long observable,
with the axial c.m. mode typically the last to be seen.
Surprisingly, it was found that the larger the value of ~c4 ~

the smaller the absolute frequency shift of the axial
center of mass.

The number of noise peaks which were observed de-

10
N

~~ s-
t=150s B, = 0 11 T

N = 43 000 electrons

L

o
L

4) 4
0

CL cy Marker

FIG. 3. The noise spectrum induced in one endcap as seen

by the spectrum analyzer (resolution bandwidth is 10 kHz). The
broad peak centered at 61.6 MHz is the axial tuned circuit reso-
nance excited by thermal (=4 K) noise. The inset shows the
noise spectrum of a newly loaded cloud (t =150 s after loading)
in which only the axial center-of-mass mode and tuned circuit
resonance are seen, and with co, slightly detuned from coTc. In
the main figure the signals from six electrostatic modes includ-
ing the axial center of mass mode can be seen at a later time
(t = 1720 s after loading). Here Bo=0.11 T.
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FIG. 4. A plot of the frequencies of the modes vs time after

the cloud was loaded. The modes are labeled by their (I,m)
values. These data were taken using a spectrum analyzer and

were from the same data set as in Fig. 3. For these data the
sideband cooling was off and the guard electrode voltage de-

tuned so that ~c~~ =4X10 '. The measurement uncertainty in

the frequency is less than the symbol size used in the plot and is

the same for all points.

pended most strongly on the number of electrons in a
cloud. For clouds of 7000 electrons only the c.m. signal
and one other peak were observed. For clouds of 70000
electrons as many as ten peaks besides the axial c.m. peak
were observed. The time at which the first additional
noise peak appeared was found to be strongly dependent
on the magnetic-field strength Bo. For BO=0.11, 0.25,
and 1.4 T (and for all N between 7000 and 70000) the first
peaks (other than the cubi a=co, mode, which was seen im-

mediately) appeared at the respective average times 520,
2000, and 15800 s after loading. The modes were ob-
served as the clouds' aspect ratio decreased below
a =0.02. It was likely that the magnetic-field dependence
was partly due to a slower radial expansion with larger
magnetic fields. Also, the larger magnetic fields should
have produced a more tightly confined electron beam
that was used to load the electrons. This probably result-
ed in an initial cloud of smaller radial dimension.

Figure 4 shows a plot of the frequency of the noise
peaks, including the axial center-of-mass peak, as a func-
tion of the elapsed time after an electron cloud was load-
ed into the trap. As discussed above, the frequency of the
center-of-mass peak decreased slightly for early times
after loading and then increased slightly. The figure
shows two sets of noise peaks: those which asymptotical-
ly approach the axial center-of-mass frequency e, and
those which asymptotically approach co, +co . These
peaks can be identified with some of the electrostatic
mode frequencies of Eq. (2) for a pancake shaped (strong-
ly oblate) plasma (a((1}.The peaks which asymptoti-
cally approach co, can only be m =0 modes. The peaks
which asymptotically approach co, +co can only be
m =1 modes. In addition to the noise peaks shown in
Fig. 4, some peaks were observed at early times and ap-
peared to be m =2 modes. These modes were only
detected for a brief time which made their identification
uncertain.
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As discussed previously, azimuthal asymmetries in the
trap cause a radial expansion of the plasma. The radial
expansion should produce a decrease in the plasma's as-
pect ratio with increasing time. Therefore the mode fre-
quencies detected in Fig. 4 apparently increase with de-
creasing aspect ratio (except the center-of-mass mode,
whose frequency remains relatively constant). From Eqs.
(2), only the frequencies of a subset of the modes with
I —m odd increase, or stay the same, for decreasing as-
pect ratio. For modes in this subset with m =0, the (1,0)
mode has the highest frequency, the (3,0) mode has the
next highest, the (5,0) the next, etc. For modes in this
subset with m =1, the (2, 1) mode has the highest fre-
quency, the (4, 1) the next highest, etc. In this manner, we
were able to make the probable identification shown in
Fig. 4 of the noise peaks.

The modes can be used to obtain information on the
aspect ratio as a function of time. Following Dubin's
cold fluid theory, we let co, 0 be an estimate of co, . (This
means our estimate of co, varies slightly as a function of
time which disagrees with the ideal cold fiuid theory. )
Then, from Eqs. (2}, every non-c. m. mode which we
detected provides an estimate for the plasma aspect ratio

Figure 5 shows the estimated aspect ratio as a func-
tion of time from the data of Fig. 4, using the measured
value co, /2m. =3080 MHz. Fair agreement between the
different estimates is obtained. Excluding the co&, mode
estimate, all the other estimates agree to better than
20%. It appears that the differences between the esti-
mates are due to a systematic effect not included in the
theory. In Fig. 5(b) it is seen that the estimated aspect ra-
tio depends on l —m. As I —m increases, the estimated
aspect ratio decreases. For example, the (2, 1) mode gives
the highest estimated aspect ratio. The aspect ratio esti-
mates from the (4, 1) and (3,0) modes agree, but are less
than the (2, 1) estimate, and they are in turn greater than
the (6,1} and (5,0) estimates. If the systematic depen-
dence of the aspect ratio estimates on l —m could be
corrected, it appears that the mode frequencies could be
used to calculate the plasma aspect ratio to better than
5%. We also note that the noise fluctuations in the esti-
mates for the plasma aspect ratio decrease with increas-
ing I —m. This is a result of the different sensitivities of
a to the different mode frequencies [see Eqs. (2)].

The systematic shifts in the mode frequencies can also
be seen in Fig. 4. From Eqs. (2), the intervals in Fig. 4
between neighboring m =0 noise peaks and also between
neighboring m =1 noise peaks should equal ~,a to
within a few percent. A visual inspection of Fig. 4 shows
that the differences in these intervals are not equal within
a few percent. In general, the intervals decrease in fre-
quency as I increases. The smallest frequency intervals
are 25 —30% less than the largest frequency intervals.
Similar results are found for

~ c4 ~
& 5 X 10 . The

discrepancy between the detailed predictions of Eqs. (2)
and the observed noise peak frequencies of Fig. 4 may be
due to (1) coupling of the modes with each other causing
relative frequency shifts, (2) shifts due to image charges
because the plasma radius is approaching the ring radius,
and (3) the small thickness of the cloud. Because the
detected modes appear to be two dimensional (discussed
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of the time since the cloud was loaded, for the data of Fig. 4.
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1800 to 3000 s showing the systematic dependence of the es-
timated aspect ratios on I and m.
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FIG. 6. The evolution of cloud aspect ratio as calculated

from the frequencies of the ~3 o mode and ay, for two diferent
magnetic fields. For BO=0.1 T, 1V =43000 electrons and
60&0.03', and for B0=0.25 T, N =57000 electrons and
80-—0.7 .

below) the small thickness of the cloud should be less im-
portant. Evidence for the mode coupling is discussed
below. The frequency variation of the (1,0) mode is possi-
bly due to a combination of mode coupling, anharmonic
effects, and image charge effects. If the size of the fre-
quency variation of the (1,0) mode is used as an estimate
of potential systematic shifts, then these shifts are
sufhcient to explain the apparent differences in the inter-
vals between the mode frequencies.

As an example of what the mode frequencies infer
about the plasmas, from Fig. 5 at time t =1720 s, we Snd
that a=0.003920.0005. The uncertainty here is equal to
the scatter between the average aspect ratio estimate and
the individual estimates. From the linewidth of the co& 0
mode for to, o=coTc when first loaded, we determined
N =43 000. The calculated electron density is then
4.7 X 10 cm, which implies an interparticle spacing of
17.2 pm and cloud dimensions of z0=14.9 pm and
ra=3830 pm. Assuming the plasma was thermalized to
T=4 K, the Debye length was A,&=20. 1 ltt,m and the
coupling strength was I =0.24.

The evolution of the mode frequencies was studied
while varying different trap parameters. As discussed
above and below, the two parameters which had the most
profaund effect on the plasma in this low-density limit
were the magnetic-field strength and the application of a
cooling drive. The appearance time of the mode peaks
depended strongly on Bo (the trap axial frequency was
kept constant for all 80). For all 80, the signals from the
modes appeared when the plasmas' aspect ratios were ap-
proximately the same, a=0.02. This means the mode
frequencies for different Bo were also about the same.
However, the rate at which the frequencies of these peaks
changed in time due to radial expansion was found to be
fairly insensitive to 80 (see Fig. 6). This needs to be stud-
ied in more detail with better control over all other ex-
perimental parameters (such as eo). Increasing the num-

ber of trapped electrons from 7000 to 70000 had little
effect on the mode evolution. Changing the trap angle
from 60&0.030' to =0.7' (increasing the azimuthal
asymmetry), distorting the electrostatic well by adding to
0.5 V to ring sector A (again, increasing the azimuthal
asymmetry), or decreasing the resistance to ground of
sector A from 105 to 16 0 (which might change the radi-
al damping) also had little or no effect on the mode evolu-
tion. Changing the guard voltage so that the trap was
less harmonic (larger ~c4~) allowed the modes to be ob-
served for a longer time after they appeared. It also
slowed the rate of change of the aspect ratio, but by only
a factor of 2.5 for a change of ~c4~ & 5 X 10 to 4X10
Having the cooling drive on or off during the initial load-
ing had no effect on the mode evolution, nor did having
co, tuned or detuned from coTc. We also tried to change
the plasma's density by applying a drive to ring sector A
resonant with the azimuthally asymmetric (m )0) modes
whose frequencies were near co, . No change in the mode
frequencies was observed. Of these difFerent control pa-
rameters, the only one which had any dramatic effect on
the signal size, or number of observed modes, was the
number of electrons in the plasma. We found that (as
noted above) the larger the number of electrons, the
larger the number of modes that were observed.

As mentioned previously, we detected only a subset of
all of the passible modes with frequency near c0, . Why
we observed these modes and not others involves a num-
ber of factors. We found that by inspecting the mode po-
tential [4] that the modes detected in Fig. 4 look like
drumhead modes of a twa-dimensional disk. At a given
radius and azimuthal coordinate, all the electrons of the
plasma oscillate axially in phase. Parts of the plasma
with different radial positions and azimuthal coordinates
oscillate with different phases. These modes are two di-
mensional and will exist in the limit that the thickness of
the electron plasma is much less than the mean interpar-
ticle spacing. Modes which we did not detect have struc-
ture in the axial direction (the phase of the motion de-
pends on z) which can be characterized by an effective
wavelength which is less than, or on the order of, the
plasma s axial extent. The continuous, fluid description
of these modes breaks down when the interparticle spac-
ing is comparable to or larger than this wavelength. In
particular, when the plasma is very thin it is not clear
how to think about these modes, and their calculation
from the formulas of Refs. [2] and [4] is not correct.

In order to understand some of the other factors that
determined which modes we observed, we require a better
understanding of the detection mechanisms. There are at
least two mechanisms by which the modes could couple
to the endcap and be detected. The first is that, like the
axial center of mass, the modes couple directly to the
endcap by electrostatic coupling [6,43]. In general, the
efBciency of inducing axial currents in the endcap de-
pends on the radius of the plasma. Therefore, modes
whose radial extent is on the order of r, might induce a
detectable current in the endcap even though the net axi-
al velocity of the plasma is zero. For detection of an az-
imuthally asymmetric (m )0) mode this requires that
the cylindrical symmetry of the trap be broken by, for ex-
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ample, a misalignment of the trap's electric and magnetic
axes [44].

A second coupling mechanism for detection would be
that the modes couple directly to the axial c.m. mode,
which in turn couples to the endcap. This coupling could
be by field asymmetries or mediated by image currents in-
duced in the electrodes. For an ideal trap, small plasma
size, and low mode excitation, all the modes are indepen-
dent and therefore there would be no such coupling be-
tween the modes. However, Fig. 7 shows a narrow fre-
quency span as the frequencies of two of the modes inter-
sect that of the axial c.m. The (2, 1) mode forms an an-
ticrossing (or avoided crossing) with the axial center-of-
mass mode; the mode frequencies never overlap. This is a
general characteristic of two coupled oscillators [45].
Further evidence of the mode coupling was observed in
the mode linewidths. Modes with frequencies different
from co, by more than 150 kHz had full width at half
maximum (FWHM) linewidths less than 10 kHz. These
linewidths were observed to increase as the mode fre-
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FICx. 7. A series of noise spectra (as in Fig. 3) of a cloud of

20000 electrons (with ~c4~
~ 5 X 10 ', B0=0.11 T) showing an

avoided crossing between the axial center-of-mass mode and the
co» mode (plus an avoided crossing of an unidentified mode at
t =380 s). As the modes approach each other they couple to-
gether resulting in the mode frequencies never becoming equal.
The modes were identified by observing their behavior after the
cloud was first loaded and also their asymptotic behavior for
long times. The resolution bandwidth is 10 kHz.

quencies approached co„aswould be expected since the
axial center-of-mass linewidth was larger.

These two detection mechanisms are not completely in-
dependent, making it dificult for us to differentiate be-
tween them. In addition, we might observe the modes
through a combination of the two mechanisms. Addi-
tional evidence comes from the fact that we did not
detect the m = 1 subset of modes whose frequencies went
as co, —co —k(l)a, where k(l) is a constant which de-
pends on l [see Eq. (2)]. This was true for both
~, —co~ =coTc and co, —~~ & ETC. These modes have the
same mode potential as the subset of modes whose fre-
quencies went as co, +co —k(l)a, which we did detect.
However, this subset of modes which we did detect
crossed or had a small detuning from co„while the others
did not. Another important factor was that, when we
purposely increased the trap azimuthal asymmetry (as
discussed above), the signal size and number of observed
m =1 modes did not noticeably increase. Also, when we
increased

~ e4 ~
we were able to observe all the modes for a

longer time. Together, these observations imply that cou-
pling to the axial c.m, mode might have been the more
important detection mechanism for us.

B. ESect of sideband cooling

The effects of sideband cooling were studied by first
loading a cloud and allowing it to evolve to the point
where some of the other modes besides the axial c.m.
mode were observed. Then a strong sideband cooling
drive was applied with frequency co, +co (for co, =roTc).
After a few seconds, all the modes other than the c.m.
mode disappeared. In addition, the c.m. mode frequency
was back to its initial loading value. If the drive was then
turned off; the other modes reappeared in approximately
the same time, and in the same order, as a newly loaded
cloud. This process was found to be very repeatable.
Each time after the strong cooling drive was applied, the
mode frequencies evolved at the same time and rate as
that of a newly loaded cloud, except that the time was
measured from when the drive was turned off. Thus,
after each time the cooling was applied, the plasma densi-

ty was reset back to the same value. Electrons were lost
only when the cloud was allowed to expand radially until

they struck the ring electrode before the cooling drive
was applied. The point at which electrons began to be
lost was consistent with the ring electrode radius being
equal to the cloud radius as calculated from the mode fre-
quencies. A typical drive strength to observe the efFect of
the sideband cooling drive was V~ /Vo = 10 at ring sec-
tor A for 10000 electrons and BO=0. 1 T, where V~ is
the voltage on A. Similar results were found for the
different magnetic fields used, as well as with the cooling
drive applied at frequency cod=co, +2' with a larger
drive amplitude. With a weak cooling drive on continu-
ously, additional modes were observed in the noise spec-
trum but they were not positively identified.

From these observations we conclude that the sideband
cooling not only can stop radial expansion, but can re-
verse it by increasing the rotation frequency, and thus the
aspect ratio and density, of the cloud. The rotation fre-
quency was increased to approximately the same value as
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the loading value. Applying the drive after the cloud ex-
panded increased the aspect ratio by more than a factor
of 20 from a & 0.001 to a & 0.02. For our conditions this
implies an increase in the density of )3%. The mecha-
nism for this compression of the cloud and what deter-
mines the limit to that compression are not known. One
possibility is that the parametric coupling directly
reduces the magnetron center-of-mass amplitude just as
for a single electron. Then, anharmonic terms in the
trapping potential might couple the magnetron c.m.
mode to other non-c. m. modes [36] resulting in a
compression. A second possible mechanism is that the
parametric drive directly couples some other azimuthally
asymmetric mode whose frequency is close to co (like
the lower frequency co22 mode) to the axial center-of-
mass mode. The cooling would then proceed until the az-
imuthally asymmetric mode frequency had shifted away
from the resonance condition as the plasma density in-
creased. Both of these mechanisms are possible in that
we observed: (1) apparent electrostatic coupling between
c.m. and azimuthally asymmetric non-c. m. modes (see
Fig. 7) and (2) parametric coupling between a c.m. and an
azimuthally asymmetric non-c. m. mode (discussed
below).

C. Alternate detection methods

Detection of non-c. m. modes was also possible using
the other techniques discussed in Sec. II. The
"bolometric" technique (described in method 1 above)
did not detect any modes, but it was not thoroughly test-
ed. However, by using coherent detection (method 2
above) some of the modes were detected. Figure 8 shows
the output of the phase-sensitive detector when the drive
frequency was swept through co, +~,d. Two modes be-
sides the axial c.m. mode are seen in the figure. This
demonstrates that not only can we detect these modes
coherently, but also that we can excite them with exter-
nal drives.

Figure 9 shows the servo correction voltage in the axial
frequency shift detection method (method 3 of above).
Here the axial c.m. frequency was kept fixed by the ser-
vomechanism while a drive was applied to ring sector A.
For 80=0. 1 T, a resonance appeared when the drive fre-
quency was between —100 and 500 kHz, and the reso-
nance had a dispersive line shape. As time increased, this
resonant frequency increased, always staying below co

The resonance was very repeatable from cloud to cloud
and was observable on clouds with as few as 300 elec-
trons. As the drive strength was increased, the line shape
became hysteretic, depending on the direction that the
drive frequency was swept and the amplitude of the drive.

Evidence for the origin of this resonance was found
when we simultaneously detected both the noise spec-
trum (method 1) and the axial frequency shift (method 3).
We found that the resonant frequency of the dispersive
resonance occurred at exactly the measured difference
frequency between co, =co& 0 and co2 &

for all the time the
resonance could be observed. However, this dispersive
resonance could be observed only after the co2, mode had
crossed over co, . Apparently the drive was capable of
parametrically coupling together the (2, 1) mode and the
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FIG. 8. Data taken using coherent detection (method 2 in the

text) with ~, =coTc and a detection bandwidth of 10 Hz. The
axial potential well was modulated at co ~/2m=1 MHz. A
coherent drive applied to one endcap was swept across
co, +m, d and the response detected phase sensitively in the ab-
sorptive mode. These data were taken for Bo=0.11 T,
N =26000 electrons, and ic4i &5X10 '. The signals from the
axial center-of-mass plus two other modes can be seen.

axial c.m. mode, similar to magnetron sideband cooling.
This was done either directly by the parametric electric
field or indirectly through the field's modulating the
coherent axial motion necessary for the detection. This
mode coupling might also explain the dispersive line
shape since, as the modes become more strongly coupled
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FIG. 9. The detection of the co» mode by monitoring the
correction voltage to the locked axial center-of-mass frequency
when a spatially inhomogeneous drive was applied through ring
sector A and its frequency swept through ra» —~, (method 3 in
the text). These data were taken for Bo=0.11 T, N =3000 elec-
trons, ic4~ &5X10 ', and co /2m=615 kHz. The a.rrows show
the direction of the sweep. The hysteresis in this dispersive reso-
nance can be seen. For sufBciently hard drives, the axial fre-
quency could be shifted by much more than its linewidth.
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together by the field, the modes would form an avoided
crossing [45). Our detecting just the frequency of the axi-
al c.m. mode, while varying the coupling by sweeping the
drive frequency, would result in a dispersive line shape.
This line shape would become more hyste retie the
stronger the coupling strength.

IV. DISCUSSION AND CONCLUSIONS

We have shown that it is possible to detect the electro-
static modes of a pure electron plasma in a Penning trap
using nondestructive electronic methods. We detected
several azimuthally symmetric and asymmetric modes in
the low-density limit where the plasma approaches a
two-dimensional charged disk. We observed these modes
in the low-density limit because the noise power detection
technique which we primarily used is facilitated by the
mode frequencies being close to the axial center-of-mass
frequency. This occurs for the intermediate frequency
modes when the plasma density is low. We found that
the frequencies of these modes fit Dubin's theoretical
model [2,4] reasonably well. Also, we found that we
could excite these modes directly with external drives,
and in addition, by parametrically coupling modes to-
gether. The observation of these modes allowed the rota-
tion frequency, shape, and density of the plasma to be
determined. From auxiliary measurements of the elec-
tron number, we could then determine the plasma size.
The detection techniques demonstrated here should work
for any type of non-neutral trapped plasma, and should
be applicable to the detection of modes other than the in-
termediate frequency modes. Other modes might also be
detectable with a different geometry of electrodes to act
as induced current detectors. The modes observed here
may correspond to some of the features reported by Bar-
low [6], but a comparison is difficult because of
differences in the detection.

In studying these modes we also observed behavior
which departed from Dubin's model. This included a
time dependence to the axial center-of-mass mode fre-
quency due in part to the plasma radial expansion in an
anharmonic trap. Also, we observed coupling between
the axial center-of-mass mode and other modes evi-
denced, primarily, by avoided crossing behavior as their
frequencies became degenerate. It is likely that this cou-
pling is one cause for the deviations between observed
and predicted mode frequencies, and will have to be stud-
ied further in order to get a more complete picture of the
plasmas characteristics. In addition, in comparing our
data with Dubin's theory we found there to be a sys-
tematic shift in our measured aspect ratios as a function
of 1 —m where (I,m) is the mode used to determine the
aspect ratio. To be able to measure plasma aspect ratios
to much better than 20% will require this systematic
effect to be understood and corrected for.

We also demonstrated that the parametric coupling
technique called magnetron sideband cooling, which cou-
ples the magnetron and axial center-of-mass motions, not
only stops the radial expansion of the plasma, but actual-

ly compresses the plasma increasing its density. The
mechanism for this compression needs to be found in
hopes of achieving higher densities with this technique.
An interesting test would be to look for compression by
sideband cooling when the coupling is between the mag-
netron and cyclotron motions. The ability to control the
density without requiring optical methods might open
new avenues for the study of cold non-neutral plasmas in
Penning traps.

This study leaves a number of issues to be investigated.
While the origin for the coupling between modes might
be related to static electric field asymmetries, this needs
to be studied further. Also, the mechanisms by which the
modes are detected need not be positively identified. A
detailed study of the signal amplitudes and linewidths of
the modes would be a helpful first step towards solving
these problems. A detailed study of the linewidths might
also yield information on electron/electron collisions in
trapped plasmas. If trapped, strongly coupled electron
plasmas could be achieved, then these mode linewidths
might be a measure of spatial correlations in the plasma.
For example, in experiments on electrons localized near
the surface of liquid helium, it has been demonstrated
that the linewidth of shear wave resonances depended on
I' [46]. Similar results have been predicted for the elec-
trostatic mode linewidths discussed here [47].

One important plasma parameter which we could not
easily control was the plasma temperature T. Other
groups have controlled their ion and electron plasmas'
temperatures by introducing a buffer gas (e.g. , Refs. [7],
[43], and [48]). This has the disadvantages of applying an
external torque on the cloud causing it to expand, being
limited to temperatures greater than 4 K, and introduc-
ing what can be undesirable ion/neutral collisions
afFecting the physics to be studied. The problem of radial
expansion due to the torque applied by the buffer gas can
be eliminated by applying simultaneously a sideband
cooling drive [48]. However, as noted in the introduc-
tion, there is also interesting physics to be studied for
temperatures less than 4 K. Two methods which allow
temperature control of the plasma for T &4 K are using
a dilution refrigerator, or sympathetic cooling by laser-
cooled ions [49]. While both these methods are practical,
they sufFer from being expensive and difficult to irnple-
ment. However, with advances in space-borne He
liquefiers, a liquefier well suited for cryogenic ion trap ex-
periments has been developed [50]. These liquefiers act
as both refrigerator and thermal isolator allowing the
temperature to be varied within the range 0.3 to 30 K.
While such a device would not give the lowest achievable
temperature, it would give a useful control parameter.
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