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Muon transfer from excited muonic hydrogen to helium
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Direct muon transfer to helium from excited muonic hydrogen with principal quantum number
n =2, 3, 4, and 5 is considered in a quasiclassical approximation. Reaction rates turn out to be
~ 10'* — 102 57! and should be taken into account when considering the cascade of excited muonic

hydrogen in hydrogen-helium mixtures.
PACS number(s): 36.10.Dr, 34.50.—s, 82.30.Fi

During recent years muon-catalyzed fusion in the most
effective deuterium-tritium mixture has been under in-
tensive investigation [1]. Since hydrogen mixtures can
contain impurities, it is very important to study muon
transfer from muonic hydrogen to other nuclei, because
this process results in a decrease of the number of cycles
of catalysis per muon [2]. The transfer to helium is of spe-
cial interest for muon-catalyzed fusion since both helium
isotopes are produced continuously in the d-t mixture
due to nuclear fusion reactions and tritium decay. The
muon transfer from the ground state of muonic hydro-
gen to helium nuclei is strongly suppressed because the
crossing point of the terms, corresponding to the initial
and final states, turns out to be deep under the barrier
for energies in question (< 50 eV). For this reason the
muon transfer from the ground state of muonic hydro-
gen proceeds mainly via the intermediate quasistationary
molecular state [3-5].

One may expect that for excited muonic hydrogen this
suppression is taken off [6], so the muon transfer
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FIG. 1. Effective principal quantum number of the united

atom Neg = {—9/[2u(R)]}/? for o terms with n; = n} =
0. The numbers at the curves denote I values. Terms with
!l = 7,10,13 correspond asymptotically to (Hu);, with n =
[l + m + 2(ny + 1)]/3. Other terms correspond to (Heu);,,
where n’ satisfies the equation n' +Z(n'/2) = l+m+ 1+ 2n].
Z(A) is the largest integer that is not larger than A.
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(Hu)y, + He — (Hep)y + H (1)

in the course of muonic hydrogen deexcitation plays an
important role in the kinetics of cascade transitions.
There exist experimental indications [4, 7] that a con-
siderable fraction of muons is transferred from muonic
hydrogen to helium nuclei during the cascade, although
the effect could not be revealed clearly. An important
observation was made in an experiment [8] where a pro-
nounced pressure dependence of the fraction of muons
found in Hy and Hep ground states has been measured.
This confirms the importance of the reaction (1), since
the capture ratio does not depend on pressure at a given
helium concentration.

Theoretically the molecular and direct charge exchange
of excited muonic hydrogen on helium was considered in
[9] for n = 2 and 3. It was shown that even for n = 2
the rate of the direct muon transfer is much higher than
that of the molecular transfer.

Here we investigate the process of the direct muon
transfer from the excited muonic hydrogen for n = 2
and 3 (more correctly than in [9]) and for n = 4 and
5. As in [9] we use the quasiclassical approximation.
The effective potential of the interaction of an excited
muonic hydrogen atom having parabolic quantum num-
bers (n,ny,n2,m) with a nucleus of charge Z is deter-
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FIG. 2. N.g for w terms with n; = n; = 0. Terms with

1 =6,9,12 correspond to (Hp);,, others to (Hep),,.
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FIG. 3. N.g for § terms with n; = n} = 0. Terms with

= 8,11 correspond to (Hu);,, others to (Hep),.

mined asymptotically by a linear Stark effect

PR R @)

where R is internuclear distance. The validity condition
for the quasiclassical approximation reads here as

1dx

2rdR
where M = MyeMy/(Mue + My) is the reduced mass of
the nuclei and My and My, are the masses of hydrogen
and helium nuclei, respectively, with mesic atom units
being used (A =m =e =1, m~! = m}! +Mﬁ1; my
is a muon mass). This condition is evidently fulfilled for
ny # ny. For this reason one may consider the motion of
a mesic atom along a classical trajectory with the impact
parameter p.

We use here the asymptotic (for relative velocity of
colliding particles v — 0) theory of nonadiabatic tran-
sitions. The general theory can be found in the review
article by Solovyov [10]. According to the theory, the

(BMZn|n —na)) V2 < 1, (3)
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FIG. 4. Neg for p terms with n; = n}] = 0. The term with
I = 10 corresponds to (Hy)z, others to (Heu):, with n’ = 9
and 8.
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FIG. 5. N.g for o terms with n; = n; = 1. Terms with

1 = 8,11 correspond to (Hp);, others to (Hep):.,.

transition probability is completely determined by ana-
lytic properties of terms, corresponding to the initial and
final states of the system, in the complex R plane, be-
ing large mainly in the region of the quasicrossing of the
terms in question, i.e., in the region close to the singu-
larities (branch points) of the terms. It is exponentially
small, the exponent being determined by a Massey pa-
rameter

R,
Im / Au(R)dR

5(o) = }Im /CP(R) de T Jrer. vr

o

where p(R) = [2M (e — u(R) — £0%/R?)]'/? is the ra-
dial momentum; ¢ = Mv?/2 is the relative energy
of colliding particles; C is the integration contour, be-
ginning and ending at the real axis and going around
the complex crossing point of the terms R.; and vg =
[p1(R) + p2(R)]/(2M) is the mean radial velocity at the
contour.

The transition region is passed twice: once on the way
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FIG.6. N.g for w terms with n; = n] = 1. The term with

I = 10 corresponds to (Hpu)Z, others to (Heu): with n’ =9
and 8.
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TABLE 1L
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Branch points of Q series for the transition (eZ:) — (eZz) and reduced Massey

parameters 5= 6/v/2M, calculated for € = 0.04 eV and p = 0. Asterisk denotes values calculated

by Solovyov [13]. (Hu),+He — (Hep), + H.

(Nlm) (nning) (Nlm) (n'ninb) | R.(Ro) | 5 b1z
(5g0) (201) (4f0) (3'0'2") | 16.6;4.7 | 0.38 0.30
(8ko) (302) (7io) (5'0"4") 49.7;6.6 | 0.13 0.11
(7im) (301) (6hm) (5'0'3") 42.5;5.8 | 0.12 0.11
(11no) (403) (10mo) (7'0'6") 106.7 0.014
(10m) (402) (9lx) (7'0'5") | 98.4 | 9.0x107°
(916) (401) (8k6) (7'0'4"y | 89.0;2.2" | 3.9x1073 4.7x1073
(10l0) (412) (9ka) (7'1'5") | 90.5 8.2x1073
(14ro) (504) (13go) (9'0'8") 209 2.9x107°
(13qm) (503) (120m) (9'0'7") 201 | 1.6x107°
(1206) (502) (11né) (9'0'6") 195 1.5x107°
(11nyp) (501) (10me) (9'0'5") 191 | 1.8x107°
(1300) (513) (12n0) (9'1'7") 192 | 1.7x107°
(12nm) (512) (11mm) (9'1'6") 185 | 1.8x107°

in and once on the way out, so the total transition prob-
ability is

2 exp(—26) [1 — exp(—24)], (5)

w(p) =

the cross section being equal to

2
Qmax
71'/ w(p) do?,
0

where the maximum impact parameter is determined by
the requirement that p(R) be real at the trajectory, i.e.,
for R > ReR.. The reaction rate reduced to the liquid-
hydrogen density No = 4.25 x 1022 cm™? is equal to

A = Nyouw,

(6)

o =

(7)

where v is relative velocity of colliding particles.
According to Solovyov and co-workers [11,12], who in-
vestigated analytical properties of the terms of the prob-
lem of two Coulomb centers, the main contribution to
the transfer process (1) is connected with two types of
the branch points of the terms, namely, the @Q series and
isolated branch points. The Q-type branch points arise
when the term touches the top of the barrier in the an-

TABLE II.

gular equation of the two-center problem. These branch
points connect the terms with the quantum numbers (in
united-atom classification) (Nlm) and (N + k,l + k,m)
or (in classification of separated atoms) the terms with
717 = n; and 73 # ny. The branch points closest to
the real axis (which give the largest contribution to the
cross section due to the small value of the Massey pa-
rameter) correspond to the crossing of the terms (Nlm)
and (N + 1,1+ 1,m). The terms, connected by a Q-type
branch point, may belong to either different asymptotic
muon localization (eZ; and eZ;) or to the same one, e.g.
both terms may be of eZ; — type.

Besides the Q series, at large R >ReRg isolated branch
points R; may exist, which arise when energy levels in
two pits of the effective potential of the angular equation
coincide with each other. For this reason these branch
points always connect the terms with different muon lo-
calization (eZ; and eZ;), which have quantum numbers
n} = n; and nj # ns.

There exists also the S series of the branch points,
related to the reorganization of the potential of the ra-
dial equation of the two-center problem at small R and
the corresponding reorganization of muon wave function

Branch points of Q series for the transition (eZ2) — (eZ2)’ and reduced Massey

parameters calculated for € = 0.04 eV and ¢ = 0.

(Nlm) (nning) (Nlm)' (n'niny) | R.(Ro) | B Srz
(7io) (5'0"4") (6ho) (4'0'3") 30.6;9.4 0.57 0.67
(6hm) (5'0"3") (5gm) (4'0'2") 24.2;8.6 0.58 0.87
(10mo) (7'0'6") (9lo) (6'0'5") 69.9;13.6 0.34 0.28
(91m) (7'0'5") (8km) (6'0'4") 60.8;12.7 0.33 0.30
(8kd) (7'0'4") (740) (6'0'3") 51.1;11.7 0.35 0.31
(9kao) (7'1'5) (8i0) (6'1'4") 52.4;11.8 0.36 0.41
(13¢0) (9'0'8") (1200) (8'0'7") 129 0.15
(120m) (9'0'7") (11nm) (8'0'6") 117 0.14
(11nd) (9'0'6") (10md) (8'0'5") 105 0.13
(10mep) (9'0'5") (91p) (8'0'4") 94 0.13
(12n0o) (91’7 (11mo) (8'1'6") 106 0.14
(11mm) (9'1'6") (10lm) (8'1'5") 94 0.16
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from the wave function of the united atom to molecular
wave function. These branch points connect the terms
(Nlm) and (N + 1,1,m) and are located three to four
times closer to the origin than Rg and R;. For this rea-
son, though the S-branch points may relate to the muon
transfer, they are not important because they are deep
under the Coulomb barrier for the energies in question
(e <50 eV).

When calculating the cross section of the process (1)
for n = 2 and 3 [9] we used the branch points of the Q se-
ries, calculated with the help of the Solovyov’s program
[11]. For higher states (n > 4) the process of calcu-
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lating of Rg (and even the calculating of the terms for
real large R, corresponding to the transition point) be-
comes laborious and time consuming [13], which makes
the calculation impossible with the computers that we
have. Nevertheless the quasicrossings of the correspond-
ing terms are clearly seen at real R (Figs. 1-6). For
this reason we used the quasiclassical approximation for
the terms of the two—center problem [14] to calculate the
necessary terms at real R.! This allowed us to use the
Landau-Zener formula [10] when calculating the Massey
parameter:

TABLE III. Rates (10'' s™') of muon transfer to the bare helium nucleus reduced to
liquid-hydrogen density.

n | € (eV) | pu’He putHe du’He du*He tpu*He tp*He
2 0.01 8.8 7.7 3.1 2.4 1.8 1.2
0.04 4.4 3.9 1.6 1.2 0.90 0.62

0.1 2.8 2.5 1.00 0.77 0.57 0.40

0.5 1.28 1.12 0.45 0.35 0.26 0.18

1 0.92 0.80 0.32 0.25 0.19 0.13

0.44 0.39 0.16 0.12 0.090 0.062

10 0.34 0.30 0.12 0.093 0.069 0.048

20 0.28 0.24 0.100 0.077 0.058 0.040

30 0.26 0.23 0.094 0.073 0.055 0.039

50 0.26 0.23 0.095 0.074 0.056 0.040

3 0.01 135 128 86 77 67 58
0.04 68 65 43 39 34 29

0.1 43 41 27 25 22 19

0.5 19 18 12.4 11.1 9.7 8.4

1 13.9 13.2 8.8 8.0 7.0 6.0

6.8 6.4 4.3 3.9 3.4 3.0

10 5.2 5.0 3.4 3.1 2.7 2.4

20 4.3 4.1 2.8 2.6 2.3 2.0

30 3.9 3.8 2.6 2.4 2.2 1.9

50 3.7 3.6 2.6 2.4 2.1 1.9

4 0.01 189 182 141 134 125 119
0.04 97 94 72 69 64 61

0.1 63 61 47 45 42 40

0.5 31 30 23 22 20 19

1 23 22 17 16 15 14

5 11.3 10.9 8.3 7.9 7.4 7.0

10 8.5 8.2 6.2 5.9 5.5 5.2

20 6.9 6.6 4.8 4.6 4.2 4.0

30 6.5 6.2 4.4 4.1 3.8 3.5

50 6.6 6.2 4.2 3.9 3.5 3.3

5 0.01 419 395 255 227 197 168
0.04 214 202 130 116 100 85

0.1 139 131 84 75 65 55

0.5 69 65 42 37 32 27

1 53 50 32 28 24 20

5 31 29 19 17 14 12

10 28 26 17 15 13 11

20 28 27 18 16 14 12

30 30 29 19 17 15 13

50 34 33 22 21 18 16

! Unfortunately, the quasiclassical approximation obtained in [14] does not allow one to calculate complex branch points [13].
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suafe) = T Otmin) ®
Lz\@) = 4 ’UC(Q)AF 3

where Aupmin = u3(Ro) — uz2(Ro) is the minimal dis-

tance between the quasicrossing adiabatic terms, AF =
|F1(Ro) — F2(Ro)| is the difference between derivatives
of crossing diabatic terms at the crossing point Ry, and
ve = [p1(Ro) + p2(Ro)]/2M is the mean radial velocity
at Ro. When the complex branch points R, were known,
we used the following approximation for difference be-
tween terms [12] describing the square-root behavior of
the terms in the vicinity of the branch point:

Au(ReR,.)
ImR,

Au(R) ~ V(R R:)(R - R), (9)
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which allowed one to calculate the Massey parameter as

mAu(ReR,)
4”6(9)

d(p) ~ ImR,. (10)

Only attractive terms were considered, which gave the
largest contribution to the cross section due to the “fo-
cusing” of the particles. The cross section for a given n
was obtained as a sum of the cross sections (6) over all
the attractive terms with the given n, having the statistic
weight (2 — 8gm)/n2.

When calculating the cross section for the charge ex-
change on a helium atom, we took into account the effect
of screening of the charge of helium nucleus by atomic

TABLE IV. Rates (10" s™!) of muon transfer to the helium atom (including electron screening)

reduced to liquid-hydrogen density.

n } € (eV) [ pu’He pu*He du*He du*He tuHe tu*He
0.01 1.22 1.08 0.49 0.39 0.30 0.21
0.04 1.47 1.29 0.58 0.45 0.35 0.25
0.1 1.51 1.33 0.59 0.46 0.35 0.25
0.5 1.17 1.03 0.43 0.33 0.25 0.17

1 0.90 0.79 0.32 0.25 0.18 0.13
5 0.44 0.39 0.16 0.12 0.090 0.062
10 0.34 0.30 0.12 0.093 0.069 0.048
20 0.28 0.24 0.100 0.077 0.058 0.040
30 0.26 0.23 0.094 0.073 0.055 0.039
50 0.26 0.23 0.095 0.074 0.056 0.040

3 0.01 9.7 9.3 6.7 6.1 5.5 4.9
0.04 12.3 11.7 8.5 7.8 7.0 6.1
0.1 13.9 13.2 9.5 8.7 7.8 6.8
0.5 14.6 13.8 9.6 8.7 7.8 6.8

1 12.2 11.6 7.9 7.2 6.3 5.5
5 6.7 6.3 4.3 3.9 3.4 3.0
10 5.1 4.9 3.4 3.0 2.7 2.3
20 4.2 4.0 2.8 2.6 2.3 2.0
30 3.9 3.7 2.6 2.4 2.2 1.9
50 3.6 3.5 2.5 2.4 2.1 1.9

4 0.01 3.2 2.8 1.31 1.04 5.4 5.1
0.04 3.9 3.5 1.6 1.27 6.2 5.8
0.1 4.3 3.8 1.8 1.39 6.9 6.5
0.5 4.4 3.9 1.7 1.35 8.0 7.5

1 4.0 3.5 1.5 1.20 8.0 7.6
5 2.7 2.4 1.01 0.78 6.5 6.2
10 2.4 2.1 0.91 0.72 5.0 4.8
20 2.5 2.2 0.98 0.78 4.0 3.7
30 2.8 2.5 1.12 0.90 3.6 3.4
50 3.5 3.2 1.49 1.21 3.4 3.1

5 0.01 17 16 11 10 8.9 7.8
0.04 21 20 14 12 11 9.5
0.1 23 22 15 14 12 11
0.5 27 26 18 16 14 12

1 28 27 18 16 14 12
5 27 26 17 15 13 11
10 26 24 16 14 12 11
20 27 25 17 15 13 12
30 29 28 19 17 15 13
50 33 32 22 20 18 16
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electrons. The effective potential corresponding to the
initial state was written as

u(R) = uo(R) + 5 m (m —nz) [E(R) - Z/R?)  (11)

where ug(R) is the term without screening and £(R) is
the electric field of the helium atom [15]. The screen-
ing was ignored when calculating the branch points and
Massey parameters, which may be justified by the fact
that both R. and § depend mainly on a difference be-
tween the terms.

Table I contains the branch points R, (or Rg) re-
sponsible for reaction (1) for n =2, 3, 4, and 5 as well
as the corresponding Massey parameters (calculated for
g = 0 and € = 0.04 V), both accurate, i.e., calcu-
lated via formula (10) when the complex branch points
R, are known, and approximate dpz calculated in the
frame of the Landau-Zener model (8). As seen from Ta-
ble I the values 1z are close to the accurate parame-
ters §. It is also seen that for n > 4 the Massey pa-
rameters [and hence the transition probabilities (5)] be-
come very small. For this reason, to calculate the charge
exchange cross section for n > 4 one should consider
also the two-step process (eZ;) — (eZ2) — (eZ2)' [e.g.,
(11no) — (10mo) — (9lo) in Fig.1]. In this case the
first (right-hand) crossing is passed by the system dia-
batically, that is, with the probability w; ~ 100% (at
least for n > 4). The total probability of the transition
to either of terms (eZ3) or (eZ;)' is then

w=2w; [1 —w; +wiws (1 —wz)], (12)
w; = exp(—24;).

Here one should note one more circumstance concern-
ing an electron shell of the helium atom. If the charge
exchange takes place on the helium atom and both elec-
trons remain bound after it, one must spend 51.8 eV
of energy to reorganize the electron shell of the system
[actually this value is a little bit smaller because the en-
ergy level of the (Heue) “atom” is deeper than that of
hydrogen atom]. The energy yield at the transition from
n = 4 ton' = 7 amounts to 0.009 566 m.a.u., which corre-
sponds to 48.4 eV for muonic protium, 51 eV for muonic
deuterium, and 51.9 eV for muonic tritium. This means
that this transition is energetically forbidden for muonic
protium and deuterium and the transfer proceeds here
only at the left-hand (second) quasicrossing. In this case
the transition probability is equal to

w = 2wy wy (1 —wy). (13)

Of course the same consideration holds also for n > 4,
but for n = 5 Eqgs. (12) and (13) give the same result
because w; ~ 1.

TABLE V. Conversion factors k for calculating the cross

sections.  The cross section o(107'® cm?) = kA(10"
s™H)/+/€ (eV).

puHe pu*He du’He du*He tuiHe tu*He
0.0147 0.0152 0.0186 0.0196 0.0208 0.0222

The branch points R. (or Rp), corresponding to the
second transition (eZ2) — (eZz)’, and the correspond-
ing Massey parameters are given in Table II. One can
see that for these quasicrossings 01z are also close to the
accurate values § (with the exception for the lowest tran-
sition n’ = 5 — n’ = 4, which has the negligible proba-
bility). Table III contains the reduced reaction rates for
the charge exchange of excited muonic hydrogen on the
helium nucleus for n = 2, 3, 4, and 5. The rates for the
charge exchange on the helium atom are given in Table
Iv.

According to Eq. (7), the cross sections for the reaction
o = k\/\/e, where k are given in Table V.

As seen from Table III, the rates of muon transfer to
the nucleus at low energy behave like ~ 1/4/¢, and the
corresponding cross sections o ~ 1/e. It is natural be-
cause for the potential u(R) ~ —a/R? the square of the
maximum impact parameter o2, = a/e + R3, which
gives for the cross section [for w(g) ~ 0.5]

SOOI o

When the screening is switched on, pgg.x decreases
sharply at low energy and the energy dependence of A
becomes much more flat.

The rates decrease at the transition from light isotopes
to heavy ones, which is caused by the Massey parameter
dependence § ~ v2M and the behavior of the transi-
tion probability (5) for sufficiently large §. Low values
of rates (and the cross sections) for the transfer to the
helium atom from the state m = 4 of the protium and
deuterium are caused by the energetic veto for the tran-
sition at the right-hand (first) crossing. The obtained
values of the muon transfer rates are in agreement with
the experimental estimates (rather rough) [16], with the
exception for the rate for n = 3, for which the experi-
mental value (2 £ 7) x 10'° s~ is much lower than the
theoretical one.
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