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We discuss the magnetic toroidal dipole moments (anapole moments) of diatomic molecules by analyz-
ing a calculable "toy model" for a heteronuclear diatomic molecular ion. The model consists of a single
unpaired electron with spin cr, in the electrostatic potential of two di8'erent point charges; all spin-
dependent interactions are neglected. We show that this model predicts a toroidal dipole moment of or-
der aea& oriented in the direction n Xa, where n is the molecular axis. A simple relation is derived be-
tween the three static dipole moments of this model: electric, magnetic, and toroidal. Numerical results
are given for a particular choice of model parameters. In addition to the usual magnetic dipole field,
there is a toroidal magnetic field inside the molecule, which we evaluate for this model. The two fields
are similar in strength but have opposite behavior under spatial inversions, so that the magnetic field, as
well as the electric field, fails to have a center of inversion.

PACS number(s): 31.10.+z, 31.90.+s, 31.15.+q

INTRODUCTION

In a recent paper by Khriplovich and Pospelov [l], an
estimate is given for the toroidal dipole (anapole} moment
[2] of a chiral molecule, using

t = (srl—c)f d r r j, (I)

where j is the current density in the molecule. Their
model describes a free radica1 with one unpaired electron
in the potentials of four atoms forming a tetrahedral
structure. It predicts a toroidal dipole moment (TDM)
oriented in the direction

t (R', R2XR'3}(o"8' )3[f(r&,r )2zRf(r2, ri)Ri] —(2)

in the body-fixed frame; the quantity f (r, , r2 ) is a certain
function of the internuclear distances. The indices 1,2,3
refer to the locations of the three atoms, displaced from a
heavy atom at the origin. This result is proportional to
the factor (&, .R2XR'3) giving the handedness of the
tetrahedron; the TDM would change sign if the handed-
ness were reversed. The formula shows explicitly that the
TDM transforms like a polar vector, odd under space in-
version because of the five factors 8', and odd under time
inversion because of the factor o.

Khriplovich and Pospelov estimated the strength of
the TDM to be approximately

It I =aeaii,

which implies a toroidal magnetic field of magnitude

I& Itoroidal ae ~a 0 (4)

distributed throughout the interior of the molecule. They
also discussed some observable effects of this TDM, com-
ing from the interaction between an external electron
current and the internal magnetic field of the molecule.
There will be an asymmetry in the scattering of electrons
from a sample of polarized molecules. There will also be
a molecular polarization proportional to an electric field

applied to a conducting solution of chiral radicals.
The central purpose of this paper is to show that

toroidal dipole moments exist for a simpler class of mole-
cules, especially heteronuclear diatomic molecules. We
construct a "toy model" of a free radical with an un-
paired electron, and show that it has a TDM as well as
electric and magnetic dipole moments. The model has
the advantage of being analytically calculable, removing
any concern about approximations or numerical errors.
We obtain detailed results for the TDM and its accom-
panying toroidal magnetic field. The TDM has magni-
tude similar to the prediction of the model of Khriplo-
vich and Pospelov but with a different direction.

TRANSFORMATION PROPERTIES

If a molecule lacks a center of inversion, then a
toroidal dipole moment (t) can exist, in addition to the
electric (d) and magnetic dipole moments (p). These
three moments have different transformation properties
under space and time inversion, respectively,

d~( —,+), p~(+, —), t~( —,—) .

All of these moments are odd under charge conjugation.
Elementary considerations of inversion invariance give us
unique predictions for the directions of these dipole mo-
ments in the body-fixed frame of reference,

d~&, p, ~a
where R ~ ( —,+ ) is the direction of the molecular axis
and S~(+,—) is the direction of the electron spin. In
the model of Khriplovich and Pospelov, the TDM has
the desired transformation properties, t~( —,—), and
containsPve factors of R formed from the three noncopla-
nar molecular axes.

Clearly two different molecular axes could also be used
to define the direction of a TDM,

to-(f, it, +f2'~)(h', .h~ Xtr) .
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This contains three factors 8 instead ofjke. This would
pertain to a triatomic molecule with noncollinear axes.
The number of molecular axes can be further reduced to
one, with a TDM in the direction

t~{&Xcr)

for a diatomic molecule. In all three cases there must be
an angular momentum vector to provide a T-odd factor.
In all three cases, it is the unpaired electron spin which
plays that role although a rotational angular momentum
would also satisfy the symmetry requirements.

Khriplovich and Pospelov point out an inherent advan-
tage in studying the TDM of chiral molecules: a sample
of unoriented molecules will have a net TDM oriented
along the electron spin polarization

&te& &s&(e, e, xe, )

X [[f(r),r2)fi2 f (r2, r)—)fi')] &3],

where & S & is the magnitude of the spin polarization and
2 is its direction. The mean TDM will survive the aver-
age over molecular orientations, so long as the vector 83
has a nonvanishing projection on [f,&&2

—f2, 8, ]. The
disadvantage of using chiral molecules is that calcula-
tions of its molecular structure from first principles are
dime ult.

On the contrary, an advantage in using either a dia-
tomic or triatomic molecule is that the TDM can be more
accurately calculated. The disadvantage is that the TDM
will vanish on averaging molecular orientations, even for
fixed S; orientation of both 8 and S is required. This
might be accomplished by applying both an electric field
to orient d and a magnetic field to orient S. These fields,
rather than the chirality and polarization of the chiral
molecule, provide a signature which can be reversed to
detect the e6'ects of the TDM.

g, =(1/v m. )exp( r—, )y, $2=(v'8/m)exp( —2r2)y .

is given in terms of these quantities by

& 4
I
X(I 4 &

= [
—2R A B—2R C—

+4N R /2+R— 2+2/—R ] . (8)

Explicit formulas for these four integrals have been
evaluated and used in the numerical computations. As is
well known, this model gives a typical molecular energy
curve, shown in Fig. 1, with well depth

E„E(R')—=0—.38 a.u.

and equilibrium distance

R'=—2.58 a.u.

We can also calculate the electric dipole moment,
oriented along the molecular axis,

d {R)= .&~I'el~-&/&~I+& .

The weighting factors are chosen so that the electron is
predominantly localized on atom 1 for large R, but is on
atom 2 for small R. Thus, we are considering a molecu-
lar term with the electron in the ground state of atom 1

at large separations.
This model is chosen for its simplicity rather than for

its practical importance: the ground-state properties can
all be worked out exactly using elliptical coordinates.
The term energy is expressed in terms of four matrix ele-
ments:

A(R):—&@,ll/r, ly, &, B(R)=&/, ll/r, l@,&,

C (R ) = &@&I
1—/rp I @p&, N (R ) = & @2I @p & .

The term energy

E(R)=&vial+&/&el+&

THE MODEL

We consider a "textbook" model of a diatomic molecu-
lar ion with an electron moving in the potential of two
atoms separated by R. This is a standard model, familiar
to every student of molecular quantum mechanics [3]:it
has one electron bound to two nuclei with atomic num-
bers Z&=1 and Z2=2 separated by distance R. The
Hamiltonian is

%=—V /2 —1/r, 2/r2+2/R, —

where r, =Ir+SR/2I and r2=Ir —fi'R/2I are the dis-
tances from the two centers; the origin is chosen midway
between the two atoms. Atomic units (a.u. 's) are used
throughout this section.

We are concerned only with the X ground state,
whose {unnormalized) wave function is chosen in linear
combination of atomic orbital form

%=RQ, +f2

This can be expressed in terms of a single new integral

d(R)= eR[2Z(R—)—R /2+ —,']/&PIP&,

where

z(R) —= &y&lzly2& .

E(R)
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(10)

with hydrogenic atomic orbitals FIG. 1. Term energy E(R) vs internuclear distance R, in a.u.
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spin operator does not appear in this expression and the
wave function factors into spin and spatial parts, the ma-
trix element is diagonal in both the spin and the spatial
variables. The spatial part is the diagonal matrix element
of the operator —i [L,r], which is both Hermitian and
T odd, in a state with integral orbital angular momen-
turn. But for states with integral spin, Hermitian opera-
tors have real diagonal matrix elements and T-odd opera-
tors must be imaginary. This result is called "Lloyd*s
theorem" [6]. Consequently, ti must vanish and the
TDM must be due entirely to the magnetization current.
A formal proof of this is given in the Appendix.

FIG. 2. Dipole moment d(R) vs internuclear separation R,
in a.u. The cross marks the value of d(R*) at the equilibrium
separation.

CALCULATION OF TOROIDAL DIPOLE MOMENT

The "spin" contribution to the TDM is given [4] by

t, =( eiriirm/)c(cr Xr) . (12)

This term comes from the current due to the nonuniform
density of the electron spin magnetization in the mole-
cule. If we neglect spin-dependent interactions, the spin
is uncoupled from the spatial variables and there is a fac-
torization of the spin and space wave functions. The
TDM is given by

t, =(iree/mc)(cr ) X (r) . (13)

But —e(r) =d is the electric dipole moment and
—(eiri/2mc)(a ) =p is the magnetic dipole moment, so
the TDM satisfies the simple relation

et, =2mpXd . (14)

This relation is consistent with P, T, and also with C: all
three dipole moments are C odd, and so is the electron
charge [5]. Without further computation, we get the
TDM for our model

The dipole moment is defined in terms of the charge dis-
placement from an origin midway between the two nu-
clei; because the molecule has a net charge, the dipole
moment is dependent on this choice of origin. The in-
tegral Z ( R ) has also been evaluated analytically, giving
positive values at small R with the electron localized
predominantly on atom 2. At larger R, the electron is in-
creasingly localized on atom 1 and Z(R) becomes large
and negative. The dipole moment d (R) is shown in Fig.
2; at the equilibrium distance, it is

d (R *
) =—+0.756ea0 .

ATDM(r)=t5 (r) (17)

and the toroidal magnetic field involves derivatives of the
5 function. The TDM is related to the first moment of
the magnetic field

t=(1/2) fd rrXB&nM . (18)

In this approximation, all the internal structure of the po-
tential and field are lost, as well as some physical insight.

We can also treat toroidal moments of a current densi-
ty of finite size, using the formulas derived directly from
the Maxwell equations by Boston and Sandars [7]. They
show that the toroidal part of the magnetic field has the
form

BrnM=r Xg(r), (19)

which is odd under spatial inversions. Here g is given by
the radial component of the current density

g(r) = —(3/2rc) f d x'(r' j p'5(r r'), — (20)

integrated over a sphere of radius r; note that this is a
one-dimensional 5 function in the radial variable. This
shows that a toroidal magnetic field at radius r is propor-
tional to the current density at r. The magnetic field van-
ishes unless there is current density somewhere on that
sphere; the magnetic Geld is zero outside of the current
distribution. The confined field of a toroidal current on
the surface of a torus is the classical example of this.

In quantum mechanics, we can apply this to the radial
component of the spin current of a molecule,

j,= —(eR/2m)VX(% cr%) .

Inserting this and integrating by parts, the formula for g
is

TGROIDAL MAGNETIC FIELD

So far, we have evaluated the TDM treating the mole-
cule as a "point source. " In this approximation, the vec-
tor potential is proportional to a Dirac 5 function,

t, =—(2.38aeao)h X(o') .
g=—(3efg/4mcr )f d x'4 [r'Xa5(r r')]4 . —(22)

tI = i (neh'/3mc)( [L—,r] ), (16)

There is another contribution to the TDM, due to the
{low of electronic charge [4], This can be further simplified for a molecule in which

spin and space are uncoupled:

which we will show to vanish for this model. Since the g = —(3eA/4mcr ) f(r) X (a ) (23)



49 ANAPOLE MOMENT OF A DIATOMIC POLAR MOLECULE 3379

0.05 CONCLUSIONS

0.04

0.03

~0.02
CD

0.01

0
0 0.5 1 1.5 2 2.5 3

FIG. 3. Toroidal magnetic field 8»M(r) vs radius r, in a.u.

where we have defined the dimensionless integral

f(r):—fd x—'%'tr'5(r r')4—. (24)

This is proportional to the radial density of the dipole
moment of the molecule. In a diatomic molecule, the
direction of f is along the molecular axis

We can conclude from this model that diatomic polar
molecules with unpaired electrons will have toroidal di-
pole moments of magnitude ltl=aeao, pointing in the
direction &X(S). These molecules have a degenerate
ground state and are paramagnetic. In order to prepare
an oriented sample of such molecular toroidal dipole mo-
ments, it is necessary to orient both the electric and mag-
netic dipole moments.

Clearly, these computations with an artificial "toy
model" should be followed by more detailed calculations
for a real molecule. In order to have a TDM, a diatomic
molecule must be a polar molecule with an unpaired elec-
tron having some angular momentum in the ground state;
this is a smaller class of molecules, but it includes some
well-known examples such as NO, NO&, and C102 [8]. At
that time, it will be possible to assess experiments to veri-

fy the existence of these moments, which have not yet
been observed in atoms or molecules.
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which is odd under inversion. This field provides an al-
ternative way to evaluate the TDM: we can either find
the second moment of the current density, or the first
moment of the toroidal magnetic field. We have used this
alternative to check the accuracy of the numerical calcu-
lations,

e fdrf(r)=d . (26)

For our model, the integral F(r)

[F(r)/r ]:2mf sin8d8—cos8lg(r, 8)l /(pig) (27)

BTDM m~ —=0.048(ae/ao)[(tt X cr ) XP] (28)

at r =-1.2ao. This can be compared with the magnetic di-
pole field of the molecule, which is even under inversion.
The two fields have similar orders of magnitude inside the
molecule, but opposite symmetry under spatial inver-
sions. Thus the internal magnetic field of this molecule,
like its electric field, breaks inversion symmetry.

cannot be done analytically because there is a clash be-
tween elliptical and spherical coordinates; it was done nu-
merically. The results are shown in Fig. 3. The magnetic
field vanishes like r at the center and decreases exponen-
tially at large distances. Inside the electron density, it
reaches its maximum value

APPENDIX

Here is a general proof that the diagonal matrix ele-
ments of an operator 0 which is both Hermitian and T
odd, must vanish. The proof is valid only for systems
with an even number of electrons having integer spin, for
which T =+1. The Pauli matrices provide a counterex-
ample for systems with an odd number of electrons hav-
ing half-integral spin, for which T = —1; in the usual
choice of these matrices, o, has diagonal elements but is
T odd and Hermitian. A special case of this general re-
sult is given in [9].

We assume that phases of the states are chosen so that
the states are self-conjugate under the Wigner time-
reversal operator, T. This is a "real basis, " satisfying
Tg= P. This means, for example, choosing angular func-
tions containing sin(mP) or cos(mP) instead of
exp(imP). In this basis, the diagonal matrix elements of
0 satisfy

(QIO Ig) =+ ( Tgl TOT 'l TP) ' (definition of T)

= —(TflOlTQ)' (T-odd property)

= —( l(l 0 l P) ' (real basis)

=—( pl 0 l Q ) (hermiticity ) .

It follows that ( pl 0 l Q ) =0.
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