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Unitarity and electron-positron pairs created by strong external fields
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Lowest-order perturbative calculations of the electron-positron production probability in relativistic

heavy-ion collisions exceed unitarity bounds for the heaviest collision systems at extreme relativistic en-

ergies and sufficiently small impact parameters. Starting with the exponential representation of the

time-evolution operator in the Furry picture, we derive manifestly unitary and gauge-invariant expres-

sions for transition amplitudes and probabilities associated with the created electron-positron pairs by

employing the Magnus expansion to first order. The time-evolved ground state of the electron-positron
field around the heavy nuclei is expressed as a superposition of the unperturbed vacuum state and virtual

excitation modes consisting of electron-positron pairs.

PACS number(s): 12.20.Ds, 11.80.—m

I, INTRODUCTION

In recent years the process of electromagnetic produc-
tion of electron-positron pairs in fast peripheral collisions
of heavy ions became a subject of considerable theoretical
and experimental interest. The transverse components of
the electromagnetic fields associated with the moving
ions steadily increase with collision energy, giving rise to
sizable pair-production cross sections. Lepton-pair pro-
duction is a process of basic interest but one that also has
important practical implications in the design and opera-
tion of heavy-ion colliders. For example, the case of pair
production with the electron bound to one of the collid-
ing ions is a major limitation of the beam lifetime.

Most of the theoretical approaches to the electromag-
netic production of e+e pairs are based on lowest-order
time-dependent perturbation theory [1—4] or on the
Fermi-Weizsacker-Williams method of virtual photons
[5—7]. For a review of the theoretical and experimental
status in this field, see, e.g. , [8]. An important point was
recently addressed by Baur and Bertulani [3], namely,
that in almost central heavy-ion collisions, lowest-order
perturbative calculations violate unitarity bounds for
sufficiently high collision energies iE„b 10 GeV/ul,
i.e., the probability for single-pair creation exceeds unity.
This indicates the breakdown of lowest-order perturba-
tion theory and the possibility of multiple-pair produc-
tion. It was demonstrated by Baur [9], by employing the
sudden and quasiboson approximations and neglecting
rescattering effects, that the probability distribution of
creating X pairs in a single collision is described by a
Poisson distribution and that the average number of
created pairs is just equal to the value of the perturbative
single-pair creation probability in lowest order. Essen-
tially, the same result was independently derived by
Rhoades-Brown and Weneser [10] and by Best, Greiner,
and Soff [11].

The difficulties associated with the unitarity violation
in lowest-order perturbative calculations clearly necessi-
tate radically new theoretical treatments of this problem.
At moderate relativistic energies, nonperturbative calcu-

lations based either on the direct solution of the time-
dependent Dirac equation on the lattice [12—14] or on
the single-center coupled-channel formalism [15—17] in-
dicate that higher-order effects are of major importance
for the electromagnetic production of lepton pairs in rela-
tivistic heavy-ion collisions. While in the direct solution
of the Dirac equation convergence problems arise due to
the small lattice size [13], coupled-channel calculations
have been recently criticized [18] as being extremely
gauge dependent due to basis truncation. In spite of their
power in the realistic treatment of the collision dynamics,
these nonperturbative methods require extremely large
computation times and, due to limited computer storage,
at high energies one still has to rely on perturbative
methods.

The purpose of this work is to show how unitarity can
be restored by employing an alternative expansion of the
time-evolution operator associated with the system under
consideration, namely, the Magnus expansion [19]. The
structure of the Magnus expansion has been studied by
several authors [20—23], and in Refs. [24—30] various ap-
plications are presented. An application of the Magnus
expansion in first order to the problem of pair creation
with the electron bound to one of the colliding ions has
been performed in [16],based on a single-particle formu-
lation of the ionization process [30], in which only a sin-

gle bound state below the Fermi level and the positive-
energy continuum are taken into account. Moreover, due
to the use of distorted wave functions, such a treatment is
not invariant under local gauge transformations.

In the present paper we present a systematic treatment
of electron-positron pair production by external fields
within the Magnus approach. In particular, we include
the many-particle features of this process explicitly and
maintain local gauge invariance of the theory. The major
theoretical ingredients of our investigation are presented
in Sec. II, where our approximations are specified and an
analytic expression for the time-evolved ground state of
the electron-positron field is derived. The application of
this formula to the calculation of transition amplitudes is
presented in Sec. III. Section IV contains a summarizing
discussion and some concluding remarks.
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II. FORMULATION OF THE PROBLEM

The conventional perturbative series expansion ob-
tained by iterating the integral equation for the time-
evolution operator 0(t) (we use natural units
A=m =c=1),

0(t)=1 i f—'
drat(7)0(7)

=1 i f— dr A't(r)

+( i)—2f dr f dr, lt(r)Pt(r, )+

charged ions, the situation is fundamentally different in
collisions with fully stripped heavy ions since, due to the
presence of the large external charge —eZ, in such sys-
tems the effective coupling constant aZ approaches unity
(where a=e is the fine-structure constant and we use
e (0).

By considering the differential e uation for the time-
evolution operator iB,U(t)=Ht(t) (t), with the initial
condition 0(t; ) =1 for t; ~—~, Magnus started with an
exponential ansatz and obtained a representation of the
solution in the form

where Pt(r} represents the interaction Hamiltonian in
the interaction picture, has two practical disadvantages
associated with the truncation after a finite number of
terms. First, one obtains a manifestly nonunitary approx-
imation for 0(t) and second, the interaction strength has
to be small enough in order to obtain accurate results by
taking into account only a few terms. While the last
condition is well fulfilled in processes involving singly

0(t)=exp[Q(t)] =exp g Q„(t)
n=1

~ . ~ AT A
where the operator Q(t) is anti-Hermitian (Q = —Q)
and each term 0„ in the infinite sum can be expressed in
terms of n-fold time integrals over (n —1)-fold nested
commutators of the interaction Hamiltonian Pt(r):

Qi(t) = i f —dr8t(r),
2

Q2(t) = f dr f dr, [8t(r),8t(r, )],
—l3

Q3(t}= f dr f dr, f dr2[[[Pt(r), @t(r,}],8t(r2}]+[[St(r2),Pt(r, }],At(r}]] .

(3)

Terms of higher order can be generated recursively
[21,31], but in some special cases the expansion actually
terminates after a few terms. The series Q(t} can be re-
garded as the continuous analog to the Baker-Campbell-
Hausdorff formula for discrete operators. An inspection
of Eqs. (3} shows that terms with n +2 are sensitive to
correlations between the strength of the interaction at
different times, while in the term with n =1 only the total
time-integrated interaction strength enters. Clearly, for
time-independent perturbations, expansion (2) ends after
the first term, i.e., 01 is the exact solution. Therefore,
one can expect contributions from terms with n ~ 2 to be
of minor importance in the case that the interaction de-
pends weakly on time. We also note that in the opposite
limit of infinitely short interaction times, terms with n 2
vanish. A major advantage of the Magnus expansion (2}
is that it guarantees unitarity, independently of where the
series is truncated, and therefore conserves probability.

By employing the exponential representation (2) of the
time-evolution operator 0(t), we investigate the elec-
tromagnetic production of electron-positron pairs in col-
lisions of fast and fully stripped heavy ions by making the
usual assumptions of (i) a coordinate system fixed on the
target nucleus (charge number ZT ) which is at rest, (ii) an
unperturbed motion of the projectile nucleus (charge
number Zp) with constant velocity v=(0, 0,v) along a
rectilinear trajectory parallel to the z axis at an impact
parameter b = ( b„,b, 0), (iii) neglecting QED-radiative
corrections, and (iv} neglecting the fermionic current con-
tained in the Maxwell equations of motion, as it is much

smaller than the strong, external heavy-ion current,
which is regarded as classical. These simplifying assump-
tions decouple the Maxwell-Dirac field equations of
motion [13] and we have to deal with a classical, time-
dependent external source interacting with the electron-
positron field 1((x). Here and in the following, the "hat"
symbol indicates second-quantized fields, while the argu-
ment x denotes space-time coordinates. The time-
dependent electromagnetic field associated with the mov-
ing projectile creates e+e pairs in the strong Coulomb
field of the target nucleus by exciting electrons from the
negative-energy states below the Fermi energy EF= —m
(this choice corresponds to a fully ionized atom) into
empty states above —m. The Lorentz transformation of
the Coulombic projectile potential from the projectile
into the target frame yields the Lienard-Wiechert poten-
tial [we use the metric g„„=diag(1,—1, —1, —1)]

peZpA„'(x)=—,(1,0,0, —P),
T

(4)

where p=v, y=(1 —p ) '~, and the lepton-projectile
distance, as seen in the projectile system, is denoted by

r'=Q(x b„) +(y b) +y—(z v—t)—
For a systematic iteration procedure it is convenient to

perform the investigation in the Furry (bound-state in-
teraction) picture with respect to the lepton-target in-
teraction; this corresponds to an expansion in terms of
the electric charge —e and not in the external charge
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f(x)= g b, y, (r)e ' + g d p (r)e
e)F p &F

(6)

with the help of a complete set of solutions of time-
dependent single-particle solutions of the Dirac equation:

[y"[iB„—eA„'r'(x)] —m I(Ip, (x)=0 . (7)

In Eq. (6) the first summation comprises all states above
the Fermi level (electron states) and the second incorpo-
rates all states below —m (positron states); E, and E are
the energy eigenvalues of (p, (r) and q& (r), respectively,

Af
while b, and d are single-electron and single-positron
annihilation and creation operators, respectively, satisfy-
ing the same anticommutation relations for fermions as
in the free-field case:

[b, , b, ]
= [d, , d, I =5.. .

while all other combinations anticommute. The interac-
tion Hamiltonian 8t(t) in Eqs. (1) and (3) is expressed in
this specific approach as the space-integrated product of
the fermion current in the Furry picture jp(x) and the
projectile potential A „' '(x) which is, as stated before, a c
number:

8t(t) = fd'rj P(x):A „' '(x)

=e 'r: xy& x:W„'"& . 9

The adjoint lepton field is defined by g(x)=f (x)y and
the four-current operator is normal ordered as indicated
by the colons (creation operators stand to the left of an-
nihilation operators) such that the vacuum energy is sub-
stracted.

By inserting the eigenfunction expansion (6) in expres-
sion (9), one obtains an alternative representation for
Pt(t) in terms of the single-fermion creation and annihi-
lation operators, i.e.,

8,= gb, bf,, (t)+ g[b, d g, (t)+d bf, (t)]
t, a

—gdpd f p(t) .

Here, the minus sign in front of the last term on the
right-hand side stems from the normal-ordering pro-
cedure, and latin (greek) indices i,j, . . (a,p, . ... ) denote
appropriate quantum numbers for electron (positron)
states. In a spherically symmetric basis, we have to deal
with a radial quantum number n, a total angular rnomen-
tum quantum number J, a magnetic quantum number p,
and parity [33]. The explicitly time-dependent functions

f,b(t) are transition-matrix elements between arbitrary

—eZT [32]. In this representation, the second-quantized
electron field operator 1it(x) satisfies the time-dependent
Dirac equation in the presence of the strong external
Coulomb field of the target nucleus A „' '(x) =
—eZT( 1,0) /r

[ y"[i8„e—A „' '(x ) ] m—] 1((x )=0,
and its evolution in the static field is solved by an eigen-
function expansion,

where a =y y, and we introduced the explicit represen-
tation of the projectile potential (4), while the four spi-
nors (p, (x) and y&(x) are solutions of the time-dependent
Dirac equation (7). We now introduce the vacuum state
~0) at t~ oo as the state of lowest energy in the external
field of the target nucleus such that the boundary be-
tween particle and antiparticle (hole) states is just the
Fermi energy EF = —m [34]. This definition of the vacu-
um state is consistent with the Dirac sea picture in the
sense that the particle number operator has the eigenval-
ue 0 for states with energy E„above the Fermi energy
EF, and the eigenvalue 1 for states with energy below EF,
1.e.,

b„b„~O)=0 for E„)EF,
b„b„~(0) =0 for E„&EF,
d„'d„)0)=0 for E„&~E,(,

(12)

where we introduce positron (or "hole" ) creation opera-
tors d„ for the electron annihilation operators b„of
negative-energy modes.

Under the action of the time-evolution operator 0(t)
defined in Eq. (2), the free vacuum state ~0) evolves into
the perturbed ground state ~0) at t ~ (x) according to

(0)= lim 0(t) 0 = lim . exp X t)„(t) 0) . ,
f ~ oo f~oo n=1

(13)

such that the exact amplitude for the vacuum state at
t ~—~ to remain unchanged, i.e., the vacuum-to-
vacuum amplitude, is expressed as

(O~O) = lim (O~ 0'(t) ~0)

= lim 0 exp —X ()„(t) 0),
f ~ oo n=1

(14)

where the minus sign in the exponent stems from the
anti-Hermitian nature of the operators Q„(t) in the
Magnus expansion (3). It is instructive to remember that
the corresponding vacuum-to-vacuum amplitude, which
is obtained in a first-order calculation by truncating the
Dyson expansion (1) for 0(t) after the second term, is
just unity independent of the interaction strength. This is
easily verified by employing the representation (10) for
8t(t) and making use of the action of the single-fermion
operators on the free ground state (12), which is normal-
ized to 1:

(0(0)"'= 0 1 —t f de8t(e) 0)

=&OiO) =1.
In order to obtain an explicit representation of the

single-fermion states a and b in the external target poten-
tial

y,&(t)=e Jd r@,(r, t)y"(p&(r, t)A„' '(r, t)

1 —pa3= —ye Zr d r y, (r,t), (pb(r, t),
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time-evolved state ~0) from Eq. (13), we make the follow-

ing three approximations
(i) We consider only the first term Qi(t) in the Magnus

expansion (3), i.e., we neglect contributions from terms
with n ~2 which, as we argued before, are associated
with the temporal extent of the interaction. This should
be a fairly good approximation for highly relativistic en-
ergies and impact parameters of the order of the electron
Compton wavelength, since in this case the duration of
the external perturbation, which is estimated to be of the
order t =b l(yp), is much smaller than characteristic ex-
citation times T=2n l(E, +E ) of the unperturbed sys-

tem, such that time correlations are of minor importance.
(ii} We neglect rescattering effects, i.e., all terms pro-

tA At A
portional to b, b and dt[d contained in the first and last
summations of the interaction Hamiltonian Pt(t) from
Eq. (10), respectively, will be ignored.

(iii) We allow for only one particle and one hole in the
intermediate states, i.e., terms containing combinations of
single-fermion - operators describing the simultaneous
creation or annihilation of more than one e+e pair,
such as (b;d )(b d&) or (b;d )(b d&), will be set equal
to zero. This leads to a selective summation of diagrams.
In our case these are just electron-positron loops, or bub-
ble diagrams i.e., this assumption has essentially the same
physical content as the Tamm-Dancoff approximation
[35].

With these assumptions it becomes possible to sum the
interaction to all orders in the external charge —eZ&.
We first define an electron-positron state ~e+e ) by the
action of the single-fermion operators on the Dirac vacu-
um:

depending on the continuous space-time variables, one
may write in a symbohc notation

—ty V qr; =(iq& V'p,* ).'=(i p; V y ) = —g;,

which reflects just the fact that the interaction is Hermi-
tian. This last relation also explains the presence of the
minus sign in the exponent of Eq. (17}which constitutes
the basic relation for the calculation of the single-pair ex-
citation amplitude A, .

Now it is useful to analyze some properties of the pair
operators 0; and 0; . Due to their fermionic character,
the single-lepton operators satisfy the obvious relations

=0 for i+F and aF (20)

0,,0 &=0; 0 ti=o if i=j or a=P . (21)

At this point we implement the third approximation (iii)
as stated earlier, namely, that only excitations consisting
of one particle and one hole contribute to the creation of
a single electron-positron pair. In other words, we as-
sume that relation (21) holds for all pair indices. Making
use of the anticommutation relations (8) and Eqs. (12),
one easily 6nds

which express the Pauli principle. As a consequence of
these relations, the pair operators satisfy

~e+e ) =b, d ~0), (16)

and

[0 t[, O,, ]=5,"5,t[—5 t[b, b —5; d dt[ (22)

0 0, mp. X[o;,x;,—o&;,] Ol,
i,a

(17}

such that with assumptions (i) and (ii) the transition am-
plitude for the creation of one electron-positron pair is
expressed by projecting the time-evolved ground state (1)
on the ~e+e ) state (16) as

0, ~0)=(0~0, =0 for i)F and a(F . (23)

Q=exp g[O y —0 y ] .

In order to simplify the notation, we denote in the follow-
ing pairs of indices (i,a), (j,P), . . , cor. responding to
different e+e pairs by o &,

o.2, . . . , such that the approx-
imated time-evolution operator Q which enters into the
amplitude (17) can be expressed as

where we introduced the two-fermion operators
0,. =b, d and 0; =d b;, which create and annihilate
electron-positron pairs, respectively. The transition am-
plitudes y; are represented with definition (11)as

00 T

g(O X —OX)
n =0 cr

(24)

i I dt's, —(t), (18)

and if one regards the functions y; (x},
Vz(x)=ey y" 2„' '(x), and gr (x) in Eq. (11) as matrices

As a direct consequence of considering only 1p-1h excita-
tions, i.e., Eq. (21) without restrictions, each term in ex-
pansion (24) contains solely combinations of the type
(0 0 ) and (0 0 ), such that each created pair is sub-
sequently annihilated, etc. Consequently, different con-
tributions contained in the expansion (24) are of the form
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'+ =g(0 X OX )

=
p, X [ 0,0,(&,&., ) o.,o., (X.

,X.,)],
tT

1 a2

tT 10'2' 3

(25)

n even:

n Odd'

(
—)""[o' o (y q' )+o o' (q'0'1 CT 0'1 0' 01 cJ 0'1 CT

. - ~n

cy(n) 1 [0 '''0 (x '''I ) 0 '''0 (x '''I )](n —1)/2
nI I

0' 0'1 0 cJ
1 ~n ~n

ET
1

} ~ ~ ~ 1
0'

Now we are in a position to evaluate the action of the operator 'M on the Dirac vacuum lO). It is convenient to con-
sider terms with n even and n odd, separately. It follows with (24) and (25)

cglo) y cQ(n)lo) y [cg(2m)pay(2m+1)]l()) (26)
n=0 m=0

for odd terms (n =2m+1)

6( + )lo) =
(2m +1)!

1' ' ' ' 2m+1

—o o (x x' ) 1lo)
1 2m+1 I 2m+1

( —
)

(2m +1)!
1' ' ' ' 2m+1

o'. o. „q., x.. .,
)lo), (27)

since the term represented in the second line of these relations vanishes due to Eq. (23). Expression (27) can be reduced
further if one employs the commutator relation (22) satisfied by the pair operators 0 and 0
0 [0 0 ] [0 0 ]la)

x [0 0 +5 —5, b; b; —5;; d d ]l0)
2m +1 2m 2m 2m +1 2m 2m +1 2m +1 2m 2m 2m +1 2m +1 2m

=o'. s. . s. . lo) . (28)

Here we used the action of the single-fermion operators on the ground state, Eq. I'l2), with the result that contributions
from expressions contained in one of the m brackets are simply Kronecker symbols. This is, of course, a remarkable
simplification of expression (27), since we obtain for odd terms in (26)

6"-+"lo&= o'. s. . s. . (y. y. )Io&
(Qppg + I )) 1 2 3 2m 2m+1 1 2m+1

1' ' 2m+1

We emphasize that the summations over o. and ~ comprise all electron-positron states, respectively. For even contribu-
tions 0'"' (n =2m) we obtain with Eqs. (25) and (26)
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n" )~0&= g [o'. o. (y. ~ .y'. )+o. o. (y'. . . .x. )]Io&
(2m)! 1 2m 1 2m 1 2m 1 2m

~2m

O2

(o. o'. ) . . (o. o'. )(qt . . .y. )~ &

2''''' Zm

m

5
(2m)!

1' ' 2m

= 2, 'ply, l'"lo&,
. 'r

(30}

where we employed, as before, the relations (22), (23), and
(28). By inserting results (29} and (30) into Eq. (26}, the
action of the time-evolution operator on the free vacuum
state yields the final formula for the time-evolved ground
state ~0):

y)
"

( —) + ( —)X (2 )) (2 + 1)) X ohio &IX2l I' =cos &P'
)0& )0& (34)

in a proper normalization, the quantity
represents just the total probability for the creation of a
single electron-positron pair P' + as calculated in first-
order perturbation theory with respect to the lepton-
projectile interaction. Thus, the probability for the vacu-
um state to remain unchanged is just

«+«XO, 2, 0) .

In the last step we introduced the c-number quantities

00
( )222

Xlx, l' =«»Qxlx. , l'
e,p

(31)

(32}

Secondly, the amplitude A,P (17) associated with the
creation of a single electron-positron pair out of the vacu-
um is easily written with Eq. (31) and the commutation
relation (22) as

Io&-I " &

Af= 0 0, «+«XO, «2, 0)
e',p'

»«Qxlx. , I'

«(2»+1)t ' gzl2 lz

e,p

Expression (31) rejects just the fact that the time-evolved
vacuum state can be represented as a superposition of the
free vacuum state and virtual excitations consisting of
one electron and one positron.

III. TRANSITION AMPLITUDES

Returning to the problem of calculating transition am-
plitudes, this is now a rather simple task due to the com-
pact structure (31) of the time-evolved ground state.
First, we consider the vacuum-to-vacuum amplitude from
Eq. (14), which in our approach can be expressed as

Ai«) i«)= 0 «+«XO, 2, 0)
e,p

=cos
e,p

(33)

where the free ground state is assumed to be normalized
to unity. Evidently, this result demonstrates that in our
approach the vacuum state is not stable under external
perturbations, in contrast to the perturbative evaluation
from Eq. (15}. In addition, it is clear from (33) that the
probability for the ground state to remain unchanged
cannot exceed unity. To be more precise, we notice that,

=up s„,s„,q, ,, (0~0&
e',p'

n +ep

Xep
e,p

gzl2., 1*

sin&a'PT'

Qp(, PT) (35)

P~
& ~

+
&

=sin g, '=sin P'
e,p

(36)

which, obviously, cannot exceed unity. We would like to
note that this expression is formally similar to results ob-
tained in the treatment of ionization [30] and charge-
transfer [36] processes, where the negative-energy contin-
uum is not taken into account.

Third, the total probability for the special case of pair
production with the electron bound to one of the collid-
ing ions, i.e., the so-called process of bound-free pair
creation, is obtained from (35}by summing the expression
for

~ A, ~
over the positron states as

sm pep
Pt«'""««-~= X ~2 glx„l'

e,p

i sin +P'
IX P I ~PT)

p &F
(37)

By summing the expression for ~A, ~2 over all single-
fermion states, one obtains the total probability for the
creation of a single pair to be



3194 DORIN CEZAR IONESCU

the time-evolution operator Q from Eq. (24) is factorized
as

Q=expI+b, d y, ]expI+b, d y, ]expI —
—,
'P' '] . (40)

e,p e,p

Since this formula is similar to the expression used in Eq.
(8) of Ref. [9], it leads to the same expressions for
creation probabilities as in Refs. [9—11]. Of course, the

approximate equation (39) permits to allow for any num-
ber of pairs in intermediate states, which is rejected by
the appearance of additional terms of the typeAf(g;»0 )(g~»0 ) in the expansion of the exponen-

l

tial functions from Eq. (40). However, the error intro-
duced by neglecting interference effects between different
real or virtual pairs, i.e., by disregarding the fermionic
nature of the constituents, is difficult to estimate. We no-
tice that contributions of the type (11;»0 )(g~,O )

describing the simultaneous excitation of several pairs
can be represented with the exact commutation relation
(22) as

—6;, d d ]0 (41)

where the term with i =1 and j =2 was considered for
simplicity. The first contribution on the right-hand side
of this equation represents just an excitation of the 1p-1h
type, while the other terms are associated with the
creation of a single pair. In particular, the last two terms
with an extra minus sign describe the additional rescat-
tering of created pairs and are neglected in an approxi-
mation of the quasiboson type. Since the total probabili-
ty for the creation of any number of pairs is just unity, an
overestimation of total probabilities corresponding to
more than one pair leads to an underestimation of the to-

Finally, we note that from the explicit representation
of the single-fermion amplitudes, Eqs. (11)and (18),

—ie f d x g;(x)y"y (x)A„'(x), (38)

which is invariant under local gauge transformations
[15,18], the expressions (34), (36), and (37) for the total
probability are also gauge invariant.

At this point we remark that our approach is not
directly applicable to multiple electron-positron pair pro-
duction, since all excitation amplitudes associated with
the creation of more than one pair are just zero in the
present formulation. This is, of course, the direct conse-
quence of neglecting virtual excitation modes consisting
of several electron-positron pairs. To be more precise,
for multiple-pair creation one must go beyond the
Tamm-Dancoff approximation by allowing for many
electron-positron pairs to be simultaneously excited in in-
termediate states as is, for example, the case in the
random-phase approximation to many-particle svstems.

By assuming that the pair operators 0 and 0 satisfy
the commutation relation defining the quasiboson ap-
proximation employed in Ref. [9], i.e.,

[0,0 ]=5 (39)

as a lower limit of the total single-pair probability, the
corresponding expression (36) obtained in this work is to
be regarded as an upper limit of the probability, since our
approach does not include the possibility of simultaneous
creation of several electron-positron pairs.

Concerning the probability for the creation of a specific
pair (e,p), i.e., the partial probability P, , we obtain from

the amplitude (35)

2+p(.PT)
~p sin

ep +ep I (pT)P
(42)

where ~y,
2 represents the corresponding partial proba-

bility in first order. The factor sin +P' /P' ' takes
into account all possible single-particle transitions from
the negative-energy states below EF= —m into empty
levels above the Fermi level incorporating the many-
particle features of the pair creation process. In particu-
lar, it includes the effect of the depopulation of the initial
negative-energy state caused by transitions to all final

states providing a renormalization of the lowest-order
perturbative probability ~y, ~

. We would like to note

that the corresponding earlier formula [9—11] for the par-
tial probability associated with a particular pair (e,p),
1.e.,

P, =~y,
~

exp( P' '), —

yields a lower value of the probability as compared to our
expression (42) for P'P '(n . This feature is consistent
with the earlier interpretation of the single-pair probabili-
ties derived in the present work as upper bounds of the
exact probabilities.

The range of validity of the results obtained in the
present investigation cannot be given rigorously. Howev-

er, the presence of the factor sin +P' + in the different

expressions for single-pair probabilities (36), (37), and (42)
indicates that for too large values of P' ' our approach
gives unphysical results. To be more specific, we note
that in the present investigation the single-pair probabili-
ties are just zero in the case that sin +P' +=0, which is,
of course, not realistic for P' '%0. Consequently, for
P' '~m. the present approach definitely breaks down.
In addition, due to the decrease of the total probability
(36) in the region m /4&P' '&m. , it is to be expected
that for P' '~~ /4 contributions associated with the
simultaneous excitation of several pairs become of impor-
tance. In this case one should go beyond the 1p-1h exci-
tations of the type included in the present investigation

by incorporating excitation modes consisting of many

particle-hole. pairs in the formalism. In conclusion, we

regard the value P' '=m /4 as quantifying some limita-

tions of the present investigation.

IV. SUMMARY

We conclude the discussion by pointing out the main
results we obtained and the approximations we made in

tal probability for the creation of a single pair. If one in-

terprets the earlier result [9—11]

P(1 pair) =exp( P—' ')
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this investigation. Starting with the Magnus exponential
representation of the time-evolution operator in the Fur-
ry picture, we can sum up a restricted class of diagrams,
namely, those associated with electron-positron loops, to
infinite order in the external charge —eZ~ by making
three basic assumptions: (a) We neglect correlations be-
tween the interaction strength at different times by taking
into account only the total interaction associated with the
first term of the Magnus expansion, (b) we neglect rescat-
tering effects, and (c) our treatment incorporates solely
virtual excitation modes of one particle and one hole of
the type encountered in the Tamm-Dancoff approxima-
tion to many-particle systems. With these approxima-
tions, the time-evolved ground state of the electron-
positron field around the nuclei is represented as a super-
position of excitation modes consisting of one electron

and one positron and the unperturbed vacuum state. We
also find that in our approach the vacuum state is unsta-
ble against external perturbations, in contrast to pertur-
bative calculations. Further, we derive expressions for
electron-positron transition amplitudes and production
probabilities, which are shown to be both manifestly uni-

tary and gauge invariant.
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