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We have examined the effect of various phase-matching conditions on sum-frequency generation
in vapors. Using sodium vapor two resonant-enhancement routes for sum-frequency mixing (SFM)
via a second-order magnetic-field-induced nonlinearity were explored. On one route the output is
resonant with a quadrupole-allowed transition and the other a dipole-allowed resonance. We will
show that the first route is preferential for SFM as phase matching on this route is easier to control
and we present results detailing the important parameters and their effect in focused and unfocused
cases. A second-order nonlinearity of 0.5-1 pm V™' is observed under optimum conditions. In
the second route, variations in phase matching as one tunes across the transition may lead to a
significant distortion of the spectroscopic line shapes. We show how the combination of different
refractive-index sources can account for the different features seen.

PACS number(s): 42.65.Ky, 42.50.Hz

I. INTRODUCTION

Vapors can be useful media for second-order nonlinear
processes if the intrinsic symmetry is broken by external
means [1]. Transverse electric or magnetic fields, high-
power pulsed excitation and noncollinear beams have
been so used ([2], see references therein). To greatly in-
crease the nonlinear susceptibility, three transitions are
generally used for resonant enhancement and, in a closed
atomic system, one must be dipole forbidden. Under
such circumstances, electric-quadrupole transitions pro-
vide for efficient conversion and have low associated dis-
persion. Even at low vapor densities the refractive-index
contribution from the dipole-allowed atomic lines may
provide a significant phase mismatch, Ak, and control of
this is of importance in such experiments. We use two
contrasting sum-frequency mixing (SFM) schemes, differ-
ing in the placing of the low-dispersion quadrupole transi-
tion, to investigate phase-matching effects. We will show
that the scheme in which the quadrupole transition is
on the emission route exhibits only one major refractive-
index contribution to the phase matching and hence is of
more practical use in studying three-wave mixing. The
added dispersion on the alternative route is shown to lead
to considerable asymmetries in the output line profiles as
a result of the more complex phase-matching situation.

Magnetic-field-induced three-wave mixing has been
studied by several authors with regards to second-
harmonic generation [2-7], sum-frequency mixing [8-10],
and difference-frequency mixing [11]. Poustie and Dunn
[10] investigated simultaneous single- and two-photon
resonant SFM in sodium vapor using the 35-3P-4D tran-
sitions. They examined the nonlinear process with the
intermediate level tuned on and off resonance and pre-
sented phase-matching results. Using the 35-3P-3D level
scheme for more efficient conversion we extend this previ-
ous study, and in particular consider phase-matching be-
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havior for both the plane-wave and focused beam cases.
Variations in the phase-matched behavior of the focused
case were studied in detail, and it can be seen to alter con-
siderably as the focusing conditions are changed. These
variations have been theoretically modeled and account
for many apparent irregularities when comparing exper-
imental results to those expected in theory. We then
report an investigation of the 35-3P-4P scheme in which
the refractive-index contribution from the output tran-
sition (4P-3S5) must now be included as well as that of
one of the input transitions (35-3P). This added source
of phase mismatch leads to a complete distortion of the
output line shapes away from those seen when the va-
por density (and hence phase mismatch) is low. The line
shapes are now strongly dependent on the exact detun-
ing of the 35-3P transition, and one of the Zeeman-split
transitions to the ground-state level may dominate over
the other, due to preferential phase matching. Which
route predominates is dependent on the 35-3P detuning.

In order to introduce our nomenclature for the systems
studied consider the three-level atom shown in Fig. 1. In
both schemes the levels 1 and 2 are the 3S and 3P lev-
els of atomic sodium and the transitions between them
are the well known, dipole allowed, sodium D lines. In
the first scheme for sum-frequency mixing the third level
is the 3D level of sodium, and the transition to this
state from the 3P level is also a dipole-allowed transition.
For this scheme the emission is via a quadrupole-allowed
(dipole-forbidden) transition from the 3D to the 35 level.
Due to this ordering of transitions we will refer to this
route hereafter as the DDQ route. In the second scheme
the third level is the 4P level of sodium and the transi-
tion to this level from the 3P level is not dipole allowed
but is instead via a weaker quadrupole transition, while
the emission from the 4P to the 3S levels is now dipole
allowed. This second route will be called the DQD route
to differentiate it from the one mentioned previously.
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FIG. 1. A four-level atom with close middle levels, such as
is produced by spin-orbit coupling in alkali metal vapors.

The refractive index associated with an atomic transi-
tion stimulated by a laser field of wavelength A is calcu-
lated from the Sellmeier equation
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where A is the atomic density, 7. = 2.818 x 10715 m (the
classical electron radius), and the sum over j covers all
relevant upper levels. The subscript ¢ denotes the lower
level, hence f;; is the oscillator strength of the transition,
A;j the resonant wavelength of the transition, and a; the
fractional population of level 1.

If one looks at the two mixing schemes for wavelength
detunings away from single-photon resonance, then there
is no significant transfer of population out of the ground,
35, state. For the DDQ route, the ground state is linked
to the other two states by a strongly allowed dipole and a
very weakly allowed quadrupole transition, only the first
of which makes any contribution to the refractive index
and hence phase mismatching. The contribution to the
phase mismatch from this transition is shown in Fig. 2.
Tuning the wavelength of this transition to values around
and between the 3P lines allows regions of positive and
negative Ak values to be probed, including a cancellation
point between the lines where the phase mismatch is zero.

In contrast, for the dipole-quadrupole-dipole (DQD)
route, the ground state is linked to each of the other two
levels by a dipole transition, both of which contribute
to the total phase mismatch, Ak = k3 — ka — kq, of the
sum-frequency-mixing process. For our experiment, se-
lection rules (Am; = +1,Am, = 0) allow two groups
of Zeeman split transitions to occur in the 4P-3S transi-
tion, leading to a closely spaced doublet in the refractive-
index curve, which is reflected in the contribution to Ak
from this transition, Akz. This contribution to the over-
all phase mismatch by the 4P-3P dipole transition is
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FIG. 2. Single-atom phase-matching contribution from the
3S-3P transition in sodium.

shown in Fig. 3. As either of the two contributing
input wavelengths is scanned over two-photon resonance
for this DQD scheme, the phase-matching contribution
changes radically. This is superimposed on the static
3S5-3P contribution in order to obtain the overall phase-
matching conditions in the system. In this scheme it is no
longer possible to have a constant phase mismatch dur-
ing the scan, and novel effects in the line shapes, such as
asymmetrical distortions and strong line dominance, are
observed as a result in the output line shapes.

For simultaneous single- and two-photon resonance the
DDQ route has an experimentally measured maximum
effective nonlinearity of 0.5-1 pm V~! (the uncertainty
due to the parasitic absorption of the input waves), which
is around twice that of KDP, and produced an ultravio-
let emission on the quadrupole transition of 17 uW for
our continuous-wave input powers of 140 and 300 mW.
The powers produced in the DQD route were consider-
ably lower due to lower matrix elements (about 1/25 that
of the DDQ route). The advantages of using a vapor for
frequency generation are that the vapor is self-repairing,
and therefore scalable to high powers, and is transparent
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FIG. 3. Single-atom phase-matching contribution from the
35-4P% transition in sodium.



3004

into the vacuum ultraviolet, unlike many nonlinear crys-
tals. Control of the phase mismatch and an appreciation
of its causes and effects are important for the design of a
nonlinear optical frequency generator and the results de-
tailed here relevant for any schemes with a similar system
of allowed and forbidden transitions.

II. EXPERIMENT

We have used two single-frequency continuous-wave
ring lasers to study the aforementioned routes in sodium
vapor. A dye laser (Spectra-Physics 380D) provided light
near 589 nm for the 35-3P transition and a titanium sap-
phire laser (Schwartz Electro-Optic Titan, modified [12])
generated radiation near 819 nm (751 nm) for the 3P-
3D (3P-4P) transition. The polarizations were aligned
at 90° to the magnetic field, providing for Am; = +1
(dipole) and Am; = 2 (quadrupole) excitations. The
beams were combined and passed collinearly through an
oven containing sodium vapor and argon buffer gas (~ 1
mbar). The vapor region was nominally 10 cm long and
the transverse magnetic field was generated by an electro-
magnet with 10-cm pole pieces. The input light was fil-
tered off (2 UG11 filters, and an extra BG38 during DQD
work) and coherent SFM emission detected by a photo-
multiplier tube (Hamamatsu 931B) with phase-sensitive
detection used to raise the signal-to-noise ratio. Laser
tuning and single-mode operation were monitored by 1.5-
GHz confocal étalons, and absolute wavelength measured
by a Kowalski style traveling wave meter and an iodine
fluorescence cell.

III. SFM WITH ONE MAJOR
PHASE-MISMATCH CONTRIBUTION
(DDQ ROUTE)

For sum frequency generation via the 35-3P-3D route
the only significant source of dispersion is on the 3S-3P
dipole transition. Hence, the overall phase mismatch,
Ak = k3 — ki — ko, is given by the expression

—27An(wy)

Ak =~ —-Zkkl = by
1

(2)
where An(w1) = n(w;) — 1 is calculated from Eq. (1).
For a plane wave the sum-frequency power produced by
a vapor length, L, is given by

P(w3) < N2L? : (3)

As the value of the phase mismatch is constant during a
laser scan across two-photon resonance, the line shapes
at a constant vapor density suffer no modulation due
to phase matching. Typical experimental line shapes of
the 3D-3S5 quadrupole transition as the magnetic field is
increased are shown in Fig. 4. The expected theoretical
behavior modeled using theory developed for SFM [12]
from that used for second-harmonic generation [2,5] is
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shown in the same figure. The two can be seen to agree
well.

As the vapor temperature is increased, the particle
density increases also, a good description of the relation
between the two being given by the empirical relation of
Miles and Harris [13]:

9.66084 x 1024 —12423.
N = TX (exp[ = 3+17.3914D. (4)

As the overall phase mismatch is proportional to vapor
density, Eq. (3) can be rearranged by substituting Ak =
N AK', where Ak' is the phase mismatch per unit atom,
as given in Fig. 2,
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FIG. 4. Output line shapes: (a) theoretical and (b) exper-
imental, for SFM on the 3S5-3P-3D scheme for 0.0225, 0.045,
0.09, 0.135, 0.18, 0.225, 0.27, 0.315, 0.36 T magnetic fields,
and are labeled 1 to 9 in this order on (a). Confocal marks
of frequency separation 1.5 GHz are shown below the experi-
mental spectra to provide a frequency scale.
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This leads to the well known oscillatory behavior of
output power with temperature [2,13], where the out-
put power is proportional to the square of the sine of
the number density. If the phase mismatch is zero then
the oscillatory behavior vanishes and the output power
is instead proportional to the square of the particle den-
sity. By selectively tuning the dye laser around the two
3P lines, the behavior of the sum-frequency power when
the phase mismatch was either positive, negative or zero
could be explored. The experimental and theoretical be-
havior were found to agree well. For the unfocused case
the sign of the phase mismatch is irrelevant to the output
power variation, and the laser tuning relative to the 3P
lines determines the rate at which the phase mismatch in-
creases. Figure 5 shows the change in output power with
temperature for the point where Ak is zero, and a point
where the mismatch is finite and positive. Unfocused
laser beams were used to simulate plane-wave behavior
and the Ti:sapphire laser was repeatedly tuned across
resonance during the scans so as to always register the
maximum power. The practical advantage of the phase-
matching position is clearly seen and very high conversion
efficiencies could be produced at high temperatures. The
theoretical fit is a good functional one, the experimental
vapor temperatures being adjusted smoothly to fit the
curves due to the changing difference between measured
temperature and actual temperature in the oven. The
ability to precisely phase match is an important advan-
tage of systems with a split central level.

When the input beams are focused into the vapor, the
behavior of the phase-matched oscillations can be seen to
alter. Using the theory developed by Lago, Hilber, and
Wallenstein [14], we have simulated the predicted output
power at the sum frequency with regard to certain key
parameters. These parameters are the phase mismatch,
the ratio of the length of the vapor to the confocal pa-
rameters of the two beams, &; and &», and the position
of the focus within the vapor. The optimum conversion
of power to the sum frequency was found when the two
beams were focused into the vapor oven using a 20-cm fo-
cal length lens. As the waists of the dye and Ti:sapphire

(a)

3005

laser beams were 649 and 913 pm respectively, the fo-
cusing parameters were §; = 2.7 and §; = 4. This is
in line with the expected optimum condition of § = 2.8,
as predicted by Boyd and Kleinman [15). Although the
focusing parameters were unequal, we calculated, using
the theory of [14], that this had little effect until the dis-
crepancy was far larger than the case for our single lens
experiment.

Figures 6 and 7 show typical traces of the behavior un-
der optimum focusing for regions of positive and negative
phase mismatch with the expected theoretical behavior
for beams focused in the center of the oven. As expected,
due to the phase shift of the Gaussian beams on passing
through a focus, the power in the focused case reaches its
first maximum at a lower vapor temperature than in the
unfocused case for a positively dispersive region, and at
a higher temperature for a negatively dispersive region.
This is due to the accumulation of a 7 phase lead in the
sum-frequency output wave from the two input waves and
its own propagation through a focus. However, the form
of the curves as the temperature was increased could not
be straightforwardly predicted. In particular, the curves
for negatively dispersive regions were often quite differ-
ent from those expected, while the positively dispersive
regions were found to be a more reasonable fit to theory.
The factors which most affected the form of the phase-
matching curves were found experimentally to be the fo-
cusing parameter &, the sign of the phase mismatch, the
position of the focus, the uniformity of the vapor density
in the oven, and the collinearity of the two beams.

Of these, the effects of the first two are shown in the
previous figures and experimental and theoretical pre-
dictions agree qualitatively. A large part of the apparent
deviation can be explained via the change in the position
of the focus. Any asymmetry of the vapor density along
the length of the oven can be expected to have a similar
effect, with the power generated at the sum frequency
not being symmetrically distributed around the focus,
and hence exact cancellation will not occur at the points
of phase-mismatch minima. Figure 8 shows the theoreti-
cally predicted power variations with temperature as the

(b)

FIG. 5. Plane-wave phase-
matching behavior with in-
creasing particle density on the
DDQ route for (a) A\; = 588.57
nm (Ak > 0) and (b)
A1 = 589.4 nm (Ak = 0).
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FIG. 6. Theoretical (a) and
experimental (b) phase-match-
ing behavior with focused input
beams, using a 20-cm lens, for
Ak > 0 (the line drawn through
the experimental points is to
aid the eye only).

FIG. 7. Theoretical (a) and
experimental (b) phase-match-
ing behavior with focused input
beams for Ak < 0 and using a
20-cm lens.

FIG. 8. Theoretical phase-
matching behavior as the po-
sition of the focus is moved
within the vapor relative to the
center for (a) Ak > 0 and (b)
Ak < 0.
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focus is moved away from the center of the oven for Ak
positive and Ak negative regions. The experimentally
observed behavior for a Ak negative position as the fo-
cus is moved to various positions away from the center
of the oven is shown in Fig. 9, measured there, as the
effect is more radical in this region. The experimental
and theoretical curves show striking similarities, but the
ideal, centrally focused, uniform vapor density, case was
not observed, suggesting a residual vapor asymmetry in
our apparatus.

The curves, however, still have some unexplained con-
tent tending to blur the features, leading to poor contrast
zeros, especially in the negative phase-mismatch regime.
This blurring factor was found to be a radial change in
phase mismatch across the sum-frequency beam. The ori-
gin of this is uncertain, but vapor asymmetries and beam
distortions are possible sources, as the theoretical models
assume Gaussian input beams and no variation in vapor
density radially across the generation region. The ra-
dial variation was clearly seen by using a charge-coupled-
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FIG. 10. Cross sections through the SFM output beam at
(a) a low temperature (below the first phase-match peak) and
(b) a higher temperature (well above the first phase-match
peak).
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3cm
lcm
FIG. 9. Experimental phase-matching be-
havior as the focus is moved within the vapor
relative to the center of the cell for Ak < 0,
—Icm the central case being Fig. 7(b).
=3cm

device (CCD) camera to determine the output beam pro-
file, and relevant cross sections are shown in Fig. 10. At
low vapor densities, before phase mismatching became
important, a monotonic Gaussian-like cross section was
seen. However, at above a few phase-mismatch oscil-
lations a ringlike structure around a central maximum
could be observed expanding outwards as the vapor den-
sity was further increased. This effect appears to be a
product both of the focusing and the collinearity of the
input beams, as the ring structure could be changed to
a fringe structure by misalignment of the two input laser
beams. If a small sample of the beam is taken by a pin-
hole, then the output power behavior looks more like that
expected for a focused beam with good contrast minima
supporting the case for a radial, as opposed to a lon-
gitudinal, blurring effect. Variations at different radial
positions acted as though they were experiencing differ-
ent phase mismatches and the integration over them—
relevant to the total beam power—would account for
the last discrepancies between theory and experiment as
shown in the figures above.

IV. SFM WITH TWO MAJOR
PHASE-MISMATCH CONTRIBUTIONS
(DQD ROUTE)

The second SFM level scheme, 3S-3P-4P% , is shown
in Fig. 11. Zeeman splitting leads to two strong res-
onant enhancement clusters, which for polarization per-
pendicular to the field were governed by the Am; = +1
selection rule. Observed powers were lower on this route,
largely due to lower matrix elements for two of the tran-
sitions, but the output was still readily observable. The
4P% state is 168 GHz above the 4P% state and so is suf-
ficiently detuned to be neglected.

The refractive index, and hence Ak, now change across
the two-photon resonance point as there is a dipole-
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FIG. 11. The DQD scheme used, the SS-3P-4P% levels in

sodium.

allowed transition to the ground state, leading to a phase-
mismatch contribution, Aks, as shown in Fig. 3. It is im-
portant to note that when the two refractive-index reso-
nances are added the resultant effect is an asymmetrical
profile, as is highlighted by the isolated resonance curves
shown in the same figure, and this leads to some of the
observed effects. The tuning of the dye laser relative to
the D lines then provides an adjustable offset, by chang-
ing Ak, on the total phase mismatch, Ak = Aks — Ak;.
When the dye laser is tuned during the experiment Ak,
may also vary slightly during the scan, tending to tilt
the phase-matching curve slightly. Two possible phase-
mismatch curves are shown in Fig. 12. In (a), case 1,
the offset from the 35-3P contribution is larger than the
35-3D modulation and phase matching is never achieved.
However, in (b), case 2, the tuning of the dye laser is such
that one resonance only crosses perfect phase matching
and this line will be preferentially generated.

At low particle densities it is possible to observe the
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line shape of the output relatively free from phase-
matching effects. The predicted line profile was calcu-
lated, including the phasing and strength of the exci-
tation and emission routes [12], in a similar model to
that used for the DDQ route line shapes, and hence is
wider than merely two Doppler broadened line shapes
at the relevant Zeeman splitting and shows some asym-
metry. Figure 13(a) shows these theoretical line shapes,
while the experimental observation of them at low tem-
peratures, for the laser tuning of case 1, is displayed in
Fig. 13(b). It can be seen that the two show very good
agreement, with only minor phase-matching distortions
on the experimental curves.

In order to predict the output line shapes at higher
temperatures, the line-shape model was altered to in-
clude the dispersion at each point during the scan, and
the predicted line profile modulated for focused phase-
matching behavior, using the approach of Boyd and
Kleinman [15]. (Focusing was necessary to gain a readily
detectable coherent SFM signal with the strong phase-
matching effects.) At higher temperatures the profiles
are strongly modulated by the phase-matching curve, and
Fig. 14 compares theory to experiment when phase-
mismatching effects are strong for the laser tuning of
case 1, in which perfect phase matching is never achieved.
There is good general agreement with distortions present
and uneven peak heights. The fine detail of the phase-
matching oscillations is lost in the experimental case due
to the blurring effects of the radial function, as noted
previously.

A very different regime is that of case 2 [i.e., the phase-
mismatch behavior of Fig. 12(b)]. Theoretical predic-
tions for this case, where one peak crosses perfect phase
matching, are shown in Fig. 15. At lower tempera-
tures, distortions and a slight height advantage are noted
[Fig. 15(a)], while at higher temperatures the phase-
matched peak dominates very strongly [Fig. 15(b)]. The
experimental results which are presented in Fig. 16 show
the strong peak dominance around the zero point, in good
agreement with the theoretical predictions. Again fine
detail is lost but the dominance of the phase-matched
peak is clearly visible. If instead the other line is pref-
erentially phase matched, by tuning the dye laser to the
other side of the crossover in Ak; (Fig. 2), an equivalent

(b)

FIG. 12. Single-atom phase-
mismatch curves for the DQD
route at (a) Ay = 588.96 nm
(case 1) and (b) A1 = 589.440
nm (case 2).
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FIG. 13. Output line shapes:

(a) theoretical and (b) exper-
imental, for the 3S-3P-4P%
scheme at 0.18, 0.27, 0.45 T
magnetic fields (splitting se-
quentially outwards) at tem-
peratures below where phase

matching becomes important.
(Markers from a confocal of free
spectral range of 1.5 GHz are
shown below the experimental
lines here, and in the following
experimental figures as a fre-
quency scale.)

FIG. 14. Theoretical (a) and
experimental (b) line shapes for
case 1 at around 300 °C.

FIG. 15. Theoretical predic-
tions of the modulated line
shapes in the DQD route
for the phase-matching curve
of case 2 at (a) 260 °C and
(b) 300 °C.
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line shape is expected, but with the other line in dom-
inance. This was experimentally verified. The contrast
in line strengths at these points is surprisingly strong
and the spectra produced very different from the line
shapes calculated without including the effects of phase
mismatch, illustrating the importance of phase match-
ing for the vapor densities typically used to get strong
sum-frequency powers of 102° — 102! m~3.

V. CONCLUSION

We have compared two routes for second-order sum-
frequency mixing, concentrating on the macroscopic
phase-matching properties of the two routes. The two
routes differ in the ordering of the three (two dipole, one
quadrupole) transitions in the three-wave mixing. The
ability to access areas of positive, negative, and zero dis-
persion in the DDQ route both for plane and focused
waves has been demonstrated, and was used to inves-
tigate the various experimental variables which affect
phase matching in vapors. Furthermore, we have shown
in the DQD route how strong modulations of the output
line shapes are produced by the changing phase mismatch
as the emission is scanned through two-photon resonance,

R A I A
Laser Tuning

[

and how one Zeeman component can be preferentially
phase matched and dominate strongly in the observed
spectra. This makes the first (DDQ) route preferable,
not just because the product of its matrix elements re-
sults in larger powers in the ultraviolet, but also because
the phase matching on this route can be controlled and
set to a constant positive, negative, or zero value. In
studies where three-wave mixing is used to look at other
atomic processes, the distortions on the DQD route type,
due to phase matching, would tend to obscure less dom-
inant effects. The maximum power obtained in the uv
on the DDQ route was 17 uW, and by use of electro-
magnetically induced transparency it should be possible
to extend the output by over two orders of magnitude
[16]. While we have concentrated on SFM on the two
particular routes probed experimentally, this work has
applications in any second-order nonlinear wave-mixing
process in a vapor.
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