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Spatial properties of spontaneous parametric down-conversion
and their effect on induced coherence without induced emission
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The quantum state for spontaneous parametric down-conversion was evaluated to include infor-
mation about the transverse spatial characteristic of the down-conversion fields. This state was used
to calculate the angular spectrum of down-conversion in the case of both single-channel and coinci-
dence measurements, while retaining the characteristic nonclassical correlations. Actual transverse
pro6les for typical experimental parameters were evaluated numerically and measurements were
performed with results that compared well with the numerical calculation. This theoretical spatial
model was then applied nonrigorously to the case of induced coherence without induced emission.
The theoretical results implied that there was a reduction in the degree of induced coherence due
strictly to the spatial distribution of the down-conversion beams. This was interpreted as a re-
sult of increased distinguishability of the overlapping idler photons. Measurements were conducted
which support these results qualitatively. In addition, the present theory explained an unexpected
quantitative discrepancy between second- and fourth-order visibilities in previous induced-coherence
experiments. This descrepancy was interpreted phenomenologically as a difFerence between intrinsic
and nonintrinsic indistinguishability, and some implications towards quantum measurement theory
and the role of the observer were suggested.

PACS number(s): 42.65.Ky, 42.50.Dv

I. INTRODUCTION

The process of spontaneous parametric down-
conversion has been utilized in many experiments in re-
cent years [1—10]. As is well known, this process involves
the "conversion" of a pump photon of a given &equency
into two photons of lower frequencies, called the signal
and idler photons for historical reasons, such that energy
is conserved. Down-conversion has been paricularly use-
ful as a light source for tests of fundamental quantum
mechanics, because the signal and idler photons are pro-
duced as a highly correlated pair [1—10].

Despite the usefulness of this process, not much
is known about the spatial properties of the down-
converted light. The spatial distribution of down-
converted light is governed by the process of phase match-
ing, the assertion that the wave vectors of the down-
converted light added vectorially must equal the wave
vector of the pump light. This is equivalent to conser-
vation of momentum. However, as we shall see, this is
a weak condition, and the real situation is slightly more
complicated. There have been numerous treatments of
phase matching and the spatial distribution of classical
nonlinear optical processes, including the classical ana-
log of down-conversion, parametric amplification [11—13],
and at least one recent quantum mechanical treatment of
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down-conversion allows the possibility of a spatial analy-
sis [14]. The classical treatment, however, loses the pho-
ton correlation information that is crucial to the above-
mentioned nonclassical experiments, and the quantum
treatment above was limited to one dimension, the di-
rection of propagation, because of the complexity of the
calculation. There is yet another new quantum mechan-
ical approach by Koch et al. [15] which addresses the
transverse properties using quantum scattering theory,
but again does not treat the correlations.

In the first half of the paper this problem of the spa-
tial distribution of spontaneous down-conversion will be
examined in detail. The analysis will begin with the
quantum state for down-converted light in the interaction
picture derived by Wang et aL [16,17]. This formulation
contains information about phase matching conditions
and the spatial distribution of the down-conversion, but
to simplify calculations, %ang et al. treated an idealized
case in which the pump beam and the down-conversion
beams are perfectly collimated and aligned exactly at
phase-matching angles. These assumptions are not made
here, so that an angular spectrum of the down-conversion
may be calculated. The spectrum for one set of realis-
tic parameters is calculated numerically. The results are
then confirmed experimentally.

The second half of the paper addresses the efFect of
Rnite spatial extent on the process known as induced co-
herence without induced emission [17], in which coher-
ence is induced between the signal beams of two coher-
ently pumped down-converter crystals by carefully align-
ing the idler beams of the two down-converters to over-
lap exactly. The resulting coherence was interpreted as a
manifestation of the indistinguishability of the two sigDal
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paths when the corresponding idlers are made indistin-
guishable by the alignment [17]. Indeed, it was shown by
Mandel that the probability that two paths are indistin-
guishable is equal to the degree of coherence for two in-
terfering beams of light [18]. While the basic principle of
induced coherence without induced emission was demon-
strated experimentally by Zou et al. [6], the visibilities
measured in the experiment were signi6cantly less then
the theoretically predicted values. In addition there was
a significant discrepancy between the measured second-
and fourth-order visibilities that was not predicted by
theory.

This paper addresses the eHect of the transverse spa-
tial distribution of the down-conversion on the induced-
coherence process. It is conjectured that the spatial ex-
tent of the down-conversion beams causes the overlapping
idler beams to be partially distinguishable, even for per-
fect alignment. A nonrigorous calculation, based on the
quantum state of Wang et al. [17], supports this conjec-
ture, and experimental data are presented which, at least
qualitatively, provide support for this hypothesis.

II. SPATIAL PROPERTIES OF SPONTANEOUS
DOWN-CONVERSION

A. Theory

Before we describe any details of the down-conversion
process, it is perhaps helpful to have first an intuitive
feel for the sources of down-conversion divergence. First
as we shall see, phase matching conditions are not exact,
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FIG. 1. The experimental setup to produce spontaneous
parametric down-conversion. NLC denotes a nonlinear crys-
tal. IF; and IF, are 1 nm bandwidth interference 61ters cen-
tered at the down-conversion wavelengths. PDP is a PDP
11/23 computer.

since they are diHractive in nature. As the crystal length
decreases, the phase-matching conditions become more
relaxed. In addition even for perfect phase-matching, if
we are to detect a finite bandwidth of &equencies, each
has a corresponding wave vector with a slightly difFerent
direction of propagation. Finally if the pump beam is not
perfectly collimated, each wave vector in its spread has
a corresponding spread of down-conversion wave vectors
associated with it. Below it is shown how these ideas
may be introduced into the down-conversion theory.

An experimental setup to produce down-conversion is
shown in Fig. l. A pump beam of &equency ~~ and
wave vector kq is directed into an optically active crystal
with second-order nonlinear susceptibility y~ ~, produc-
ing down-conversion signal and idler beams s and i with
frequencies ~2 and u3 and wave vectors k2 and k3, re-
spectively. In Refs. [16,17] Wang et aL have found the
quantum state of spontaneous down-conversion in the in-
teraction picture to a first-order approximation to be

b~ 3/2

l&(t)) = Ivac). .'+ n» ).).).4(»»i~i) exp exp v( i)~») ] 3)'. (1)
~3

Here v(u) is the classical field amplitude of the pump, ti is the interaction time of the pump field with the crystal,
0 —4)2+&3 (4)] Fo is the position of the center of the crystal, g is a coefFicient containing the nonlinear susceptibility,
and P(», us, ui) represents the spectrum of the down-conversion. It is the function P that needs to be examined in
more detail.

The P(», », ui) function is defined in the reference as [16,17)

P((u2, », (ui)
—= M

3 / ) 1/2
t ur sin(k2 + ks —ki)~l /2

, (~ p) (k2+k3 —ki)~/2 (2)

where cu 0 is the center frequency of 6eld m, l is the
length of the interaction volume in the m direction, and
(k2 + k3 ki)~ is the mth component of k2 + k3 —ki.
M is a normalization constant such that

2mb~ ) ]P(ru2p + u), (esp —(r); (dip)
~

= 1.

If the down-converted beams are assumed to be colli-
mated with 6xed propagation directions, then the di-
rections of the wave vectors are constants and only the

magnitudes vary, thereby justifying a summation only
over frequency as in Eq. (1). This need not be the case,
however, in a realistic system, since diverging beams and
finite dimension pinholes define a range of possible direc-
tion within the accuracy of phase matching. It is there-
fore necessary to take into account variation in direction
as well as frequency.

The geometry of the down-conversion process may be
represented by Fig. 2. The center of the pump beam
propagation is considered to be the z axis, although if
it is divergent, it can be composed of a spread of wave
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The phase matching is considered to be type I, with the
pump Geld chosen to be the e wave, polarized in the y
direction, and the down-conversion 6elds as o waves, po-
larized approximately in the x direction.

The magnitude of the wave vectors is given by

&m&m &m
(4)

FIG. 2. A schematic representation of the geometry of
parametric down-conversion demonstrating phase matching.
The z axis of the laboratory coordinate system is as shown.
The x axis is in the plane of the page, and the y axis is per-
pendicular to the page.

vectors at small angles 8i about the z axis . The down-
conversion fields are considered to be confined in the z-z
plane at angles 82 and 83 to the z axis, and the optic axis
of the crystal is confined in the y-z plane at an angle y
to the z axis. The down-conversion pro61e could be ex-
tended to three dimensions in a straightforward manner,
but it is treated here in two dimensions for simplicity.

A~3 4)y

-X/2
cos p sin

(g)y A

where n, (ur) is the extraordinary index of refraction of
the crystal at frequency w.

Using the geometry shown in Fig. 2 along with Eq. (4),
Eq. (2) becomes

where n (u ) is the refractive index at frequency ur

The two down-conversion beams have indices n (ur2) and
n ((us), where n (~) is the ordinary index of refraction of
the crystal at frequency ~. Since the pump is an extraor-
dinary wave with its propagation at some angle y to the
optical axis of the crystal, its e8'ective index of refraction
takes the form [19]

~(ur2 tds'(uil82 8s'8i) = M sin[(d2A~(td2) cos(82) + (dsrl~((ds) cos(8s) —(di'il~s cos(8i)]l /2c
[(d27l, (ld2) cos(82) + (ds7l ((ds) cos(83) (4ljA 3 cos(8i)]/2c

sin[u2no(uz) sin(82) —usn (us) sin(8s) —tdin, s sin(8i)]l„/2c
X

[ur2n, ,((u2) sin(82) —ursn ((us) sin(8s) —(sin, s sin(8i)]/2c
(6)

8i is zero for a collimated pump laser. Rather than being normalized the condition on P in Eq. (3) now becomes

27rbtd ) ly(4/2p + ldl (dsp —
(dj (dipl8z, 83' 8i) l

= G(82, 83' 8i)1

where G(82, 8s, 8i) may now be considered as an angular spectrum for the down-conversion.
The detection process will be treated in more detail in a later section, but for now the results of previous calculations

in Ref. [17] will be quoted without proof. If we refer to the experiment pictured in Fig. 1, the intensity of either the
signal or idler beam, as given in terms of a counting rate for the respective photon-counting detector, is given by
[16,17]

B, = o., lql'(I),
R; = n, lgl (I),

(8)

(9)

where o., and a; are the quantum eKciencies of the signal and idler detectors, respectively, lql is the down-conversion
efficiency, and (I) is the average intensity of the classical pump field. To arrive at this result the normalization given
in Eq. (3) was utilized. If the angle-dependent spectral function in Eq. (6) is used instead of the original P function,
then Eqs. (8) and (9) become

+ (8 ) = ~ l'gl (I)2~ ).g (8~) ).] 4'(~ o + ~, ~ o —~; ~o l8, 0 (~ o + ~ ~ o —~; ~o ]8~);8~) l,
Hp laP

&.(8') = ~'lnl'(I)2~). g(8, ) ) 14(~.o+ ~, ~o —~, ~pie. (~,o+ ~, ~'p —~ ~pl8v) 8*"8~)12,

(1O)

where cu, o is the center frequency of the signal beam, ~;0 is the center frequency of the idler beam, and uo is the pump
frequency, assumed to be approximately monochromatic. 0& is the angle that the pump wave vector makes with the
z axis, and g(8~) is the angular distribution of the pump beam. g(8~) is a b function for a collimated beam but is a
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Gaussian for a real laser. 0;(w„uJ '(do]8&) is the value of the idler angle that satisfies the phase-matching condition
exactly for a given pump angle, and signal, idler, and pump frequencies, and is given by

nes~o + na(~')~' na(~~)~s0;(tu„u;; cuol~pj = cos
2n~sn~((de) (do(di

(12)

Similarly O, (u„u;; no~8&) is given by

n, s(uo + n2(ur, )~, —n (~;)~2
08 (4J& &

(d&
& 4)0(g&) = cos P 0

2nes no (~s )(uo (us

This optimal value is used since the status of the undetected 6eld is irrelevant for single-channel detection.
The situation is diH'erent for detection of coincidences between signal and idler detectors. The coincidence counting

rate calculated in Refs. [16,17] is very similar to the single-channel counting rate

R, ; = n, n;igi (I). (14)

For unity quantum efBciency the coincidence rate is identical to the single-channel rates, evidence that signal and
idler photons are always produced in coincidence.

If the angle-dependent spectrum of Eq. (6) is used, the coincidence counting rate is now given by

R, ;(8„8;)= n, n;~g~ (I) ) g(8„) x ) ) P'(~, o+(u', ur;o —ur';uro~8„8;;8~)g((u, o+(u, (u;o —(u;ur
o~

8„8;; 8). (15)

Now the detection of the signal infIuences the angular
distribution of the idler and vice versa. This will lead to
interesting effects in the induced-coherence experiment
that will be discussed later.

B. Numerical calculations and experimental results

f, (~) = exp
02

20

From Eqs. (10) and (15), some spatial distributions
may now be calculated for realistic parameters that cor-
respond to the actual experimental setup, and these will
be tested experimentally. The system considered is a
lithium iodate (LiIOs) second-order nonlinear crystal of
dimensions 1 cmx1 cmx2. 5 cm. The crystal is pumped
by an approximately monochromatic ultraviolet (UV) ar-
gon ion laser with a wavelength of 351 nm. The opti-
cal axis makes a phase-matching angle of approximately
50.1' with the polarization axis of the pump laser, which
is along the z axis of the laboratory coordinates. The
idler beam has a center frequency of 633 nm and the sig-
nal beam a center frequency of 789 nm, both with a 1
nm bandwidth, defined by two similar interference 6lters
with Gaussian spectra,

The length I, is defined as the crystal length of 25.4 mm,
and I is defined by the pump beam 1/e2 half-width,
which is approximately 0.9 mm. The indices of re&action
were calculated using the Sellmeier formula for LiIOs [20]

2.401 09 A2
n —1=

A2 —0.021 865 '

1.91359 A
n 1

A2 —0.01940
(i6)

where A is the wavelength given in pm. n, 3 is then given

by Eq. (5).
The first calculation is for the case of single-channel

detection of the idler beam with an ideal collimated

pump beam, so all divergence is due to phase-matching
weakness and detection bandwidth. For each value of
idler angle 8;, the spectral function P(a o + u, a'o—
~;~o~e, (~,o+(u, ~;o —u;no~8&), 8;; 8&) is evaluated wi. h

8„= 0. P is squared, and the result is summed over

the full range of u, with each term weighted by the filter
functions f, (m, o + u) and f;(ur;o —ur). The results are
shown in Fig. 3. As can be seen, the angular spectrum
is narrow, corresponding to a beam divergence of about
0.079 + 0.002 mrad.

Next the problem is expanded to include pump beam
divergence. The same procedure is performed as above,
except that there is an additional sum over pump angles

0„,where each term is weighted by the angular spectrum
of the pump beam,

where u, o, cu;o, cr, and 0, are the signal and idler
center &equencies and the corresponding signal and idler
standard deviation bandwidths.

The calculations were performed by evaluating the
spectral function of Eq. (6), with the arguments P(u, o+
m, u;o —tu;uo~8„8;;8~), over a frequency range of four
standard deviations of the interference 6lter spectrum.

g~(8„) = exp

where b, 8& —0.3 mrad is the 1/e2 divergence angle of
the pump beam. The results are shown in Fig. 4. Fig-
ure 4(a) is the direct calculation. As can be seen, there is
now a good deal of structure. This structure, while inter-
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FIG. 3. A numerical calculation of the idler angular spec-
trum for a single-channel measurement in the case where the
pump beam is perfectly collimated. The open circles are the
computed data values, and the solid curve is a least squares
6t to a Gaussian.

esting, was not investigated further. It is believed to be
associated with interference between different off-phase-
matching modes that, while very small by themselves,
are made more prominent when a divergent pump brings
them closer to phase matching. In practice the detec-
tor resolution is not fine enough to observe this struc-
ture. The finite detection resolution may be simulated
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FIG. 4. (a) A numerical calculation of the idler angular
spectrum for a single-channel measurement in the case where
the pump beam is divergent with a Gaussian pro61e. (b) The
results from (a) smoothed to account for realistic detection
resolution. The solid line in (b) is a Gaussian least squares
fit, while the solid line in (a) is simply connecting points to
excentuate the structure.

by combining a number of neighboring data points to
correspond to a more realistic resolution. Figure 4(b) is
obtained by grouping every five data points, correspond-
ing to a detector resulution of about 0.6 mrad, or equiv-
alent to a 600 pm aperture at a distance of 1 m. The
limited resolution lends to a smoothing of the structure,
producing approximately a Gaussian distribution with a
1/e2 width of 0.636 0.01 mrad. As can be seen from this
result, the divergence is highly dependent on the diver-
gence of the pump beam, enough so as to indicate that
the pump divergence is the dominant influence on the
down-conversion angular distribution.

Measurements were made to confirm these calcula-
tions. The setup is the same as that shown in Fig. 1 ~

The actual experimental parameters are similar to those
used in the calculation. The crystal, the interference fil-

ters defining the down-conversion beams' spectra, and
the pump beam are as in the calculations. The phase-
matching angle between the optic axis and the pump po-
larization is not known exactly; it is adjusted so as to
give the best count rate for a given detector position at
approximately the expected idler angle, but is in a range
between 49.0 and 51.0'.

The measurements are made by placing a photo-
multiplier tube (PMT), with active aperture much larger
than the width of the down-conversion beam, centered on
the idler beam at a known distance from the crystal. A
pinhole of known diameter is placed in kont of the PMT.
First, a rough scan is made in the horizontal direction to
find the approximate center of the beam. The pinhole
is then scanned in steps equal to its diameter, with the
count rate of the PMT recorded at each pinhole posi-
tion, across the vertical extent of the beam. The pinhole
is then fixed in the vertical direction at the position that
gave the highest count rate, and the scan is repeated in
the horizontal direction. The PMT and pinhole are then
moved to another distance kom the crystal, and the scan-
ning procedure is repeated for several distances from the
crystal.

The experimental data are shown in Fig. 5. The results
of a sample scan are shown in Fig. 5(a) for a distance
of 104 cm from the center of the crystal with a 600 pm
pinhole. The smooth curve is a leasts squares fit to a
Gaussian of half-width 1.53+0.03 mm. Figure 5(b) shows
the 1/e half-widths of three such scans as a function of
distance &om the center of the crystal. The solid line
is a linear least squares fit with a 1/e2 half-width at the
center of the crystal of 0.91+0.04 mm and a divergence of
0.61+0.04 mrad. These values agree well with 0.63+0.01
mrad extracted &om the calculations.

The data kom the vertical scan at 104 cm kom the
crystal center are presented in Fig. 6. The results are
quite different form those for the horizontal direction but
may be understood phenomenologically with the aid of
Fig. 7. If the plane of the down-conversion is rotated
through 2m about the z axis, the result is approximately
a uniform ring of light for each color. A horizontal cross
section through the center of the ring produces a band
the width of the ring. However, this is approximately the
tangent point of the ring, so a cross section in the vertical
direction produces a very large band depending on the
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FIG. 7. A diagram demonstrating the cause of the elon-
gation of the down-conversion in the vertical direction. The
down-conversion is emitted as a cone for a particular wave-
length, so a vertical scan sweeps out a large tangential portion
of this cone.
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FIG. 5. An experimental single-channel measurement of
the idler beam profile. (a) A sample horizontal scan mea-
sured approximately 104 cm from the center of the crystal.
The solid curve is a Gaussian least squares fit. (b) The 1/e
half-width as a function of distance from the crystal for eval-

uating divergence angle in the horizontal direction. The solid
line is a linear regression.

width the ring and the width of the pinhole. Hence, the
down-converted beam appears to have an oblong shape
with the vertical dimension being much larger than the
horizontal.

The problem of coincidence counting is somewhat more
complicated. From the point of view of performing calcu-
lations, the process is identical to that for single-channel
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FIG. 6. A sample experimental single-channel vertical scan
measured approximately 104 cm from the center of the crys-
tal. The solid curve is a least squares 6t to a rounded top-hat
pro6le.

measurements described above, except that now there is
an independent &equency summation over each spectral
function in the product, and both idler and signal an-
gles are left to vary independently, as in Eq. (15). For
each combination of 8; and 8„ two spectral functions,
P((d p + (d, td 'p —ld; idp

~
8, 8",8&) alld P(ld p + (d, (d 'p

u'; ado~8„8;; 8„),are evaluated independently, and their
product is summed over all values of ~ and ~'. In the
first calculation 8„= 0, corresponding to a collimated
pi~mp, and all other parameters are the same as the
single-channel calculations.

The results are showa ia Fig. 8. Figure 8(a) is the aa-
gular spectrum as a fuaction of both the signal and idler
angles. As can be seen, the result is a very narrow peak
at the two aagles that satisfy the phase-matching con-
ditions exactly. The measured angular spectrum of the
idler beam in a coincidence measurement is determined
by the geometry of the signal detection. If two pinholes
are placed at fixed positions in the signal beam, as shown
in Fig. 1, a detection direction and solid angle is defined.
This is equivalent to averaging over a certain range of
the signal angle in Fig. 8(a). If the signal pinholes define
an angle in the horizontal direction of 1 mrad, centered
on the optimum signal angle, the measured idler profile
is given in Fig. 8(b). The result is very similar to that
for the single-channel profile, with a peak centered at the
same angle, but it is slightly broader with a 1/e2 width
of 0.22 6 0.01 mrad. This indicates that the coincidence
profile is equivalent to the single-channel profile if the
signal detector aperture is larger than the single-channel
extent of the signal beam.

If we now include pump beam divergence as before
by summing over the angular distribution of the pump,
we obtain a much broader peak as shown in Fig. 9(a).
Averaging over the signal aperture, as above, gives the
efFective idler profile shown as open circles in Fig. 9(b).
The solid line is a least squares fit of a Gaussian with a
1/ez half-width of 0.643 + 0.001 mrad. Note that this is
very close to the natural divergence of 0.63 6 0.01 mrad
for singles counts. This is reasonable since the pinhole
solid angle is larger than the singles divergence spread.
Therefore the singles profile, and not the fixed aperature,
is the limiting dimension.

The dashed curve with solid circles in Fig. 9(b) corre-
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FIG. 10. An experimental coincidence measurement of the
conjugate idler beam profile. (a) A sample horizontal scan
measured approximately 104 cm from the center of the crys-
tal. The solid curve is a Gaussian least squares fit. (b) The
1/e half-width as a function of distance from the crystal for
evaluating divergence angle in the horizontal direction. The
solid line is a linear regression.

FIG. 11. An experimental coincidence measurement of the
conjugate idler beam profile. (a) A sample vertical scan mea-
sured approximately 104 cm from the center of the crystal.
The solid curve is a Gaussian least squares fit. (b) The 1/e
half-width as a function of distance from the crystal for eval-

uating divergence angle in the vertical direction. The solid
line is a linear regression.

photons, coincidences are only detected over the corre-
sponding region of the idler beam. Hence the signal pin-
holes define the conjugate idler beam profile when they
are smaller than the extent of the down-conversion. This
nonlocal feature will be important in the forthcoming dis-
cussion of induced-coherence without induced emission.

III. INDUCED COHERENCE WITHOUT
INDUCED EMISSION

A. Theory

With some basic knowledge of the spatial proper-
ties of light produced by spontaneous parametric down-

conversion, it is possible to examine the efFect these prop-
erties have on the process of induced emission. It is fnst
necessary to review the induced-coherence experiment.

Induced coherence without induced emission was ob-
served by Zou et al. [6]. The experimental setup is shown
in Fig. 12(a). Two second-order nonlinear crystals, as de-

scribed above, are pumped coherently by the same UV
laser source. The signal beams are superimposed at a
beam-splitter BSp to form. an interferometer. One does
not expect any interference between the two fields since
they are products of two independent spontaneous emis-
sion processes. However, when the the idler beam &om
crystal 1 is carefully aligned with the idler beam &om
crystal 2 through crystal 2, as shown in Fig. 12(a), then
interference is observed between the two signal beams at
BSp.

This result was analyzed theoretically by Wang et al.
[17]. In this analysis it is noted that there is no physical
interaction between the two crystals as witnessed by the
fact that the average count rate of signal 2 is independent
of whether or not the idler 1 connecting beam is blocked.
Wang et al. [17] interpreted the interference as strictly
due to indistinguishability of the signal paths caused by
the conjugate idler photons being made indistinguishable
when the beams are aligned. They derived an expression
for the visibility measured by a single detector D, [17],
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NL1

NL2
V2 D,

FIG. 12. (a) The experimental setup to produce induced
coherence without induced emission. (b) The same experi-
mental setup but with divergence of the 6elds greatly exag-
gerated to demonstrate the problem of spatial overlap.

Here (Ii) and (I2) are the average pump beam intensi-
ties at crystal 1 and crystal 2, Irli

I

and Iil21 are down-

conversion efficiencies, pi(z
) (v) is the cross-correlation

function of the pump beams at the crystals, p(v) is the
Fourier transform of the P function given in Eq. (2) and
can be thought of as the correlation function of the down-
conversion, and 7 is the amplitude of the transmissivity
of a beam-splitter, or in practice a neutral-density filter,
placed in the idler 1 connection path. This beam-splitter
has reffectivity amplitude B, such that 171 + IRI = 1.
7y, 72, and 7p are optical propagation times from crystal
1 to BSO, crystal 2 to BSO, and crystal 1 to crystal 2,
respectively.

The variation of the visibility with transmissivity 7 is
another indication of the importance of indistinguisha-

bility in this process. As the transmissivity is decreased,
it is more likely that a photon in the idler path after the
second crystal originated in the second crystal, increasing
the distinguishability of signal paths and decreasing the
visibility. Another experiment was performed by Zou et
al. [21] in which the visibility was controlled by placing
various time delays in the idler path. This was inter-
preted in their analysis as varying the distinguishability
of photon wave packets in the temporal domain. Simi-
larly it is possible to consider variations in distinguisha-
bility in the spatial domain, which will be the main em-
phasis in the rest of the paper.

While the results of Zou et at. [6] clearly demonstrate
the principle of induced coherence without induced emis-
sion in the original experiment and in all subsequent ex-
periments utilizing the same process [21—25], the maxi-
mum visibility of the intensity modulation is less than
50%%uo, compared to a theoretical maximum visibility of
100%%uo when all intensities and path lengths are balanced.
Furthermore, theory predicts that if 7 = 1, the visibili-
ties of intensity modulation and coincidence modulation
should be equal [17],but this is also not the case in prac-
tice [6].

Figure 12(b) illustrates a possible cause for this dis-
crepancy. Figure 12(b) is identical to Fig. 12(a) except
that the down-conversion beams are represented as hav-
ing a finite transverse spatial dimension and divergence
as discussed above. It is then apparent that even with
perfectly collinear idler beams, there are some regions
where it is, in principle, possible to determine if a photon
originates &om crystal 1 or crystal 2, so there is expected
to be a corresponding decrease in the visibility.

While an exact treatment of the spatial properties of
the induced-coherence process is very complicated, it is
possible to perform an approximate treatment based on
the analysis of Wang et al [17]. The . original quantum
state describing the induced-coherence system is basi-
cally the sum of two single-crystal states given in Eq.
(1), except that the idler 2 amplitude is replaced with a
superposition of idler 1 with vacuum [17],

10(&)) = Ivac). i,.2„,o+ ni, „,):):)4(~i, ~i,.») „',' """"'"ni(»)l~i).ilvac). 21~i)'lvac)o
I II 1
1 1

) ) ) y(~' ~".~ )
' ~ i~ e & (t & /2)e (—&'+i" —&&) &p (—~ )'lvac) I~ )

I II
kg GLIB

XP 1~2)'lvac)o+ & Ivac)'1~2)ol . (18)

It must be noted that in the derivation of this equation, the one-photon Fock states Iu)I are originally dependent not

just on frequency but rather on wave vector and polarization. The transformation to frequency is made by assuming
fixed directions and polarizations, so the wave vector is then solely dependent on frequency.

To retain information about divergence of the fields, one can proceed in a manner similar to that above for a single

crystal. If the wave vectors are decomposed in two dimensions, k~. = kI. sin(0~)x+ k~ cos(OI)z, where k~ = nI. (w~)~I/c,
the sum over wave vectors may be replaced with a double sum over frequency and angle.

Applying this decomposition modifies Eq. (18) to give
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Here the P functions of Eq. (18) are replaced with the angle-dependent P functions given in Eq. (6), and the Fock
states are made dependent upon angle as well as frequency, with different angular modes orthogonal,

First the single-channel counting rate at detector D, will be evaluated. To include the effect of angular spread, the
Geld operator can be written as

).):gI( i) I( I I)e ' "
gj

(20)

where gI(8) is the angular acceptance spectrum of the detector for the field j. Assuming BSo is 50%-50% and
symmetric, the field at detector D, is then given by

E,+ (r, t) = [E,i (r, t —ri) + iE,2 (r, t —rz)].
2

The signal photon count rate is calculated from

R, = o., (1']E~ (r, t)E~+l(r, t)ly), (22)

where o., is the quantum efficiency of the signal detector D, When th.e field given in Eq. (21) is used with the state
vector of Eq. (19) in the expression for counting rate, Eq. (22), after some algebra there appear terms like

(~~) ) ).).).) ).).).g:i(8i)g'(8.)4i(~0-~ ~ ~ol8i 8 8i)4"(~s-~ ~ ~0]8.*8 8.)
~l ~2 ~ ~ 81 g ~2 81 2

—$4P2 (C—T2) CtaI1 (4—T1 ) $47(T2+TP —T1 ) + f D 4 l D (23)

The pump field amplitude is factorized as vI(ur, 8) = vI(ur)g~I. (8), where vI(ur) is the amplitude of the u Fourier
component of pump field j, and g&I. (8) is the angular spectrum of pump beam j. Also we assume that the P function
may be factorized as

QI(~0 —~, ur;~ol8', 8;8I) = p(uo —ur, ~;~o)fI(8I, 8;8I),

where P(uo —u, ur; us) is the original spectral function of the down-conversion given in Eq. (2), and fz(8, 8; 8I) is
an angular spectral function representing the phase matching of crystal j. This assumption is the weakest part of
the calculation, since this factorization is not obviously true in all situations, and much care must be given to the
interpretation of the resulting f function.

If such factorizations are valid, the resulting count rate is then very similar to that obtained by Wang et al. [17],

R. = —'
[[nil'(ii)&» + ]921'(12)&»+i91~2~»(ri —~2)~(~2+ « —ri) v'(ii)(12)&»e ' ""'""' + c.c.] (24)

where

g,, —= ) ) ) g.', (8,')g„'(8,)f, (8,
'
, 8;8;). .

8 8; e'.
).).g'(8,')g (8)f'(8,' 8 8 ) . (25)

This function represents the geometric collection efficiency of the detector and also, when i g j, the degree of
idler beam overlap. This inay be understood by examining the funtion f~(8, 8;8~). This function describes the
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distribution of signal and idler angles for a given pump beam angular distribution, as discussed above. By summing
over the signal and pump angles with weightings defined by experimental parameters, we find that there is now a
well-defined conjugate idler distribution as well. When i g j, summing over the idler angle makes the magnitude of
g;~ proportional to the degree of overlap.

The count rate above results in a second-order visibility of

&(» 2I~,~2I g(1,) (I,) l»2(» —~2) ll~(~2 + T. —») II&» I

(1,)g» + I~21 (12)g22
(26)

If all intensities and conversion efficiencies are equal, lg1I = ll)2I and (I1) = (I2), and there are no losses in the idler
connection, I7 I

= 1, then

~(2)
411 + 022

If the collection eSciencies are identical for each detector, and the idlers overlap exactly at all points after crystal 2,
then f11 ——$22 ——$12, and the visibility achieves a maximum value of unity. It is, in principle, possible to balance the
collection eKciencies, or at least to compensate by adjusting the respective pump beam intensity. However, except
for the ideal case of perfectly collimated idler beams, the overlap will never be exact, and the second-order visibility
will never be unity.

It is a fairly straightforward extension to repeat this calculation for the case of the coincidence counting rate between
the signal detector D, and a similar detector in the idler beam D;. The coincidence counting rate is given by

T, /2

R, , = dna, n;(QIE( )(r, t)E, (r, t+w)E, (r, t +r)E,(+)(r, t) gl),
—T, I2

where the field operators have the same form as given in Eq. (20), n, is the quantum effieciency of detector D;, and
T, is the coincidence counting time.

Evaluation of this expression with the quantum state given in Eq. (19) gives the following result:

'
[ll)1I (11)011I7I

+ ll72I (12)022+ irI11)2»2(» —&2)p(&2+ &o —»)g(11)(12)012e ' "'+ ' ' + c c ],

(27)

where Q;~ is similar to the function Q;~ given in Eq. (25), except that now the two idler angles are summed indepen-
dently, weighted by the respective idler detector acceptance angle distributions,

Plan — ).).).Qll ( l )g.l( l)gpl( l)fl ( l~ l i l)

This function may again be interpreted as a measure of the collection efficiency and of the idler overlap, but now the
idler overlap is due to the overlap of the idependent idler angular spectrum of each crystal with the detector aperture
acceptance angle.

The fourth-order visibility is then

y 4(4) 2ll), r12I g(1,) (I2) l»2 (» —») II y(72 + 7- —») II&» I

I»l'(11)&»l&l' + ln212(12)&22
(29)

If again all intensities and conversion efficiencies are bal-
anced, and the idler connection transmissivity is unity,
the visibility is

(4)

011 + ~22

To satisfy the condition that g11 ——g22 ——g12, and there-
fore to achieve unity visibility, the collection efficiencies

must again be the same for all four beams, but now the
two idler beams need only overlap within the idler detec-
tor aperture. In other words, for the case of fourth-order
interference, the idler photons need not be intrinsically
indistinguishable, but only indistinguishable within the
accuracy of detection, whereas for second-order interfer-
ence the idler beams must be intrinsically indistinguish-
able. This conclusion is qualitatively consistent with the
results of Zou et al. [6j.
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B. Experimental results
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It is possible to test the foregoing theoretical conclu-
sions by producing induced coherence and measuring the
second- and fourth-order visibilities and then measuring
the angular spectra of the idler conjugates for each crys-
tal. The overlap functions Qq2 and Qq2 may be evaluated
&om the conjugate idler angular spectra, and the func-
tions gqqI g22, gqqI and @22 may be evaluated approxi-
mately just from the geometry of the setup.

The experimental setup is shown in Fig. 12. Two 1.0
mm diameter pinholes are placed in the signal beam at
distances 30 cm and 90 cm after the beam-splitter BSo,
and then define the signal detection acceptance profile.
A single 3 mm diameter pinhole is placed in &ont of the
idler detector at a distance of approximately 75 cm &om
the center of the second crystal. The idler 1 connec-
tion and the interferometer are aligned to give the best
possible visibility, measured by translating beam-splitter
BSo through small distances with a piezo transducer and
recording the count rates of the signal detector D, and
the coincidence counter between detectors D, and D;.
The results of the visibility measurements are shown in

Fig. 13, with Fig. 13(a) corresponding to second-order in-

terference and Fig. 13(b) to fourth-order interference. A
sinusoidal modulation is fit to each set of data by a least
squares fitting routine, giving visibilities of 0.4960.03 for
second-order interference and 0.76 +0.07 for fourth-order
interference.

The conjugate idler beam profiles were measured by
replacing the 3 mm pinhole in front of the idler detec-
tor, with the 600 pm used for the profile measurements
above. The pinhole was scanned in both the horizontal
and vertical directions while recording the coincidence
count rate. Then the detector and pinhole were moved
to various distances from the second crystal, and the pro-
cedure was repeated. The results of a sample scan at a
distance of 75 cm from the center of crystal 2 are shown
in Fig. 14. Figure 14(a) gives the horizontal scan, and
Fig. 14(b) the vertical scan. In both figures the solid
circles with the dashed line are data taken from crystal
1, and the open circles with the solid line are data from
crystal 2.

In principle, angular spectra for each crystal can be
extracted &om these data and the geometrical factors
Q;~ may be evaluated. However, in practice this is not
possible, due to the oversimplification of the theoretical
model, which relies only on angular distributions. There
is also an experimental problem.

Using only angular spectra in the theoretical calula-
tion implies that the two pairs of beams have a common
origin. The theory can handle longitudinal separations
of the origins by appropriate modification of the aperture
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FIG. 13. Experimental visibility measurements showing
counting rates as a function of the position of beam-splitter
BSII controlled by a piezoelectric translator (a) Sin. -
gle-channel measurement showing counting rate of detector
D, (b) Coinciden. ce measurement showing coincidence count-
ing rate between detectors D, and D;. The solid curves in
each are least squares fits to an offset sine function. The am-
plitude and visibility were left as &ee parameters, while the
period was fixed. The phase was fit as free parameter for the
single-channel data but was then fixed to that value for the
coincidence data.
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FIG. 14. Sample coincidence scans of conjugate idler beams
in (a) the horizontal direction and (b) the vertical direction,
showing overlap. The solid curves with open circles are for
crystal 2 idler and the dashed curves with solid circles are for
crystal 1 idler. The curves are Gaussian least squares fits.
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acceptance angles. But lateral shifts of origin, resulting
from misalignment, cannot be treated within the &ame-
work of the current model.

The experimental limitation involves the alignment of
pinholes defining the signal beams. If these pinholes are
not carefully centered on the down-conversion, the re-

sulting conjugate idler profile may be diminished, as was

demonstrated in the numerical calculations of the sec-

tion above [see the dashed curve of Fig. 9(b)]. If there
is an additional misalignment, so that the pinholes are
shifted as well as being at a wrong angle, this eH'ect be-
comes worse as measurements are made farther &om the
crystal, as depicted in Fig. 15. Thus, the measured idler
coincidence profile appears to diverge and then converge

again, making it impossible to extract an angular spec-
trum.

Despite the breakdown of the theoretical model, it is

possible to make some rough numerical estimates of the
idler overlap by extrapolating the idler beam profiles back
to the center of crystal 2 and calculating a percentage
overlap of areas. The profile data gives idler 1 a larger
cross section but a smaller divergence angle at crystal
2 than for idler 2. The extrapolated areas of the idler 1
and 2 beams at the center of crystal 2 are 6.5 mm and 4.2
mm, respectively, giving a relative overlap of 45%. If this
is interpreted as the degree of indistinguishability, giving
a rough estimate of visibility, this compares reasonably
well with the measured visibility of 49%.

The above analysis also provides a qualitative expla-
nation for the discrepancy between second- and fourth-
order visibility, even though a quantative comparison
cannot be achieved mithout obtaining a good angular
spectrum for the idler coincidence. The functions g;~ de-

fined in Eq. (28) are based upon idependent summations
of each idler coincidence spectrum multiplied by the ac-
ceptance spectrum of the detector. In the experiment the
aperture of the idler detector was about 3 mm, compared
to the 1/e full width of the idler beams at the position
of the detector of about 3.2 mm. Therfore a majority of

FIG. 15. Diagram illustrating how misalignment of signal
pinholes may clip the conjugate idler as measurements are
taken farther from the crystal, causing the conjugate idler to
appear to diverge until a certain distance and then converge
after that point. The solid lines represent the extent of the
down-conversion beams, the dashed lines represent the beam
de6ned by the pinholes and the corresponding conjugate idler

path, and the shaded region is the conjugate idler actually
detected.

the two beams was collected, resulting in higher visibility
than for the second order.

Since measurement of the idlers is made, the two idler
photons need only be indistinguishable to within the res-
olution of the detector, as opposed to being intrinsically
indistinguishable as for second-order interference. An
extreme case of this situation has already been demon-
strated in a previous experiment that also utilized two
down-converters, but where the idler beams only over-

lapped at a beam splitter and nowhere else [3]. In this
case no second-order interference was observed, but there
was fourth-order interference.

IV. SUMMARY AND CONCLUSIONS

A theoretical model to describe the spatial properties
of spontaneous parametric down-conversion has been de-
rived. Numerical calculations of beam profiles for both
single-channel and coincidence measurements based upon
this model gave results in good agreement with measure-
ments. It was found that, for these working parame-
ters, the divergence of the pump beam has a greater in-

Buence on the spatial properties of the down-conversion
than the effects of frequency selection and phase match-
ing. Also, the strong nonlocal correlation between sig-
nal and idler was demonstrated in the numerical calcu-
lations by showing what eKect moving pinholes in the
signal beam has on the coincidence profile of the idler
beam and was shown experimentally by the clipping of
the vertical single-channel distribution.

This three-dimensional model was then applied to the
phenomenon of induced coherence without induced emis-
sion. This model predicts that visibility is reduced by
spatial nonoverlap resulting &om the divergence proper-
ties of the down-conversion, even for perfect alignments.
It also predicts that it may be easier to achieve higher vis-

ibility in fourth-order interference than in second order,
While the experimental results did not provide precise
confirmation of the theory, they were consistent with the
spirit of the theory.

The results of this experiment suggest ways in. which
the visibility of the induced coherence may be improved.
For fourth-order measurements the visibility can in prin-
ciple be increased to near 100% simply be enlarging the
detector aperture. Of course there are practical limita-
tions to improved visibility, since a larger aperture also
increases background light which decreases visibility.

For second-order measurements improvement depends
on ways of matching the spatial profiles of the two down-
conversions. For the layout shown in Fig. 12, idler 1 is
always less divergent and wider at crystal 2 than idler 2,
because of the requirement for balancing the path length
of signal 1 against the combined path lengths of signal 2

and the idler 1 connection, i.e., 7y —T2 —70 (( TD~. One
obvious way to make the two signal paths of the same
length, and therefore achieve similar beam divergence,
mould be to make the coherence length longer than the
idler 1 connection length. But this is not practical, as
it would reduce the counting rate below the level of de-
tectablility. Another possibility would be to place an
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aperture in the signal 1 arm of the interferometer to de-
6ne the same divergence angle for signal 1 as for signal
2, and to place an aperture in the pump beam 1 so that
the size of the two idlers is the same at the center of
crystal 2. This would be a diKcult procedure and would
require careful balancing of the pump intensities to allow
for loss of down-conversion &om crystal 1 at the aper-
tures. Perhaps the most practical, but also least effective,
way to improve second-order visibility is simply to make
the idler 1 connection as short as possible. This limits
the difference between the signal path lengths, and hence
the difference in divergences, and also minimizes the size
difference of the two idlers at the center of crystal 2.

Finally the prediction and explaination of the discrep-
ancy between fourth- and second-order visibilities, em-
phasizes the distinction between intrinsic and nonintrin-
sic indistinguishability and the role that distinciton plays
in quantum interference. When an observer actively
makes a measurement in an attempt to distinguish pos-
sible paths, such as the idler measurement in the case of
coincidence measurement, the possible paths need only

be indistinguishable within the resolution of the detec-
tion system. On the contrary when no auxiliary observa-
tion is made, whether or not any interference is observed
then depends solely upon intrinsic indistinguishability.
The latter case seems to imply that there is some type of
collapse of the quant»m state independent of any obser-
vations.
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