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Dissipative optical solitons
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It is found that dissipative types of stable soliton structures can exist in nonlinear optical media with

broadband gain and group-velocity dispersion (GVD). These structures resemble ionization or combus-

tion waves and are essentially self-accelerating pulses with a stationary-envelope form and a permanently

shifting wave spectrum. Contrary to the conservative solitons, the dissipative ones exist for any sign of
GVD. Being an attractor in the development of arbitrary initial distributions, the dissipative structures
cause the fundamental Schrodinger solitons to disappear in the course of evolution in weakly nonconser-

vative systems.

PACS number(s): 42.50.Rh, 42.81.Dp, 42.65.Re

Recent progress in developing ultrashort-laser tech-
niques attracts the interest of studying interaction be-
tween powerful optical pulses and broadband active
media. This problem is of particular importance for the
dynatnics of femtosecond laser generators [1], amplifiers
of supershort pulses [2], and nonlinear active optical
fibers [3]. A common theoretical aspect in these applica-
tions is the long-term evolution of wave packets in disper-
sive active media that exhibits simultaneously both con-
servative and dissipative nonlinearities. It is we11 known
that the propagation of wave pulses in a lossless and
dispersive dielectric medium with its self-action incor-
porated is described by the nonlinear Schrodinger (NLS)
equation, which normally includes the conservative cubic
nonlinearity of the refractive index. The interplay be-
tween nonlinearity and group-velocity dispersion (GVD)
then may lead to soliton generation [4] or quasishock-
wave formation [5]. On the other hand, in two-level opti-
cal media solitons of induced transparency can be formed
due to the nonconservative character of the resonant
light-matter interaction [6]. Specific nonconservative
mechanisms of soliton generation, caused by a delicate
balance between saturable absorption and amplification
and/or transverse phase modulation and gain inhomo-

geneity, play an important role in the passively mode-
locked short-pulse laser operation [1,7,8].

The purpose of the present paper is to show that the
long-term evolution of a wave pulse propagating in a
nonlinear two-level optical medium containing broad-
band gain elements results in the formation of new types
of single soliton structures (named here dissipative opti-
cal soliton). These solitons are generated due to a bal-
ance between the GVD and the gain nonlinearity (dissi-
pative nonlinearity) and are of particular interest of opti-
cal systems where the possibility exists to amplify and

generate ultrashort-laser pulses so that the wave disper-
sion becomes the main limiting factor.

Our considerations are based on the Maxwell-Bloch
equations describing the interaction of an intense elec-
tromagnetic radiation with a nonlinear dispersive medi-
um containing two-level atoms [9,10],
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Here, Eq. (1) describes propagation of a wave pulse with
the slowly varying complex amplitude E and the carrier
frequency mp in a nonlinear dispersive medium. The
derivation of the Schrodinger-type equation, Eq. (1),
from the fu11-wave equation is based on the standard pro-
cedure of slowly varying amplitudes and considering only
dispersion effects to the second order. The notations are
as follows: z is the distance of propagation in the medi-
um (or the wave-pulse round trip in a laser cavity),
t = t' —z /v, is the time in a frame of reference moving at
the group velocity v, (coo), ko=k(coo) is the wave num-

ber at the carrier frequency, ko' ——(B klBco2) accounts

for the group velocity dispersion, n2 is the nonlinear Kerr
coefficient, and n is the linear damping rate of the medi-
um. The dynamics of the complex nonlinear polarization
amplitude P,- associated with active ions is described by
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where go=(d rzNptoo)/(Rc epkp) is the coefficient of
linear amplification and W, =(R c ko)/(Sod

copra')

is the
saturation energy. Note that Eq. (4) is valid for W « W„
where W (k=pc /Sntop) f +"IEI dt is the energy of the

wave pulse.
Introducing now normalized variables according to
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the two-level approximation with the help of Eqs. (2) and
(3). Here, No is the density of the inverse population
created by pumping in the absence of the amplified wave
pulse, N is the inverse population density in the presence
of the wave pulse, d is the dipole moment of the resonant
transition, and co,2 is the resonant frequency. The time ~2

is the transverse relaxation time associated with the
amplification bandwidth (r2= I/ac b,v, ), and the longitu-
dinal relaxation time 7

~
determines the relaxation of the

excited level.
Here, we consider the propagation of wave pulses with

a duration 'Tp satisfying ~2 &&~p && 7
&

Assuming also
that hco=O, where hco=cop —

cu&2 is the detuning of the
carrier frequency from the resonance one, as well as that
(d r2/Ii) f' IEI dt'«1, the equation system (1)—(3)

can be reduced to the following evolution equation for
the pulse-field amplitude, cf. [11]:
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The right-hand side of Eq. (10) shows that at the leading
front of the pulse, where U(z, r) = f ' „IA (z, r')I dr' & 1,
the energy Bows from the medium to the pulse. On the
other hand, at the trailing front of the pulse, where
U &1, dissipation of pulse energy takes place. Conse-
quently, in order to maintain a fixed pulse structure

I
A (r)l, an energy flux through the pulse is required.

This can be achieved by means of the frequency modula-
tion, Q(r), since according to Eq. (10) the rate at which a
certain part of the pulse is shifting along the ~ axis is

V, = —25Q. Similar dissipative stationary-wave pulses
with a symmetrical distribution of IA(r)l and Q(r)
=Qo=const have been first considered in Ref. [11],
where the exact solution of Eq. (6) has been obtained in
the form (5 & 0),

W(z) = W(0)
1+—,

' W(0)[ exp(2z) —1]

This shows that the pulse energy reaches the asymptotic
value 8'„=2 as z~ ao independently of the initial value

W(0). However, the structural evolution of the wave

pulse will still continue at 8'„=2. It will be demonstrat-
ed below that the pulse field, although having a constant
value of the total energy, may undergo a drastic redistri-
bution. The final result of the long-tenn wave dynamics
will be the formation of a pulse with a stationary ampli-
tude form. Thus, one is motivated to analyze Eq. (6)
from the point of view of stationary-wave solutions.

Let us first consider a stationary-wave pulse in the iner-
tial reference frame, i.e., A (z, r}=

I
A (r) I exp[ittpz

+i f' „Q(r')dr']. The energy flux equation following

from Eq. (6) is then

where go & a, we obtain Eq. (4) in the dimensionless form
as

A—t ~, +5 +IAI'A+i» J' I—AI'«' =0.

Here
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is the dimensionless parameter that characterizes
dispersive properties of the medium; 5 & 0 (5 & 0)
corresponds to the case of negative (positive} GVD.
The normalized pulse energy is given by
W= f+"„IAI dr=[go/(gp —a)](W/W, ). Note that in

the following we will write z instead of z for simplicity.
For wave pulses with A (r=+00 }=0, it follows from

Eq. (6) that the pulse energy, W, satisfies the Riccati
equation

dS'
dz

1 1
A (z, r}= —sech exp i 5— z ir .—(11)

25 25 45

However, a simple qualitative consideration will demon-
strate that the soliton structures discussed above and in
Ref. [11]are unstable. Let us consider the case 5 & 0 and
assume a perturbation with Q & 0, which arises at the
leading front of the pulse. This perturbation having a
group velocity greater than that of the pulse center will
outrun the soliton structure in a dispersive medium with
gain and will shift to the region with U~O where condi-
tions preferable for amplification exist. Consequently,
the fast perturbation will grow in the course of propaga-
tion whereas the bulk distribution will experience a
pump-depletion effect. Clearly, a wave pulse that is
formed in a gain medium has a frequency spectrum being
permanently shifted towards the range of greater group
velocities. In real space, this corresponds to the forma-
tion of a self-accelerating dissipative soliton structure.
Therefore, such a soliton structure has to be investigated
in the noninertial reference frame moving with the ac-
celeration a(z}=—25dQ(z)/dz, where Q(z) is the cen-
tral frequency of the pulse. In terms of Eq. (6},a (z) cor-



E. V. VANIN et al.

X exp i Q(z)r+i f—Q (z')dz'
3 0

(12)

which yields
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responds to an acceleration in real space as well. The
transformation to the accelerating reference frame intro-
duces an artificial inertial force corresponding to an
effective potential -a(z)r, so that the wave pulse seems
to be moving in a linearly inhomogeneous time profile.
In order to transform properly Eq. (6) to the accelerating
reference frame, we use the following substitution:

A (z, r)=B z, r+25 f Q(z')dz'
0

behavior of the solution at the leading front (g~ —~ ) is
determined by the Airy function for the field amplitude
D —exp( ——', a'

~g~ )/~g~' and the power law for the

frequency tending to its maximum value (Q=O) is
Q= —1/(2a ~g~' ). At the trailing edge ((~+~)
the envelope is localized in accordance with

D =(ga )
' exp( }—/g/a ) and the frequency is varying

as Q= —+a(.
It is convenient to start the analysis of Eqs. (16)—(18)

by considering the case p=O (5~ ~ ) where the soliton
properties are defined by the dissipative nonlinearity of
the medium. Let us assume that due to a strong frequen-

cy modulation providing energy balance over the struc-
ture, the first term in Eq. (16) can be omitted everywhere
except at the leading front where Q~O. Then Eqs.
(16)—(18) can be integrated exactly to yield

+iB 1 —f' ~BPdr- =0, (13) U =1+ tanh(+g/a +P), (19a)

Q(z)= z . (15)

[Note that there exist only two types of localized
stationary-wave solutions of Eq. (13): with d Q/dz =0 or
with dQ/dz =const. ] Substituting (14) and (15) into (13)
and separating the real and imaginary parts, we obtain

d D —Q D+pD +gaD =0, (16)

dU (17)

U2
U — = —QD 2

2
(18)

where p, =v'~5~/5 is the parameter characterizing the
nonlinear and dispersive properties of the medium, and
a =a/(2v ~5~ ) is the normalized acceleration of the soli-
ton. Note that a = a (p ) is the eigenvalue for the problem
of finding the localized field distribution D (g) having the
total energy f + "D dg= U(+ ao ) =2. Equation (18) de-

scribes the above discussed fact of energy equilibrium
that is established over the soliton structure: a balance
between pumping and dissipation due to energy fiux (fre-

quency modulation) through the soliton. The asymptotic

where r=r+25 f Q(z')dz. The inhomogeneous term

(dQ/dz)r'B appearing on the left-hand side of Eq. (13)
changes essentially the character of the above stability
discussion. In this case, a perturbation tending to over-
take the field distribution will be rejected from the wave
evanescence zone at r' &0 (i.e., in the maximum gain re-
gion). Consequently, the effective inhomogeneity of the
medium will stabilize the dissipative soliton structure.

Looking for the solution of Eq. (13) in the form of a
self-frequency shifting stationary-wave pulse, we intro-
duce

B(z,r')= exp i sgn(5) f Q(g')dg', (14)
D( )

/5/1/4

where g=r/v'~5~, and assume a linear dependence of the
central frequency 0 on z, i.e.,

D =[&2(ag)'/ cosh(+g/a +P)]
Q= —+a(.

(19b)

(19c)

Taking into account the term d D/d g, the solution (19)
breaks at g a & 0.3 and it has to be matched in the region
(&0 to the Airy asymptotics of the linearized system.
This matching will define the constants it and p which are
arbitrary in the expressions (19a)—(19c). The numerical
solution of the eigenvalue yields the field distribution
shown in Fig. 1 which coincides with Eq. (19) almost in
the whole energy-containing region [compare U(g) from
analytical and numerical solutions in Fig. 1(c)]. The
mode parameters are Z(0) =0.478, P(0)=2.96. Hence, in

broadband media with wave dispersion, self-accelerating
localized structures (autosolitons) exist. These structures
are characterized by a stationary profile and a spectrum
that is continuously shifting towards the regions of
greater group velocities. The existence and properties of
the autosolitons do not depend on the sign of the GVD.
It is seen from Eqs. (14) and (15) that the change 5—+ —5
will only result in a change of the frequency sign (pertur-
bations with smaller Q will be ahead).

The optical solitons found above do not have any anal-

ogy in the physics of conservative nonlinear waves. They
resemble ionization or combustion autowaves [12] in
which the dissipative properties determine both the wave
structure and the only possible velocity of the wave prop-
agation. For an ionization wave under the action of elec-
tromagnetic radiation with intensity I, the following sim-

plest model can be used: dN/dt =D, r) N/dx
+(kI —a)N, where D, and a are the coefficients of ambi-

polar diffusion and local particle losses, respectively.
Taking into account electromagnetic dissipation in the
plasma according to BI/Bx -NIO, one obtains a balance
equation being analogous to Eq. (6) with a nonconserva-
tive nonlinearity. The difference will be in the nature of
the diffusion coeScient which is imaginary for wave-

packet evolution in dispersive media. As a result, instead
of a single ionization-wave velocity =QD, (kIo —a )

there is a single eigenvalue for acceleration of the optical
soliton.

Let us now consider the case p&0 when the symmetry
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between the solitary solutions in media with positive and
negative GVD is absent. Using the same idea to facilitate
Eq. (16) for a slowly varying envelope, one obtains for the
modulation frequency

2.0—

0= +—(a+pD (20) 1.0—
If p&0, the term pD in Eq. (20) increases the energy
transport along the g coordinate in the region of large
amplitudes. This results in a shift of the amplitude max-
imum towards larger g values. Consequently the eigen-
value of acceleration has to decrease, since taking only
into account the shift of the maximum position g, the
amplitude in the region (&( decreases and therefore
weakens the mechanism of the energy redistribution.
Numerical analysis has shown that the contribution of
the term pD in Eq. (20) is small in comparison with the
inhomogeneous term even for large values of p. There-
fore, the solution (19) appears to be valid for any p & 0
provided one substitutes the corresponding values of V(p. )

and P(p) (see Fig. 2). The amplitude and frequency dis-
tributions of dissipative modes at @= 10 are shown in Fig.
3. It can be seen that at p))1 the energy-containing
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FIG. 2. Dependence of the eigenvalue of acceleration if on
the coefBcient of conservative nonlinearity p for the dissipative
soliton.

bulk shifts towards larger values of g so that it ceases to
be affected by the time profile inhomogeneity. Because of
this the soliton envelope becomes quasisymmetric and
takes the canonical form D =Do / cosh[( g

—
go )/bg]

with the amplitude D -=01/[12(B'g )0' ] and the width

kg=—2+5'go, where go= 4P il. —
Considering the positive sign of GVD corresponding to

p & 0, it can be expected that the behavior of the dissipa-
tive soliton is opposite to that of the case p, & 0 with re-
gard to the form modification and the acceleration due to
increasing conservative nonlinearity. Indeed, the struc-
ture is steepening at the leading front thus becoming
more asymmetric and it experiences greater acceleration,
see Figs. 2 and 3. However, it is important to note that
even in this case the main part of the pulse is correctly
described by Eq. (19). In the limit case ~p~ &&1 we have
shock wave with a sharp leading front (characterized by
the dispersion scale —1) and a smooth tail. The tail con-
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FIG. 1. Distributions of (a) the amplitude, (b) the frequency,
and (c) the energy of a fundamental dissipative soliton mode in
the absence of a conservative nonlinearity. Dashed line in (c)
corresponds to Eq. (19b).
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FIG. 3. Amplitude and frequency distributions of dissipative
solitons for p = 10 (solid line) and p = —10 (dashed line).
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tains almost all of the pulse energy and its asymptotic is

D = exp( —+(la ). Obviously, a distinctive analogy ex-
ists between this limit solution and the structure form of
diverging shock wave appearing in connection with opti-
cal pulse evolution in conservative nonlinear media with
positive GVD [5].

The dissipative structures found above play a funda-
mental role in broadband gain media with wave disper-
sion by being attractors for the evolution of arbitrary
field distributions. This fact has been demonstrated by
numerical simulations of optical pulse dynamics for many
values of the parameter p. As an example, Fig. 4 shows
the evolution of an initially bell-shaped and frequency-
nonmodulated optical pulse with the initial energy
Wo (2 in the medium with p= 1/&2 (comparable con-
tributions of conservative and dissipative nonlinearities).
As has been discussed earlier, the establishing of constant
energy is followed by a complicated dynamics of the
pulse resembling the collapse process in conservative
media [13]. The analysis of possible regimes of the tran-
sient dynamics in Eq. (6) will be published elsewhere.
Here, we only emphasize that, in the course of dynamical
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FIG. 4. Evolution of (a) the pulse amplitude, (b) the frequen-

cy spectrum, and (c) the central frequency of the spectrum
co= I co) A

)
de/ j )

A
)

dco (dashed line), and the pulse

energy according to Eq. (6) with 6= —2 (p= —1/&2) (solid
line). The initial pulse form is A (z =0)= ( 1/&60) /
cosh( ~/15 ).

FIG. 5. Evolution of (a) the pulse amplitude, (b) the frequen-

cy spectrum, and (c) the central frequency of the spectrum
(dashed line); and the pulse energy according to Eq. (6) with
5=10 (solid line) (p=10). The initial form is chosen to be
the Schrodinger soliton according to Eq. (11) with the energy
%=1.95 and 3 (z =0,~)/=&48. 75/cosh(50~).
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evolution, a dissipative soliton structure emerges, which
demonstrates a stable accelerated propagation over dis-
tances available in the computer experiment.

We emphasize that the usual Schrodinger soliton
defined by Eq. (11) exists in a medium with p, )0. Switch-
ing ofF the dissipation in our problem can be achieved by
taking p~ao. Therefore, an interesting question arises
about the relationship between the dissipative solitons
(autosolitons) and the Schrodinger solitons as fundamen-
tal nonlinear structures in weakly nonconservative sys-
tems. In order to investigate this problem the following
numerical experiment has been performed. For a medi-
um with a rather large value of p, an initial distribution

in the form of a Schrodinger soliton, Eq. (11) has been
considered with an energy close to the limit value 8'=2.
The corresponding evolution is shown in Fig. 5 for p=10
(5= 10 ) and Wo =1.95. It has been observed that after
the rapid establishing of the steady-state energy value, a
long-pulse-propagation regime appeared with a quasicon-
stant amplitude but with a growing central frequency.
This state has been followed by a passage to another tern-
poral structure that is characterized by a smaller ampli-
tude and corresponds exactly to the self-accelerating
mode. Consequently, we conclude that the dissipative
solitons represent fundamental nonlinear structures in
weakly nonconservative systems.
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