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Nonclassical states of light may be generated by processes involving the creation or annihilation of
photons in pairs. A quadratic coupling, characteristic of a parametric amplifier, generates a squeezed
vacuum from a normal vacuum, and a two-photon absorber can also generate a squeezed state (though
not a minimum-uncertainty state) even though it is a purely dissipative process. We consider here the
simultaneous action of a quadratic pump on a two-photon absorber and demonstrate how superpositions
of distinct coherent states may be generated by their combined effects. We use standard master equa-
tions to describe the time development, employing split operators and direct numerical integrations to
determine the field density-matrix elements and quasiprobabilities. The purities of the nonclassical
states are determined by evaluating the field entropy. Provided one-photon dissipative processes may be
ignored, a pure superposition state is formed in the steady state. This superposition is destroyed if one-

photon loss processes are important.

PACS number(s): 42.50.Lc, 42.50.Dv, 32.80.Wr, 42.65.Ky

I. INTRODUCTION

It is well known that dissipation has a very destructive
effect on coherence and nonclassical properties of light.
Nevertheless, it has recently been found that both coher-
ence and nonclassical properties survive when the dissi-
pative process is that of a two-photon absorber [1]. In
this paper we study the remarkable properties of a two-
photon absorber which is pumped by a two-photon para-
metric process. In this case we find that if the field starts
in the vacuum it evolves into a statistical mixture of
states before returning to a pure state (which is not the
vacuum). Thus a dissipative process in competition with
parametric amplification can produce a pure state with
finite energy. These pure states are Schrodinger “cat”
states; they are a quantum-mechanical superposition of
two coherent states which are out of phase. This feature
has been recently studied in Ref. [2] and we discuss this
further below.

The two-photon absorber is a very special case and in
practice we cannot expect to completely remove the
effects of one-photon losses from the field. These effects
can be very destructive because they easily destroy coher-
ence, squeezing, and other nonclassical effects. The
Schrédinger cat states that are formed by the two-photon
absorber with pumping have either even or odd num-
bered Fock states; the unfortunate effect of the one-
photon losses is to spread the photon-number distribution
over Fock states of both parities and remove the coher-
ence. We will illustrate this by presenting results for the
entropy of the field and its Wigner function. For practical
systems we might reduce one-photon losses by using mi-
crocavities or photonic band gaps to exclude unwanted
modes [3].

In the next section we present the model system within
the density-matrix formalism and in Secs. III and IV we
show how to solve the problem numerically. Details of
the steady-state solution to the master equation are given
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in Sec. V. Section VI introduces the Wigner quasi-
probability function and gives steady-state examples. In
Sec. VII we examine the behavior of the Wigner function
as a function of time and we also present results on the
entropy of the field. In Secs. VIII and IX we give time-
dependent results for initial Fock states such as the vacu-
um. Then in Sec. X we examine the time development
for an initial cat state and for an initial thermal field. Sec-
tion XI concludes this paper.

II. THE MODEL SYSTEM

We analyze the statistical properties of light fields in
parametric amplification subjected to incoherent two-
photon and one-photon losses. This process is described
by the following Liouville equation for a density matrix j:

L= rp=Lp+Lp+Lop M)

where we have defined the superoperators
Lip=—i[R,,p],
Lp=—«a'ap+pata—2apa’) , 2)
Lp=—x(aa’p+pa"a*—20%p0") .

The two superoperators .Lp and .L,p describe the one-
photon and two-photon losses with the rates «; and «,,
respectively. They can be derived from standard master
equation theory [4]. The superoperator .L;5 does not de-
scribe losses; it contains the Hamiltonian part of the sys-
tem which in our case is the coherent parametric pump-
ing. The parametric Hamiltonian is given by

ﬁx=é(xa2—va“), A=|Alei® . 3)
For later convenience we define the scaled coupling

Q=A/k, (4)
2785 ©1994 The American Physical Society
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and the scaled time
T=2K,t . (5)

We include one-photon losses because in practical situ-
ations it may be very difficult to eliminate them. Further-
more, their presence, even if weak, can have a very
damaging effect on the production of interesting quantum
states through what would otherwise be purely two-
photon processes. If the one-photon loss rate is very low
we can approximate the master equation (1) by

a/\ A A
—(,5 =L,p+L,p 6)
over time scales such that one-photon losses are negligi-
ble (¢t <<1/ky).

The formal solution of Eq. (1) is given by

plt)=exp{L(t—1t,)}plty) (7)

when we start from a time ¢;. In practice this general
solution is not directly useful; we cannot straightaway
find time-dependent observables. However, there are ex-
pressions for the density operator in special cases. One
such case is two-photon absorption [1], i.e., when ;=0
and A=0. Later in this paper we will also give details of
the steady-state solution for the density matrix when
k=0 and A0 (see also Ref. [2]). But apart from these
special cases we must resort to numerical methods. We
will next describe the two methods we have used: the
split operator method and direct solution of the master
equation.

III. THE SPLIT-OPERATOR METHOD

In order to take two-photon absorption into account
with parametric amplification (neglecting one-photon
losses) we have to evaluate the action on the density ma-
trix of the exponential operator in Eq. (7) to describe the
combined effects of both processes. Due to the noncom-
muting nature of the two superoperators .L; and .£,, the
analysis is considerably complicated. We propose there-
fore an approximate solution by assuming that the two
nonlinear effects can act independently over short time
steps. Thus given that Eq. (7) may be written as

plt+8t)=exp{Lt}p(1), (8)

we obtain the advancement of the solution over a short
time step 8¢ when we approximate this by

plt+8t)~exp{.L,bt }exp{.L,6t}p(t) , 9)

if we neglect the one-photon losses. Each time step now
takes place in two stages: in the first part, parametric
amplification acts alone, in the second part, two-photon
absorption acts alone. This procedure is known as the
split operator method within the context of numerical
solutions of the Schrédinger equation [5] (although our
choice of the type of splitting differs from the standard
choice in [5] not least because we split superoperators
rather than operators).

The technique is equivalent to disentangling the ex-
ponential operator (8) into a product of two exponential

operators. To estimate the error, we use the Baker-
Campbell-Hausdorff formula [6]:

exp{ A }exp{B}=exp{ A +B+1[4,B]
+L[4-B,[4,B1]---}. (0

Comparing Egs. (10) and (9) we see that the dominant er-
ror term is quadratic in the step size 8. We can reduce
the error to third order in 8¢ if the absorption acts in the
middle of two half-steps of amplification rather than sep-
arately at the end. Equation (9) is then replaced by

plt+8¢t)~exp{L;8t /2}exp{L,8t }exp{.L,6t /2}p(1) .
(11)

(The same order of error would be produced by placing
the parametric amplification step in the center.) To de-
scribe the intermediate steps in Eq. (11) we define

pM () =exp{L,8t/2}p(1) ,
o (12)
p 2 (t)=exp{L,5t}pM2) .

In order to evaluate each step in Eq. (11) we will decom-
pose the density operator into the Fock basis:

=T ppmDln){m| . (13)

We start by considering first the parametric amplification
step. The action of the driving field can be written in
terms of a unitary squeezing operator S(r) such that

A

pM=8rpSt(r , (14)

where S(7) is defined from the parametric Hamiltonian
A as

S(r)=exp{—iH,5t/2} =exp{%(r@2—r‘6h)} ,
) (15)
r=|rle'*=»A8t/2

for a half-step. Inserting into Eq. (14) the expression Eq.
(13) of the density operator g in the Fock basis, we obtain
the matrix elements of ;’)“‘):

PH= 3P m(1)9; (18 (=), (16)

Gim(PV=(KIS(P)m) . (17)

From now on we restrict ourselves to a real parametric
coupling constant A, i.e., we choose the driving field
phase ¢=0,7 in Eq. (3). Taking into account our phase
choice, we easily verify that the squeezing matrix ele-
ments satisfy

gk’m(r):‘gm’k(—'r) . (18)

To calculate explicitly these matrix elements, we disen-
tangle the squeezing operator S(r) into [7]:

$(r)=(coshr)'%exp{ — L(tanhr)a 2}
X(coshr)_aTﬁexp[%(tanhr)ﬁz} . (19)

We then obtain
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(m %k )!/%(— Ltanhr)* =™ /Y(coshr)~m =172 3

(—1)Xsinhr /2)%

for |k —m| even

Sim(r)= /& 1(m =201 +(k —m)/2]! 20)

0 for |k —m]| odd ,

where

0 ifk=m

o= \Vm—k)/2 ifk<m 1)

and [m /2] has the usual meaning of m /2 for even m and
(m —1)/2 for odd m.

We now turn to the two-photon absorption step in Eq.
(11). This comprises the second e?onential super-
operator exp{.L,8¢} which will act on p'*. The solution
for this has been given by Simaan and Loudon [8] and the
effect of two-photon losses on nonclassical states of light
such as squeezed states and even and odd coherent states
has been investigated by Gilles and Knight [1]. Follow-
ing Simaan and Loudon [8], we obtain

(Ky)
Pn,n +y(t)

=(nlexp{L,5t}pM(t)|n+u)
(k —n=even)

= 2

k=n

Eon(ple

(m —k =even)

X 2

m=k

Nk I 4 () . (22)

The explicit expressions for £ ,, and 7,, , are given as
follows [8]. We define

o=4u—1), (23)
A =k(k+p—1D+iu(p—1) . (24)
For u71, we have

(k+o ) =127/ kP (Lk+1in+0)
[nin —p ]V T(1k —in + 172

Eknlp)=

(25)
|

) _
P, =LAV (m +D(m +2)p, 13, —A*Vm(m —1)p,, —3, —AVn(n —1)p,, , _,+A*V(n +1)(n +2)p

[mi(m +p)]/T(im — Lk +1)

()= (m—kT(im+1ik+o+1) 26

The case £ =1 must be treated separately. We obtain
(—1 )(l/2)k~(l/2)n2n—lk1-(_1_k +1p)
2 2

(1= , @D
SinlD) nln+DY M1k —1in+1)
(m +1)'72
n(1)= L ’ (28)
Mk, 2m—5(k)(%m +1kNdm —1k)
where
1 if k>0
3k)=10 if k=o0. )

Comparing Eq. (16) to Eq. (22), we see that contrary to
the squeezing transformation, two-photon damping
effects propagate through the density matrix only along
diagonals.

To obtain the full dynamical evolution of our model we
then iterate the two steps given in Eqgs. (16) and (22) ac-
cording to Eq. (11).

IV. DIRECT INTEGRATION

The direct method of integration is very general and
can readily include the effect of one-photon losses, but it
is restricted to smaller-sized problems than the split
operator method. New stochastic wave-function simula-
tion methods [9] may prove to be numerically economical
for this problem and their use in this context will be ex-
amined elsewhere. We do not evaluate a general solution
such as Eq. (7) but instead return to the master equation
(1). We express this in a truncated Fock basis to make the
problem tractable. In this basis we let (m|pln)=p,, ,
and find

at m,n+2]
—wk{(m tn)py, , —2V(m+1)(n +1)py 41,0 +1}
—kp{[m(m —1)+n(n—1]p, ,—2V(m +1)(m +2)(n +1)(n +2)p, 45 542} - (30)

Thus we have a set of coupled differential equations
which can be solved numerically by, for example, the
Runge-Kutta method. In what follows we have used this
numerical method to determine the influence of the one-
photon processes on the system evolution.

V. STEADY-STATE SOLUTION

In the absence of one-photon losses it is possible to find
a steady-state solution [2] to the master equation (6) so

[
that £Lp=0. We expand the density matrix in the
coherent state basis as

plt=w)=3 C,yla)(a'|, 31

where |a) and |a’) are coherent states and C,, .- are con-
stants such that p( « ) satisfies the conditions to be a den-
sity matrix (Trp=1, ﬁ=ﬁ*, and diagonal elements of p
are positive in any basis). If we substitute this trial solu-
tion into .L5=0 we find



2788 L. GILLES, B. M. GARRAWAY, AND P. L. KNIGHT 49

3 Coo{(—=A72=[(a)*PKy)|a)a'|a?

+(—=A/2—a%,)a ) (o]
+{Aa?/2+ A [(a')* )2 /2
+2,a2[(@)* Pl la)(a’|}=0. (32)

This equation is satisfied for each C,, , if

a2=[(a’)*]2=i:—ﬂ/2’ (33)
2K2

where we have defined Q as the scaled coupling A /k,. In
what follows we let

B=V —-Q/2 (34)
so that @ and a’ are each restricted to two values only,
a=xp, a'==x8, (35)

resulting in four possible coefficients C, ,. The steady-
state density operator may thus be written as

pleo )=C3,B|ﬁ><3| +CB,—5|B>< —Bl
+Ch gl =BXBI+C_p 5l —B)(—=Bl .  (36)

V&;e observe that this density operator is an eigenstate of
a-.

For now we are neglecting the one-photon operator .L;
and the master equation contains only .£, and £, which
both contain the operators @* and ' rather than @ and
2’ Asa result, if we work in the Fock basis, we find that
even Fock states are only coupled to even Fock states and
odd only to odd. Thus it makes sense to separate out the
even and odd Fock states from the steady-state solution.
We do this by writing the solution in terms of the even
and odd coherent states [13,14]:

IB),=Ny2(B)+|—B)),

(37)
1BY,=NY21B)—1-B)),
which have the normalizations
Ngel: (1+e_213\2) R NBig.—_ (1_6—2|B!2). (38)

Various methods have been proposed to generate these
states [15]. Thus the general form for p( ) can be writ-
ten as

pleo)=P,IB), ABI+P,IB),, (Bl
+01B) e 0Bl Fau 1B, (Bl , (39)

where P, and P, are the probabilities of finding an even
coherent state or an odd coherent state (with P, +P,=1),
and a,, and a,, are coherences (such that a,,=ay,). We
note that if the system starts with only even Fock states
(such as with the vacuum) then P, is one and all of the
other components in (39) are zero. The result is a pure
state |B), .(B| in the steady state. Likewise, if the sys-
tem starts in a state composed of only odd Fock states
such as |1)(1], it evolves to the odd coherent state

|B)0 o<BI [2]

If the initial state contains both even and odd Fock
states a more complicated result is found in which the
coherences a,, and a, need not be zero in the steady
state. Because the master equation preserves the trace of
the density matrix and because it only connects even and
odd Fock states to themselves it preserves the quantities

Po= 3 Puns Po= X Pun (40)

neven n odd

throughout the time evolution. These coefficients are ex-
actly the ones appearing in Eq. (39) and so part of the
final state is readily found; it represents a statistical mix-
ture of an even coherent state and an odd coherent state,
i.e., a mixture of two cats. In Ref. [2] Gerry and Hach
claim that the most general solution of the master equa-
tion is a pure state which they write in the form of a su-
perposition of two coherent states. However, this is not
so if we consider an initial density matrix which is a sta-
tistical mixture of, for example, |0){0| and |1)(1]: the
final state is then a statistical mixture of an even
coherent state and an odd coherent state. The statement
of Gerry and Hach is also untrue if the initial state is a
coherent superposition of both even and odd Fock states
such as the pure state 2712(]0)+[1)); in that case we
can also demonstrate that the final state is not a pure
state by calculating the entropy.

In the following sections we will examine the evolution
to the steady state of the system from a variety of initial
states containing even Fock states, odd Fock states, or
both.

VI. WIGNER FUNCTIONS
AND THE STEADY STATE

A graphic and informative way of displaying the states
that are generated is by using one of the quasiprobability
distributions; we have chosen here the Wigner function.
The Wigner function has a number of advantages when
compared to other quasiprobabilities. It is never singular
and may contain oscillatory fringes that are indicative of
nonclassical behavior.

In the case of the exact solutions for the density ma-
trix, such as the Schrodinger cats (39) above, it is possible
to determine the Wigner function analytically. However,
when we study the time evolution of the density matrix
we have only a numerical result expressed in the Fock
basis. The method for finding the Wigner function in this
case is outlined below.

The Wigner function is defined as the Fourier trans-
form of the symmetrically ordered characteristic function
¥ which we may define as a sum over elements Y,,,,:

XE)=" 3 XmnEWPmn (41)
n,n=0
where
)(m,,(§)=(m|e5”Te_§*“in Yexp(—|&[2/2) . (42)

The matrix elements Y,,, can be expressed in terms of
Laguerre polynomials L,” ~" [10]

X (E)=V'n1/mlexp(—|&12/2)Em "L ~"(|€[*) (43)
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for m2=n. For m=<n we have x,,=(—1)"""y% ..
From this characteristic function we now calculate the
Wigner function by means of a Fourier transform which
is conveniently performed in polar coordinates. The
Wigner function W(r,0) may then be written as [11]

W(r,0)= 3 pnuWna(r,0), (44)

where W, (r,0) are the Fourier transforms of y,,,(£):
_ 1 ®© 2T i
Wm,,(r,G)—?fo RdR fo d X pn(Re'®)

Xexp[2irR sin(6—¢)] .
(45)

The integral over ¢ can be found from the integral repre-
sentation of Bessel functions. Then, e.g., for m =>n

Wmn(rae)=%\/mei(m—n)o
X [ "R dRe™®'/2R™ "L MR
me_n(er) . (46)

and if we now use a table of integrals [12] we obtain the
result

W,n(r,0)= %( —1)"'nl/mleitm —m6(gpym —n

Xe "2’ Lmn(4p2) 47)

for m =2 n. The Wigner function is usually displayed in
Cartesian coordinates and so conversion to polar coordi-
nates is necessary when using Egs. (44) and (47).

We will now use the Wigner function to illustrate the
steady-state solutions of Sec. V. First we will neglect
one-photon losses. Figure 1 shows the steady-state
Wigner function for a driving field Q=8 when the steady
state is an even coherent state. This could be produced,
for example, from an initial vacuum state. The two peaks
in the Wigner function represent the two components of
the Schrodinger cat. The strong fringes between the
peaks show that we have a superposition of the com-

FIG. 1. The steady-state Wigner function for Q=8 given,
e.g, an initial vacuum state. The x axis is on the right and cor-
responds to 6=0 in Eq. (44).
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FIG. 2. The steady-state Wigner function for 1=2 given,
e.g., an initial vacuum state.

ponents rather than a statistical mixture (when the
fringes would be smaller or absent). There is a central
fringe peak directly between the two components; this is
a feature of an even coherent state. If we reduce the driv-
ing field to 2 =2, as in Fig. 2, we observe that the com-
ponents of the steady-state cat move towards each other
and the number of fringes decreases. As a result the su-
perposition is less pronounced.

If we include one-photon losses we cannot use the ex-
act solutions of Sec. V and must resort to using the nu-
merical methods to determine the steady-state density
matrix. We have found that with only two-photon pro-
cesses we can produce Schrodinger cat states, but we
know that one-photon dissipation is very detrimental to
such cats [13]. As an example, consider the even
coherent state which contains only even Fock states. The
action of the one-photon decay operator .L, is to fill in
the odd Fock states between the even ones and thus de-
stroy the cat. The ensuing destruction of coherence be-
tween the components of the cat happens on a fast time
scale and results in a statistical mixture of two com-
ponent states [13,14]. As a result the fringes seen in the
Wigner functions of Figs. 1 and 2 are lost. Figure 3
shows such a case; the two-photon pumping Q=38 is ex-
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FIG. 3. The steady-state Wigner function in the presence of
one- and two-photon losses with Q=8 and «,/k,=0.125.
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actly the same as in Fig. 1, but in this case there were also
one-photon losses at a relative rate of k;/k,=+.

VII. THE FORMATION OF SCHRODINGER CATS
AND THEIR DECAY

The time development of the Schrodinger cats illustrat-
ed in the preceding section follows two distinct stages.
The case of (1 =8 without one-photon losses («; =0) is de-
picted in Fig. 4. In Fig. 4(a) we see the Wigner function
for the initial state. As the initial state is the vacuum, the
Wigner function is simply a Gaussian function centered
at the origin. During the first moments of the evolution
the squeeze operator .L; plays a significant role. The
Wigner function at 7=0.5 is shown in Fig. 4(b) and it
shows both squeezing and fringes due to the partial devel-
opment of two coherent lobes. As time progresses [Figs.
4(c) and 4(d)] the fringes and the lobes separate until we
have formed the pure state Schrodinger cat of Fig. 1.

The influence of one-photon dissipation is exhibited in
Fig. 5 where we have chosen «,/«k,=0.02 with the same
pumping parameter =28 as in Fig. 4. In Fig. 5(a) we al-
ready have 7=4, which would be sufficient to reach the
steady state if x; were zero. If we compare Fig. 5(a) with

Fig. 4(d) we see that in the former case the fringes of the
cat are less prominent. As we continue in time [see Figs.
5(b)-5(d)] the fringes steadily die out as the cat is con-
verted into a mixture of (approximately) two coherent
states (which we saw in Fig. 3). This has an interesting
interpretation in terms of the simulation methods [9]
which we will discuss further elsewhere.

A useful way to measure the loss of coherence in the
presence of one-photon dissipation is to find the entropy

S=—Tr(plnp) . (48)

For a pure state S=0 and S increases as coherence is
lost. We determine the entropy by a numerical diagonali-
zation of the density matrix. Working in the diagonal
basis we can find the logarithm and subsequently the
trace and the entropy. Results are shown in Fig. 6. The
curve (a) shows the case without one-photon losses (with
Wigner functions in Fig. 4). The initial (vacuum) state is
a pure state and the entropy rises as the system tries to
reach equilibrium. A maximum is reached because when
the field reaches the steady state it is in a pure state again
(an even coherent state). In (b) we have one-photon
losses with «;/k,=0.02 and we do not expect to reach a
pure state as the system evolves (as seen with the Wigner
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FIG. 4. The time development of the Wigner function for =8 in the absence of one-photon losses («; =0). The initial state is the
vacuum illustrated in (a). The scaled times are (b) 7=0.5, (c) 7=1, and (d) 7=1.5.
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FIG. 6. The entropy of the field for (a) =8 and x,=0, (b)
Q=8 and k,/k;=0.02, (c) =8 and «,/x,=0.125, and (d) Q=2
and x;=0.

functions of Fig. 5). This is confirmed, although the dip
in entropy at 7~ 1 shows that the two-photon processes
had some effect in reducing the entropy. However, as
time progresses the inevitable destruction of coherence
takes place and the entropy rises steadily towards 0.7.
This is close to the maximum entropy of a two-level sys-
tem, 21In(2), and supports our interpretation that the
pure cat state decays into a mixture of two pure states.
In (c) the one-photon losses have been increased to
K,/k,=0.125. We see that in this case the entropy rises
more rapidly and is not reduced at any stage in the time
evolution. The curves (a)-(c) show how sensitive the
two-photon production of Schrodinger cats is to one-
photon losses. Even in (b) with a one-photon rate which
is 50 times smaller than the two-photon loss rate a pure
state is never recovered during the time evolution. In
both (b) and (c) the increase of entropy in the final stages
is very similar to the increase found for field superposi-
tions decaying under the sole influence of one-photon dis-
sipation. However, in the latter case the increase in en-
tropy is eventually followed by a decrease to zero entropy
as the state decays to the vacuum without pumping. Fi-
nally, the curve (d) in Fig. 6 shows the entropy for a
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weaker pump with =2 (and k;=0). In this case the en-
tropy does not rise very much, but then the final state is a
very weak cat which differs only slightly from the vacu-
um. A popular measure of the purity of a field is the
quantity

E=1-Tr(p?) , (49)

which, like the entropy S, is zero for a pure state and in-
creases for mixed states. It is often calculated instead of
the entropy because it is not necessary to diagonalize p.
We have found that if we calculate the purity for Fig. 6
the results are quite similar.

VIII. THE NUMBER OPERATOR
AND ITS FLUCTUATIONS

The average photon number in the steady state is, for
the even and odd coherent state, respectively, given by

(f(w)),=|p*tanh|B?| , (50)
(A(w)),=|B? /tanh|B? > (A(w)), , (51)

so for |B%| >>1 the two types of state yield the same mean
photon number {7 ). We can see this in Fig. 7 where we
plot the dynamical evolution of the mean photon number
for our choice of scaled couplings €. The curve (a)
shows the system being driven into an even coherent state
after starting in the vacuum. For comparison (aa) shows
what happens if the system starts from the Fock state |1)
which evolves into an odd coherent state; we eventually
obtain about the same final value of {# ). This is not seen

5.0
4.0
1 (aa)
~ 3.05 (a)
e ]
~—— E
2.0 4
B (bb)
1.0 3
] (b)
0.0 F=="T e T
0.0 1.0 2.0 3.0 4.0

FIG. 7. Mean photon number for initial vacuum and one-
photon state labeled by single and double letters, respectively.
The scaled coupling is (a) Q==8 and (b) Q==2, both with
k;=0. These curves are invariant under changes of the pump
phase @. At short times the squeezing effect is dominant; then
the effect of two-photon absorption takes over until the two pro-
cesses balance each other. The vacuum evolves towards an even
coherent state and the one-photon state evolves towards an odd
coherent state. In the limit of large scaled coupling both
steady-state mean photon numbers converge to the same value.

if the pump intensity is reduced as in (b) and (bb).

The time-dependent results in Fig. 7 are not sensitive
to the phase @ of the driving field if the initial state is di-
agonal in the Fock basis. In part we can see this if we ex-
amine the master equation (30). The phase of the pump
enters (in A) if we change diagonals in the density matrix.
For example, the transition from the density matrix ele-
ment p,, , t0 P, 42, OT P, , —, Under the influence of the
Liouville superoperator involves the acquisition of the
phase @ in A. But if there is a following transition to the
original diagonal of the density matrix we obtain the fac-
tor A*, or the phase —¢, so that the net phase change is
zero. This can be shown rigorously in the following way.
Consider the transformation

explifip/2) - - - exp(—ifigp/2)
for which

explifip/2)p exp( —ifip/2)=p, (52)
and

explifQ/2)a exp(—ifip/2)=8e '%/?

explifip/2)a exp(—ifip/2)=a"e'?"* . 5

Then it is clear that by using this transformation we can
remove the pump phase from the master equation. Thus
if the initial density matrix is unaffected by the transfor-
mation, changing the pump phase can only affect the
time-dependent density matrix by the transformation
(52). Then the effect on the mean photon number is given
by

Tr(Ap,)=Tr[f explifip/2)pexp(—ifip/2)]=(R) ,
(54)

showing that (A ) is independent of the pump phase for a
diagonal initial density matrix, i.e., when p(0)=p(0).
However, we note that the average value of observables
which are not diagonal in the Fock basis will be sensitive
to pump phase changes.

The even coherent state displays photon bunching,

([AR()]?), _ |82
(A()), sinh|B%|cosh|B?|

>1, (55)

whereas the odd coherent state displays photon anti-
bunching according to

([AR(®)]?), ([AR(©)]?),
=9 <1. (56)
(A(e0)), (fi(x)),
In Fig. 8 we plot
_ {aampy (57)
(A1)

which shows how photon bunching and antibunching
evolve during the interaction. For the initial vacuum
state [curves (a) and (b)] o has a value of 2 close to 7=0,
while for the initial Fock state 1) the value of o at 7=0
is zero [curves (aa) and (bb)]. When the scaled coupling
is large enough we obtain a short period of bunching for
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FIG. 8. Relative number variance for the same initial fields,
labels, and parameters as in Fig. 7. The steady-state values are
given in Eqgs. (55) and (56) for the initial vacuum and one-
photon state, respectively.

the initial one-photon state, but in the steady state only
initial Fock states with an even photon number produce
bunching [as given in Eq. (55)]. For the same reason as
mentioned previously, the relative variance is not sensi-
tive to pump phase changes. At short times, the squeez-
ing effect dominates and leads to enhanced fluctuations in
the number operator. On a longer time scale, the effect of
two-photon absorption becomes dominant and the rela-
tive number variance decreases. In the limit of large (2
the field tends to Poisson photon statistics according to
Eqgs. (55) and (56).

IX. FIELD QUADRATURES AND SQUEEZING

We are concerned in this section with off-diagonal
operators. Due to the two-photon nature of the interac-
tion and given the initial state is diagonal in the Fock
basis, the average value of the annihilation and creation
operators is zero. However, the steady state (39) is an
eigenstate of @2 and depending on the sign of 52 the aver-
age value of @ may be positive or negative. Further, the
square of the annihilation operator is sensitive to pump
phase changes as can be seen from Eq. (53). If ¢ is
changed from O to 7 (i.e., Q— — Q) then p becomes p,
[as given in Eq. (52)] and

Tr(@%p,)=—(a?) . (58)
We now turn to the field quadratures which are defined
by

_(a+ah _(a—ah
x, 2 , &= 2

In the steady state we have the following fluctuations for
the even and odd coherent states:

(59
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((AR,,)?), =1{12|8/(8?/|B*|+tanh|B?])} , (60)
(AR, 1), =1{1£2|%(B*/|B*|£1/tanh|B?))} . (61)

From these two equations we note that if 8 is positive
then the quadrature X, shows fluctuations above the vac-
uum level for both types of state. However, X, can
display reduced fluctuations, or squeezing, for the even
coherent state if B? is small, although it will never show
squeezing for the odd coherent state [14]. If B? is nega-
tive, we obtain the same behavior if we interchange X,
and /?2. We need only to analyze one quadrature over
our range of coupling constants because our initial states
have a diagonal density matrix. We plot in Fig. 9 the un-
certainty in X 1 Although low values of || give rise to
lower squeezing in the transient regime they give the best
squeezing in the steady state for the even coherent state.
The initial one-photon state displays reduced fluctuations
only in a transient regime on a short time scale if |Q] is
large. Both states converge to the same limit for large
coupling constants because then (f),~(7),. We ob-
serve in Fig. 10 departure from the minimum-uncertainty
product.

X. TIME DEVELOPMENT
OF OTHER INITIAL STATES

In this section we analyze the previous statistical prop-
erties for two different initial states. We choose an initial
even coherent state and an initial thermal field.

Regarding the initial even coherent state, we consider
the displacement parameter =2 so that the state may be
denoted as [2),. Since this state is a superposition of
even Fock states, the steady state will be another even

2.1

1.7

0.5

1 @ (b)

0.1 4T

0.0 1.0 2.0 3.0 4.0

FIG. 9. The uncertainty in the field quadrature X,. The sin-
gle and double letters label the initial vacuum and one-photon
state, respectively. We have (a) =38, (b) =2, (c) 2= —2, and
(d) Q=—38; all are with k,=0. We obtain squeezing in the
steady state only over small positive values of ). The uncer-
tainty in X, is found by changing the sign of Q.



2794

1.05 ]
1 (aa)
0.95 ]
TN 4
> 0.85 4
= ]
~— ] (bb)
-~ 0.75 ]
o>
< 0.65
0.55 ]
]
0.45
0.35 (b)
0.25 e ——————
0.0 1.0 2.0 4.0

FIG. 10. The product of the uncertainties in the quadratures
for the parameters of Fig. 9. In the limit of large coupling |Q|
the even and odd coherent states display the same uncertainty.

coherent state |3), with B given by Eq. (34). If Q is posi-
tive the two components of the even coherent state are lo-
cated on the Y axis in phase space according to Eq. (33);
if Q) is negative they are located along the X axis. The
phase of the pump field determines the position in phase
space of the steady state. In what follows we will consider
the scaled coupling constants {1 =18,2,0, —2, —18. When
=0, we have only two-photon absorption and the result
compares with our analysis of nonclassical states of light
under two-photon absorption [1].

For the initial thermal field, we choose the initial mean
photon number equal to one and the coupling constants
Q=18 and *2. The evolution for the negative coupling
values can be found from the positive coupling results by
symmetry since the initial field is diagonal in the Fock
basis. As a consequence of there being both even and odd
Fock states initially, the steady state is a statistical mix-
ture of an even and an odd coherent state. The probabil-
ities P,,P, for having, respectively, an even or odd
coherent state are given from the conservation rule (40)
as

g+ 1 7

_ Y
2, +1

p (62)

T 2m, 1]
and the coherence a,, =a,, is zero. The transfer of popu-
lation to only two orthogonal states for large time causes
the steady-state entropy to be smaller than the initial
thermal entropy regardless of the coupling constants.
The final entropy is definitely nonzero which as explained
in Sec. V contradicts the claim of Gerry and Hach [2]
that, in general, the system evolves to a pure state; it only
does so for special initial states such as the vacuum.

A. Fluctuations in the number operator

We consider first the intial even coherent state. In Fig.
11 we compare the initial photon distribution (dashed
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FIG. 11. Photon distributions for an initial even coherent

state (dashed lines) with displacement parameter a=2 and for
the steady state (solid lines) with |Q|=18. The two-photon na-
ture of the process preserves the oscillations.

lines) with the steady-state distribution (solid lines) for
|Q2|=18. The coherent components of the steady state
have a greater amplitude than initially and so the distri-
bution is shifted to the right preserving the oscillations.
In Fig. 12 we show the evolution of the mean photon
number. Because the initial state is an eigenstate of the
two-photon annihilation operator, the density operator is
not diagonal in Fock space. Thus we will find that the
mean photon number will not be invariant under changes
in the pump field phase. This is clearly illustrated for (a)
and (e). In (a) the state rotates by 7/2 during its
amplification whereas in (e) it remains located along the
X axis. When Q=0 the state relaxes to the vacuum. In
Fig. 13 we plot the evolution of the relative variance o.

10.0

8.0

6.0

4.0

2.0

0.0 Fr—rr e

.0 1.0 2.0 3.0 4.0

T

FIG. 12. Mean photon number for an initial even coherent
state with displacement a=2. The parameters are (a) =18,
() =2, (c) =0, (d) Q= —2, and (¢) 2= —18.
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FIG. 13. Relative number variance for the same state and pa-
rameters as in Fig. 12. We note the very different behavior of
(a) and (d), which differ only by a sign in the coupling constant.
The state shows antibunching on a short time scale due to the
squeezing effect, except for large negative values of Q. It is
worth mentioning that when (a) reaches its maximum degree of
antibunching, the noise in the quadrature b'¢ , is squeezed (see
Fig. 18) and when it reaches its maximum degree of bunching,
the quadrature R is squeezed see (Fig. 17).

We observe the very different behavior under phase
changes of the driving field, especially when comparing
(a) and (e). The steady state displays photon bunching
according to Eq. (55).

We now turn to the initial thermal field. In Fig. 14 we
plot the steady-state photon distribution resulting from

0.30

0.25

0.20

P(n)

0.10

0.05

e

T T

T T T T T
8 9 10 11 12 13 14
n
FIG. 14. Steady-state photon statistics for an initial thermal
field with 7y, =1. The relative coupling is [Q|=8. The distribu-
tion presents oscillations and a maximum. The steady state is a

statistical mixture of an even coherent state (with a dominant
weight of %) and an odd coherent state.
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FIG. 15. Mean photon number evolution for an initial
thermal field with 77, = 1. The parameters are (a) || =8 and (b)
|Q|=2. The mean energy first decreases, reaches a minimum,
and then increases to its steady-state value.

an initial thermal field with 7Z,, =1 and a scaled coupling
0 =8. There are some oscillations even though the steady
state consists of a statistical mixture of the two different
Schrodinger cat states with interleaving zeros of their
photon-number distributions. This is due to the different
weightings of the coherent state components of the two
cat states and it suggests that some nonclassical behavior
exists. The evolution of the mean number of photons is
displayed in Fig. 15. The field initially loses energy on a
time scale depending on the coupling parameter. The
stronger is the coupling, the shorter is the decrease in the
mean number. After reaching a minimum value, the
mean number increases towards its steady-state value
given by

(A(0))=P,(fi(®)),+P,(A(x)),, (63)

where (A()), and (A()), are given in Egs. (50) and
(51), respectively, and P, and P, are given in Eq. (62).
Figure 16 shows the evolution of the relative variance in
the number operator. We observe the very different
behavior at short times. When |Q] is large enough, the
relative variance presents a nonmonotonic behavior in
contrast with the monotonic decrease in the case of small
|Q|. For |Q|>>1, the steady-state photon statistics is
Poissonian.

B. Fluctuations in off-diagonal operators

Again, we first consider the intial even coherent state.
Figures 17 and 18 show how the noise in the field quadra-
tures X , and X 2, Tespectively, evolves. Only when Q=0
do we reach the vacuum level. The fluctuations in X | are
reduced except for large negative values of (). Only (a) is
a nonmonotonic curve in Fig. 17. In Fig. 19 we plot the
product of the standard deviation in X  and X 2. When Q
is positive the curves display a minimum. Finally we
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FIG. 16. Number variance relative to the mean number for
the same initial conditions as in Fig. 15. We note the very
different behavior at short times, depending on the coupling
strength. In the limit of large |Q|, the field tends to a Poisson
photon statistics.

show in Fig. 20 the evolution of the field purity defined in
Eq. (49). We note that when Q is positive, i.e., when the
state rotates during its evolution, the deviation from a
pure state is maximal.

For the initial thermal field the evolution of the fluc-
tuations in the field amplitude X | is presented in Fig. 21
for the same parameters as in Fig. 15. By symmetry, if
we change the sign of (), we obtain the fluctuations in the
other quadrature X »- The initial value is obtained from

( 8X,)

FIG. 17. Standard deviation in the field quadrature X, for an
initial even coherent state. The parameters are the same as in
Fig. 12. We obtain squeezing in this quadrature for small posi-
tive values of Q) according to Eq. (60).

FIG. 18. Standard deviation in the field quadrature X, for
the parameters of Fig. 12. We obtain squeezing in the steady
state only for small negative values of Q) according to Eq. (60).

<m&¢mm=%+%}. (64)

We easily calculate the steady-state values
([A% 2() ) =P ([AX 5 (0)]),
+P,([AK, ,(=)]),, (65)

where the amplitude variances for the even and odd
coherent states are given in Egs. (60) and (61) and the two

1.65
(e)

1.45

1.25
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FIG. 19. Product of the uncertainties in the quadratures for
the parameters of Fig. 12. The field displays extra noise in the
uncertainty product. When the amplitude of the initial state is
attenuated, the noise is reduced. When the initial amplitude is
amplified, the field presents enhanced noise in the uncertainty
product.
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FIG. 20. The field purity & for the parameters of Fig. 12.
We observe how as it evolves the field recovers its purity in the
steady state.

probabilities are given in Eq. (62). The overall evolution
is very similar to the initial vacuum and one-photon state
evolution. We note that the best transient squeezing is
obtained for the initial vacuum. Finally, we present the
uncertainty product in Fig. 22. Small values of |Q| lead
to a reduction in the uncertainty product whereas large
values cause a transient reduction followed by a mono-
tonic increase.
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1.3

( AX,)

1.1 A (c)

0.9
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FIG. 21. Uncertainty in the amplitude quadrature X, for the
same parameters as in Fig. 15, i.e., for an initial thermal field.
The values of the scaled coupling are (a) =38, (b) =2, (c)
Q=—2, and (d) Q= —8. The evolution is similar to the initial
vacuum case, which leads to the best transient squeezing. The
uncertainty in the conjugate component X, is obtained by
changing the sign of the driving coupling constant.
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FIG. 22. Uncertainty product in X 1 and D¢ », for the same
conditions as in Fig. 15. The parameters are (a) |Q|=8 and (b)
|Q|=2. We see that the field is never in a minimum-uncertainty
state. Contrary to the case of the initial vacuum or one-photon
states, the uncertainty product first decreases. After reaching a
minimum value, it increases at a rate proportional to the cou-
pling strength.

C. Wigner function evolution
for an initial thermal field

To conclude this section, we show a sequence of
Wigner functions for the case of the initial thermal field
with 7, =1 and Q=8. In Fig. 23(a) we show the initial
state which has a Wigner function similar to the vacuum,
but broader. When 7=0.5 in Fig. 23(b) we see that the
squeezing effect is dominant. We show the Wigner func-
tion at 7=1 in Fig. 23(c), where the damping influence
becomes apparent. When time progresses, the field
evolves towards a statistical mixture of an even and an
odd coherent state. In Fig. 23(d) we observe the develop-
ment of fringes in the Wigner function; when 7=2, the
field is fairly close to its steady state.

XI. CONCLUSIONS

We have shown that quantum features occur in
parameteric amplification subjected to two-photon ab-
sorption. Remarkably, initial vacuum and one-photon
states evolve to steady states which are pure states. They
are a superposition of two coherent states of a type that
depends on the initial conditions: the initial vacuum field
leads to an even coherent state whereas the one-photon
state is transformed to an odd coherent state. The dis-
placement parameter for these superposition states is sim-
ply given by the ratio of the parametric susceptibility A
and the two-photon absorption rate «,. We have also
demonstrated that one even coherent state can be con-
verted into another. Thus the properties of the steady-
state field are those of the even and odd coherent
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FIG. 23. We show the time evolution of the Wigner function for the initial thermal field of Fig. 14. The scaled times are (a) =0,
() 7=0.5, (c) 7=1, and (d) 7=2. We can observe first the squeezing effect, followed by the development of fringes, a result of the bal-

ance between the two two-photon processes.

states—they may exhibit squeezing or sub-Poissonian
photon statistics accordingly. During the transient re-
gime there may be enhanced nonclassical features,
though these depend somewhat on the parameters.

As expected we found that the one-photon losses had a
very damaging effect on the purity of the state and on the
fringes in the Wigner function. However, the increase in
entropy found was comparable to that found for an initial
cat state placed in a one-photon absorber. So it may be
possible to produce fairly macroscopic superpositions of

coherent states. This would be of interest in itself, even
though these states would show only small squeezing or
small deviations from Poissonian statistics and would be
very susceptible to one-photon losses.
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