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Thomas P. Altenmiiller and Axel Schenzle
Sektion Physik der Universitdt Miinchen, Theresienstrasse 37, 8000 Miinchen, Germany
and Max-Planck-Institut fiir Quantenoptik, Ludwig-Prandtl-Straf3e 10, 8046 Garching, Germany
(Received 19 March 1993; revised manuscript received 24 May 1993)

In this paper we study the quantum Zeno effect in real space due to a position measurement. The
motion of a particle is decelerated or comes to a complete stop when its position is observed. Instead of
using the von Neumann collapse hypothesis, we treat a real measurement process. The measurement
consists of coupling a two-level atom in a double-well potential to a resonant laser beam. Subsequent
resonance fluorescence can be used to determine the atom’s position within the double well, provided the
laser wavelength is short enough to ensure a resolvable scattering pattern of the fluorescence photons.
Treating this process in the framework of dissipative quantum mechanics, we derive a master equation
which describes the measurement process in all relevant details. Solving the master equation analytically
as well as numerically we study the conditions for the decay of the nondiagonal elements. This leads
directly to the inhibition of the center-of-mass motion, i.e., to a quantum Zeno effect. Because we treat
the measurement process in detail we are able to investigate the conditions for a complete measurement.
In particular, we study the role of the intensity and the wavelength of the probing laser field.

PACS number(s): 42.50.Wm, 06.20.Dk

I. INTRODUCTION

In quantum mechanics observation is a very subtle
phenomenon: Even the most careful of all measurements
will inevitably leave its trace on the observed system
which is traditionally termed the ‘“‘collapse of the wave
function.” In this paper we investigate the influence of
the quantum-mechanical measurement process upon the
dynamics of an observed system. The quantum Zeno
effect describes the inhibition of a system’s dynamic evo-
lution when it is subjected to ideal measurements [1]. It
is the apparently absurd consequence of the quantum
Zeno effect that the supposed innocent observation will
bring the dynamics to a halt.

In the framework of standard measurement theory this
effect heavily relies on the von Neumann axiom of quan-
tum mechanics [2]: a measurement projects the object
onto one of its eigenstates. Since the interaction between
object and apparatus are generally far to complex to be
treated in detail, this postulate must remain only phe-
nomenologically justified. This poses the question wheth-
er the quantum Zeno effect is only a consequence of the
too idealized von Neumann approach. It is the purpose
of this paper to investigate this problem in the case of a
position measurement.

Cook proposed a scheme for studying the quantum
Zeno effect in the V-shaped three-level system using ener-
gy measurements [3]. Experimental investigation by
Itano et al. [4] as well as theoretical studies by Frerichs
and Schenzle [5] and Block and Berman [6] confirmed the
occurrence of a quantum Zeno effect in the V-shaped
three-level system. In this paper we study position mea-
surements and the corresponding Zeno effect. We will
not use the collapse hypothesis, instead we will treat a
particular real measurement process: Using dissipative
quantum mechanics we investigate the nonselective mea-
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surement of an atom’s position in a double well by a reso-
nant laser beam and subsequent fluorescence. We will
show that there is indeed a quantum Zeno effect which
slows down the coherent tunneling of the center of mass
between the left and right well. In the limit of a very fast
response of the “apparatus” this motion stops altogether.

This result is especially interesting since Fearn and
Lamb [7] denied the occurrence of a quantum Zeno effect
due to the observation of a particle in a double-well po-
tential. However, their approach to the problem of mod-
eling a measurement is neither based on a first-principles
treatment of the measurement as it is performed here, nor
is it related to any real measurement interaction as it is
actually used in the experiment. After this short intro-
duction we summarize in Sec. II the dynamics of our ob-
ject, i.e., the center-of-mass motion of a two-level atom in
a double-well potential, and its interaction with the ap-
paratus. Studying all relevant interactions we derive a
general master equation which we simplify for our pur-
poses in order to obtain a tractable equation. This is
treated in Sec. III. Solving it analytically as well as nu-
merically we find the expected inhibition of the system’s
center-of-mass motion. This is a quantum Zeno effect
due to position measurements. Qur approach enables us
to treat the explicit dependence of the quantum Zeno
effect on the experimental parameters. In Sec. IV we
draw some general conjectures for measurement theory
from the way measurement is handled here.

II. THE QUANTUM ZENO EFFECT
IN COORDINATE SPACE

The idea of a quantum Zeno effect in coordinate space
is to measure the position of a moving particle. If these
measurements are performed in a dense sequence we ex-
pect the particle to be inhibited in its motion. To study
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this effect in greater detail using a real measurement pro-
cess we would have to couple all possible position states
to a measurement apparatus. However, in free space this
would involve an infinite number of degrees of freedom.
Here, in order to demonstrate the principle, we investi-
gate the quantum Zeno effect in a double-well potential.
However, the generalization to an extended multiwell
structure is straightforward.

A. The double-well potential

The two lowest states of the symmetric double-well po-
tential are the symmetric ground state |s) and the an-
tisymmetric first excited state |a). We can superpose
these two states in a symmetric (antisymmetric) combina-
tion. The resulting rate |L ) (|R )) is mainly concentrat-
ed in the left (right) well. Their dynamics exhibits
“coherent tunneling,” i.e., oscillations between the left
and right well. If we choose the left state |L ) as the ini-
tial state |4, =0), then we find for the time evolution of

l,2):
]. "

Here, ¢(t)=(E,+E)/2#, is a physically irrelevant
phase, whereas T /#i=(E,—E,)/2#, the tunneling fre-
quency, will be used as a central parameter in the follow-
ing.

The basic idea of the quantum Zeno effect in the dou-
ble well is to continuously monitor the coherent tunnel-
ing and study the measurement induced inhibition of the
dynamics. We will use a realistic physical process to real-
ize the monitoring. Suppose we place a two-level atom in
the double-well potential. If we illuminate the potential
with a resonant laser beam the two-level atom is electron-
ically excited. Provided the spontaneous decay rate in
the two-level atom is large compared to the tunneling fre-
quency, many resonance fluorescence photons are emit-
ted before the atom starts to move. If the fluorescence
wavelength is shorter than the separation of the wells it is
possible to conclude whether the two-level atom is in the
left or right well by observing the origin of the fluores-
cence (cf. Fig. 1).

The physical process of illuminating the potential and
subsequently observing the spontaneously emitted photon
is more than a straightforward way to model a measure-
ment of coherent tunneling. Rather, it is a real measure-
ment, which we can describe in all its important features.
In the following sections we will formulate the problem
in more detail and we will derive and solve the corre-
sponding master equation. This solution will answer the
question whether there indeed is a quantum Zeno effect
in the double-well potential.

[h,t)=e " !|L )cos -ﬁzt +i|R )sin

I
#i

B. Measurement interactions

In order to study the quantum Zeno effect in a double-
well potential it is necessary to treat the combined system
of the object interacting with the apparatus. In our case
the object is the center of mass of the two-level atom
moving in a one-dimensional double-well potential. We
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FIG. 1. The principle setup for the quantum Zeno effect in a
double-well potential, using a two-level atom.

can separate the object dynamics in a longitudinal part
along the direction of the potential minima and in a
transverse part perpendicular to this direction. The lon-
gitudinal motion can be described by

Hea=ELILXL|+Eg|RXR|+T|LY{R|+T|R)L]|.
)

Since we regard the perpendicular motion as essentially
free we will use a basis of two-dimensional plane-wave
states lk, ) for the transverse center-of-mass motion. The
corresponding Hamiltonian H, . is given by the kinetic
energy of the transverse states.

The apparatus consists of the two electronic levels
{11),]12)} and all the modes of the electromagnetic field
{lg,0)}. Here, q is the photon’s momentum and o its
polarization. The apparatus is described by the free elec-
tronic Hamiltonian H .. and the free field Hamiltonian
Hieyq-

The measurement interactions are the interaction be-
tween the two-level atom and the laser field as well as the
interaction with the vacuum field, which causes the atom
to decay spontaneously. We will treat the coupling be-
tween the atom and the light field in the electric-dipole
approximation. We express the electric field in the form

E(r)=3 Ele,,(a,,e"R+a] e ~1aR) (3)
9,0
Here, €, is the polarization vector and E_ is the electric

q
field per photon. Note that we couple the photon’s

momentum to the center-of-mass motion of the atom by
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the exponential e’4®, R being the center-of-mass coordi-
nate. Because we differentiate between a longitudinal and
a transverse center-of-mass motion, it is useful to
separate the photon’s momentum in a transverse and a
longitudinal part,

|
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q=q,tq; . 4)

Thus, we can write for the interaction between the light
field and the atom,

Hlight—atom:— E Et?li>y‘ij'eqa(jl aqafd2k1|kt)(kt_qti 2 'Al)s’MM'(ql)(Ml|
MM’

ij,q,0

+a;a fdzktlkt><kt+qtl 2 |M>SMM'(_q1)<MI| . (5)

MM

Here, p,; is the matrix element of the dipole operator between the electronic states. The Hamiltonian Hgp atom 1n-
cludes the transfer of the photon’s momentum due to absorption and emission. In the following we will especially pay
attention at the operator S(g;) and its matrix elements which describe the longitudinal transfer of momentum,

iq;x

S( q )=e s (6)
— A iqx  x
Spn(@)=(M|S(g)IM"y= [~ “dxe " Pl (x)ye(x) . )
We will refer to Sy,(q;) as the matrix element of the boost operator.
The interaction between the external laser field and atom is treated semiclassically as
Hlaser-atom = _ﬁﬂ’fdzkt E (e Aintlz ) ( 1 | |kt ) ( kt _Qt| IM )SMM’(QI )<MI\ +H.c.), ®)
MM’

Here, Q is the Rabi frequency induced by the laser field,
E is the classical field amplitude, Q is the wave vector,
and X is the polarization of the laser mode

1

Q=ﬁ

Eﬂij'eQ): . (9)

C. A general master equation

From all the ingredients derived in the previous section
we could construct a reversible von Neumann equation
for our problem. However, we are not interested in the
infinite number of degrees of freedom that are involved in
the evolution of the electromagnetic field because we in-
vestigate nonselective measurements. Therefore, we will
remove these variables from our problem by an adiabatic
elimination procedure which will lead to a master equa-
tion for the reduced density operator of the atomic sys-
tem only. Of course, the reduced density operator refers
to an ensemble average over the reservoir. However,
quantum mechanics is essentially a statistical theory. For
instance, a wave function only refers to an ensemble of
identically prepared systems. All predictions which can
be inferred from this wave function can only be tested ex-
perimentally using such an ensemble. However, in our
example the possible meter readings are continuously dis-
tributed. Therefore, if we find a particular meter reading,

J

—

i.e., a particular state of the reservoir realized as conse-
quence of the measurement interaction, this is a unique
event. There is no ensemble which corresponds to this
wave function. Hence, any predictions which are experi-
mentally verifiable must be inferred from a stochastic en-
semble of not identically prepared systems, as given by
the reduced density operator. This, in turn, is obtained
by the solution of the master equation. Since physics as a
science only makes statements about phenomena which
are, in principle, observable, the description of any physi-
cal meaningful effect regarding the small system can be
deduced from the reduced density operator.

We think of our system as divisible in a small system
(the atom) and a large system (the field modes). In the
following we refer to the atom by the subscript 4 and to
the heat bath of the field modes by the subscript R (for
the reservoir). The division yields

HA = Helec + Htunnel +Htrans +Hlaser‘at0m ’ (10)
Hp=Hgqyq > an
VI =H1ight-atom ’ (12)

Here, ¥V, is the interaction which mediates the influence
of the bath to the atom. We define the bath operators as
R?, the atomic operators as A”, and p as a multiple in-
dex. Comparison with Eq. (5) yields

RP=EJa,,a,, AP=1i)(jl |k )k, —q,|IM)Syprg){M'| if p={q,0,k,i,j,M,M',—} (13)
and
szEgaJa’ AP=1i)(jl Ik, Yk, +q,| IM)Syplg){M'| if p={q,0,k,,i,j,M,M',+} . (14)
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The “— sign (“+” sign) corresponds to the absorption (emission) of a momentum k, in Eq. (5).
Using these abbreviations the general master equation in an interaction picture for H , (5 4, =Trgp) reads as
0 1 o = b pe o o -
Eﬁ,,(t)—': _ﬁfo dt' |3 Trg[RP(RP(t—t" )pgr(O){ AP() AP (t—t")p 4(t)— AP (t—1t")p 4(t) A P(1)}
p.p’
+ 3 Trglpr(O)R 2t —t )R P (){p () APt —t VAP ()= AP (P (APt —t)} | . (15

p:p’

In this equation the bath operators only occur in separate
factors which can be evaluated to give the correlation
function of the bath. As pointed out in Appendix A, the
correlation time is approximately a /c (a: well separa-
tion). The finite correlation time is due to the inclusion
of recoil effects in the terms in curly brackets in Eq. (15).
Nevertheless, the correlations between the bath and the
atom in the double well will vanish rapidly on the
relevant atomic time scale.

In principle, we can now execute the time integrals to
calculate relaxation rates and Lamb-shift terms. Howev-
er, since all transverse states as well as all longitudinal
states are coupled by the transfer of momentum, the re-
sulting system of differential equations would contain an
infinite number of equations. Therefore it is convenient
to restrict the space in which the master equations acts.
In the next section we will motivate such a restriction.

D. The restriction of the master equation

In order to come to a tractable master equation we
have to remove most of the participating states from Eq.
(15). In the first place we are interested in the
measurement’s influence upon the dynamics of the lower
longitudinal states. Therefore we average over all trans-
verse states. Furthermore, under certain conditions we
can remove the higher longitudinal states.

1. Elimination of the transverse degrees of freedom

We average the master equation by tracing over the
transverse space. Performing the trace we will find in the
irreversible part of the master equation only diagonal ele-
ments of the transverse states, while we find in the rever-
sible part diagonal as well as nondiagonal elements of the
transverse states. We replace all matrix elements by a
unique average value. As pointed out in Appendix B, in
the case of the nondiagonal elements this involves the
essentially semiclassical condition Q, <<k,, i.e., the trans-
verse transfer of the laser photon momentum has to be
small compared to typical values of the atomic momen-
tum. This relation can be fulfilled for wavelengths small-
er than 0.1 um even for small atomic numbers (cf. Ap-
pendix B).

2. Restriction of the longitudinal space

In our general master equation (15) all longitudinal
states are coupled by matrix elements from Eq. (7). Phys-
ically, this means that the recoil due to absorption or
emission of a photon excites all other center-of-mass
states in the double-well potential. To understand the

—

relevance of the transfer of momentum for the shape of
the kicked wave function, imagine a wave function in
momentum space. Kicking this wave function by a
momentum g amounts to shifting the wave function by g,
thereby preserving its shape in momentum space. It is
clear that in the case of very deep wells in our potential
the corresponding states |L ) and |R ) will be very well
localized in one of the wells. This implies a very broad
momentum spectrum, which again means that the kicked
wave function will hardly change. Thus, if we limit our
considerations to relatively deep wells it should be possi-
ble to neglect the coupling to higher eigenstates of the po-
tential in the master equation.

In Appendix C we derive conditions for the validity of
two-state and four-state approximations. In a two-state
approximation it must generally be valid that

1=|SLL(q1)|2+|SLR(q1)|2 . (16)

Figure 2 illustrates that Eq. (16) is approximately valid
for deep potentials and ¢ <2g, (9o=27/a). Asshown in
Appendix C this requires the parameter b2=2(cgq,/2)* to
be small compared to unity (o is the width of the wave
function). Analogously, a four-state approximation re-
quires b* << 1.

We have done calculations in a two-state approxima-
tion as well as a four-state approximation. For potentials
which are not too shallow the essential results are the
same [8]. However, from these studies we find another
argument which encourages us to perform a “few-state”
approximation. Comparison of the rates within a four-
state system reveals that the rates connecting the upper
pair of states with the lower pair are diminished by the
factor b? compared to the rates within the upper, or re-
spectively, lower pair of states. Thus, if we choose the
duration of the laser pulse to lie between these two time
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FIG. 2. The norm of the kicked wave function in a two-state
approximation for four different potentials [ V= Vo(—2x2+x*),
Vo=10, 10%, 10% and 10*] versus the momentum transfer g in
units ¢ =2m/a.
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scales we can suppress population transfer between the
two pairs of states. Therefore, if we start in the lower
pair of states we may neglect the excitation of higher po-
tential states.

A few-state approximation again amounts to a semi-
classical treatment. Nevertheless, although we neglect
the transfer of momentum in most respects we will keep
track of the changes in the phase of the wave function
due to recoil. These changes appear in the reversible part
of the master equation as well as in the irreversible part
and will finally lead to the emergence of the quantum
Zeno effect.

E. The master equation in the LR system

In this section we derive the master equation in the
two-state approximation. Because only the left state,
|L ), and the right state, |R ), are included, we will call
this the LR system. Before we formulate a more tract-
able master equation we will introduce some further ap-
proximations. First, we will neglect in the following the
nondiagonal matrix element of the boost operator:

Sirla)=[" dxe Y (x)g(x)

~e /207 Tlal0 2N , ifa>c. (A7)
Here, we used Eq. (C6) from Appendix C. Since ¥; and
g are very narrow, they hardly overlap. This excludes
kicks through the barrier. Second, we will neglect the
Doppler shift as well as the recoil energy, since they are

|
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small compared to the transition frequency.

Next we define a dimensionless coupling constant g for
the interaction between the laser and the longitudinal
motion of the atom

§=Srr(Q))—g*=5.,(Q)) . (18)

Having restricted the space in which our master equation
acts, we can evaluate all integrals in our general master
equation. This gives us rates and Lamb-shift terms which
govern the irreversible behavior of the atom:

2
r=ﬁ—’; S |EXSkr (@) l€,0 pn 80, =y, (19)
q,0
T 2T 02 2
F-—"‘%‘z“ 2 'Eq, SLL(_ql )SRR(qI)IGqU'[.l2l| S(Ct)q_a)21) s
q,0
(20)
1 1
A=— 3 |EO2|S Ye, o gy | P——— . 2
e qzai ql | RR(QI)l |€qg ll«21| 0, —ar, (21)

(34,0{P[1/(@w; —wy)]} designates the principal value of
the corresponding q-space integral.) Note the difference
between I' and T'. It will disappear with vanishing pho-
ton momentum or with vanishing well separation.

We apply a rotating-frame transformation to remove
rapidly oscillating terms and we eliminate the Lamb shift
from the equations by choosing the laser frequency as

w, =y —A. Thus, we finally obtain the master equation

pE= G Tl +i0leplf-ce] —ToH,
pi= T LT —pl) +inlgpl—ce) —ToH,
i = —éT(pﬁR—p'ﬁL) —iQfgplf—c.c.]  +Tp",
pht= LT -pl —i0lgtpli—ce]  +TPH
pHE= TR —pH) +i0g*(pH—pH)  —Tolf,
) (22)
pri= — Tl —pl) —itglplf—pf)  +Tpif,
pai = +éT(p§xL—p§lR) —i0g {p3F —pi} —*l;-pﬁ",
pHi= — TR —ph) —i0g*(pth—ptt) —oH
pHR= —LTGEF—pth) —i0igplf—g*ptt) —ToH,
pib= TN —phh) —ing*pli—gplt) — ol

In this master equation the first column on the right-hand
side (RHS) corresponds to coherent tunneling. The
second column refers to interaction with the laser beam.
The last column describes irreversible interaction with

the electromagnetic vacuum field. We will solve this sys-
tem of first-order ordinary differential equations in the
next section.
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III. SOLVING THE MASTER EQUATION

We will treat the master equation analytically as well
as numerically. However, it is not possible to solve the
full system of equations analytically. Therefore we take
advantage of the very different time scales of the mea-
surement process, i.e., the interaction between the laser,
vacuum, and atom, and the coherent tunneling process
% <Q,I,T . (23)
This enables us to employ an adiabatic elimination
scheme. The adiabatic solution can be found on a
coarse-grained time scale which averages over fast elec-
tronic dynamics. Hence, it is useful to contrast the re-
sults from an adiabatic solution to the numerical solution
of the full master equation. Finally, we investigate the
conditions for the appearance of the quantum Zeno effect
using the results from this section.

A. The analytical solution

We are especially interested in the influences on the
center-of-mass motion. Hence, we will trace over the
electronic degrees of freedom,

g =Trelecp = 2 Pii - (24)
i

This gives us the master equation for the center-of-mass
motion

dRR=——i—T(aLR—aRL) ,
#i
U-LL=é'T(ULR__URL) ,

. - 25)
¢ HR=——T(e*—o)—i(g—g*)plf —p}f)

+(T—T)piRk .

Note that the first RHS column describes the undisturbed
(i.e., unobserved) coherent tunneling, driven by the non-
diagonal element oLR. We will therefore refer to 0¥ as
“tunneling coherence.” The tunneling coherence is cou-
pled to the laser field as well as to the irreversible decay.
To evaluate this dependence we have to resort to the full
master equation (22). We will soon see that this coupling
leads to a decay of o“® which again implies stopping the
coherent tunneling. This is the quantum Zeno effect. Let
us look at the coupling “constants” in the equation for
R in greater detail. First, there is a coupling to the

laser field,

g—g“=2if—:dxsin(Q,x)I¢R(x)|2 . (26)

For a perpendicular incident laser beam, Q; =0 and the
coupling g —g* vanishes. Second, we find the tunneling
coherence to be coupled to the irreversible decay of the
electronic transition by the difference of the rates I' and
r:

= 21

P—F=? 2 ]E‘?lzleqo-pzllzﬁ(a}q “&)21)

q9,0

X [ [ dx dy cos[g,(x —y)1lgg(x)]?
X g, )P= %) . 27)

This coupling, however, does not vanish, since g, denotes
the longitudinal momentum of the spontaneously emitted
photon. Because we sum over all resonant g there is al-
ways a component ¢;70. The dependence of g —g* and
I'—T on longitudinal momentum transfer indicates that
it is the longitudinal recoil which is responsible for the
dephasing in the center-of-mass motion which finally
leads to the quantum Zeno effect.

In order to solve the set of equations (25) on the
relevant intermediate time scale between the fast elec-
tronic time scale and the slow time scale of the center-of-
mass motion, we combine an adiabatic elimination of the
rapid electronic motion with a perturbation treatment for
coherent tunneling. We are interested in the solution for
the diagonal elements in second order of T /#. Therefore
we need o L% in first order of T /# only.

1. The decay of tunneling coherence

The tunneling coherence o~¥ in first order of T /# can
be obtained by iterating the corresponding differential
equations from the full master equation (22) to first order
in T/#. Terms in zeroth order in T /# are replaced by
their stationary values for the case of T=0. The station-
ary solution is obtained from the full master equation (22)
with p=0. This systematic adiabatic elimination pro-
cedure renders a closed first-order differential equation
for LR ((¢):

. i
P LR(1)— _;T(URR(O)—O'LL(O))

— (P + T, —iQ Mo LR (28)

(The superscript in parentheses indicates the order in
T /%.)

In Eq. (29) appears the effective decay constants 'St
and T'$T_ and the effective frequency Q°F. The subscript
SE indicates the origin from the spontaneous emission
process while the subscript laser designates a decay rate
which owes its existence to the perpendicular incident
laser photon. The constants are defined as

r-r
el — 2 __20%g+g*)(r-T)
SE [(C+T) 40%g+g*)*+I(r'+T) ’
40%g+g*)*
29)
r+T [g—g*|?
et — 2 (g+g*)? __ 20%g—g*AT+T)
aser (r+r) 40%g+g*)P+I(r+T) ’
492(g+gt)2

(30)
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F8-8"
L= gtg*  _ _40%g—g*)g+g*)T
(C+T) 40%g+g*)*+T(r+T)
404 g +g*)*
31

The constants T'SE, T¢T  and Q°F are dependent on the

Rabi frequency Q of the laser field, on the angle of in-
cidence of the laser (via g), and on the wavelength of the
spontaneously emitted photon (via the boost operator
matrix element in T' and T). We will investigate this
dependence later. Integrating Eq. (28) yields

O‘LR(U(t):O'éf}t(“‘*'[O'LR(I)(O)_U?‘;(K(”]

Xexp[ —(TE+el +iQM) ). (32)

laser

Equation (32) describes the rapid decay of the tunneling
coherence with the time constant (T&E+T¢E )~ due to a
laser pulse. Here, oIR)(0) is the initial value of tunnel-
ing coherence immediately before the laser pulse while
o LR is the stationary value of tunneling coherence after
the decay. Physically, the decay can be understood in
terms of a dephasing of the coherent tunneling motion by
the longitudinal recoil of the laser photons as well as the
spontaneously emitted photons.

The stationary tunneling coherence after the laser
pulse, i.e., the measurement, is given by

LR(D)— _ ir
stat AT+ 5T —iQem)

laser

O,RR(O)_ULL(O)) . (33)

o

This stationary rest coherence is of the order T /#l
which is very small. However, this result shows that the
nondiagonal element of a measured entity will not vanish
completely as it is suggested by the von Neumann ap-
proach to measurement theory. This would be true only
if the response of the apparatus, i.e., ' !, were infinitely
fast which is an unphysical assumption.

2. Bringing the tunneling to a halt

We obtain the adiabatic behavior of the center of mass
if we introduce the stationary value of 0%V into the
first two equations of Eqgs. (25). This gives us rate equa-
tions instead of the master equation (25):

o RR(t)y=—yoRR(t)+yoll(r) , 0
o L(ty=ya®R(t)—yoll(r) .
Here, we have defined the rate
TATE+ TR,
y:l SE laser ] (35)

hZ (r;%_*_r\eﬁ‘ )2+(Qeﬁ )2

laser laser

This rate is of the order T2/#°I" which is very small com-
pared to T /#. If we integrate Eqgs. (34) we finally obtain
the center-of-mass motion during the laser pulse,

ofR(1)=1(1+e 7)aRR(0)+ L(1—e "0 t1(0) ,
(36)

o) =L(1—e ") RR(0)+ L(1+e )0 LL(0) .

1
2
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Since ¥ << T /# this amounts to
oRR(1)~oRR(0), oll(t)~c(0) . (37)

This means that the evolution during the laser pulse will
stop. Thus, we have found an example of a quantum
Zeno effect using a real measurement process. However,
Eq. (37) is only valid to the order of T2/#°T since the
tunneling coherence will not vanish completely. We see
that a complete halt is only possible in the limit of an
infinitely fast response of the apparatus. This is the same
unphysical assumption on which the von Neumann pro-
jection hypothesis is based. A physical measurement pro-
cess instead will not reduce the system in an eigenstate of
the investigated observable but will leave the system in a
superposition of eigenstates that is heavily concentrated
in one of these states. However, since there are contribu-
tions of the other states to the superposition after the
measurement a physical measurement will sometimes
yield a “wrong” answer. The fact that tunneling coher-
ence does not vanish completely is an example for an
“imprecise measurement” as introduced by Caves [9].

B. Numerical solution

In this section we discuss the results of the numerical
solution of the full master equation. The main advantage
of the numerical treatment is the possibility of studying
the behavior for long times as well as for short times
beyond the perturbative adiabatic approximation. In or-
der not to confuse the issues we will eliminate all laser-
related oscillations from our considerations by choosing
g =1 (perpendicular incidence of the laser beam).

The basic parameters of our problem are T, T, Q, and
T. Without any measurement performed, URREPR har-
monically oscillates. The tunneling coherence is essen-
tially the time derivative of Pg.

In Figs. 3(a)-3(d) the course of Py and Im(o%R) is
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FIG. 3. (a)-(d) The decay of tunneling coherence [Im(o®):
solid line] and the stagnation of the population in the right well
(Pg: dashed line) during a laser pulse for four different Rabi
frequencies Q. Between ¢t =105 ! and t =135I" ! a laser pulse
of Rabi frequency ( is applied. The insets in (a) and (b) magnify
the oscillations in the coherence decay. The parameters were
chosen as T'=—0.7T', T=5X107°T, Q=5T (a), 1T (b), 0.2T
(c), and 0.05T (d).



49 QUANTUM ZENO EFFECT IN A DOUBLE-WELL POTENTIAL.: ...

plotted during a laser pulse using four different Rabi fre-
quencies Q. Clearly, the tunneling coherence Im(o%%)
decays for Rabi frequencies 1 2 0.1T". Due to this decay
the evolution of the population Py stagnates during the
pulse. After the pulse it only evolves slowly according to
a t? law. This is consistent with our analytical treatment
in Sec. III A. However, here we find additional oscilla-
tions in Im(oX®) on the electronic time scale. The decay
rate as well as the oscillation frequency decreases with
decreasing Rabi frequency. In Fig. 3(d) the Rabi frequen-
cy is so small that there is no longer a decay of the coher-
ence. Accordingly, the evolution of Py is only slightly
affected. This is an incomplete measurement. It is
straightforward to show that in this case on average far
less than one laser photon is scattered. Thus, no position
measurement within the double-well potential is per-
formed. Consequently, there is no quantum Zeno effect.
In Sec. IIT A we inferred that there has to remain a sta-
tionary coherence of the order T /#AI'. The inset in Fig.
3(b) confirms this result, showing that there is indeed a
rest coherence after the rapid decay of o -X.

In order to investigate the oscillations in o*® during
the decay Fig. 4 shows the Fourier transforms of the
coherence decay for five different Rabi frequencies. From
this, one finds w~2Q for frequencies smaller than ap-
proximately SI'. Thus, the oscillations in tunneling
coherence follow the Rabi oscillations of the electronic
system as long as the oscillations do not become too fast.

In Fig. 5 we compare our analytical result for the de-
cay rate TS with the ratio R =—Im(¢ R)/Im(a™R).
The rate T'SE obviously averages over the fast oscillations
in the decay.

Finally, we study the quantum Zeno effect due to a
pulse sequence. Figure 6(a) displays the undisturbed
behavior of the system. In Figs. 6(b) and 6(c) we apply
four, respectively 17, pulses to the double-well potential.
Since tunneling coherence decays in each single pulse the
evolution is strongly inhibited: In Fig. 6(b) only 30% and

1 7,
L"\‘
S\ —0=05T
| Q=1T
. —p=2T
3 —Q=5T
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FIG. 4. The Fourier transforms of Im(o*®) for five different
Rabi frequencies during the laser pulse in logarithmic units.
For = 5T approximately holds ®=2Q. At higher frequencies

the center-of-mass coherence cannot follow the fast electronic
oscillations. The parameters are chosen as in Fig. 3.

2023
—~ 2 ]
=
2 1.5 ~-T =0.592Tr
= 1 eff
- 05
[S)
X0
> 05
o8 |
' “g5 105 115 125
t/r

FIG. 5. Comparison between the analytical result, predicting
an average exponential decay with decay constant I'*f and the
numerical calculated decay of Im(oXR). As expected, I'*f
reflects the averaged behavior of Im(o2®) during the pulse. The
parameters are Q=2I", =—0.2I".

in 6(c) only 6% of the population can cross the barrier in-
stead of the full 100% as in Fig. 6(a).

C. The dependence of the effective decay rate

Because we have an analytical expression for the
effective decay constant T*T=T+ T it is possible to
investigate the dependence on the wavelength, the direc-
tion of incidence, and the intensity of the probing laser
field. First we consider the case of a perpendicular in-

@
~ 98 ' R |
5 —Im(a*R(t))
> 06
g P ()
n-u: 0.4
0.2+
0 400 800 1200 1600
t/r" =
(®) os —Im(a~"(t))
04 ~PO
-0.1
0 400 800 1200 1600

t/T!

0 200 400 600 800

t/r

1000 1200 1400 1600

FIG. 6. The quantum Zeno effect due to a pulse sequence. (a)
displays the free, undisturbed coherent tunneling which
transfers the complete population from left to right. In (b) four
laser pulses are applied: Each collapses the coherence, so that
the evolution of Py is strongly inhibited. Within the same time
as in (a), only 30% of the population reaches the right well. In
(c) 17 pulses are applied: here, only 6% of the population tun-
nels to the right well. The parameters are I'=-—0.7T,
T=2X1073T, Q=1T. The pulse period is 7, =30 .
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cident laser beam (g=1). Then we obtain for the
effective decay constant T*f=Tgf

r-r
rf=——2 (38)
| D(C+T)
1602

The wavelength dependence in Eq. (38) is introduced by
the rates I and I [Egs. (19) and (20)] which again contain
the boost operator matrix elements [Eq. (7)]. In S,,,(g;)
we need the wave functions ¥; and ¥z. These we can
construct either numerically (using a model potential) or
analytically (using Gaussians as approximations for the
wave function, cf. Appendix C).

Introducing Egs. (19) and (20) into our expression for
the effective decay constant [Eq. (38)] yields the sought
after wavelength dependence of T'SY. This is represented
in Fig. 7. We see that T'$T /T .. is small for small photon
momentum and increases with g, reaching a maximum
value around 0.7q,. This maximum corresponds to a
constructively interfering diffraction pattern of the emit-
ted radiation. With increasing momentum destructive in-
terference makes the pattern more difficult to resolve, so

/T tree decreases again. At higher photon momentum
the pattern becomes resolvable again and approaches a
second maximum. On the far right side of the g axis the
validity of our assumption that 1> >2(g,0 /2)? eventual-
ly worsens.

The dependence of the effective decay constant on the
wavelength of the photon illustrates in a more quantita-
tive way what is intuitively expected: The vanishing of
the quantum Zeno effect if the laser wavelength is large
compared to the well separation. This is due to the fact
that our meter readings, i.e., the diffraction pattern of the
electromagnetic field, are no longer resolvable. Using a
more idealized measurement concept, Peres [10] pointed
out that a higher resolution of the measurement (i.e., a
smaller laser wavelength) will increasingly effectively lock
the evolution of the observed quantum system (i.e., the
atomic center-of-mass motion). Thus, it is indeed neces-
sary to use a coarser resolution of the meter to avoid the
Zeno effect. Our result here confirms Peres’ results using

[veff T
SE / free

FIG. 7. The effective decay rate I'.4 (in units of I'y,.) versus
the momentum transfer g and versus the Rabi frequency of the
laser field. Here, 0 —0 was assumed (very deep potential) and
(g —g*)=0 (perpendicular incident laser beam).
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a realistic measurement process.

We may differentiate between the regime high above
saturation and the regime far below saturation of the
electronic transition. Figure 7 shows that the effective
decay constant saturates with increasing Rabi frequency
around Q=~1I" and decreases to almost zero around
Q~0.1T". From Eq. (38) we compute the value of 'S
below and above saturation:

w802 T-T T
r-r r
rf==—_— - «<Q. 4
SE > a4 Q (40)

This kind of intensity dependence I'SY shares with I'$T
p SE laser

and Q°F because all of them share the same Q-dependent
denominator. For low Rabi frequencies the decay con-
stants increase proportional to Q2/T, and for high Rabi
frequencies the constants approach a saturation value.
The latter is given by the decay rates of the electronic
system, I and T, thereby the response time 1/If of a
physical measurement is principally limited.

The increase in photon momentum in I'Sf/T.,. for
small momenta can be studied using the analytical solu-
tion. We obtain in the case high above saturation:

E‘E: FfreeSinz[%QN (xp —xg)]
1— threecosz[';‘qﬂ (xL —XR )]

r
X , —<<Q
1602 4

(41)

In the case far below saturation we derive similarly

2

80
= T tanz[%hl(xL —xg)]

& Dpeetan®[ 1, (x, —xz )], —Z— >Qar . 42)

In both cases TSl increases quadratically with ¢ for small
photon momenta. For the sake of compatibility with our
numerical study we neglected so far the directional
dependence in the effective decay constants by setting
g =1. Now we want to investigate the dependence of the
decay constants TS TS and Q°f, on the angle of in-
cidence of the laser beam.

Figure 8(a) shows T'f versus the laser photon momen-
tum Q for Q=1T. T displays concentric fringes which
are interrupted at Q;=1/2q,, 3/2g,. On the plane given
by Q,=0 we find, of course, the oscillations in I'SE from
Fig. 7. The fringes emerge from the isotropic spontane-
ous emission that depends only on the absolute value of Q
(i.e., the transition frequency). At Q;,=1/2q, and
0,=3/2q, T vanishes because then (g+g*)=0 for
narrow wave functions. From the full master equation
(22) it can be seen that for (g +g*)=0 the electronically
upper level of the tunneling coherence, p3%, is not popu-
lated during the pulse: If one studies the dynamics which
is imposed on the pf}R by the laser field alone the corre-
sponding nonvanishing eigenfrequencies are found to be
+Q(g+g*). Thus, the laser field cannot populate pif if
g is imaginary. Without having pZ¥ populated the cou-
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FIG. 8. (a) I'§f versus the momentum of the laser photon Q.
The parameters were chosen as Q=1T and o—0. (b) I'tT,,
versus the momentum of the laser photon Q. The parameters
were chosen as Q=1T" and 0 —0. (c) Q°F versus the momentum
of the laser photon Q. The parameters were chosen as Q=1T
and 0 —0.

pling of o“% to the spontaneous emission in Egs. (25) and
consequently 'S vanishes.

In Fig. 8(b) I'tT, versus Q is plotted. Here we find al-
most no dependence on Q, or |Q|. Instead we find a
dependence on the longitudinal component of the laser
photon. This indicates the origin of (T from the effects
of the longitudinal recoil of the laser field. At Q;=0, lg,,
290, T$T.. goes to zero. At the corresponding wave-
lengths both wells are exposed to the same laser ampli-
tude, so that no dephasing due to the laser field occurs.

The imaginary part of the decay constants, Q°F, is pic-
tured in Fig. 8(c). The corresponding oscillations emerge
obviously from the spontaneous emission as well as from
the laser photon, since Fig. 8(c) displays a combination of
the features of Figs. 8(a) and 8(b).

IV. CONCLUSION

In this work we used the quantum Zeno effect as para-
digm of quantum-mechanical measurement theory. We
showed that it is possible to derive the “collapse of the
wave function” in all details from the irreversible dynam-
ics of a real measurement process. Moreover, employing
the Zeno effect as an indicator for the quality of a mea-
surement process we were able to perform a more de-
tailed analysis than is possible using the standard ap-
proach to measurement theory. From this it becomes
clear once again that the von Neumann collapse hy-
pothesis only models the measurement in an unphysical
parameter limit, i.e., the infinitely fast response of the ap-
paratus. In dealing with a real process we showed that
neither the nondiagonal elements decay completely nor,
consequently, does the Zeno effect perfectly stop the evo-
lution. A physical measurement is bound to be an impre-
cise measurement in the sense of Caves [9]: Sometimes
the fluorescence will indicate the atom to be in one well
although the measurement process reduced the system in
a superposition which is strongly concentrated in the oth-
er well.

In particular, we investigated the dependence on wave-
length and intensity of the laser beam. It was shown that
a minimum Rabi frequency is necessary to ensure the de-
cay of tunneling coherence. This minimum intensity cor-
responds to the scattering of one photon. As already
pointed out by Frerichs and Schenzle [5] the reliability of
the photon’s occurrence determines the quality of the
measurement. Therefore, the variance rather than the
mean square of the photon number is important.

One of the main results of this paper is the wavelength
dependence of the decay constant. For long wavelength
we found 'S /T, to be proportional to A 2. The inter-
pretation of this result is straightforward: A process that
does not extract information from the object can hardly
be regarded as a “measurement.” For too long a wave-
length the scattering pattern of the spontaneously emit-
ted photons cannot serve as a record of a result, because
it is not possible to infer from it what the position of the
scattering atom is. Therefore, no measurement is per-
formed and no quantum Zeno effect can be observed. In
our model of a real measurement process the wavelength
dependence of the quantum Zeno effect is the concrete
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manifestation of the requirement of “macroscopic dis-
tinguished meter states” in standard measurement
theory. However, although the measurement theory due
to von Neumann is clearly too idealized, one of its
strange implications, namely the quantum Zeno effect,
can be confirmed using the quantum mechanics of dissi-
pative systems. The way we treated a ‘“measurement-
induced effect” in this paper actually suggests that a mea-
surement is only a particular form of irreversible dynam-
ics. In particular, effects like the “collapse of the wave
function” need not be traced back to some metaphysical
coupling between the observer’s mind and the object of
his experiment. We feel that it is not necessary to consid-
er quantum mechanics incomplete [11,12]. Rather, we
think that the measurement-induced effect can be seen to
emerge from the coupling between a object with only a
few degrees of freedom to a system with very many de-
grees of freedom. This, of course, means that measure-
ment theory should be viewed as inherently connected to
quantum statistics.

APPENDIX A:
DETAILS OF THE DERIVATION
OF THE MASTER EQUATION

Following the standard derivation of a master equation
for the interaction of a small system with a T=0 reser-
voir (e.g. in [13]) we obtain an integrodifferential equation
of the form:

d 1 1 ' —iw, iw, '
EPA(t)=—ﬁfotdt2)E$|2[e "t{"-]+e q'{ SRR
g0

(A1)

In order to transform this to a differential equation we
employ the Markov approximation: The state of the
reservoir at time ¢ only depends on the reservoir’s state
immediately before, so that all correlations within the
bath decay very fast. In Eq. (A1) this means that the in-
tegrand of the integral in Eq. (A1) vanishes rapidly within

J

2 <inQtlpA‘kt>:2 <kl{pA|kt¢Qt>
kf kl

3
k;

t

=3 (ktIPA|kt>E<PA Yo -
k

t

The last step is only permissible if Q, <<k,. This is essen-
tially a semiclassical condition. It can be justified if one
compares the natural linewidth I' with the Doppler shift
op. For an interaction between an atom and a resonant
laser beam I' 2w, must be approximately valid. From
this we can estimate

_—~

o =const X, >1 . (B3)
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a correlation time 7,. However, the terms in parentheses
in Eq. (A1) that are still dependent on g due to the in-
clusion of the photon recoil. Introducing the definition of
the boost matrix elements in Eq. (A1) one finds that in-
terference of the reservoir modes within the double-well
will limit the spectral bandwidth of the reservoir. There-
fore the correlation time 7, of the bath is of the order
a /c. Physically this means that the reservoir of the elec-
tromagnetic field modes needs a time 7. to reach equilib-
rium again after an interaction. This is reasonable since
7. is just the time a perturbation in the electromagnetic
field on the one side of the potential needs to be sensed on
the other side. However, because a has to be chosen
rather small to enable tunneling, 7, is almost zero on an
atomic time scale. Thus we can replace p 4 (t—t') by
p 4(t) and shift the upper limit of the time integration to
infinity. Only then we can execute the time integration
which eventually gives us rates and Lamb-shift terms.

APPENDIX B:
RESTRICTION OF THE TRANSVERSE SPACE

In order to remove the transverse degrees of freedom
from the general master equation (22) we trace over the
transverse space. In the irreversible part of (22) we find
only diagonal elements in the transverse states. Since the
summation over the transverse states may be arbitrarily
shifted we can replace all diagonal matrix elements by a
unique average value

(pa? =3 klp,lk,)

kl

=3 (k,2Q,lp 4k, +Q,) . (B1)
k

t

However, performing the trace over the reversible part of
(22) turns out to be somewhat more complicated because
all matrix elements are nondiagonal in the transverse
states. Tracing over these elements we obtain

=3 Cllp ) F Qg Cllp KDy

(B2)

f

The last relation can be fulfilled for wavelengths smaller
than 0.1 pm even for small atomic numbers. Using this
we can replace every matrix element of the transverse
states by a unique average value.

APPENDIX C:
RESTRICTION OF THE LONGITUDINAL SPACE
We want to derive a more quantitative condition for
the validity of a description that takes only two longitudi-
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nal states, namely |L) and |R ), into account. Let us
consider a kicked wave function |1/J'). Before the kick,
the center-of-mass motion is assumed to be in the state
|L ). Using the boost operator from Eq. (6) we can write
for the kicked state

lY')=S(q,)IL) . (C1
The norm of the kicked state |¢) is then
1=2 |SM'L(q])[2 . (CZ)
°

If we want to limit our considerations to only two states
of longitudinal motion (|L ),|R)) it must be approxi-
mately valid that

IZISLL(41)|2+|SLR(q1)|2 . (C3)

We can investigate this analytically if we use approximate
solutions for the symmetric ground state, respectively,
the antisymmetric first excited state. For deep wells these
are approximately parabolic potentials, so we can set

(x—x; )?
., =(4ma) " |exp |-+ LT
s 2 0_2
(x —xg)?
+exp —%————ZR l (C4)
g

Here, two Gaussian functions centered in the left, respec-
tively, right well with width o /2 are superposed to give
¥, and ¢,. Introducing this in Eq. (7) yields

i |22
tsm[ > H, (C5)

[(1/2)q,01? (_ 2
e 1 ]e( a/2o) . (C6)

q,a

(1/2)g,0 12
Sulgn=e"17

Sir(q))=

Because S;z(g;) is very small the condition (C3) may be
expressed as

2
9,0

—2[(1/2)g;0]?
~e ~
2

1-2 (Cn

Thus, a criterion for the validity of our two-state approxi-
mation is

2
q,0

1>>2 (C8)

If we want to do better we could use the four lowest po-
tential states instead of just two. An approximation
analogous to the one in (C8) then leads to the criterion

[8]: \
aq;

1>>4
2

(C9)
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