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Quantum-nondemolition measurement of photon number using radiation pressure
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We propose a quantum-nondemolition measurement of the amplitude quadrature and the photon-
number statistics by using the effect of radiation pressure on a freely suspended mirror. We propose to
measure the momentum fluctuations of the mirror which will give us a readout of the amplitude quadra-
ture fluctuations. The scheme we propose is able to avoid the back-action noise leaving the state of the

field after the measurement practically undegraded.

PACS number(s): 42.50.Vk, 03.65.Bz, 42.50.Lc

1. INTRODUCTION

There has recently been considerable interest in the
mechanical effects of light [1]. It has been proposed that
by measuring the deflection of atoms from a standing-
wave light field a quantum-nondemolition (QND) mea-
surement may be made on the photon number of the field
[2].

The mechanical effects of light on macroscopic objects
have also been considered. The theory of radiation-
pressure-induced optical bistability has been given by
Meystre et al. [3]. Experimental demonstrations of this
effect have been given in both the optical [4] and mi-
crowave regimes [S]. The radiation-pressure coupling of
the light field to a freely suspended mirror introduces a
nonlinearity which gives rise to the bistability.

In this paper we give a quantum-mechanical analysis of
the radiation-pressure coupling of a light field to a freely
suspended mirror in the adiabatic limit. We propose to
use the momentum fluctuations of the mirror as a meter
that provides information on the fluctuations in the am-
plitude quadrature of the external field and in the photon
number. We shall evaluate under what conditions a mea-
surement of the momentum fluctuations of the mirror
gives us a QND measurement of the amplitude quadra-
ture statistics of the field. We shall use the criteria intro-
duced by Holland et al. [6] to evaluate the quality of the
proposed scheme as a QND measurement, taking into ac-
count the cavity loss and the back action of the noise on
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the meter.

The effect of radiation pressure on a freely suspended
mirror has also been considered in the context of optical
interferometers for gravitational wave detection [7-9].
Whereas in those systems one measures the optical phase
shift to determine the position of the mirror, in our appli-
cation we measure the momentum fluctuations of the
mirror to determine the amplitude statistics of the light
field.

II. MODEL

Let us consider a single-mode optical cavity at frequen-
cy w, with one partially reflecting mirror with transmit-
tivity 7 and one totally reflecting mirror at the other
end. This second mirror can be considered as a harmonic
oscillator with mass m and frequency w,,. A coherent ra-
diation field transmitted through the first mirror hits the
second mirror which starts its oscillation because of the
radiation pressure force.

The total Hamiltonian can be written as

H=H,+H, (1)
with
a2
Hl=ﬁwoafa+£;+%mwfn5c‘2—ﬁgaTai , )

sz%fowdw[(P(a))-l-k(w)i ¥ +0’Q%w)]

+ra’+rfa . 3)

The optical mode of the cavity is described by the Bose
operators a,aT, while X represents the displacement of the
oscillating mirror and p its momentum. The coupling
constant g can be expressed in terms of the cavity length
L and frequency w, as § =wy/L. The first term of H, de-
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scribes the coupling of the harmonic oscillating mirror to
the heat bath described by the bath variables P and Q.
This coupling to the bath is linear but it is more realistic
than the usual rotating-wave approximation [10]. It gives
the damping in the momentum of the oscillator and the
heat bath is considered in equilibrium at temperature 7.
The other two terms of H, represent the damping of the
cavity mode in the usual rotating-wave approximation.

In the input-output formalism [11] the equations of
motion for the system variables are written as

d 1 ‘Va -
ﬁzﬁ[a’ﬂl]_7a+Vyaain(t) ’
da' 1.+ a t —
dt _Tﬁ_[a 7H1]_ ) a +\/Yaain(t) ’
& . 4)
x___ Pe)
dt - it [x7HI] )
a1 Vo
Y 2 s H ~
=B H ==V )

where y,=c T /2L is the cavity damping constant with ¢
the speed of light; y,, represents the damping of the os-
cillating mirror in the usual Markoffian approximation
[1]; and a;,(¢) and a?n(t) are the Bose operators describ-
ing the input field near the frequency of the cavity mode,
ie., a;rn(t)am(t) is the number of photons per second at
frequency o hitting the partially reflecting mirror. The
quantity €;,(¢) is determined in terms of the heat-bath
operators at initial time; thus it depends on the state of
the bath at this initial time [10]. It can be shown that in
the limit of high temperature (i.e., kgT >>fiw, ) the
statistics of the “noise” variable €;,(¢) is that of a white
noise [10]

(6,(1))=0, (e (D)en(t))=kpT8(t—1"), 5)

where kjp is the Boltzmann constant.

Equations (4) are interpreted as quantum-Langevin
equations in the Stratonovich sense. The steady-state
solutions can be easily derived; however, it turns out that,
due to the presence of the oscillating mirror, the mode in-
side the cavity is detuned. We can get rid of this detun-
ing by introducing ab initio a cavity detuning 8 which can
be adjusted either by varying the length of the cavity or
by varying the frequency of the external field. Thus the
frequency g in Eq. (2) is modified to wy+ and the equa-
tions of motion (4) become

da _
dr

dx
dt =p/m,

—i(lwy+6— gx)a—La+V7a ap(t),

dp_ et Ymo

1= M figa'a Py A V¥ menlt) .
Within the usual semiclassical approximation we get the
steady- state equations, obtained by putting d{a)/dt
=d(a") /dt=d (%) /dt=d(p)/dt=0,
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‘}/ pu—
ia(wy+8—gx,)+ —Ziozs=\/'yaairl ,

ps=0, v
Ym
—mo? x,+figata, ———px
where a,=(a),, x,=(%),, p,=(p ), are the steady-

state mean values and a;,=(a;,). By choosing the de-

tuning 8 so that

X
1— =

6= —(wy—gx,)= —wy Ak (8)

the equations simplify and we get the solutions

Sﬁwo 2
Xs = Ty |ain‘
mcw’, T
p;=0, ©)
8L

ata —;—Iam|2

where we used the definitions given above for g and y;
x, is the steady-state value of the mean displacement of
the oscillating mirror, |a,|? represents the steady-state
mean value of the photon number inside the cavity, while
|a;,|* is the mean number of photons hitting the first cav-
ity mirror in 1 s at the frequency of the cavity.

We now consider the evolution equations of small fluc-
tuations with respect to the steady-state values given in
Eq. (9). To this end we define

da=a—a,,
&x =X —x, , (10)
SP:ﬁ_Ps ’

and the fluctuations with respect to the mean value of the
input field

dai,=a;, —a, - (11)

To the lowest order in the fluctuations we get
d
—E=AE+7 .
548t
The vectors & and 7 are defined by
gT=(5a 8a'’,6x,8p) ,
"= (V7480 V'¥48810,0, = V¥ €in)

where for simplicity we showed the transpose of the
column vectors £ and 7. The matrix 4 is given by

—V./2 0 iga; 0
0 —v./2 —igay 0
4=1 9 0 0 1/m |13
Aigar figa, —mawl, —v,/2m
By using the Fourier transform

f)y=Q2m)~ 1/:"fda)f w)expliot), we get
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&w)=B 'fjlo), (14)

with B=iwl— A where I is the identity matrix. After
some algebra the matrix B ~!is given by the expression

bll b12 b13 b14

b21 b22 b23 b24

1, 1
= s 15
B o) A |by; by biz by (13)

b4l b42 b43 b44

where
2

Ym
wfn —*ti—w

Ya tio (16)
2m

A=2

is the determinant of B. The matrix elements b; are
given by

—|Ya_ 2 _ 2y ¥m
by, ) +iow | (o, —o +zw2m
ila,|*g?#
__SE__=b;2(_w),
aig’h
1=t m 21 >
. Ya | . Y .
bs=ia,g —E—'Hw —2%+lw =bjh(—w),
a8 | Va 41('—0))
= = :b* —
ba=i m 2 } #iw u(—o)
b42(ﬂ)) _ b;l(_CI)) b32(0))
fom # o
2 (17)
Ya Ym
— +i Ym o ,
b, 5 T o 1@
y 2
-1 a ] =
b34—‘_n_1 2 +iw = 2 3nb43 N
2
b44=la) 121‘1—+l(0

We are interested in studying the two-time correlation
functions of fluctuations with respect to the steady state
which are given, in terms of Fourier transforms, by

(Ew)ETw))=B Nw){iflo)q ) [B o).

(18)
The correlations of the noise terms are given by [11]
(8a,,(0)88,,(w'))=(8a] (w)8a] (")) =0,
(88,8 [(0)) =(1+7)80+ "),
(19)

(8a [ ()88, (")) =780+ 0’)
(en(w)En(0) =k T80 +0w') ,

where 7 =exp[(#iwy/kzT)—1]"! is vanishingly small at
optical frequencies. Because of the 8 function we can

rewrite Eq. (18) in the following way:
(Ew)ET(0')=8(w+w')B " @)M[B ~(—0]", (20)
with

0 (1+m)y, O 0

ny, 0 0 0

M= 0 0 0 0 . (21)

0 0 0 y.kgT

We are now able to calculate the various correlation
functions of interest. The correlation function of fluctua-
tions of the momentum of the oscillating mirror, after
lengthy but straightforward algebra, is given by

(8p(w)8p(w'))
8lay, |2 AA (A +1)

+y, kT
w2+y§/4 Ym®s

=8(w+w’) L )
wre (02, — 0?4+ 0?2, /4m?] ©

III. QND CRITERIA

Let us try to answer the following question: how good
is this system as a measurement device for the amplitude
quadrature of the input mode at frequency wy? In order
that this system be a good measurement device, a cri-
terion introduced by Holland et al. [6] should be
fulfilled: the quality of the measurement is determined by
the level of correlation between the probe field and the
signal field, i.e.,

_ !(XinYout)_<Xin)( Yout)‘Z

2
C in yout - 1% %

2 A (23)
Xm

Yout

where X" is the input signal incident on the apparatus
and Y°" is the output probe measured by a detector. For
a perfect QND measurement device the correlation
coefficient C;,i,,ym,, is unity. In our case X in s the ampli-
tude quadrature of the input signal X in=(ain+a?n ), and
the probe is the momentum of the oscillating mirror, so
that Y%=¢, +(V'y,, /m)p. Vyin and ¥ o, are the vari-
ances of the two fields defined as ¥, =(Z2)—(Z )% To
the lowest order in the fluctuations we have

[(Xin(t)Yout(tt)>_ (Xm(t)>( Yout(t/ > ]sym

Vm

m

~

[{8a;,()8p(t))+{(8al (8p(t')) ],

(24)

where we used the subscript sym for the symmetrized ex-
pression

Vo inlt,t)=(8a;,(1)8al,(1')) +{8a],(08a; (1) ,  (25)
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Ym (X™w)Y" ("))
Vyoul(t,t <€m >+ <6p ( )>sym .
—2i fiog [+ Aa,+at)]
. ~8(w+o') — ,
Vy (y,2—ioNw, —o°—iy,o/2m)
+——"[(Sp(t)e, (1)) + (e (8p(t))] .
o LLop(e, in()3p (")) ] a7
260 V(0,0 =(1427)8(0+ ') . (28)
In order to calculate Vyo.,l(a),w') we need the Fourier
In terms of the Fourier transforms, by using Eqs.  transform of the correlations (8p(t)€, (¢')) and

(14)- and the independence of the input fields
(Sam(w €n(@')) =(8a;,(0")) (€ (@')), after some alge-
bra we get the symmetrized expression

|

Vyoul(a),a)’)= Voowlw)dlot+ao'),

yout

wl

g (142m) L
o +y, /4

kT

in

(@2, ~w2)2+z

(€.(1)8p (")), while the Fourier transform of the other
terms in Eq. (25) have been obtained in Egs. (19) and (22).
Finally we have

1 [ Vm®@

m

Vyoulw)=

m

In Fig. 1 we show the variance of the output field normalized to its maximum value attained at o =w,, for various
temperatures. We are now able to give the explicit form of Eq. (23)

2
vl
2
+
YT

kpTm?

C2 1+

2 2
w
i 1 1

-1

m2

n nut(w):
oy 4y, 0|y, |2g (1 +27)

where for simplicity we choose the phase of the external
field to get «;, real. In Fig. 2 the behavior of
Clo)= C)Z(m Y"‘“( ) near the resonance value is shown for
a particular set of experimental parameters and various
equilibrium temperatures. The maximum is obtained for

w=*w,,; then we have

V(w)
1
0.
0.
0.
\

T=300 K

0. T=4 ,&C
—— /o,
0.99 1.0 1.01

FIG. 1. Spectrum V(o)=V . (0)/V oul0,) of output

probe fluctuations measured by a detector, normalized at its
maximum value reached for w=w,,, is shown vs the dimension-
less angular frequency w/w,, at various temperatures.

) (30)

(c?

Xinyout )max:( 1 +B)A
with

%

4
" a,, |2g (14 27)

B=LkyTy (32)

We see that as long as B<<1 it is possible to have

Clo)
0 ; ////\\

NS // TN

o4) 7 /1 \\\ .
_ //, / \T 86 K -
0.2 /
/,/ / T=300 K \
— i — W/,
0.9 0.95 1.0 1.05 1.1
FIG. 2. Correlation coefficient CXw)= meout(w)

— 2 . :
=C; out you (@) is shown vs w/w,, for various temperatures.
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(C

yinyou)max=1. For @, <<, the relevant quantity is

given by
rz‘/kB TYm?’a/
cT
VkBTYM 2% >

Olain\

lai,|g#)
(33)
so that f=_ r2. Let us now consider how much the pro-

posed scheme degrades the signal field. Holland et al. [6]
show that the quantity of interest for such a purpose is

|<XinXout>_<Xin>(Xout>|2 -

VXm V out

C;inXout = (34)

When Ci, o =1 the scheme is completely able to iso-

late the noise introduced by the measurement process.
Being X°"'=1/7,(a +a’)—X™ we now consider the
symmetrized expression

[(X()XO% (")) — (XP(2) ) (X°(¢") )]

sym

=[V7 XN )a(t)+a () |ym—V,ynlt,2)) .

XII'\
(35)

After some algebra, by using Egs. (14)-(17) and correla-
tions given in Eq. (19), always considering a real input
field for the sake of simplicity, we get the symmetrized
Fourier transforms

J

(XD Y"(") — (X)) (Y™ (t') ) lym

[{(X™0)X*" (") —(X™0) ) X)) Jym

—a2m 2 ey 6)
Ya/2Fio
and
Vioulw,0)=(1+21)8(0+a') . (37)
Then, the criterion in Eq. (34) becomes
Clinyou(@)=1, (38)

where we used Eq. (28). Then, the scheme is completely
able to isolate the noise introduced by the measurement.
However, in order to have a good QND measurement
scheme the state of the field, after the measurement,
should remain unaffected by the measurement. Holland
et al. [6] introduced a third criterion to indicate how
good the scheme is as a state-preparation device. It turns
out that the quality of state preparation for a QND
scheme can be evaluated by considering the quantity

'(Xoutyout>_<Xout>( Yout)ll

Coutyou (39)
tyo = V youV you
A perfect state- preparation device would have

CX°“'Y°“‘ 1, which gives the variance in the signal out-
put, given a measured value for the probe field, as
V(XY )=V oul 1= Couyou ) =0 . (40)

In the present situation we can evaluate

— V¥a¥m
=1y, ((8a()+8a'(t))e, (1)) + ——" ——{(8al 1+8a1(1)8p(t')) g
‘/
' ((8a n(D+8al (0)8p(e")) . (41)
After lengthy but straightforward algebra we get the symmetrized Fourier transform
VVm _ ,,
R fiog (o, t1(a, +ag)]
(X"0)Y°"(0') ) gy = Slotw’) . (42)
Yy 2t ioN et — o’ —iy,,0/2m)
Thus, finally for a real input field we get
-1
2 2 2
kpTm? w2+ﬁ (0% —0*)+ Y 5
4 m
Ciouyou(@)= |1+ , 43)

where we used Eqgs. (29) and (37). We thus obtain

C;outyout(w):ciinyout(m) . (44)

In the best situation considered above, the value of
C;.outyout can be ~1; in such a case the minimum value of
V(X°"|Y°")~0. It means that the scheme is a very
good QND measurement device because the state after
the measurement is not degraded.

4y 0% a;, g HH(1+27)

IV. CONCLUSIONS

The maximum correlation between the momentum
fluctuations of the mirror and the amplitude quadrature
fluctuations occurs at @ ==tw,,. Thus one should observe
the amplitude of the variance of momentum fluctuations
at this maximum (0==w,,) as this will give the best
measure of the amplitude quadrature of the input mode.



1966 K. JACOBS, P. TOMBESI, M. J. COLLETT, AND D. F. WALLS 49

The width of the variance of momentum fluctuations is
determined by the damping constant of the oscillating
mirror.

For w=*w,, we get
2

|ain

2
[ 64 _']. as)

kT

gh

VY"“‘(wm;lainlz):kBT 14

Vm

Thus, the number of photons impinging the cavity at fre-
quency w is

1
| == [V youl @3 1@ ) = ¥ youl @,,50)] (46)
with
2
A= ;61 %ﬁ 47

fixed by the experimental setup.

Let us now consider a possible experimental situation
specified by the following set of parameters which could
be adjusted by an experimentalist: L =10"" m, 0,= 108
sl T=2X107%, y,,/m=10""s"!, m =107 kg, and
T=4 K. Then B~1.39X10"%a;, | % For an input
power P =#wyla;,|>~0.105 W we have |a,,[?~10" s7!
then 8~0.139 and (C2 ~0.877. For higher in-

Xi" yout )max
put power (C ;in yout Jmax Tises and can approach 1. At
lower input power with |a;,|>~10® s !, we can still have
a good criterion for smaller values of the cavity damping
constant. This could be obtained by using the mirrors re-
cently considered by Rempe et al. [12] with a transmit-
tivity 7=1.6X10"%. In this case y,=4.8X 10’ and we
could obtain (C;inyou, Jmax=0.99 with an input power

with

P~1.05X10"% W. At lower frequencies

©,=3X10" s7! with the same mirrors we still could
have a good criterion (C;i,,ym )max =0.97 with an input
power P~0.1X10"* W and y,/m=10"" s™! with
m=10"° kg. In Fig. 2 we show CXo)

=Clinyou(®)=CZouyou(w) for these values of the pa-

rameters and various temperatures. We conclude that a
measurement of the quadrature phase of the external sig-
nal, by measuring the momentum fluctuations of a freely
suspended mirror induced by radiation-pressure fluctua-
tions, should be feasible. Our conclusion is supported by
the values of the above criteria that for o =*w,, are

C;,ou,yom=C)2(inyout =~1 for the values of the various pa-

rameters considered, while always C ;in yout = 1 holds.

Therefore, we can consider the scheme as a good QND
measurement device, giving a measurement of the num-
ber of photons for a sufficiently high input power and in a
good range of temperatures, without feeding any spurious
noise into the system and leaving the state practically un-
changed after the measurement. This scheme could be
useful in a tap extracting information from a transmis-
sion line by means of a nondestructive measurement of
the number of photons.
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