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The simple expression ( u'
~fis U "g

~

u' ) is offered to approximate sums of the form

(ov'~ f ~v" ) (v"~g~v') {E„E„—-)", where f and g are some operators which couple the vibrational

levels U' and v" of two interacting electronic states and hU = O' —U" is the difference of the corre-
sponding internuclear potentials. The rigorous quantum proofs as well as semiclassical justification of
this formula are presented and its absolute accuracy is estimated in a closed functional form. Invariant

properties and spectroscopic applications of the sum rule, including the evaluation of lifetimes, fine-

structure (A-doubling) constants, and Lande factors, are discussed.

PACS number(s): 33.10.—n, 11.50.Li

I. INTRODUCTION

A large part of the computational effort in practical ap-
plications of molecular-spectra theory requires the nu-
merical estimation of perturbation-theory series [1,2]. In
particular, in the case of a diatomic molecule, when
Green's functions cannot be represented in a compact
form, one has to use the spectral decomposition of the
resolvent and to estimate the series of the following form:

S(v',f,g, n)= g (v'~f ~v" &(v"~g~v'&(E„—E„-)",
U"=0

S(v', f,g, o)= (v'Ifg I
v' &, (2a)

S(v',f =const, g = const, 2)=fg ( v'~b, U ~v' &, (2b)

where ~v' & and
~

v"
& are the vibrational eigenfunctions of

two different electronic states, E,. and E„- are the corre-
sponding eigenvalues, f and g are some operators, and n

is an integer. Note that in standard perturbation theory
n is equal to —1 or —2. The case when n =3 and f=g is
the transition electronic dipole-length moment p is met in
the evaluation of the lifetime of the excited vibrational
state v'. The other possible way to estimate the lifetime
corresponds to n =1 and f=g =m, where n is the
dipole-velocity moment. These examples demonstrate
the prime importance of the methods for straightforward
evaluation of the sum (1).

The direct evaluation of the sum (1) is a poor method,
especially for nondiagonal bound-bound and free-bound
transitions, where the well-known closure condition

o( u'~u" &
= 1 requires knowledge of a large number

of ~u" & wave functions. Obviously, it is a very tedious
problem itself. Moreover, the errors of numerical calcu-
lation of each term in the sum (1) may introduce a great
overall error in the final S value.

The more clever way to handle Eq. (1) is to find an
analytical approximation to S, which does not involve the
set

~

v"
& at all. Two trivial examples of such a closed re-

lation are

where 6U= U' —U" is the difference potential of two in-

teracting electronic states. Although there are no exact
generalizations of Eq. (2) for arbitrary f and g operators
and n values, its approximate counterpart still can be ob-
tained. This fact is nicely illustrated by the famous Tel-
linghuisen formula [3,4] for the excited-state lifetime:

„r, '=(v'~b, U'p'~ u& . (3)

Numerical experiments [3,5] demonstrate the high accu-
racy of Eq. (3) (=0.2%). The classical and quantum
analytical proofs for this formula are discussed in Refs.
[4,6]. Obviously, in this case the decay channel u" will be
allowed only if the evident condition E,, & E„- is fulfilled.

However, the summation might be extended to all v"
without significant loss of accuracy if the characteristic
frequencies of electronic transitions 0 are significantly
higher than the vibrational frequencies co [3,5].

In present work we show that Eq. (3) is a particular
case of a fairly general closed relation for the sums
S(u', f,g, n ). Namely, we prove that for arbitrary f, g,
and n, the exact sum S can be partitioned as S= So+ S&,
where

So= (v'(fb, U"g ~v'& (4)

and S& is a small correction. An explicit expression for
S, is also derived under some additional assumptions in
Sec. II. This makes possible a straightforward test of the
accuracy of approximating the sum S by So. A semiclas-
sical interpretation of the formula for So and S& is given
in Sec. III. Invariant properties as well as important
spectroscopic implementations of the sum rule are dis-
cussed in Sec. IV.

II. QUANTUM APPROACH

Let us consider a diatomic molecule with internuclear
distance q. It is a standard simplification to suppose
q E( —00, + 00 ) instead of q E (0, + ao ). For momentum

p obeys the usual commutation relation which can be
written by Poisson brackets: [q,p ] = 1. Hereafter we use
atomic units.

Let U' and U" be the adiabatic potential functions of
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two electronic states ( U' corresponds to the upper state).
v' and v" symbolize vibrational levels. For a given level
v it is useful to write down the vibrationa1 Hamiltonian
H for the upper state as H=p /2m+ U' E—, In terms
of the difference potential the Hamiltonian of the lower
electronic state is equal to H —hU, and its spectral reso-
lution is

(b, U H)—"= g Iu")(E„—E„»)"&v"
I

.
v"=0

This representation allows us to rewrite sum (1) in a form
independent of v", i.e,

S(u', f,g, n ) = & u'I f(b, U H)"g—Iv') .

In principle, expression (6) can already be used for an ex-
act evaluation of S. Nevertheless, we will try to trans-
form it into an approximate forin (4), which is much
simpler to use in practice than direct numerical calcula-
tions of the sum S.

To estimate the orders of the considered magnitudes it
is useful to have a simple model for the system studied.
Let co' and co" denote the vibrational frequencies of the
upper and lower electronic states, E„=const +rv'(v' +—,

' ),
and the minima of the adiabatic potentials are shifted
from each other by 6.

Recall that co', ~"&&0 where 0 is the mean value of
E, —E„. In other words, Q=EU, when the AU value is
taken in the region of localization of the wave function
Iv') and the adjoint functions f Iv') and glv'). Note
that usually f and g are sufficiently smooth functions on
q. This is a typical situation for application of the adia-
batic approximation when electronic states are well
separated. This model should be acceptable to make real
estimations of different corrections.

Under the conditions given above it is reasonable to
suppose that the mean value of H /6 U « 1 and to use a
power series "in H/b U" to estimate S. Then, retaining
only the terms linear and zero order in H, we obtain the
following approximation for S with positive n:

n —1

(AU H)"=AU" —gb U"HAU—" ' . (7)
k=p

The analogous approximation for n &0 can be worked
out with the help of the recurrence relation

(AU H) '=b U '+—hU 'Hb. U

+b, U 'H(hU H) 'Hb, U—
The largest term b, U" in Eq. (7) immediately gives the es-
timate (4) for the sum S. The other part of the right-hand
side of Eq. (7) represents the correction S, to So. We can
suppose that the 5 =Sp+S& approximation has an error
of the order of (co'+co"/20) .

An explicit derivation of the closed formula for S, in-
volves a number of exact commutation relations. We
now work out some of them for later use in the S& calcu-
lation.

Let X and Y be the Hermitian operators which com-
mute with the potential functions, whereas in other
respects they are arbitrary functions of the q coordinate

and p momentum. Denoting {X,p I as X' and {Y,p I as
Y', we may formulate the main result as the following
lemma.

Lemma:

2XHY=(HXY+XYH)+ (X'Y')/m

= (HXY+XYH )

+(i/2m )(pX'Y —XY'p+X'p Y—Xp Y') . (l l)

It is evident that X'p Y=X'Yp —iX'Y'. An analogous
reorganization of Xp Y' gives

2XHY=(HXY+XYH)+ (X'Y') /m

+(i/2m )(Cp+pC) . (12)

Substitution of the simple relation p/m = {q,HI to the
last term of Eq. (12) proves the lemma.

Corollary: If & v'IqHCI v') is real, then

& u'IXHYlv'& =
&

u'IX'Y'lu' &/2m . (13)

Proof: From the definition of the Hamiltonian
H Iv') =0 and according to the lemma, we have

& v'IXH Ylu'& =
& v'IX'Y'lu') /2m

+ &u'lqHC CHq lv')/2 —. (14)

The proof is finished, since the last term on the right-
hand side of Eq. (14) is the imaginary part of
&'IqHCI'&.

For practical use of the above corollary the wave func-
tion Iv') of the vibrational state should be real. For real
functions X and Y the C operator is also real and the
corollary is true. In the case of complex functions X and
Y the proof can be realized for the real and imaginary
parts of each function separately. In all cases C=O,
when X= Y.

Now it is easy to calculate the S, correction. Indeed,
according to Eq. (7) and for the case n ~0 we have

n —1

S, = —g &v'I(fb, U")H(hU" " 'g)lu'), (15)

where each term of the sum can be evaluated with the
help of the corollary. If f and g are multiplicative func-
tions of q, a simple calculation leads to

S, = —
& u'Inb, U" 'f'g'+n(n —1)b,U" 2AU'(fg )'/2

+n(n —l)(n —2)b, U" (b, U') fg/6lv')/2m, (16)

+(CqH Hq—C)+(qHC CH—q ),
where C=(X'Y—XY')/2.

Proof: From the definition of X' and the standard prop-
erties of the Poisson brackets one has

XH=HX+i {X,HI =HX+(i/2m ) {X,p I

=HX+(i /2m )(X'p+pX') . (10)

The definition of Y' and the analogous relation for HY
immediately yield

2XHY=(XH) Y+X(HY)
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where b U', f', and g' denote the first derivatives of b U,

f, and g functions, respectively. The relation for n (0
may be easily proved by use of the corollary and the re-
cursion (8}. It can be shown that the case n (0 is de-
scribed by the same formula (16). This fact can be con-
sidered as the result of analytical continuation.

For the model introduced above the S& value has the
form

S= g &vilflv" &&v"Iglv2&(E„—E.-)".
tt 0

"1
(18)

IS, /S, l
= ln(n —1)(n —2)fi'(~'+~" /2Q)'/24l . (»)

Therefore, when I n
I

( 3 and 5 is equal to a few
angstroms, the relative error is small even for the case
(co'+co"/2Q)=0. 1. It is also possible to evaluate the
next correction to S. Tedious calculations which rely
upon the same basic idea show that in the expansion
S=S0+S,+Sz the S2/S, ratio has the order of
v'(co'+co" /2Q). Obviously, this correction is negligible
in a typical situation of not too large u' values and
co', co" &&Q. Hence, the approximations S=Sp+S& are
accurate enough for common application.

Now we turn to a slightly generalized form of the sums
(1) which is useful for some purposes. Let v i

=v', u 2%v',
and

mation. In this case, q lu' & can be expressed as a contri-
bution of lv'+1& functions. Then, the largest contribu-
tions to Eq. (21) cancel each other and the final expres-
sion is a combination of four terms of the form
'1/ (uzar'/m ) & vz I

Tlv', &, where vz should be replaced by
v2+1 and v', by v', +1, respectively.

In all cases these corrections are less by the order of
magnitude than the terms of Eq. (16) containing f ' and g'
functions. The above consideration shows that S=S0
and the main corrections are given by Eqs. (16) and (20).
This approximation becomes too crude at large luz —u',

I

values. It is easy to generalize the present derivation for
sums of the type (18) which have E, and E, on the

UP Ul

right-hand side. Again, the main result is similar to that
given before, namely, the closer to zero the difference
v2 —

u& is the better the S=S0 approximation. In this
sense the diagonal case v 2

=v', is the best one.

III. SEMICLASSICAL APPROACH

Now we demonstrate another way to obtain the ap-
proximations to S. Recalling the trivial exact relation
E„E„-= & v—"

I b U(q ) I

v'
& /& v"

I

v'
& [7] and expanding

hU, f, and g functions in power series on r =q —q,
' one

has
This expression can be analyzed by the methods
developed above. Obviously, S S0+S

&
where

Su=& vzI fb, U"glv', &. The formula for S, follows from
the lemma and Eq. (7). In our notations it is easy to see
that

&u2IXHYlv', &=&v2IX'Y'Iv', &/2m

'n

(E„E„-)"=—g (1/k!)AUi, ri, , „- .
k=o

&
v"

I flu'& = g (1/k. )f„ri, „.„- &
v" lu'&,

k=0

(22a)

(22b)

+(E, E, }&v2IXY—Iv', &+g, (19)

where the form of g is considered later. For a nondiago-
nal element of the same operator the first term on the
right-hand side of Eq. (19) gives the contribution in S, of
the same form as Si in Eq. (15). The additional contribu-
tion arising from the second term has the value

&u" lglv'&= g (1/k!)gi, ri, ,„,„- &v" lv'&,
I& =0

where rz „.„-is defined as

(22c)

n(E, —E, )& v',
)fb, U" 'glv', &/4, (20)

r„„.„.=&v" lr"lu'&/&v"lv'& (23)

& v2 Iq~& ~~q Iv i &
—(E ~

—E ~ }&v~ lq2 lv i & .
2 1

(21)

We do not intend to evaluate Eq. (21} in a general form.
Instead, we simply estimate it in the harmonic approxi-

which can be estimated as n(vz —v', }(co'/Q)S0/4. Thus,
corrections to the "nondiagonal" sums S0 are small only
if the difference between u 2 and v

&
is small.

The term g generates a contribution in S,
which consists of the matrix elements of the
T=nb, U" '(f'g —g'f )/4 operator. Note that the terms
of Eq. (15) containing the hU' function cancel each other
under the summation in Eq. (15). In particular, these
terms vanish if f=g, whereas in the general situation g
contributes to S& as

r, . „-r&,. „- u" u' = u'r 'u'
v"=0

(24)

being valid for all m and I. It follows from the complete-
ness of the lv" & set. Tedious analytical calculations show
that the main part of the S& correction function has the
form

and the k index marks the kth derivative with respect to
q. Multiplication of the series (22) by each other yields
the sum (1). On the other hand, multiplying the corre-
sponding power series and substituting the result in in-
tegral expression (4), it is easy to estimate the SD value.
Then, after subtraction of these series from each other we
find that the terms with k =0, 1 vanish. Moreover, all the
members of the series with k=2 and some with k=3
vanish also due to the relation
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S, = [nb Uo '6 U&f,g, +n(n —1)b Uo b U&(f &go+ fog, )/2+n(n —l)(n —2)b Uo b U&fogo/6]

x y &u" lrlu')'/&u" lv'& —&u'lr'lu')
v"=0

(25)

It is easy to see that the expressions (25) are similar to Eq.
(16). Under the r-centroid approximation [8], the value
of (&v" lrlu')/&u" lu') )' is equal to &u" lr'lu')/& v" lv').
As it follows from Eq. (24) (for the case m =3, l =0) the
value in last parentheses of Eq. (25) vanishes. Thus, the
equality S=So is exact under the, r-centroid approxima-
tion. It is interesting to note that application of the sta-
tionary phase method [9] for evaluation of the corre-
sponding integrals in Eq. (1) immediately gives

S= g g f(q')g(q*)[b, U(q*)]"&u"lu') =So,
v"=0

q

(26)

The approximation of' the sum S as S0 has noteworthy
features. It is invariant with respect to the following
transformations:

So(u', f,g, n ) =So(u', fb U",g b, U", n —2k ),
So(v', f,g, n ) =So(v', fa",ga ",n ),

(27)

where k is an arbitrary number and a(q) is an arbitrary
function of the q coordinate. In contrast to S0, both S
and S& functions are affected by these transformations. It
is therefore instructive to analyze the behavior of the S,
correction function. For instance, applying the transfor-
mations (27) and (28) to Eq. (16) for the case k =1, we
And that the corresponding changes of the S~ function
have the following forms:

AS, =
& v'l2b U" 'f'g'+(n —1)AU" b U'(fg)'

where q' are the stationary points of the phase. This for-
mula can also be considered as a variant of the mean-
value theorem. In all cases we can see that the accuracy
of an approximation S =S0 is at least of the same order
as the accuracy of the r-centroid or asymptotic approxi-
mations of WKB type. This gives us an additional argu-
ment for using the simple formula instead of the much
more tedious calculations.

IV. DISCUSSION

It is interesting to compare S", with the S
&

value obtained
for n =1 and f =sr*, g=@, since the S =Sv+S& repre-
sentation is exact. Here m=hUp defines the transition
moment in the momentum (dipole-velocity) representa-
tion. In this case, we have (see also Ref. [6])

S", = —
& u'l(~')'lu'

& /2m

= —
& u'll p, ')'~U'+2)

)
'SU'aU+(aU')'q'lu') /2m .

(32)

Therefore, if the first derivative of the p function is negli-
gible in comparison with hU', then S", =S",. On the con-
trary, if AU=const, while p is varied strongly, then
S~& =3S&. It should be emphasized that the same result
follows directly from Eq. (29}. Indeed, at n =3 we obtain

S", —S", =
& v'lbU (p') +b Ub U'(p )'l v') /m . (33)

Now we summarize some other spectroscopic applica-
tions of the suggested sum rule including the effects of
regular perturbations on fine-structure (A-doubling) con-
stants and Lande factor values. For electronic perturba-
tion parameters describing the shifts and splittings of the
A-doublet components of a H state caused by interactions
with X+—states of the same multiplicity [10]we find

o,"=S(u', AL+, AL+, —1)/4= & u'l( AL+ ) /b Ulu') /4,

(34a)

p„"=2S(u', AL+, BL+,—1)=2& u'l AB(L+ ) /EUlu'),

(34b)

q„" =2S(u', BL+,BL+ —1)=2&v'l(BL+ ) /b Ulu') .

(34c)

For Lande factors of X—states originating from interac-
tion with paramagnetic II states [11]we have

g„=2S[v', ( A +2B )L+,L+, —1]

+(n —2)(n —3)EU" (b, U') fglu')/2m, (29)

bS, = &v'lnb, U" '[(a'/a )(f'g fg')— =2& v'l( A +2B}(L+) /b Ulu') .

V. CONCLUSIONS

(35)

—(a'/a ) (fg )]lv') /2m . (30)

It is clear from Eqs. (29) and (30) that for slowly varying
f ' and g

' functions the absolute variations of the S, and
S functions increase as (n —2)(n —3) and n, respectively.

We consider this fact in more detail in connection with
the lifetime estimation. In this case (n =3 and f=g =p, ),
from Eq. (16) we have

S", = —&v'l3(p') b, U +6', 'AU'bU+(b, U') p lv')/2m .

(31)

Based on simple commutation relations we have ob-
tained the approximate sum rule S(v ',f,g, n )
= &v'lfb, U"glv')+S, , where S, is given by formula
(16). This estimation requires greatly reduced informa-
tion about a second electronic state, namely, only a
knowledge of the potential curve of this state. Formulas
for S& functions have been found for the case of multipli-
cative f and g operators on the same coordinate. Howev-
er, it is also valid in some other cases: (a) In multidimen-
sional problems when Hamiltonians have the form



APPROXIMATE SUM RULE FOR DIATOMIC VIBRONIC STATES

g;p; /2m;+ U, an additional summation over i appears.
(b) If f and g are arbitrary operators, f' in Eq. (16)
should be replaced by If,g I and estimation of the

t f, U') value is also needed. (c) The expression (16) esti-
mates the S, correction with an additional error of the
order of ntrtcoSo/0, when the sum (1) corresponds to v'

differing by the integer m.
The relations of type (4) are strongly recommended for

implementation in calculations of lifetimes, A constants,
and Lande factors of excited states, even if S& corrections
are neglected in the consideration. We hope that the pro-
posed sum rule will prove to be useful for qualitative es-

timations as well as quantitative evaluations of other dia-
tomic properties, such as electronic parts of polarizability
and high-frequency terms of magnetic susceptibility.
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