
PHYSICAL REVIEW A VOLUME 49, NUMBER 2 FEBRUARY 1994

Partial stopping power and straggling effective charges of heavy ions in condensed matter
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The stopping-power effective charge (SPEC) has been formulated in the Brandt-Kitagawa (BK) model.
In the effective-charge theory, the stopping power of heavy ions can be obtained by scaling using the
SPEC with a mean charge state. Based on the BK treatment for the statistical ion screening and the
dielectric function, a formula for the straggling effective charge (SGEC) has been obtained. The SGEC,
which is different from the SPEC, provides the scaling of collisional (without charge exchange) strag-

gling in the effective-charge theory. To properly describe the stopping power and straggling of heavy

projectiles in condensed matter, partial effective charges (PEC s) are introduced to describe the charge-
state-dependent stopping power and straggling in a charge-state model. The partial stopping power and

straggling of projectiles with a fixed charge state can be obtained by scaling to those of the bare nucleus

with related PEC s. This allows the calculation of the total stopping power and straggling of heavy pro-
jectiles in a charge-state description including the charge-exchange effect.

PACS number(s): 34.50.Bw, 61.80.Mk, 79.20.—m, 82.80.Pv

I. INTRODUCTION

Stopping power and straggling are the most important
parameters of the energy-loss process of energetic ions
passing through matter. The energy-loss process of
heavy ions is complicated because of the charge-exchange
effect which leads to charge-state Auctuations. The stop-
ping power of heavy ions has been studied extensively
and described by the effective-charge concept [1]. With
the dielectric-function method [2], Brandt and Kitagawa
(BK) [3] have derived a well-known formula by describ-
ing the electronic density distribution in a statistical
manner. Comprehensive data compilations have led to a
widely used empirical formula [4] for the stopping power
of heavy ions based on the BK theory. By introducing
the charge states of a projectile into the transport equa-
tion, the contributions from the charge-exchange effect
can be derived in addition to the collisional term (for the
projectile with a fixed charge state) of stopping power
and straggling [5,6]. However, energy straggling has not
been studied as extensively as stopping power because of
the difficulties associated with charge-exchange effect
[7,8]. By applying the stopping-power effective charge
(SPEC) to the collisional straggling, an empirical formula
for energy straggling [9] has been obtained including the
charge exchange contribution. Although the effective-
charge model well describes the stopping power, there are
ambiguities in describing the screening of ions in con-
densed matter [10].

Recently, more promising studies have been presen-
ted in a charge-state description. Some calculations
[3,11—13] and measurements [14—22] have been available
for the charge-state-dependent stopping power and strag-
gling. A Monte Carlo simulation [23] with a charge-state
model predicted large discrepancies from TRIM [4], which
is based on the BK effective-charge theory, for implanted
range and range straggling. A general statistical descrip-
tion [6] for stopping power and straggling has been

presented including the charge-exchange effect, in which
the Bethe-Landau integral [24] for the energy-loss spec-
trum of a point charge was generalized into a square ma-
trix to include the incoming and outgoing charge states.
In a charge-state approach [25], good agreement with
available experimental data for the total stopping power
of H and He ions in Al has been demonstrated. In the
case of heavy ions, however, the charge-state model is
very complicated and not practical for a full calculation
of the contribution from each charge state.

The stopping power and straggling can be divided into
a collisional contribution (without charge exchange) and
a charge-exchange contribution (from charge-state fluc-
tuations) [5—9,11,25]. So far, some theoretical and exper-
imental studies have been performed on the charge-
exchange contribution to energy straggling [5—9,11].
The straggling effective charge (SGEC) for heavy ions,
which could be used for the scaling of collisional strag-
gling, has not been studied. Instead, the effective charge
derived from stopping power was used to perform the ap-
proximate scaling of collisional straggling [9,26]. Howev-
er, the SGEC is different from the SPEC because energy
straggling corresponds to the second-order momentum of
the energy-loss process while stopping power corresponds
to the first-order momentum. The SPEC derived from
stopping power may be inadequate to describe the col-
lisional straggling. To properly understand the stopping
power and straggling of heavy ions, including the
charge-exchange effect, it is necessary to clarify the
effective-charge concept and combine it with the charge-
state model.

In this paper, PEC's are introduced to describe the
contribution to the stopping power and straggling from
each charge state of heavy ions in condensed matter. The
partial SPEC, which has been formulated in the BK
treatment [3], is summarized in Sec. II. In Sec. III, a for-
mula for the partial SGEC is derived within the BK ap-
proximation. Discussion is presented in Sec. IV with at-
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tention drawn to the nonlinear response effect [32] at low
ion velocities, followed by the conclusion in Sec. V.
Atomic units (a.u. ) e=fi=m =1 are used below except
when stated otherwise.

II. PARTIAL STOPPING-POWER
EFFECTIVE CHARGE (PSPEC)

The probability of energy transfer from an energetic
projectile to a free-electron gas is described by the
random-phase dielectric function e(k, co) approximation
[2]. Brandt and Kitagawa [3] have derived a formula for
the PSPEC in a variational statistical approximation.
The results are summarized briefly below.

The stopping power of a singly charged projectile can
be expressed by

S—: =, p k ' d~coIm
dX ~U 0 k 0

0.6-

0.4-

z'"a-
I

0
0 0.2 0.4 0.6 0.8

ionization q

FIG. 1. Comparison of the modified ion screening radius, Eq.
(4), with the BK result, Eq. (3), as a function of ionization frac-
tion q.

(1) try, Eq. (2), yields

where v is the projectile velocity and p(k) is the Fourier
transform of the spatial charge density p(r) (total of nu-
clear and electronic charge densities) in the rest frame of
the projectile. A spherically symmetric charge distribu-
tion was assumed in a statistical approximation,

(k)=Z q+(kA)
1+(kA}

From Eqs. (1} and (5} with suitable approximations for
the dielectric function, one can obtain the partial stop-
ping power. The PSPEC fraction is expressed by

N, Ao —z/'Ao
p(R ) =Zi5(R) —

3
e

4~A,' ~ (2) g(q) =—[&(q)/&(q =1)]' ',
where Z, is the atomic number of the projectile and N, is
the number of electrons still bound to the projectile nu-
cleus. By finding the minimum internal energy of the
projectile (nucleus and bound electrons), the screening
length Ao was determined by

2a(1 —q)' '

Z i [1—(1 —
q )/7]

with a =0.240 and ao=1 a.u. = 0.529 A is the Bohr
radius. For the E-shell electrons, BK suggested
Ap ap/Z, x with Z, x =Z, for A, = 1 and Z, x=Z, —0.3 for N, =2.

By taking into account the static screening effect of
conduction electrons in the medium, the projectile
screening length in condensed matter was improved to be
[27]

1 1
X (1 —q)

1+(k+ A) 1+(k A)

1+(k+A)
+(1+q)ln

1+(k A)
ln(k+ /k ),

where

where S(q = 1) is the stopping power for the bare nucleus
of the projectile.

At high velocities where the projectile can excite
plasmons in the medium, BK used the plasmonpole ap-
proximation [28] of the dielectric function and obtained
the PSPEC of projectiles with ionization q,

g'(q) =q'+(1 —
q )

A =Ap/(1 ——', k TF Ap), (4)
k =[2(v —P )+2[(v —P )

—0 ]]'

where kT„=(4k~/n)'~ is the . Thomas-Fermi (TF)
screening wave number and k~=(3m n)'2~ is 3the Fermi
wave number with the conduction-electron density
n =3/4mr, . The one-electron radius r, is the radius of
the average volume occupied by each conduction electron
of the medium. The screening lengths Ao and A are
shown in Fig. 1 for di8'erent ionizations q= 1 —Ne/Z, .
More screening was expected for lower charge states.
Additional contributions to the stopping power and
straggling of slow heavy atoms from the static screening
have been studied, showing an improved agreement with
experimental data [27].

The Fourier transform of p(r) with spherical symme-

with p= 3kF /5 and the collective frequency
=(iv +pi )', where the plasmon frequency iv

=(4~n)i =(3/y3}i/2 and ~g is the effective band-gap
energy of semiconductors or insulators [3]. From Eq. (8),
a threshold velocity for the projectile to excite plasmons
in the medium is determined by

v, h, =(p~+0 )'~

At low velocities v ( vF (Fermi velocity), the PSPEC frac-
tion was approximated by

g(q)=q+C(kF)(1 —q)in[1+(2kFA) ],
where
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m.kF
C(kF)=

( I +n kF )I(~kF )

2

mkF

I(z) =ln(1+z }-
1+z

The first and second terms in Eq. (10) represent the con-
tributions from the distant collision and the close col-
lision respectively in the BK effective-charge theory [3,4].

q(q):—[0(q)/0(q =1)]' (13)

where 0(q =1}is the energy straggling for the bare nu-

cleus of the projectile. Following the treatment as for
stopping power, an analytical formula for g can be ob-
tained.

At high velocities v )U,h„one can use the plasmonpole

approximation [28] for the dielectric function in the limit
of no damping process [3]

III. PARTIAL STRAGGLING
EFFECTIVE CHARGE (PSGEC)

—1
Im

e(k, a))

2

5(co—A ), (14)

With the dielectric function method, the energy-
straggling cross section of a singly charged projectile with
velocity U can be expressed by

with 3 =0 +p k +k /4. From Eqs. (5), (12), and
(14), one obtains

0
, J „ Ip(k)l' J "dao''Im

Ndx N~U2 0 k 0

(12)

where N is the atomic density of the medium. The
PSGEC fraction of energy straggling is de6ned by

k+ d '(k)(0'+P'k +k /4)' '
Ndx NU2 k k ~

N 0 Z
r)'(q )f ( I ),2¹

where

(15)

g'(q)= f(q)/f(1),
(16)

k+ f, (k+ A) f, (k A)
f(q)=q ln +(1—q) 2

—
2 +[f,(k+A) —f, (k A)]

k 1+(k+A) 1+(k A)

(1+q )(2—b )+4c 2b +—(k+ A} f2(k+ A}
&

f3(k+ A} b —4c(1—
q ) f4(k+A)

+(1—q) ln
2

—ln —
q ln + — 1n

2&1 b+c — 1+(k A)z f2(k A) f3(k A) 2&c f4(k A)

with

fi(z)=t/1+hz +cz

f2(z)=2 —b+bz 2cz +2&1—b+cfi(z), —

f3(z)=2+hz +2fi(z),
f4(z)=b+2cz +2~c f, (z),
b=(P/0 A)

c=l/(20 A )

(17}

—1
Im

e(k, co)

for k 2kF
2k co

—. (k +ka}
0 for k) 2kF,

(19)

into the Bohr straggling for projectiles with any charge
state other than that which is only for fully stripped ions
(bare nucleus).

At low velocities v (vz, the dielectric function is de-

scribed as [3]

Q~ =4mZ)Z2%dx . (18)

At high velocities (u~ ~), Eq. (8) gives k+ -2u~ ao and
k =0 /v~0, then rj(q)~1 and f(1)=2v /0 . The
conduction-electron density is n =Z2N because all the
target electrons can be treated as free electrons at such
high projectile velocities. Therefore, co =4~n =4mZ2N
and Eq. (15) becomes the well-known Bohr formula [29]

kFZ,
vPv [J(nkF)+2], . (20)

with a screening constant kD=(4kF/m)' . Inserting
Eqs. (5) and (19}into Eq. (12), the energy-straggling cross
section is obtained as

g2 2 2kF k
dk p (k)(k'+k,')'

It should be noted that, at high velocities, Eq. (15) turns where the PSGEC fraction is expressed by
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r) (q)= . 1—
2

1 —
q 2

1 —(kDA)' J(~kF )

1 —
q J(4kFA )

1 —(kDA) J(7rkF )

1 —
q 1 —

q

1 —(kDA) 1 —(kDA)

M(kF, A)

J(mkF )
1+

J(rrkF )

(21)

with

1
3

tan '(&z )

1+z v'z

, , tan '(1/'ok~)
M(kF, A) = 4k~A

1 —(kDA) (mkF) ~

(22)
tan '(2kF A)

t)(q ) =q+D(kF )(1—
q ) 1—

2k, A
(24)

where

cording to Eq. (21), differentiation of Eq. (21) at A=O
leads to

tan '(2k+A }

2kFA

2~kF
D(kF ) =

(1+vrkF )[2+J(rrkF )]
5

~kF
(25)

n=q =+'"dn
5=0

(23)

With J(0}=—2, M(k+, 0)= —1, and r)(q)~& o=q

0.4 0.4

0.3- -0.3

The term [J(m.k~)+2] in Eq. (20) accounts for the
screening of the medium on energy straggling, which is
different from I(mkF) accou. nting for the screening on

stopping power. Following the BK description, the pa-
rameter 2kFA-4Ar, ', which is a measure of the ion
screening radius A relative to the electron spacing r, of
the medium, can be treated as small. Introducing a vari-
able b =1—tan '(2k+A)/2kFA, Eq. (21) can be expand-
ed in the limit of small 2kFA or 6~0,

is a coefftcient weakly depending on kF (or r, ); e.g. ,

D(kF)=1.71, 1.74, 1.78, and 1.95 for r, =1.49, 1.66,
2.12, and 5.88, respectively. The validity and universal
behavior of Eq. (23) are demonstrated in Fig. 2, together
with that of Eq. (10) for comparison.

IV. DISCUSSION

The PSPEC (g) and PSGEC (t)) are expressed by Eqs.
(7), (10), (16), and (24), respectively, in the frame of the
linear response theory [2,3] for slow and swift projectiles
with a fixed charge state (or ionization fraction q). The
energy dependence of the PEC's for C neutral atoms and
C + ions in carbon (r, =1.66) is shown in Fig. 3. A simi-

lar feature as discussed for He+ ions in solids based on
numerical calculations [11,12] is observed. The fractions

g and r) are constants at low energies and increase gradu-
ally with increasing energy until g ~(1+q )/2 and

g ~1 at the high-energy limit. There is a mismatch at
velocities around U and U,h, between the low- and high-
velocity approximations, which is due to the limitation of
Eqs. (14) and (19) for the dielectric function at such ve-

" q 0.2-
1-q

0.1-

-0.. ' q
1-q

-0.1
0.8-

Stopping Power—Straggling
-0.8

0i
0 0.2 0.4 0.6 0.8

4k+

0
1

0.6-

04- -04

FIG. 2. Demonstration for the equivalence of the approxima-
tion expression, Eq. (24), to the exact formula, Eq. (21), of ener-

gy straggling (, 0) in the form of ( g —
q ) /( 1 —

q ) vs

(2kFA)~, together with (g —q)/(l —q) of stopping power [3]
( ———,+) for comparison. The lines represent the results
from Eqs. (10) and (24) for Z, & 5 at all degrees of ionization,
while the data symbols are calculated from the exact expres-
sions for Z& =6,7, 18,53,92 each at ionizations q =0.197, 0.447,
and 0.852, in targets with r, = 1.49 (Au), 1.66 (C), 2.12 (Al), and
5.88 (Cs). The screening length, Eq. (4), is used.

0.2- -0.2

0(
1 10 100 1000

E (kev/arr}u)

1 1 1 I I I I I 0
10000

FIG. 3. The energy dependence of the PSPEC and PSGEC
fractions for C atoms (q =0) and C + ions in carbon (r, = 1.66).
Equations (10) and (24) are used for low energies, with Eqs. (7)
and (16) for high energies.
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FIG. 4. The PSPEC and PSGEC fractions for C projectiles in
carbon (r, =1.66) vs projectile ionization fraction q.
Eq. (24); ————,g, Eq. (10); ——,rI, Eq. (16) at 3
MeV/amu; ———+ ———,g, Eq. (7) at 3 MeV/amu.

locities. Such an energy dependence is more significant
for lower charge state for both g and r), while 7) increases
more rapidly than g. Figure 4 illustrates g and r) versus
the ionization fraction q for low energy and 3 MeV/amu
C projectiles in carbon (r, =1.66). At high energies,
there is a stronger dependence on q for g than for r),
while there is no significant difference at low energies. It
is noticed that, at high energies, the singly charted pro-
jectile with minimum g is not a neutral atom but a par-
tially stripped ion (0 &q & 1), as shown in Figs. 3 and 4.
This may be explained as follows. In the case of electron-
ic straggling, the most important contribution comes
from large energy transfers (i.e., close collision) [30]. At
high velocities, the collisions between the target electrons
and the projectile occur close to the inner atomic shells of
the projectile. Therefore, the outer-shell bound electrons
have no significant screening effect on the electronic
straggling except a small contribution due to collisions
with the target electrons (small energy transfers).

In the BK effective-charge theory, only the low-
velocity formula, Eq. (10), has been used by BK to de-
scribe the stopping power of heavy ions [3,4]. On the
other hand, little attention has been paid to the high-
velocity formula, Eq. (7). In the effective-charge model,
the mean projectile ionization is expressed as
q=l —exp( —v„/voZ, /

) where vo is the Bohr velocity
and u„ is the mean relative velocity between the projectile
and the conduction electrons in the medium [3,4]. The
SPEC and SGEC versus y„=v„/voZf for C ions with
the mean ionization q have been calculated with both the
low- and high-velocity approximations as shown in Fig.
5. Only a slight difference between Eqs. (7) and (10) is ob-
served at medium energies (y„ from 1 to 3), which implies
that Eq. (10) with its simplicity may provide reasonable
estimates for g even at medium and high velocities, as il-
lustrated in Fig. 5.

For energy straggling, there are significant differences
not only between Eqs. (16) and (24), but also between g
and g at medium energies. In the case of heavy ions,
however, the effective charge derived from stopping
power may still provide reasonable approximations for

0.8- -0.8

0.6- -0.6

0.4- -0,4

0.2- -0.2

0 I I ~ ~ ~ I I ~ I I I I I ~ I ~ I I I ~ I I 'I ~ 0
2 3 4 5

FIG. 5. The SPEC and SGEC fractions for C ions with mean
ionization fraction q = 1 —exp( —v, /v 0Z &

') in carbon
(r, =1.66) vs y„=v„/v0Z& in the BK effective-charge theory.

, g, Eq. (24); ————,g, Eq. (10); —Cl—,r), Eq. (16);
and ———+ ———,g, Eq. (7).

the scaling of collisional straggling because the difference
between g and r) is relatively small compared with the
charge-exchange straggling of heavy ions [9].

The PEC's Eqs. (7), (10), (16), and (24), are derived for
projectiles with a fixed charge state (or ionization fraction
q). Experimental data [14—22] for the partial stopping
power of heavy ions with "frozen" charge states have be-
come available recently. Figure 6 illustrates the ratio of
the measured PSPEC to the BK results with low- and
high-velocity approximations for different projectile ion-
izations, while most of the data were measured at the
projectile energy of 3 MeV/amu. There is a better agree-
ment for higher charge states than for lower ones. For
heavy projectiles with low charge states (more bound
electrons), the projectile excitations [13] and many-body
interactions may become important. The BK results
from Eqs. (7) and (10) agree with the experiments to
within 10% of most of the data points, while there is a
better agreement for the high-energy expression, Eq. (7),
as expected. Unfortunately, no experiments are available
for the measurements of the partial energy straggling,
which could be used to verify the PSGEC.

It should be pointed out that Eqs. (7), (10), (16) and (24)
are derived based on the dielectric-function method and
BK model, which is essentially the linear-response
theory. The high-velocity expressions, Eqs. (7) and (16),
are appropriate because there is no significant nonlinear
effect at high ion velocities. At low velocities (v & vF), the
BK model does not show any of the well-known Z& oscil-
lation of the stopping power [37] and energy straggling
[38,39]. Instead, it gives a reasonable average description
of the effective charge as a function of Z, for different r,
values [32,37]. Taking into account the nonlinear
response, the stopping power and energy straggling of
slow ions moving in an electron gas can be calculated us-
ing the phase-shift method with the density-function
theory [31,32,37—40]. At low ion velocities, a more ap-
propriate PSPEC and PSGEC should be obtained accord-
ing to Eqs. (6) and (13) while the partial stopping power
and straggling of a singly charged ion can be calculated
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FIG. 6. Ratios of the measured PSPEC to that of BK results
with low- (0) and high- (+) velocity approximations for various
ionization fractions q. Experimental results are taken from
Refs. [15-22] with different combinations of targets and heavy
ions at different energies.

from the nonlinear density-function theory dealing with
many-body problem.

With the PSPEC and PSGEC, including nonlinear
response wherever necessary at low ion velocities, one
can describe the total stopping power and straggling at
charge-state equilibrium in a charge-state model,

S=gf(q) g(q)S =, + g o U
q q'(wq )

Q = gf(q)rl (q)Q, +b,Q,„,„,
q

(26)

where f(q) is the equilibrium charge-state fraction of
charge state q, o. ~ is the charge-exchange cross section
for charge state q to q', and Uq q

is the energy transfer
in the related charge-exchange process [14,18]. The
charge-exchange straggling AQ, &,„can be expressed
analytically for a three-state system if Uq q

is ignored
[6,11],

2
chex 2 2„=D I~[(sz—eo) fof~

+(&2 el) flfz+(&1 —so) fof&]
—(&~—&&)'fz~2t —(&i —&o)'f 1 ~ to]

fo =~2&tr &o~D» f i =troitr2& ~» f2 =tro&tr i2~D ~

where e, =S; /N is the stopping cross section and S; is the
stopping power of ions with charge-state i. With 0'12=0
and o 2,%0, Eq. (26) reduces to the well-known two-state
expression [7].

The stopping power and straggling of the bare nucleus,
Sq 1 and Q 1, can be calculated with the linear-
response theory [2,32] or the harmonic-oscillation model
[33] at high ion velocities, and with the density-function
theory [31,32,37—40] at low ion velocities. Empirically,
it may be practical to use the Ziegler-Biersack-Littmark
stopping power [4] of protons to obtain the stopping
power of fully stripped heavy ions. Chu's numerical re-
sults [34] for the energy straggling of protons in matter
has been fitted [9] to provide a base set for the straggling
of the bare nucleus. The charge-exchange cross section is
the most important parameter to describe the charge-
exchange process. The dynamic screening and charge-
exchange process have been studied and reviewed in more
detail recently [32].

V. CONCLUSION

A formula for the partial straggling effective charge
(PSGEC), which is different from the partial stopping-
power effective charge (PSPEC), has been obtained based
on the BK model with the dielectric-function method and
a modified screening length of the projectile. This formu-
la provides the effective charge for the scaling of the col-
lisional straggling within the BK effective-charge model.
A more general feature is to introduce the PEC's, includ-
ing nonlinear response [32] at low velocities, into a
charge-state description to describe the stopping power
and straggling of heavy ions in matter. With the ap-
propriate PEC's, the stopping power and straggling of
protons, and knowledge of charge-exchange cross sec-
tions, the stopping power and energy straggling of heavy
ions can be obtained. Comparison between the charge-
state model and recent experiments [35] for the stopping
power and straggling of fast C ions in carbon will appear
in a further report [36].
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