
PHYSICAL REVIEW A VOLUME 48, NUMBER 1 JULY 1993

Three-body distorted-wave Born approximation for electron-atom ionization
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We report a theoretical calculation for electron-impact ionization of atoms that includes short-range
electron-atom effects for wave functions that satisfy the exact asymptotic boundary conditions. Results
of this theory, which we label as the three-body distorted-wave Born approximation, are compared with
experiment and other theories for ionization of hydrogen and helium for incident-electron energies from
4 to 18 times the ionization energy.

PACS number(s): 34.80.Dp

The problem of electron-atom ionization has attracted
intense interest in the literature for more than a decade.
Several experimental groups have examined this problem,
and as a result there is now a large body of measurements
available for different geometries and for incident ener-
gies ranging from near threshold to several keV. The
challenge to theorists has been to develop a theory cap-
able of explaining these observations. For energies
greater than about six times the ionization energy, several
different approaches are in reasonable agreement with the
existing data. Particularly noteworthy are the eikonal-
Born series calculations of Byron, Joachain, and Piraux
[1], the second-order Coulomb-Born calculations of
Srivastava and Sharma [2], the pseudostate close-
coupling calculations of Curran and Walters [3], and the
work of Brauner, Briggs, and Klar [4], which will be de-
scribed below. None of these theories, however, is in
agreement with the asymmetric coplanar measurements
for lower energies.

Brauner, Briggs, and Klar [4] (hereafter to be referred
to as BBK) performed the first, we believe, calculation for
electron-atom ionization using a final-state wave function
that satisfied the asymptotic three-body Schrodinger
equation exactly. A major limitation of the BBK work
lies in the fact that analytic plane waves were used for the
incident electron and analytic Coulomb waves were used
for the two final-state electrons. Wave functions of this
type cannot properly take into account short-range
effects between continuum electrons and the atom, partic-
ularly for scattering from atoms heavier than hydrogen.
Since the BBK work, there has been considerable interest
in developing a theory that includes short-range effects
for wave functions that satisfy the exact asymptotic
boundary conditions. Here we report such a theory.

Our starting point is the standard distorted-wave Born
approximation (DWBA) amplitude for direct scattering
[Ref. [5], Eq. (17.54)],

fDwBA (Xa (ro)Xb (r$) I V; —U;11';(r()X,+(r, ) )

In Eq. (1), g; is the initial target wave function, X; is the
initial-state distorted wave that is generated from the
static potential of the atom, U, , and the interaction be-
tween the incident electron and the atom is V,. [taking hy-
drogen as an example, V, = —1/ro+1/ro, and

U; = (g;(r~)I V; Ittj;(r~) )]. The final-state distorted waves

y, and yb are generated in the static field of the ion. For
helium, 1b, is the Hartree-Fock wave function of Froese-
Fisher [6], and this wave function is used to calculate the
static potentials for both the atom and the ion. The pri-
mary strength of the standard DWBA approach lies in
the fact that short-range effects between the continuum
electrons and the atom or ion are properly taken into ac-
count. On the other hand, the primary weakness of the
DWBA lies in the fact that final-state electron-electron
correlation is contained only to first order. This interac-
tion is just what BBK incorporated into their final-state
wave function by adding and extending the form of a
phase factor first written down by Redmond (see Ref.
[7]). With the addition of this factor (the correlation fac-
tor) the BBK wave function becomes an asymptotic solu-
tion of the three-body Schrodinger equation. Following
the work of Franz and Altick [8], the correlation factor,

C(ro, r, ) =exp[ ia In(tc—p+tc p)], (2)

where a.=(k, —kb)/2, a= 1/(2tt), p=ro —r„and
k, (kb) is the wave vector for electron a (b), has been
decomposed into partial waves so that it can be folded
into the standard distorted-wave formalism. The scatter-
ing amplitude with the asymptotically exact final state is
given by

f3DwBA = (X, (ro)Xb (r, )C(ro, r, ) I V, —U, Ig;(r, )X,+(ro) ) .

(3)

The final-state wave function in Eq. (3) is a two-center,
three-body wave function, so we call the present ap-
proach the three-body distorted-wave Born approxima-
tion (3DWBA). Since we consider kinematics with highly
unequal final-state energies, exchange between electrons
is ignored. Consequently, the triply differential cross sec-
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tion (TDCS) is given by

( ) ~~f~P
E;

(4)
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where N=1 for hydrogen and N=2 for helium. The
flux factor in Eq. (4) is for continuum wave functions nor-
malized to a 5 function in energy.

To summarize, in the BBK calculation, plane waves
were used for the incident electron, Coulomb waves were
used for the two final-state electrons, and a Coulomb-
wave phase was used for the correlation factor, which
asymptotically becomes the same as the present correla-
tion factor, Eq. (2). In the 3DWBA, the incident electron
is described by a distorted wave calculated in the field of
a neutral atom, while the two final-state wave functions
are distorted waves calculated in the field of the final-
state ion. The important difference between the BBK
and present wave functions lies in the fact that the
present wave functions include short-range effects of
screening by the atomic electrons while the BBK wave
functions do not. For the case of hydrogen, the present
final-state wave functions g, and yb are the same as those
used by BBK.

We compare the 3DWBA with other theories, and
with experiment, in Figs. 1—3. Extensive absolute mea-
surements have been performed in Kaiserslautern for ion-
ization of hydrogen [9] and helium [10,11] in coplanar
asymmetric geometry (92 sets of data are available).
Each set is for a given incident energy with the energy
and angle of the faster final-state electron fixed, while the
slower final-state electron is observed for all accessible
angles in the scattering plane. In addition, relative data
have been taken for 54.4-eV ionization of hydrogen [12].
We have selected, for presentation in this Rapid Com-
munication, the two sets for each incident energy that
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correspond to the minimum and maximum momentum
transfer (q = ~k,

—k, i) to the atom. In Figs. 2 and 3,
these two cases are shown side-by-side with the smaller q
case to the left. We adopt the convention that the angle
of observation for the slower final-state electron is mea-
sured clockwise from the forward beam direction from 0
to 360, while the angle of the faster electron is measured
counterclockwise. In the angular distribution of the

FIG. 2. TDCS for electron-impact ionization of hydrogen.
The solid circles are the absolute experimental results of
Ehrhardt et al. [9], except for 54.4-eV incident energy, where
relative data from Schlemmer et al. [12] are shown matched to
the 3DWBA at one point. Theories: solid line, 3DWBA; dot-
dashed line, EBS; long dash —short dash line, BBK; dashed line,
PSCC.
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FICx. 1. Effect of the postcollision interaction for 54.4-eV ion-
ization of hydrogen. The incident electron originates from the
bottom of the graph along the vertical axis. The faster final-

state electron is observed at 4' along the thick line drawn to the
left of this axis. The TDCS for each angle of observation for the
slower (5 eV) electron is shown in polar form, with the radius of
the large circle corresponding to 3.6 a.u. [a 0/(sr hartree)]. The
solid circles are relative measurements of Schlemmer et al. [12]
matched to the 3DWBA at one point. Theories: solid line,
3DWBA; dashed line, DWBA.
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FICx. 3. TDCS for electron-impact ionization of helium. The
solid circles are the absolute experimental results of Schlemmer
et al. [11].Theories: solid line, 3DWBA; dashed line, CB2.
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slower electron two peaks are typically found, the small-
angle "binary" peak usually positioned near the direction
of the momentum transfer q, and the large-angle "recoil
peak" approximately positioned at —q.

Before making a detailed comparison with other
theories, we first consider the effects of the correlation
factor. Correlation between the two out-going electrons
will be strongest for small incident energies and small
momentum transfer. Thus, in Fig. 1, we compare the
3DWBA and the DWBA for an incident energy (E;) of
54.4 eV, with the scattering angle of the faster electron
(0, ) fixed at 4'. The energy of the slower electron (Ei, ) is
5 eV. Recall that the only difference between these two
theories is the inclusion of the correlation factor in the
3DWBA. Clearly, electron-electron repulsion in the final
state is responsible for the huge "recoil" peak, and the
3DWBA is in significantly better agreement with experi-
ment than the DWBA.

Results for ionization of hydrogen are presented in Fig.
2 for energies between 54 and 250 eV. Here the 3DWBA
cross sections are compared with experiment, the BBK
results, the eikonal-Born series (EBS) calculations [1],and
the pseudostate close-coupling (PSCC) results [3]. For
250 eV (18 times the ionization potential), the 3DWBA,
EBS, and PSCC calculations all predict very similar re-
sults, which are in good agreement with experiment. The
EBS is not shown for the larger momentum transfer,
since it would be essentially indistinguishable from the
3DWBA. For 150 eV, the 3DWBA, EBS, and PSCC re-
sults remain very similar (PSCC results are displayed for
the small-q case) and the 3DWBA is in reasonable accord
with experiment for both the large-q and small-q cases.
The BBK, on the other hand, significantly underestimates
the magnitude of the binary peak for the large-q case.
Since short-range effects are not very important for fast
electrons, the crucial difference between the 3DWBA and
BBK (for this case) lies in the correlation function. These
results suggest that just using the asymptotic form, Eq.
(2), is preferable to using the form of the correlation fac-
tor employed by BBK, especially for larger q and lower
energy.

For the much lower energy of 54.4 eV, the 3DWBA
continues to be in qualitative agreement with the experi-
mental data. Since these data are not absolute, they have
been normalized to the 3DWBA for the small-
momentum-transfer case. BBK results are a factor of
2.11 smaller than the 3DWBA at the binary peak for
both the small- and large-q cases. As a result, the BBK is
multiplied by this factor so that relative shapes can be
more readily compared. While the 3DWBA is in good
agreement with experiment for both the recoil peak and
the ratio of the maximum binary-peak intensity to the
maximum recoil-peak intensity for 54.4 eV, the location
of the binary peak is shifted by about 20 from experi-
ment. Neither the BBK nor the PSCC predict the quali-
tative shape of the experimental data at this energy.

In Fig. 3, results for ionization of helium are shown.
Here, we have compared our calculations with the
second-order Coulomb-Born (CB2) calculation of Srivas-
tava and Sharma [2]. The CB2 calculation differs from
the standard second Born theory in that the slower final-
state electron is described by a distorted wave instead of a
Coulomb wave. An examination of the figure reveals that
the CB2 and present results are very similar for energies
in this range. Since the electron-electron interaction is
treated to all orders of perturbation theory in the present
approach, but only to second order in the CB2, the agree-
ment between these two theories indicates that third- and
higher-order effects for the electron-electron interaction
are small for incident energies greater than 150 eV. It is
important to note that even for the relatively low incident
energy of 150 eV (six times the ionization potential), both
3DWBA and CB2 are in good agreement with experi-
ment. The fact that the two significantly different
theories are in good agreement with each other but not
with the absolute value of the experimental data for the
large-q case at the relatively high energy of 250 eV is
striking and dificult to explain. It should be noted, how-
ever, that these cross sections are quite small and thus
more dificult to measure.

The present theoretical calculation for electron-atom
ionization includes both the short-range effects for the
electron-atom interactions and the proper asymptotic
three-body final-state wave function. As a result, this
work represents an important step forward in establish-
ing a theory for electron-atom ionization that is capable
of predicting accurate cross sections over a wide range of
kinematics. It was found that the 3DWBA was in good
agreement with the experimental data at incident ener-
gies of six times the ionization potential and higher. The
primary weakness in the present work lies in the fact that
the asymptotic form of the Anal-state electron-electron
interaction is used. Consequently, events for which the
short-range form of this interaction is important will not
be accurately treated (low energy and small angular sepa-
rations between the two electrons). The 20' shift in the
binary peak for 54.4-eV scattering from hydrogen most
likely stems from this problem. However, the present
work demonstrates that the correlation factor given by
Eq. (2) is evidently more appropriate than the one used
by BBK since we find good agreement with the absolute
experimental data, while the BBK results become
significantly smaller than experiment with decreasing en-
ergy and increasing momentum transfer. Future work
will center on the examination of different correlation
factors that more realistically model the short-range
electron-electron interaction while asymptotically being
identical to the present correlation factor.
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